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Information maximization for generalized multiarmed bandit games
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Information and free-energy maximization are physics principles that provide general rules for an agent to
optimize actions in line with specific goals and policies. These principles can serve as building blocks for
designing decision-making policies capable of efficient performance with only partial information. Notably,
the information-maximization principle has shown remarkable success in the classical bandit problem and has
recently been shown to yield optimal algorithms for Gaussian and sub-Gaussian reward distributions. This article
explores a broad extension of physics-based approaches to more complex and structured bandit problems. To this
end, we cover three distinct types of bandit problems, where information maximization is adapted and leads to
strong performance for Gaussian and Bernoulli reward distributions. Since the main challenge of information
maximization lies in avoiding overexploration, we highlight how information is tailored at various levels to
mitigate this issue, paving the way for more efficient and robust decision-making strategies.
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I. INTRODUCTION

Decision-making under partial information is a critical
challenge faced by biological organisms (in particular, re-
lating to taxis or cognition [1–4]), but also extends to
broader fields such as Bayesian optimization, robotics, and
machine learning [5–12]. To perform effectively, the decision-
making agent must account for the physical structure of
both the environment and decision problem to formulate its
strategy, which often involves incorporating complex priors
or tailored design elements [13–15]. To this end, general
physics principles can serve as key tools, offering observ-
ables that inherently adapt to the underlying structure of
the environment [16–19]. These principles are also designed
to adapt to new information, even conflicting, or when the
agent is limited to partial or noisy feedback from a fluc-
tuating environment [5]. They have been applied across
various domains, including modeling decision-making in the
brain using the free-energy principle [20], optimizing the
accuracy-complexity trade-off through the information bottle-
neck principle [21], and facilitating navigation in fluctuating
environments via information-maximization strategies [5].

In the information-maximization framework, the agent
seeks to maximize information about one or more relevant
observables. The agent’s choice is thus driven by the option
that maximizes the expected information gain. Due to its ver-
satility in accommodating various environmental structures,
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this principle has proven its broad applicability across both
applied and theoretical areas [22,23]. Notable applications in-
clude robotics, where information sharing enhances collective
decision-making [13], and taxis with the search for olfactory
sources in turbulent flows [24,25]. Maximum entropy princi-
ples also underpin approaches in Bayesian optimization and
reinforcement learning [10,11,14].

Multiarmed bandit (MAB) problems constitute a general
framework for addressing decision-making in fluctuating and
partially known environments [1,26], and have garnered sig-
nificant attention in a wide range of applications, spanning
from neuroscience and healthcare to recommender systems
and finance [3,26–34]. In the multiarmed bandit problem,
an agent is presented with a set of possible actions, or
“arms,” each associated with a probabilistic reward (akin to
a multiarmed slot machine game). The agent must optimize
its actions to achieve a specified goal, which generally in-
volves maximizing cumulative rewards over a fixed or infinite
horizon [Fig. 1(a)]. However, it may occasionally involve
identifying a subset of optimal arms or exploring its available
options [Fig. 1(b)]. Hence, classic bandit settings address the
exploration-exploitation dilemma and provide strategies that
may achieve asymptotic optimality [35–37].

MAB problems have rapidly expanded to cover many
more complex decision scenarios, and how to extend the
MAB formalism and treat these generalizations is under ac-
tive research. A first main class of problems focuses on pure
exploration, where the agent’s goal is solely to identify a
single optimal action or a subset of promising actions, with-
out incurring penalties for sampling suboptimal ones [38–42]
[Fig. 1(b)]. In essence, pure exploration aims to optimize a test
phase to identify reliable candidates using a minimal amount
of resources while suffering no penalty for exploration. Fol-
lowing such a test phase, the exploitation phase may ensue,
but it is not optimized in this context. Such challenges arise
in lower-risk scenarios like cosmetic drug trials or numerical
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FIG. 1. Illustrations of multiarmed bandit settings addressed in this work. (a) General setting of multiarmed bandit problems. At each
time step t , the agent chooses an action i = At that returns a reward xt drawn from a distribution of unknown mean μi. The arm is denoted
as At when it is a vector and as at when it is an index. By accumulating rewards, the agent also gathers information about the average
rewards of the arms and optimizes its decision-making policy. The specific goals of the agent will vary depending on the bandit problem. (b)
General principle of the Explore-m problem. Here, the goal is to identify the m arms with the highest mean rewards (red arms). To this end,
our approach introduces a well-designed separator θb between the current m highest arms (forming the set Mt ) and the remaining arms at
each time. Our algorithm chooses the arm to maximize the information gain of the separator’s effectiveness in distinguishing both subsets
(cumulative distribution pictured in yellow and red below). (c) Illustration of the linear bandit setting. Here, arms are d-dimensional vectors
resampled at each time step. The scalar between the arm vector and a constant but unknown vector gives the mean reward value θ∗. Because
of this geometric dependency on the reward, pulling an arm also provides information on the expected results of the others. (d) Illustration of
the may-arm settings. Here, the agent has a finite duration, known in advance to maximize its gains. Because there is no time to explore all
the arms thoroughly, the agent needs to focus on a small subset of arms to isolate a sufficiently promising solution before time runs out. Our
approach balances two possible actions: exploring a new arm (represented in blue) or greedily exploiting the current empirical best solution
(represented in green) based on the empirical mean μMt . We model the upcoming losses as a function to guide the decision-making process.

resource allocation. A second area is termed contextual
bandits, which have found application, for example, in person-
alized recommendations and pandemic control [43,44]. The
most notable example is linear bandit problems [26,45–48],
where the actions’ outcomes are correlated due to an underly-
ing structure between arms, allowing one to gain information
about other actions than the one performed [Fig. 1(c)]. Third,
many-armed problems address scenarios where the number
of available actions is large compared to the time horizon,
requiring the agent to concentrate on sufficiently promising
solutions instead of optimal ones [Fig. 1(d)]. This challenge of
finite resources resonates with applications in pharmaceutical
and medical trials [49,50]. Such settings offer various exten-
sions and readily apply to cases where the number of arms
is infinite [51–54]. Additional extensions of MAB problems
explore dynamic rewards, adversarial settings, and multiagent
interactions, focusing on competition, congestion, and over-
exploitation, respectively, but are not investigated further here
[26,42,45,55–57].

Although a wide variety of bandit games and associated
strategies have been studied in recent years, strategies devel-
oped to address them primarily rely on a few core principles,
most notably confidence bounds on the individual arms’ mean
rewards, which frequently drive the decision-making pro-
cess [37,58–60]. Although there are exceptions to this rule
and several alternative approaches have been investigated
[36,48,55,61–64], there is still a crucial need to develop orig-
inal approaches, especially when addressing more complex
bandit problems.

Recently, the information-maximization principle has been
shown to achieve strong results in classical bandit set-
tings, displaying state-of-the-art empirical performance both
at short and long time horizons and when handling multi-
ple arms [62,65]. Information-maximization algorithms (and
information-based algorithms, more generally) aim to min-
imize the expected entropy (a functional) of a key variable
within the system.

The first difficulty in applying information-based algo-
rithms is that they rely on integrating a function that often
has no known analytical solution. Their application thus re-
lies on numerical integration, which both hinders theoretical
analysis of their statistical performance and increases their
computational costs [65]. Recently, we introduced a different
class of approximate information-maximization (AIM) algo-
rithms [65,66] that rely on tractable approximations of the
entropy. The analytical tractability of the AIM algorithms
significantly increases their computational efficiency, allow-
ing their application to a wider range of bandit problems
[65,66]. Furthermore, it enabled us to rigorously prove their
asymptotic optimality in the classic setting with Gaussian and
sub-Gaussian rewards [66], confirming the heuristic observa-
tion that information maximization can drive optimal learning
and optimization.

A second challenge with information-based approaches re-
mains choosing the observable and functional to appropriately
capture the underlying structure of the bandit problem and
ensure an efficient policy. The main challenge of information
maximization is to avoid overexploration [62], requiring care-
ful design of the observables or features on which entropy
minimization is performed as well as of the approximations
performed to make the algorithms tractable [65].

In this work, we show how the approximate information-
maximization principle can be applied to the three distinct
bandit topics discussed above. We, namely, consider the
pure exploration problem of explore-m selection, contex-
tual bandits exemplified by linear bandits, and many-armed
bandits. The three problems each involve distinct levels of
exploration, and we discuss how relevant information is ac-
cessed within each context. This allows us to extend the
information-maximization principle to a broader range of
structures not specifically meant for pure exploration. We
provide numerical evaluations of the performance of the ap-
proximate information-based approaches and compare it to
well-established algorithms in each case. A key challenge
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left for future work is to establish theoretical bounds for the
algorithms investigated below.

A. Structure of this paper

In Sec. II, we briefly introduce the classic MAB problem
and review information-maximization approaches to deal with
this problem. We detail in the following sections our approach
to the three distinct bandit settings mentioned above, with
Sec. III focusing on the Explore-m problem, Sec. IV on linear
bandits, and Sec. V on the many-armed bandit problem. For
each case, we follow the same three steps: (1) we introduce
the bandit game, defining the key elements that are required
of an efficient strategy, and provide an overview of existing
strategies to tackle the problem; (2) we detail our design
principles for an information-based approach, followed by
the development of our approximation scheme that yields a
tractable expression and enables an efficient implementation;
and (3) finally, we investigate the performance of the result-
ing algorithm, its specific features, and we discuss potential
extensions.

Several Appendixes provide detailed derivations of our
proposed algorithms (Appendixes A–C) as well as numerical
experiments for benchmarking and comparing them to exist-
ing baselines (Appendix D).

II. MULTIARMED BANDIT PROBLEM

In the classic multiarmed stochastic bandit game, an agent
iteratively selects an action, or arm, among a predefined set of
K possibilities. In each round, indexed by t , the agent selects
an arm it ∈ {1, . . . , K} based on the rewards of the previously
pulled arms [Fig. 1(a)]. The chosen arm, it , then returns a
stochastic reward xt , drawn independently of the previous
rounds, according to a distribution νi of unknown, but fixed,
mean μi. We denote by ti the number of times the ith arm
has been drawn and by Ht = {(i1, x1), (i2, x2), . . . , (it , xt )}
the history of the game (the drawn arms and their rewards)
after t rounds. For simplicity, we omit the dependence on t
when this is clear from the context.

The agent’s goal is to maximize its expected cumulative
reward over T rounds. This is equivalent to minimizing the
expected value of the regret, which is defined as [26]

RT = T μ∗ −
T∑

t=1

E
[
μit

]
, (1)

where μ∗ = maxi∈[K] μi. This measures the gap between the
cumulative reward from always choosing the best arm and
the agent’s expected reward over T rounds. The expectation
reflects that the agent’s policy, informed by past rewards, is
affected by their randomness in a single game.

The expected regret is asymptotically lower bounded by
the Lai-Robbins bound [35],

lim
T →∞

RT

ln(T )
�

∑
k:μk<μ∗

μ∗ − μk

DKL(νk‖νk∗ )
, (2)

where k∗ = argmaxi∈[K]μi and DKL(νk‖νk∗ ) is the Kullback-
Leibler divergence between the reward distributions of the
arms k and k∗. The right-hand side of Eq. (2) is independent

of T , so the equation shows that the expected regret of any
decision strategy grows at least logarithmically with T for
long times.

A bandit algorithm that asymptotically attains the Lai-
Robbins bound [Eq. (2)] for given set of reward distributions
[νi] is termed optimal. Many algorithms have been devised
to tackle the classic MAB problem, notably the families of
ε-greedy strategies [67], upper confidence bound (UCB) al-
gorithms [58], and Thompson sampling [61], which have
all been demonstrated to be able to attain the Lai-Robbins
bound in a range of settings. However, the complexity of their
implementation and their efficiency at finite times may vary
significantly.

Information maximization [62], inspired by principles
from statistical physics and information theory, has emerged
as another viable strategy for tackling the MAB problem
[65,66]. The strategy relies on optimizing a single functional
in each round of the bandit game. In particular, for the classic
MAB problem, information maximization aims to minimize
the entropy,

S = −
∫

pmax(θ ) ln pmax(θ )dθ, (3)

of the posterior distribution pmax of the value of the maximal
reward, μ∗. In practice, the strategy chooses the arm that
minimizes the expected increment of the entropy,

argmini∈[K]E[St+1(i) − St | it+1 = i], (4)

where St is the entropy in round t and St+1(i) the entropy in
the next round if i were drawn. Numerical experiments have
shown information maximization to be highly efficient at short
and intermediary times [62,65].

Evaluating the entropy S [Eq. (3)] analytically is in gen-
eral intractable, which makes exact information maximization
computationally demanding and difficult to analyze analyt-
ically. To overcome this challenge, we developed an AIM
strategy [65], which was recently shown to be asymptoti-
cally optimal for sub-Gaussian reward distributions [66]. We
explore below how to adapt the approximate information-
maximization principle to more general bandit problems.

III. EXPLORE-m BANDITS

A. Setting and core insights

We first consider a well-known multiple-arm identification
problem, commonly referred to as the Explore-m problem
under the probably approximately correct (PAC) identifica-
tion formulation [41,68–71]. In these problems, we aim to
identify a subset of m promising arms (i.e, individual actions
or choices) among n possible options [Fig. 1(b)]. Each arm
is associated with a reward distribution of unknown mean
parameter μi (supported on [0, 1] without loss of generality).
At each time step t , the agent selects an arm it and obtains
an associated stochastic reward xt sampled from the ith arm’s
reward distribution. By sampling the environment, the agent
sequentially accumulates information on the parameters of
the sampled arms’ means μi. For definiteness, we sort the
arms according to their (unknown) means μn � μn−1 < · · · <

μm < · · · < μ1.
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Explore-m aims to identify the subset of m arms among
the highest means up to a predefined constant ε, which is
thus termed ε-optimal. More precisely, an arm i is defined to
be ε-optimal, if and only if μi � μm − ε for some ε ∈ (0, 1)
where μm is the mth highest mean. This criterion prevents
the algorithm from spending excessive time distinguishing
between arms when μm and μm+1 are infinitesimally close,
ensuring it focuses on more meaningful scenarios.

Since no additional cost is incurred by sampling subopti-
mal arms, the algorithm’s efficiency is evaluated based solely
on its ability to identify such a subset both quickly and
with high confidence. Two standard evaluation criteria are
commonly considered [40]. In the fixed-budget setting, the
algorithm has a finite amount of time to identify the subset,
and its performance is measured through the probability of
returning an ε-optimal subset. In contrast, the PAC formu-
lation requires the algorithm to stop when the probability of
returning an ε-optimal subset exceeds 1 − δ, with δ ∈ (0, 1),
with the goal of minimizing the stopping time [41]. We focus
on the PAC formulation in the following.

Algorithms for pure exploration problems can broadly be
divided into two categories. In sample and reject strategies,
a subset of remaining arms are sampled at each round. Next,
a rejection criterion discards from the remaining subset suf-
ficiently drawn arms. This process is repeated sequentially
until a stopping criterion is met [54,72]. For adaptive sam-
pling strategies, at each time step, one or two arms with the
most critical confidence regarding the subset identification are
selected and pulled, with the arms’ indices changing over time
[40,41,73]. Most methods rely on upper and lower bounds
on confidence intervals on the arms’ means, rooted in the
general class of UCB algorithms [39,72–74]. By comparing
the upper confidence bounds of likely suboptimal arms with
the lower confidence bounds of the promising subset, these
methods can derive an efficient decision-making procedure.
However, the stopping criteria are highly dependent on the
confidence interval design, which may become less effective
when facing various reward distributions or more complex
scenarios. For a deeper discussion of the sampling complexity
of such strategies under different reward distributions, we
refer to Refs. [68,70].

Since no explicit cost is incurred by selecting arms, we
would expect a strategy focused solely on acquiring infor-
mation about the best subset to be efficient. To this end, we
develop a fully information-based strategy focused on the
PAC setting, termed probably approximately correct approx-
imate information maximization (PacAIM), which ensures
feasibility and tractability through successive derivations, ap-
proximations, and simplifications. While we focus here on the
PAC setting, we discuss its extension to other pure exploration
settings at the end of the section.

B. Design principle

We first introduce additional notation specific to the
Explore-m problem. In each round t , each arm i is char-
acterized by the number of times it has been drawn ti and
its empirical mean μ̂i = ∑

t :it =i xt/ti. We denote by Ht =
{(i1, x1), (i2, x2), . . . , (it , xt )} the complete history of chosen
arms and observed rewards. The subset of arms with the

current m highest empirical means is denoted by Mt , with
associated sets of true (unknown) mean values, {μMt }, and
empirical means, {μ̂Mt }. The equivalent notations for the
remaining arms are Dt = {n} \ Mt , {μDt }, and {μ̂Dt }, respec-
tively. We also denote the worst selected mean by μ̂top =
min({μ̂Mt }) and the best unselected by μ̂bot = max({μ̂Dt }).

A promising candidate distribution for information max-
imization is the probability of Mt being ε-optimal, i.e.,
PHt (min({μMt }) > max({μDt }) − ε), where PHt denotes the
conditional probability given the history of the previous
draws, Ht [75]. Unfortunately, this posterior distribution is an-
alytically intractable in practice. Additionally, since the arms
are not identically distributed, applying asymptotic extreme
value statistics is also challenging without approximations.

Therefore, we adjust the decision process as follows. We
introduce θb as a separator value between the observed sets
{μ̂Mt } and {μ̂Dt } and compare all the arms’ mean likelihoods
relative to θb. In other words, we now focus on comparing the
arms’ posterior probabilities of their means being above or
below θb, given by

Ptop = PHt

(
min

({
μMt

})
> θb − ε

2

)
=

∏
i∈Mt

PHt

(
μi � θb − ε

2

)
(5)

and

Pbot = PHt

(
max

({
μDt

})
< θb + ε

2

)
=

∏
i∈Dt

PHt

(
μi � θb + ε

2

)
, (6)

respectively. Notably, if both events occur, Mt is ε-optimal,
making Eqs. (5) and (6) an effective proxy to derive an
information-maximization strategy (see Appendix A for the
link between the entropy and posterior optimization).This
leads us to a policy that selects the arm maximizing the ex-
pected increase in PbotPtop. Since the arms are independent,
we can derive a straightforward expression for the expected
increase if arm i were selected (see Appendix A for details).
The expression differs for arms in Mt and Dt and is given by

�i∈Mt PtopPbot = �PHt

(
μi � θb − ε

2

)
PHt

(
μi � θb − ε

2

) PtopPbot, (7)

for i ∈ Mt , and

�i∈Dt PbotPtop

PtopPbot
= �PHt

(
μi � θb + ε

2

)
PHt

(
μi � θb + ε

2

) , (8)

for i ∈ Dt , and where � denotes the expected discrete incre-
ment along arm i. Exact expressions can be derived for both
choices (see Appendix A 2). The selected arm is then given by

at = argmax
i∈Mt ∪Dt

(�iPbotPtop). (9)

In other words, we draw the arm with the largest relative
increment at θb.

This approach offers two main advantages. First, the in-
formation gain is significantly simplified as it relies on a
single-point evaluation. Second, it directly provides a well-
defined stopping criterion for the PAC setting. As noted above,
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FIG. 2. Posterior distributions of the arms’ mean at the stopping
time. The individual posterior distribution for each arm mean is
shown at the stopping time with our PacAIM for ε = 0.02, δ = 0.1,
m = 25, and n = 50. The ε-optimal arms, among which m should be
returned, are shown in blue, while the remaining arms are displayed
in red. The θb value, deduced from Eq. (A20), is indicated by a
vertical line. Distributions closer to θb are narrower, indicating that
the algorithm more frequently selects arms near the threshold. See
Appendix E 1 for how the number of draws of each arm depends on
its estimated mean.

the joint probabilities [Eqs. (5) and (6)] lower bound the
probability of returning an ε-optimal subset. As both Ptop and
Pbot are easy to evaluate, they can be directly translated into a
stopping criterion. That is, the algorithm stops when

PbotPtop > 1 − δ (10)

is satisfied for the first time. Hence, the decision-making pro-
cess is designed to optimize the stopping time.

The final step needed for an efficient strategy consists in
finding a good θb value. We seek an optimal separator, i.e.,
the θb value that enables fulfilling Eq. (10) in minimal time.
Introducing the total time needed to be spent on sampling each
subset in order to verify Eq. (10) (regarding the current arms’
mean state), Ttop and Tbot, respectively, θb can be expressed as

θb = argmin
θ∈[μ̂bot,μ̂top]

(Tbot (θb) + Ttop(θb)|PbotPtop > 1 − δ). (11)

Unfortunately, there is no exact and tractable solution
for Eq. (11). Hence, we seek tractable approximations of
θb, Tbot (θb), and Ttop(θb). To this end, we isolated from the
posterior distributions of the maximum and the minimum,
respectively, of {μMt } and {μDt }, the following heuristic
closed-form approximation for each set (see Figs. 2 and 9).
We used an extreme value analysis to approximate Pbot and
Ptop by Gumbel laws parametrized by μ̂top, μ̂bot, Tbot (θb), and
Ttop(θb) :

θb = ε

2
+ μ̂top −

√
m

Ttop(θb)

[
2 ln(m) − ln

( − ln
(
1 − δ

2

))
√

2 ln(m)

]

(12)

ALGORITHM 1. Algorithm for Explore-m Gaussian bandits.

and

θb = − ε

2
+ μ̂bot +

√
n − m

Tbot (θb)

×
[

2 ln(n − m) − ln
( − ln

(
1 − δ

2

))
√

2 ln(n − m)

]
. (13)

By inserting Eqs. (12) and (13) into Eq. (11), we obtain a
closed system from which we derive a tractable expression of
θb given in Eq. (A20). We refer to Appendix A for a complete
and detailed review of all the approximations and derivations.

Even though this approximation of θb may not be asymp-
totically optimal for all mean priors, it empirically provides
an efficient stopping criterion as compared to traditional upper
confidence bound approaches.

Pseudocode for the resulting algorithm referred to as
PacAIM is presented in Algorithm 1. Figure 2 shows esti-
mated posterior distributions of each arm’s mean and of the
separator value θb after a single run of the algorithm, illustrat-
ing how the arms closer to the boundary between the optimal
and suboptimal sets are drawn much more, leading to more
concentrated posteriors for these arms.

C. Results

To evaluate the performance of PacAIM, we compare in
Fig. 3 its stopping performance with the LUCB1 algorithm
[41], a well-established algorithm in the PAC setting. The
reward distributions are Gaussian with unknown mean values
in [0, 1] and unit variance.

In the first experiment, the ε-optimal subset is formed by
mean rewards drawn uniformly from [0.9, 1], while the re-
maining mean rewards are drawn from [0.0, 0.8]. To assess the
algorithm’s performance on more complex tasks, we also eval-
uate a scenario where all ε-optimal rewards are set to 0.8 and
the remaining mean rewards are set to 0.7. The stopping time
is measured for different numbers of arms while maintaining
the ratio m = n/5 (see Appendix D for details on numerical
simulations).

In both cases, PacAIM outperforms LUCB1, demonstrat-
ing the ability of our approximation to accurately capture the
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FIG. 3. Stopping time of Explore-m algorithms for Gaussian re-
wards. The stopping time, i.e., the time when the stopping criteria for
each algorithm are met, is measured for different numbers of arms
n. In blue our algorithm, and in red LUCB1 given in Ref. [41]. The
ε-optimal subset size verifies m = n/5. In panel (a), the mean reward
values are sampled from two disjoint ensembles [0, 0.8] and [0.9, 1]
for the ε-optimal subset, with confidence parameters ε = 0.05 and
δ = 0.1. (b) Suboptimal mean reward values are all set to 0.7, while
ε-optimal to 0.8, with confidence parameters ε = 0.05 and δ = 0.02.
The time is averaged over 100 runs with standard deviation of the
stopping time indicated (see Appendix E 1 for a comparison of the
success probabilities of the PacAIM and LUCB1 algorithms). Details
on numerical simulations and on the LUCB1 algorithm are found in
Appendix D.

significant contributions of all arms near the θb value. Notably,
we emphasize that using a decision procedure directly tied
to the stopping criteria enables the algorithm to sample all
relevant arms efficiently, minimizing the stopping time. Addi-
tionally, we verified that our solution still achieves a success
probability exceeding the tolerance threshold 1 − δ, thereby
validating both our solution and the obtained stopping time
(see Fig. 8, Appendix D).

To conclude on the Explore-m setting, we highlight some
additional observations. First, θb depends on the current state
of the game and evolves over time to adapt to the reward distri-
butions. Next, the algorithm adjusts by sampling the arms that
provide the most information relative to this updated separator
value.

It is worth noting that our expression is designed for a sub-
set consisting of multiple arms. For single-arm identification,
one may replace Eq. (12) by directly expressing θb in terms
of Ttop using PHt (μ̂top � θb − ε

2 ) = 1 − δ/2. Furthermore, the
expressions in Eqs. (12) and (13) are derived for Gaussian re-
wards, but equivalent formulations can be obtained for various
distribution families [76].

As a result, our algorithm should be adaptable to more
complex reward distributions, including ones with power-law
tails, which lead to extreme value statistics scaling functions,
such as Fréchet distributions [76]. Altogether, these first re-
sults highlight the potential for extending information-based
strategies to tackle more general pure exploration problems
[38,77,78]. The design of approximations and the choice of
observables should be addressed in a problem-specific man-
ner. However, our work can be easily adapted to threshold
identification or gap identification problems [79,80], where
the focus is on determining the gap between subsets. Ad-
ditionally, our approach may be extended to identify all
arms above a certain threshold or to target a specific frac-
tion of arms, such as identifying all ε-good arms or for
detecting outliers [81–83]. In all these examples, we expect
information-based strategies to prove efficient in capturing the
structure and correlations within the game [38,77].

IV. LINEAR BANDITS

A. Setting and core insights

Contextual bandits with linear payoffs are another paradig-
matic extension of the classic MAB problem, underpinning
key applications such as internet advertisement selection and
personalized recommendations [46,84,85]. This problem ex-
tends the classic bandit framework by introducing correlations
between arms and allowing the set of arms to change over
time [26,46,48,86] [Fig. 1(c)]. We here focus on the stochastic
linear problem. At each round t , the agent faces the decision
set At ⊂ Rd , which may vary over time. From this set, it
selects an action At and observes a corresponding reward,

Xt = 〈θ∗, At 〉 + ξt , (14)

where θ∗ defines the optimal direction and ξt is modeled as
Gaussian white noise in this study. The mean reward value
is linear with respect to At , inducing a correlation between
arms that tends to favor actions aligned with θ∗. Crucially, the
reward at round t is determined by the action-context pair,
rather than by any intrinsic identity of an arm. Arm labels
are therefore arbitrary; the decision set At serves as context
by specifying the available actions. This context dependence
is precisely why such settings are designated as contextual
bandit problems, within which the linear bandit is a canonical
example.

Since the decision set may evolve over time, it is more
convenient to evaluate the losses based on the best option
available at any given time, leading to the pseudoregret
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[26,87]:

R̂n =
n∑

t=0

max
a∈At

〈θ∗, a − At 〉, (15)

which is a random variable with expectation R = E[R̂n].
Heuristically, as the agent continuously adapts to the cur-

rent decision set, At , it aims to gather information about
θ∗—the key element shared across all decisions—while avoid-
ing actions that are orthogonal or opposite to it. In the
d-dimensional space, certain directions may be underex-
plored, which necessitates more exploration at the condition
of an appropriate trade-off. Hence, the composition of At

plays a crucial role in the setting. If At forms a constant or-
thogonal basis, it simplifies to the classical bandit setting. The
decision set may be finite or infinite, generated by a stochastic
process, or part of an adversarial game adapting to previous
choices, with At potentially evolving rather than being drawn
from a predefined set of decision sets [26]. This inherent
diversity makes it difficult for linear bandit algorithms to be
optimal across all settings [47,88].

As in most bandit problems, the UCB algorithm has
emerged as a useful approach. It relies on a tuned confi-
dence index associated with each arm to decide which arm
to play. In the linear bandit case, the core algorithm is re-
ferred to as LinUCB, which achieves a logarithmic scaling
of the regret when actions sufficiently close to θ∗ are avail-
able [26,43,85,89–92]. Otherwise, in the general case, the
optimal regret is bounded by O(d

√
T ). Beyond the UCB

class, Thompson sampling, which relies on sampling mean
rewards from a posterior distribution and choosing the arm
with probability proportional to this posterior, has also been
shown to achieve near-optimal regret bounds for stochastic
contextual bandits with linear payoff functions [36,48,93,94].
Optimal allocation matching strategies, on the other hand,
rely on an estimate of θ∗ and solve an optimization problem
based on this estimate or perform exploration to determine
the next action [47,64,88,91]. This class of strategies has been
shown to achieve optimality when faced with a fixed action
set [88,91]. Finally, the information-directed sampling (IDS)
principle leverages a measure of information gain from the
optimal action, explicitly balanced by expected losses from
exploration. By consistently using an information measure
that captures the specific problem structure, IDS has been
shown to achieve optimal regret scaling for linear bandits and
other structured settings [9,95–97]. As first found in Ref. [47],
a key insight is that a consistent strategy must allocate explo-
ration time so that the gaps between all suboptimal actions
and θ∗ are identified with high confidence. Otherwise, a purely
greedy strategy solely based on θ∗ confidence estimation will
fall short. This highlights the complexity arising from the
variation of At .

We here develop a principle that relies almost exclu-
sively on information acquisition to drive its decision policy.
Our approach is rooted in the AIM strategy [65,66], which
involves selecting the arm that maximizes the information
gained from a judiciously chosen observable of the game. As
reviewed in Sec. II, this gain is measured through the asso-
ciated entropy, with its increments approximated to identify
the arm that will result in the largest entropy reduction. In the

classic MAB problem, the entropy of the posterior distribution
of the maximum mean reward value results in an optimal
exploration-exploitation trade-off. However, it cannot be di-
rectly mapped to the linear case since, by symmetry, AMt and
−AMt carry the same information. Thus, suboptimal actions
can provide extensive information on θ∗ value but incur higher
losses. Hence, solely focusing on acquiring more information
on θ∗ results in overexploration. We now present an adapted
version of AIM for the linear bandits problem, denoted by
LinAIM for short, to address this challenge.

B. Algorithm design

Similar to Explore-m bandits, we first define relevant nota-
tion. Let Bt = λId + ∑t

n AnA′
n be the inverse of the covariance

matrix of the posterior distribution of θ∗ according to a sym-
metric Gaussian prior parametrized by λ. We denote by θ̂t =
B−1

t

∑t−1
n XnAn its associated posterior mean (see Appendix B

for details). Here, ′ and −1 represent the transpose and inverse
operators, respectively. The best available empirical arm in
At is AMt = maxa∈At 〈θ̂t , a〉. We finally define a norm through
‖x‖G = x′Gx for x ∈ Rd and with G ∈ Rd×d positive definite.

To adapt AIM, we opt to adjust the information gain
depending on the selected arm. Arms will be selected to max-
imize the information regarding the value of θ∗, weighted by
the likelihood of the arm being suboptimal. In other words, the
arms are evaluated not only by the information they provide
but also regarding their relative gap with AMt , quantified by
the likelihood that the best empirical choice AMt is better than
At , i.e., the probability that 〈θ∗, AMt − At 〉 > 0. Finally, AMt

is assigned to maximize the information regarding the value
of θ∗. This procedure offers two main benefits: (1) it pre-
vents overexploration by adjusting the information gains from
suboptimal arms. (2) It also involves a measure of the gaps
between mean rewards, addressing the criteria set out by Ref.
[47], which are also implicitly included in the information
regarding θ∗.

We now provide the analytical expression regarding the
entropy increments relative to each choice (see Appendix B
for details).

We first consider the information gain tied to AMt . The
posterior distribution of θ∗ is given by

p(θ∗ = θ |Ht ) = exp
(− 1

2 (θ − θ̂t )′Bt (θ − θ̂t )
)

√
(2π )d det B−1

t

, (16)

where Ht represents the history of chosen arms and observed
rewards. The associated entropy can be expressed exactly as

S = 1

2
ln

(
det B−1

t

) + d

2
[1 + ln(2π )]. (17)

The corresponding entropy increment, which quantifies the
gain of information about θ∗, is equal to

�SAMt
= − 1

2 ln
(
1 + A′

Mt
B−1

t AMt

)
. (18)

We now consider the remaining arms, focusing on a
given suboptimal arm At . The probability of observing
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ALGORITHM 2. Algorithm for d-dimensional linear Gaussian
bandits.

〈θ∗, AMt − At 〉 > 0, termed CAMt ,At , is given by

CAMt ,At = 1

2

⎡
⎢⎣1 + erf

⎛
⎜⎝ θ ′

∗
[
AMt − At

]
√

2
[
AMt − At

]′
B−1

t

[
AMt − At

]
⎞
⎟⎠
⎤
⎥⎦,

(19)

with associated entropy

SC,At = −CAMt ,At ln CAMt ,At − (
1 − CAMt ,At

)
ln

(
1 − CAMt ,At

)
.

(20)

Thus far, all steps have been computed exactly, but to
achieve a simpler expression, we focus on the asymptotic form
of Eq. (20) when AMt is assumed to be the most probable
optimal option. We denote this asymptotic form by wAt such
that SC,At ∼ wAt as δ√



→ ∞, which takes the form

wAt = δ



3
2

e− δ2

2


2
√

π
, (21)

with δ = θ ′
∗[AMt − At ] and 
 = [AMt − At ]′B−1

t [AMt − At ]
(see Appendix B). The weighted information gain relative to
At thus reads

�S̃At = −wAt �SAt

= −1

2

δ



3
2

e− δ2

2


2
√

π
ln

(
1 + A′

t B
−1
t At

)
. (22)

The pseudocode for the LinAIM algorithm is presented in
Algorithm 2.

C. Results

Suboptimal arms are evaluated regarding their gap with the
best empirical arm available. As a result, the information gain
expressed by Eq. (21) decreases exponentially with respect
to this gap, making Eq. (18) dominate in most cases, thereby
preventing our algorithm from overexploring. In particular,
it makes Eq. (21) asymmetric with respect to At , thereby
enabling arms of opposite signs to be told apart. This ful-
fills the key challenge of preventing suboptimal arms from
being sampled regarding the information gain they provide

for identifying optimal solutions. It also introduces the in-
formation relative to the gaps between current arms’ means.
Nonetheless, suboptimal arms are still evaluated based on the
information they provide on the full system and under probed
directions, which stays the core of AIM.

A preliminary theoretical guarantee can be assessed by
considering the classic bandit setting, where At is constant
and forms an orthogonal basis. In this setting, Eqs.(18) and
(21) demonstrate asymptotic behavior similar to previous
information-maximization algorithms [66] that have recently
been proven optimal. A second illustrative example involves
an adversarial scenario where At will suddenly start to display
solely actions that have not been explored previously—
untested directions, i.e., with high values of A′

Mt
B−1

t AMt . In
such cases, the entropy increment [Eq. (18)] should dominate,
still accounting for exploration despite facing solely highly
uncertain options.

To evaluate the performance of LinAIM, the average regret
is analyzed in Fig. 4 for two complementary settings meant
to cover a wide range of scenarios. In the first experiment, At

is formed by ten arms resampled at each time from a normal
distribution in R10. This decision set exhibits temporal
variability, with a sparse number of solutions available at
each discrete time step. Here, LinAIM performances match
those of commonly used algorithms such as linUCB [26,90],
slightly outperforming them. It showcases the algorithm’s
efficiency when confronted with a broad range of arms. To
evaluate LinAIM’s ability to leverage available information
in suboptimal solutions, we consider a toy setting defined
in Ref. [64] originally from Ref. [47]. The agent faces two
fixed sets At formed by three arms in R3, each set having
an equal probability of being presented to the agent. The
first set is {[1, 0, 0], [0, 1, 0], [1 − ξ, 2ξ, 0]}, the second
set {[0, 0.6, 0.8], [0, 0, 1], [0, ξ/10, 1 − ξ ]}, and finally
θ∗ = [1, 0, 1] with ξ small. The key insight is that optimistic
strategies rarely select [0, 1, 0] and [0, 0.6, 0.8], respectively,
in the first and second sets due to the substantial gap. They
thereby incur significant regret in learning which of the
remaining arms is optimal. Conversely, an asymptotically
optimal strategy strategically allocates more selections to
the suboptimal arms, facilitating information acquisition to
accurately identify θ∗, hence avoiding a regret that scales with
ξ . Here again, our AIM-based algorithm shows strong per-
formance similar to that of state-of-the-art algorithms. Such
performances are quite convincing, and our algorithm demon-
strates performance comparable to recent algorithms such as
information-directed sampling [95,97], SOLID [64], OSSB
[88], or OAM [91]. Although our algorithm shares similarities
with information-directed sampling by adjusting the infor-
mation gain, our design and analytic expressions are simpler
than the methods cited above. It notably reduces the imple-
mentation costs and does not require working with finite arm
sets. Nevertheless, the linear bandit setting is highly complex,
particularly in the adversarial regime where the decision set
can be specifically designed to expose the algorithm’s flaws.
Hence, the empirical performance of LinAIM should be con-
firmed by theoretical guarantees, and future tests may identify
settings where its effectiveness is limited. Nonetheless, its
design is sufficiently simple to allow substantial extensions
in order to meet these theoretical criteria. In particular,
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FIG. 4. Mean regret for two linear bandit settings with Gaussian
rewards. In blue our algorithm and in orange and red UCB algorithms
adjusted to the linear settings. (a) Bandit setting with ten arms resam-
pled at each time from a normal distribution in R10. (b) Toy problem
borrowed from Ref. [64] with two contexts. Each context (detailed
in the main text) is drawn with equal probability and ξ = 0.5. Error
bars show standard error on the mean. Details of the simulations and
baseline algorithms are provided in Appendix D. To highlight the
variability of the regret over individual games, a figure showing the
standard deviations around the means is found in Appendix E 2.

suboptimal actions could also be evaluated based on their
ability to provide information about all available gaps,
specifically the gaps between θ̂t and all suboptimal arms. The
initial design presented in this section lays the foundation
for a deeper exploration of information-based approaches for
linear bandits.

V. MANY-ARMED BANDITS

A. Setting and core insight

We now consider the many-armed setting as introduced
in Ref. [98]. The major differences with the classic bandit

problem are that the game’s duration is finite and known in
advance and the number of actions is too large for exhaustive
search [Fig. 1(d)]. It underpins key applications that require
multiple testing, such as those encountered in medical trials
[49,50,99]. The agent must carefully define patient testing
groups, balancing ethical standards and treatment costs while
ensuring maximum information gain on trial efficacy. In this
framework, in each round t (where t = 1, . . . , T ), the agent
selects an arm at ∈ [K] = {1, . . . , K}, where K represents the
total number of arms. The chosen arm yields a stochastic
reward Xt (at ), drawn from a distribution of unknown mean
μat . We assume a Bayesian framework where the mean reward
for each arm is drawn from a common prior distribution �

with a finite support [μinf , μsup]. Furthermore, we assume that
the reward distributions for all arms belong to the same family,
parameterized solely by their means. For instance, the rewards
might follow Gaussian distributions of known fixed variance
σ 2 where the mean of each arm is drawn uniformly from the
interval [0, 1]. Given a time horizon T , the agent’s goal is to
minimize its expected pseudoregret over T rounds in a single
experiment. The pseudoregret is here given by

RT = T max
i∈[K]

μi −
T∑

t=1

E
[
μat

]
. (23)

Ultimately, the agent aims to minimize the Bayesian expected
regret,

BRT,K = E[RT ]. (24)

Here, the expectation is taken over the prior distribution of the
mean rewards, representing the agent’s performance averaged
over all possible mean reward configurations. The key distinc-
tion from previous settings is that the agent operates with a
finite budget and has prior knowledge of the total number of
rounds T . We focus on scenarios where K >

√
T , yielding too

little time for the agent to extensively sample all the arms or
fully exploit the best ones. To achieve an efficient strategy, the
agent must sample only a subset of size m ∼ O(

√
T ) arms,

enabling the algorithm to find a promising solution without
inducing excessive exploration [98]. Beyond this scale, further
exploration becomes too costly compared to leveraging the
best empirical arms. Conversely, before this scale, the sampled
arms have a higher probability of inducing significant regret,
making early exploitation less effective [98].

Multiple strategies attain the optimal scaling of BRT,K ≈
O(

√
T ) [100]. Notably, subsampled Greedy (SS-greedy) re-

lies on an ad hoc selection of a subset of fixed size O(
√

T )
to limit exploration and has been shown to be asymptotically
optimal for Bernoulli rewards. While such strategies achieve
optimal asymptotic scaling, they do not allow the algorithm
to adapt to the rewards observed during its execution. Hence,
we aim to use a physics-based approach that naturally re-
covers the O(

√
T ) scaling through a functional expression,

while maintaining flexibility and both short- and long-time
efficiency.

B. Algorithm design

We propose an algorithm that leverages the minimization
of a global functional based on underlying physics principles,
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using as a proxy variable the expected upcoming regret, i.e.,
the regret accumulated from time t to T . Our policy works as
follows: at each time step, it evaluates the expected upcoming
regret for two distinct decision sequences and selects the one
with the lower expected upcoming regret. The two sequences
are as follows: (1) pull the current best empirical arm, denoted
by Mt , until the end or (2) try a new untested arm until it
eventually underperforms compared to Mt , at which point Mt

is chosen. Although these strategies recommend actions for
the entire remaining time, it does not mean that the algorithm
will follow them in subsequent steps, as the choice between
them is reassessed at each time step. Before evaluating both
upcoming regrets, we need to introduce several definitions.
When clear from context, we omit the dependence on t for
simplicity. The number of times arm i has been pulled is
denoted by ti, and its associated empirical mean by μ̂i. The
number of different arms tested by time t is labeled kt , form-
ing the set [kt ] = {k1, k2, . . . , kt }. The best empirical arm at
time t is labeled Mt , with its corresponding empirical mean
μ̂Mt = maxi∈[kt ], μ̂i(t ). We also define the remaining time as
τ = T − t . Last, the expected maximum mean value is de-
noted by μ∗ = E�[maxi∈[K] μi].

We now derive approximations for the regret in both cases;
see Appendix C for further details and discussion of all ap-
proximations. For (1), i.e., fully exploit Mt for the next τ turns,
the estimated upcoming expected regret is equal to

R̃g = τ
(
μ∗ − μ̂Mt

)
. (25)

For (2), i.e., testing a new arm, the upcoming expected regret
is estimated as

R̃exp =
∫ μsup

μ̂Mt

�(μ)(μ∗ − μ)τdμ +
∫ μ̂Mt

μinf

�(μ)

× [
(μ∗ − μ)τfpt + (

μ∗ − μ̂Mt

)
(τ − τfpt )

]
dμ. (26)

The first integral captures cases where the true mean reward
of the new arm is higher than μ̂Mt , neglecting cases where the
empirical mean of a promising arm never drops below μ̂Mt .
The second integral corresponds to cases where the true mean
reward value of the new arm is lower than μ̂Mt . In this case,
the new arm will be pulled for an average time τfpt until it
becomes suboptimal, which happens when its empirical mean
falls below μ̂Mt . This first phase yields the first term, following
which the algorithm reverts to exploiting the best empirical
arm, as captured by the second term.

Finally, the decision procedure evaluates

� = R̃exp − R̃g

= τ

∫ μsup

μ̂Mt

�(μ)
(
μ̂Mt − μ

)
dμ

+
∫ μ̂Mt

μinf

�(μ)
(
μ̂Mt − μ

)
τfptdμ (27)

and follows the strategy associated with the lowest upcoming
expected regret. To get a universal and simpler expression,
we employ the scaling ansatz that the typical number of steps
to assess suboptimality is inversely proportional to the mean
difference τfpt ∝ (μ̂Mt − μ)−1 (refer to Appendix C for addi-
tional details).

ALGORITHM 3. Algorithm for k arms with finite horizon T .

For a uniform prior over [0, 1], we obtain the following
expression for �:

� = cμ̂Mt − τ

(
1 − μ̂Mt

)2

2
, (28)

where c is a free parameter, which we set to 1.
The pseudocode for the resulting algorithm, referred to

as approximate expected regret minimization (ARM), is pre-
sented in Algorithm 3.

Let us briefly comment on our algorithm design. When
� is positive, the current best empirical arm is chosen, as
it involves a lower expected upcoming cost. Conversely, if
� is negative, a new untested arm is pulled (see Fig. 5 for
illustrative regret instances). Note that the algorithm behaves
greedily when no more arms remain to be tested, although
such cases should rarely be encountered in many-armed set-
tings. These simplifications aim to derive a straightforward
and tractable expression, while still leveraging a well-defined
global quantity to minimize. Here, since the time horizon is
too short for leveraging a full exploration and identification of

FIG. 5. Single runs of ARM for Bernoulli rewards and a uniform
prior on [0, 1]. The regret grows until horizon T , i.e., the stop-
ping time, is reached T = 10 000 (K = 500 and c = 1). For each
execution, the agent stops its exploration phase once a sufficiently
promising reward has been obtained. Therefore, this “stopping time”
may occur at different times. In the first “exploitation phase,” the
regret shows a linear slope as the algorithm consistently selects the
same reward, whereas in the exploration phase, it exhibits a steeper,
stair-step pattern indicating varied reward selection. Details of the
algorithm and simulations are provided in Appendix D.
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the best arm, the need to acquire more information must be
significantly limited in the decision process. Therefore, here
the relevant information lies in the time required to assess that
a new arm is suboptimal and is quantified by τfpt.

C. Results

To assess the efficiency of ARM (Algorithm 3), its aver-
age regret is compared with the state-of-the-art SS-epsilon
greedy algorithm (see Ref. [98] and Appendix D 2 for im-
plementation details). Notably, SS-epsilon greedy has been
shown to achieve an optimal regret scaling of O(

√
T ) for K �√

T . Figure 6(a) shows the regret in the many-armed bandit
setting with a finite horizon and Bernoulli rewards, where
our algorithm outperforms the SS-greedy algorithm. This
is also confirmed for several horizon durations [Fig. 6(b)].
This numerical result outlines that the optimal balance be-
tween exploration and exploitation is already embedded in
the underlying physical structure of our algorithm. In con-
trast, SS-greedy manually imposes a first exploration phase
of constant duration (namely,

√
T ) to ensure optimal scaling,

followed by a greedy strategy, leading to disjoint exploration-
exploitation phases. This is exemplified by ARM displaying a
smoother initial regret curve compared to SS-greedy. ARM
alternates between exploration and exploitation until a suf-
ficiently promising arm is found, adapting its exploration
amount around the fixed

√
T ratio if a sufficiently promising

arm is found earlier or later [101]. Notably, in Fig. 6(a), the
selected arm is found later by ARM than by the SS-greedy
policy but outperforms the one found by SS-greedy on aver-
age, as indicated by the distinct final slopes of the regret closer
to the horizon.

The empirically observed optimality of ARM is sup-
ported by a heuristic scaling argument for when the transition
between exploration and exploitation likely occurs (see Ap-
pendix C for additional elements). Briefly, the expected value
of � [Eq. (28)] crosses over from positive to negative val-
ues for τ (1 − μ̂Mt ) ∼ O(1). Additionally, the typical value
of μ̂Mt scales with t as (1 − μ̂Mt ) ∼ 1/t since it is inversely
proportional to the number of tested arms, which is in turn
proportional to t in the exploration phase (before the crossover
from positive to negative �). Combining these scales implies
that t ∼ O(

√
T ), thereby explaining the optimal scaling of

ARM’s regret. Note, however, that this argument does not
constitute a rigorous proof, which would need to account for
the influence of rare events, such as failing to identify an arm
for exploitation within O(

√
T ) time.

We conclude this section by several remarks. First, ARM
relies on its ability to combine its knowledge of the remain-
ing time and the available information on � to optimize its
decision process. Notably, Eq. (26) applies to more general
prior distributions. If the prior is not provided to the agent,
ARM could be adapted to add an empirical evaluation of �,
in particular close to its upper bound. Similar to SS-greedy,
ARM exploits by selecting the arm with the best empirical
mean, which still allows identifying a sufficiently efficient
arm within the subset of tested arms. To enhance the ex-
ploitation component and leverage prior knowledge, one may
consider selecting the arm with the highest probability of
being optimal, rather than the highest posterior mean. This

FIG. 6. Mean regret for the many-armed bandit problem with
Bernoulli rewards and a uniform prior on [0, 1]. (a) The regret growth
of our algorithm (ARM), in blue, is observed until horizon T , i.e.,
the stopping time, is reached T = 10 000 (K = 5000 � √

T and
c = 1). The regret is averaged over 2000 runs and standard errors
are indicated (see Appendixes D and D 2 for details on the numerical
settings). Its performance is compared to the ss-greedy algorithm,
in red. The final slopes of both algorithms differ, indicating that the
selected arm for most of the exploitation is less efficient than the
one found for our algorithm. Additionally, our algorithm presents a
slower initial slope because exploration and exploitation are already
mixed. (b) Mean regret performance when at the stopping time (when
the horizon is reached), for distinct games with varying horizon
length (K = T � √

T and c = 1). The regret is averaged over 2000
runs with error bars indicating standard error on the mean. Details
of the simulations and the SS-greedy algorithm are provided in
Appendix D. To highlight the variability of the regret over individual
games, a figure showing the standard deviations around the means is
found in Appendix E 3.

slight difference is crucial, as the algorithm might otherwise
fall into exploiting arms with better averages but a higher
probability of being suboptimal compared to other explored
arms. To implement such a strategy, one could replace μ̂Mt in
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Eq. (28) by the expected mean reached by playing this alter-
native strategy given the current tested arms. However, such
an alternative remains more complex than using the empirical
mean as we showed already provides efficient results. This
approach could be considered for future developments. This
flexibility should favor the extension and adaptability of ARM
to more complex priors and bandit problems.

VI. CONCLUSION

This study presents a generalization of the information-
maximization principle and physics-based representations to
a varied selection of structured bandit games. Our study
addresses three distinct problems within the multiarmed ban-
dit domain: pure exploration in the form of the explore-m
problem; contextual problems, exemplified by linear bandits;
and many-armed bandits. Each of these settings represents
a unique facet of the broad field of bandit games, and each
requires a tailored approach to account for their underlying
structures and achieve the right balance between exploration
and exploitation. To this end, for each setting, we focused
on a specific observable from which we extracted a sim-
plified and analytical functional at the core of the decision
scheme. Numerical experiments in the paradigmatic versions
of these games showed the robustness and efficiency of our
method. Further research should focus on deriving rigor-
ous theoretical bounds tailored to each bandit setting. Our
method goes beyond classical confidence intervals for in-
dividual arms by leveraging a functional representation to
guide decision-making. This core architecture is designed to
make our method more adaptable to the diverse variants that
may be encountered in real-world scenarios. Each algorithm
examined above could be adapted to address more intricate
variations of the corresponding problems, especially when
dealing with reward or prior distributions exhibiting power-
law tails, which induce extreme values. Future work will focus
on searching for demonstrations of optimality (such as the
ones derived for AIM) and systematic approaches to devise
information-based approaches to decision-making problems.
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APPENDIX A: DETAILS OF EXPLORE-m DESIGN

We provide all derivation details leading to PacAIM ex-
pression given in the main text.

1. Link between information maximization
and probability maximization

Here, we briefly comment on the decision to switch from
entropy increments to probability increments in the arm selec-
tion process of our PacAIM algorithm. The associated entropy
for all arms, effectively well separated by θb, is given by

Stop = −Ptop ln Ptop − (1 − Ptop) ln(1 − Ptop), (A1)

with Ptop = ∏
i∈Mt

PHt (μi � θb − ε
2 ). The information gain

relative to arm i ∈ Mt thus reads

�Stop = −�Ptop[ln(Ptop) − ln(1 − Ptop)]. (A2)

For Ptop > 1/2, the sign of �Stop is given by �Ptop, meaning
that minimizing the entropy resumes to selecting the arm max-
imizing �Ptop. At short times, one may face events with Ptop <

1/2. For such cases, direct entropy minimization will be inac-
curate since Eq. (A2) ignores that arms may switch from Mt

to Dt , resulting in additional variations in Ptop not caught in
Eq. (A2). We thus assume to minimize to select arms max-
imizing �Ptop| ln(Ptop) − ln(1 − Ptop)| increment. The same
argument can be drawn for Pbot.

2. Details on increment derivation

We start by reminding Ptop expression:

Ptop =
∏

i∈Mt

PHt

(
μi � θb − ε

2

)
. (A3)

By leveraging the arms’ independence, the product enables
a straightforward computation of the increments along each
arm:

�i∈Mt Ptop = �PHt

(
μi � θb − ε

2

)
PHt

(
μi � θb − ε

2

) Ptop. (A4)

Since all gradients can be factorized by PbotPtop, the deci-
sion criteria reduce to a comparison of the relative gradients
of the cumulative distribution associated with each arm. We
finally conclude by computing the gradient of the cumulative
probability associated with the arm i. It decomposes into par-
tial derivatives along the empirical mean μ̂i and the number
of draws ti. We first notice that the partial derivative along μ̂i

cancels by symmetry. Then, we consider the derivative along
the number of draws.

For Gaussian rewards with unit variance, we have

PHt

(
μi � θb − ε

2

)

= 1 − 1

2

[
1 + erf

(√
ti
2

[
θb − ε

2
− μ̂i

])]

= 1

2

[
1 + erf

(√
ti
2

[
μ̂i − θb + ε

2

])]
(A5)
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and

�PHt

(
μi � θb − ε

2

)

= ∂

∂ti
PHt

(
μi � θb − ε

2

)

= μ̂i − θb + ε
2

2
√

2πti
exp

(
−ti

(
θb − ε

2 − μ̂i
)2

2

)
. (A6)

Replicating this reasoning for Pbot leads to

�PHt

(
μi � θb + ε

2

)

= ∂

∂ti
PHt

(
μi � θb − ε

2

)

= ∂

∂ti

(
1

2

[
1 + erf

(√
ti
2

[
θb + ε

2
− μ̂i

])])

= θb + ε
2 − μ̂i

2
√

2πti
exp

(
−ti

(
θb + ε

2 − μ̂i
)2

2

)
. (A7)

3. Details on θb derivation

Here, we provide additional details on the derivation steps
leading to θb expression in the main text. Our goal is to derive
a tractable expression of an appropriate cutoff between the
subset of arms with the current m highest empirical means,
Mt , with a minimal empirical min μ̂top = max({μ̂Dt }) and the
remaining arms of maximal mean Mt , μ̂bot = min({μ̂Dt }).

An optimal θb value should permit the algorithms to suc-
cessfully stop in a minimal amount of samples denoted by τ

in the following. For a given set of observed empirical rewards
{μMt }, {μDt } and neglecting their future variations, an oracle
strategy will verify

θb,o = argmin
θ∈[μ̂bot,μ̂top]

[
τ =

∑
i

τi s.t.
∏
i∈Dt

P
(
μi � θ + ε

2
|μ̂i, τi

)

×
∏

i∈Mt

P
(
μi � θ − ε

2
|μ̂i, τi

)
> 1 − δ

]
. (A8)

Here, θb,o is the optimal value that minimizes τ while satis-
fying the stopping criteria and {τ1, . . . , τn} are the local times
of each arm at the stopping time. Probabilities in Eq. (A8)
depend on the hypothetical number of samples for each arm,
τi, which differs by the current individual arm time ti for Ptop

and Pbot. At short times, τi � ti because it takes a certain
number of samples before meeting the conditions in Eq. (A8).
However, by selecting a θb close to θb,o, the algorithm should
adjust its strategy to match ti with τi as closely as possible.

Unfortunately, the expression for θb,o becomes intractable
with more than two arms. To derive a simplified expression,
we approximate Mt as a fictive set of m arms, all with the
same empirical mean, μ̂top, and the same number of pulls,
ttop = Ttop/m. Because all these fictive arms share the same
empirical mean and pull count, the posterior distribution of
their minimal mean value can be approximated by a Gumbel

law [76] parametrized by (μ̂top, ttop, m).

PHt

(
min

i∈[[1,...,m]]
(μi|μ̂i = μ̂top, ti = ttop) � θ

)
= exp[− exp(

√
2 ln(m)[

√
ttop(θ − μ̂top) +

√
2 ln(m)])].

(A9)

This heuristic approximation is particularly relevant for large
set values m, which are the most complicated cases for which
relying on an efficient θb value matters the most. This approx-
imation is discussed in greater detail in Appendix A 4.

By replicating the previous scheme for Dt , we obtain a
Gumbel law parametrized by (μ̂bot, tbot, d = n − m) with a
cumulative distribution reading

PHt

(
max

i∈[[1,...,d]]
(μi|μ̂i = μ̂bot, ti = tbot ) � θ

)
= exp[− exp(−

√
2 ln(d )[

√
tbot (θ − μ̂bot ) −

√
2 ln(d )])].

(A10)

Let us note that the centering parameters
√

2 ln(m) and√
2 ln(d ) result from the Gaussian property of the re-

ward distribution. Hence, we define θb as simultaneously
verifying

PHt

(
min

i∈[[1,...,m]]
(μi|μ̂i = μ̂top, ti = ttop) � θb − ε

2

)
= 1 − δ

2
(A11)

and

PHt

(
max

i∈[[1,...,d]]
(μi|μ̂i = μ̂bot, ti = tbot ) � θb + ε

2

)
= 1 − δ

2
.

(A12)

These events include all cases where the fictive subset is not
ε-optimal, upper bounding the identification error probability
by δ. By injecting Eqs. (A9) and (A10) within Eqs. (A11) and
(A12), one obtains

θb = ε

2
+ μ̂top − 1√

ttop

[√
2 ln(m) − ln

( − ln
(
1 − δ

2

))
√

2 ln(m)

]

(A13)

and

θb = −ε

2
+ μ̂bot + 1√

tbot

[√
2 ln(d ) − ln

( − ln
(
1 − δ

2

))
√

2 ln(d )

]
.

(A14)

By combining Eqs. (A13) and (A14), one obtains

ε + μ̂top − μ̂bot = 1√
ttop

[√
2 ln(m) − ln

( − ln
(
1 − δ

2

))
√

2 ln(m)

]

+ 1√
tbot

[√
2 ln(d ) − ln

( − ln
(
1 − δ

2

))
√

2 ln(d )

]
.

(A15)
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We finally look for ttop and tbot verifying Eq. (A15) but leading
to a minimal amount of time mttop + dtbot. By labeling

ctop =
[√

2 ln(m) − ln
( − ln

(
1 − δ

2

))
√

2 ln(m)

]
,

cbot =
[√

2 ln(d ) − ln
( − ln

(
1 − δ

2

))
√

2 ln(d )

]
,

M = ε + μ̂top − μ̂bot, (A16)

we obtain

ttop =
[

ctop

M − cbot√
tbot

]2

(A17)

and

tbot = cbot

M2
+

(
c2

botc
4
topm2

M6d2

) 1
3

+ 2M2d

c2
topm

(
c2

botc
4
topm2

M6d2

) 2
3

,

(A18)

which simplifies into

tbot = cbot

M2
+

(
c2

botc
4
topm2

M6d2

) 1
3

⎛
⎝1 + 2d

2
3 c

2
3
bot

m
1
3 c

2
3
top

⎞
⎠. (A19)

Inserting Eq. (A19) in Eq. (A14) gives the desired analytical
expression of θb:

θb = − ε

2
+ μ̂bot + cbot

×
⎡
⎣cbot

M2
+

(
c2

botc
4
topm2

M6d2

) 1
3

+2M2d

c2
topm

(
c2

botc
4
topm2

M6d2

) 2
3

⎤
⎦

− 1
2

.

(A20)

Note that our approximation scheme is mainly independent
of the reward distribution, as it only involves cbot and ctop

expressions. To extend our results to various reward distribu-
tions, one simply needs to adjust the Gumbel law by providing
the corresponding centering parameters (here,

√
2 ln(m) for

Gaussian rewards). Leveraging the scaling proposed in Ref.
[76] for any distribution exhibiting a large x tail p(x) ∼
exp(−xγ ), the adjusted Gumbel law distributions read

PHt

(
min

i∈[[1,...,m]]
(μi|μ̂i = μ̂top, ti = ttop) � θ

)
= exp

[ − exp
(
γ ln(m)1− 1

γ

[√
ttop(θ − μ̂top) + ln(m)

1
γ

])]
(A21)

and

PHt

(
max

i∈[[1,...,d]]
(μi|μ̂i = μ̂bot, ti = tbot ) � θ

)
= exp

[ − exp
(
γ ln(d )1− 1

γ

[√
tbot (θ − μ̂bot ) + ln(d )

1
γ

])]
,

(A22)

only affecting cbot and ctop expressions. Still, keeping the
Gaussian approximation within θb should remain reasonable
for non-heavy-tailed reward distributions.

4. Note on the Gumbel law approximation

In this section, we briefly discuss the Gumbel law approxi-
mation leading to our expression for θb. We emphasize that the
approximation is a heuristic to derive a simple evaluation cri-
terion, rather than an approach with established convergence
guarantees under asymptotic conditions. This is because the
arms do not share the same mean and, logically, require a
distinct number of draws using an efficient algorithm. Conse-
quently, obtaining an asymptotically exact approximation of
the maximum becomes analytically intractable as far as we
know.

To be more precise, ttop and tbot are derived as the optimal
numbers of draws for each set, assuming that all arms’ means
are equal to either μ̂top or μ̂bot, a condition that is neither
achieved nor targeted by our algorithm or any optimal policy.
For example, the worst and best arms will be drawn a neg-
ligible number of times whenever their means are not close
to μ̂top or μ̂bot, respectively. This induces a distribution that
is more spread out than the Gumbel distribution (see Fig. 9).
Furthermore, we assume that the cumulative distribution func-
tions of the Gumbel distributions should both be equal to
1 − δ/2 at θb, which is often not achieved for all mean priors,
also preventing convergence [see Fig. 9(c) for an illustrative
example].

Nonetheless, we emphasize that this does not undermine
the algorithm’s efficiency, as the stopping criteria and incre-
ment computations are precise. In other words, we ensure
that our algorithm evaluates its exact stopping point and in-
crements at θb. While θb may not be asymptotically optimal
for all mean priors, it facilitates a simpler stopping criterion
compared to upper confidence bound solutions. Looking for-
ward, future research could explore solutions based on the
integration of increments between [μ̂bot, μ̂top].

APPENDIX B: DETAILS OF LinAIM
FOR LINEAR BANDITS

Here, we provide derivations and simplification details re-
garding our algorithm for the linear bandit setting.

1. Note on posterior distribution associated with θ∗ value

We first seek to derive the posterior probability distribution
of θ∗ value given the history Ht , which consists of past pairs
of chosen arms and their corresponding rewards (An, Xn for
n ∈ [[0, t]]). We also rely on a Gaussian prior for θ∗ value
with an L2 norm:

p(θ∗ = θ ) = N−1 exp

(
−λ

2

d∑
i

θ2
i

)
, (B1)

where d is the arm space dimension. Choosing λ > 0 serves
two purposes: first, it ensures that the covariance matrix of
the associated posterior distribution is invertible even when
no arms have been drawn. Second, it focuses the inference
on more realistic optimal values by expecting a mean reward
close to the unit norm. According to Bayes’s theorem, the
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posterior distribution reads

p(θ∗ = θ |Ht )

= p(Ht |θ∗ = θ )p(θ∗ = θ )p(Ht )
−1

= p(Ht )
−1 N−1e− λ

2

∑d
i θ2

i

(2π )t/2
exp

(
−1

2

t∑
n=0

[θ ′An − Xn]2

)

= p(Ht )
−1 N−1e− 1

2

∑t
n=0 X 2

n

(2π )t/2
× · · ·

× exp

(
θ ′

t∑
n=0

XnAn − 1

2
θ ′
[

t∑
n=0

AnA′
n + λId

]
θ

)

= exp
(− 1

2 (θ − θ̂t )′Bt (θ − θ̂t )
)

√
(2π )d det B−1

t

, (B2)

where we defined Bt = λId + ∑t
n AnA′

n and θ̂t =
B−1

t

∑t
n XnAn. The final step relies on the distribution

being normalized. Equation (B2) holds for Gaussian rewards
and one recognizes a multivariate Gaussian distribution.
Equation (B2) forms the basis for the entropy calculations
that underpin our algorithm.

2. Details of entropy increments for linear bandits LinAIM

Here, we outline the key steps for computing the entropy
increments discussed in the main text.

a. Entropy assigned to the best available empirical arm

We first consider the best available empirical arm at time t
defined as AMt = max

a∈At

〈θ∗, a〉. We assign to this arm the infor-

mation gain of θ∗ value whose posterior is given by Eq. (B2).
Because Eq. (B2) distribution is a Gaussian multivariate, the
associated entropy reads

S = −
∫
Rd

p(θ∗ = θ |Ht ) ln p(θ∗ = θ |Ht )dθ

= 1

2
ln

(
det B−1

t

) + d

2
[1 + ln(2π )]. (B3)

The resulting increment hence reads

�S = −1

2
ln

[
det

(
Bt + AMt A

′
Mt

)
det (Bt )

]

= −1

2
ln

[(
1 + A′

Mt
B−1

t AMt

)
det (Bt )

det (Bt )

]

= −1

2
ln

(
1 + A′

Mt
B−1

t AMt

)
, (B4)

where we used the matrix determinant lemma with B−1
t and

AMt A
′
Mt

.

b. Entropy assigned to the empirical suboptimal arms

Next, we consider the entropy assigned to the remaining
suboptimal actions of At . For each arm, denoted by At , we as-
sign the information gain regarding the event θ ′

∗(AMt − At ) >

0 of probability CAMt ,At :

CAMt >At = · · · 1

2

⎡
⎢⎣1+erf

⎛
⎜⎝ θ̂ ′

t

[
AMt − At

]
√

2
[
AMt − At

]′
B−1

t

[
AMt − At

]′
⎞
⎟⎠
⎤
⎥⎦,

(B5)

with its associated entropy

SC,At = − CAMt >At ln CAMt >At · · ·
− (

1 − CAMt >At

)
ln

(
1 − CAMt >At

)
. (B6)

To get a simplified expression, we made a first-order expan-
sion of CAMt >At and of its entropy. As for AIM approaches, we
only focus on the asymptotic regime where the probability of
a seemingly suboptimal arm being optimal is a rare event, in
other words when CAMt >At ≈ 1. Surprisingly, this approxima-
tion is still accurate enough outside this asymptotic regime to
provide a high-performance decision scheme. We first make
a first-order expansion in the regime CAMt >At ≈ 1. Denoting
the inner term of the error function in Eq. (B5) as δ√

2

with

δ = θ̂ ′
t [AMt − At ] and 
 = [AMt − At ]′B−1

t [AMt − At ]′ leads to

CAMt >At = e− δ2

2


2 δ

2
√




√
π

(1 + o(1)) (B7)

and

S̃C,At ≈ δ√



e− δ2

2


2
√

π
. (B8)

Applying Eq. (B4) to S for At and multiplying it with Eq. (B8)
viewed as a weight leads to the final expression given in the
main text.

APPENDIX C: DETAILS OF ARM FOR THE
MANY-ARMED SETTINGS

Here, we recapitulate all the steps leading to the analytical
expression constitutive of our algorithm in the many-arm set-
ting. We stress that it involves considerably simplifying our
functional expression to get the final form of ARM. We will
also evoke extensions to more general prior distributions.

We start by commenting on the partition scheme and their
related approximations leading to both upcoming regret ex-
pressions given in the main text. The regret induced by solely
selecting the currently better empirical arm is given by

R̃g = τ

(
μ∗ −

∫ μsup

μinf

μ p
(
μMt = μ

∣∣μ̂Mt , tMt , �
)
dμ

)

≈ τ
(
μ∗ − μ̂Mt

)
, (C1)

where τ denotes the remaining time and the integral spans
over the mean reward of the current best empirical mean based
on its history. To be more accurate, the resulting regret of
a policy reevaluating the current best empirical arm at each
time step should also account for the possibility that the best
empirical arm may change over time. Yet, approximating this
policy by the simpler strategy given by Eq. (C1) significantly
simplifies the derivation without introducing undesirable be-
havior. We also approximate the mean posterior value by the
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empirical mean in Eq. (C1), which provides a greedy strategy
to explore the most promising arm. Next, we derive the second
upcoming regret expression given in the main text. We make a
partition based on how the mean reward of the newly explored
arm behaves compared to μ̂Mt :

R̃exp = τ

∫ μsup

μ̂Mt

�(μ)(μ∗ − μ)dμ +
∫ μ̂Mt

μinf

�(μ)
[
(μ∗ − μ)τfpt

+ (
μ∗ − μ̂Mt

)
(τ − τfpt )

]
dμ. (C2)

The first term approximates cases where the new arm is better
than μ̂Mt . Here, we neglect cases where the new arm’s mean
falls below μ̂Mt . The second term accounts for cases where
the new arm mean is lower than μ̂Mt . Our policy will continue
pulling such unfavorable arms until their mean reward falls
below μ̂Mt , an event occurring on average after τfpt time steps.
Finally, for consistency with Eq. (C1), we approximate the
regret induced by solely selecting the current best empirical
arm using μ̂Mt . An efficient policy should avoid allocating ex-
ploration time to previously explored arms that already appear
to be suboptimal, even if there is a finite probability that they
may be the better choice. Given the large number of arms, our
policy will either select arms with empirical means greater
than or equal to μ̂Mt or explore an untested arm. Indeed, if the
current best empirical mean starts to decline, there will always
be a nearby arm with a similar empirical mean. Iterating this
process, it becomes clear that the algorithm will end up finding
an arm with a mean close to, if not better than, μ̂Mt . This
observation justifies that our greedy policy can be effectively
approximated by μ̂Mt . Therefore, we assume that cases where
a better arm falls below μ̂Mt can be neglected, as such an
arm will no longer impact the regret. Such probability may
also be derived but does not seem to improve the algorithm’s
efficiency.

We now present the last steps to get a tractable expres-
sion, i.e., obtaining τfpt scaling. We label by i the new tested
arm:

τfpt = min(E[min (s > t | μ̂Mt > μ̂i(s))|μi = μ], τ ), (C3)

where arm i is drawn at each time until either μ̂i(s) falls
below μ̂Mt or the time horizon is reached. Since the suc-
cessive rewards are independent from each other, τfpt can
be modeled by the first time where

∑n
i Xi < nμ̂Mt , with Xi

being independent identically distributed according to the re-
ward distribution parametrized by μ. It thus resumes as the
mean first-passage time of a biased random walk dropping
below μ̂Mt . For an asymmetric jump distribution, τfpt may be
deduced from a generalized version of the Sparre-Andersen
theorem [103–105]. By defining q+(n = Prob[xn � 0, xn−1 �
0, . . . |x0 = 0] and its associated generative series q̃+(s) =∑

s q+(n)sn, it states that

q̃+(s) = exp

[ ∞∑
1

sn

n
Prob

(
n∑
i

Xi � μ̂Mt n

)]
. (C4)

By noticing

τfpt =
∞∑

n=1

n[q+(n − 1) − q+(n)]

=
∞∑

n=1

q+(n − 1) +
∞∑

n=1

(n − 1)q+(n − 1) −
∞∑

n=1

nq+(n)

= q̃+(1), (C5)

we obtain using Eq. (C4)

τfpt = exp

[ ∞∑
1

1

n
Prob

(
n∑
i

Xi � μ̂Mt n

)]
. (C6)

This general expression holds for an asymmetric jump distri-
bution or, equivalently, for a general reward distribution. To
get a typical behavior, we approximate the jump distribution
by a Gaussian of mean μ and unit variance. Applying it to
Eq. (C6) gives

τfpt = exp

[ ∞∑
1

1

2n
erfc

(√
n√
2

(
μ̂Mt − μ

))]
. (C7)

There is no exact expression for Eq. (C7); we hence focus
on extracting the scaling of τfpt. We first focus on the limit
case where μ ∼ μ̂Mt . In this regime, the erfc function will
behave as 1/2 until a cutoff

√
nc(μ̂Mt − μ)−1 ∼ O(1). Hence,

the leading order behaves as

τfpt = exp

[
1

2
ln

(
1(

μ̂Mt − μ
)2

)
+ O(1)

]

= O
([

μ̂Mt − μ
]−1)

. (C8)

This regime includes all cases where the probability of observ-
ing diverging τfpt is the highest. In cases where μ̂Mt − μ =
O(1), the algorithm will mostly come back to μ̂Mt after a few
steps, which is also given by Eq. (C8). Hence, we assume to
extend this approximation in all regimes, leading to the τfpt

scaling given in the main text.

τfpt (μ) = c

μ̂Mt − μ
. (C9)

Combining Eqs. (C1) and (C9) altogether gives the following
decision criteria:

� = R̃exp − R̃g

= τ

∫ μsup

μ̂Mt

�(μ)(μ∗ − μ)dμ − τ
(
μ∗ − μ̂Mt

)

+
∫ μ̂Mt

μinf

�(μ)
[
(μ∗−μ)τfpt + (

μ∗ − μ̂Mt

)
(τ − τfpt )

]
dμ

= τ

∫ μsup

μ̂Mt

�(μ)
(
μ̂Mt − μ

)
dμ · · ·

+
∫ μ̂Mt

μinf

�(μ)
(
μ̂Mt − μ

)
τfptdμ

= τ

∫ μsup

μ̂Mt

�(μ)
(
μ̂Mt − μ

)
dμ + c

∫ μ̂Mt

μinf

�(μ)dμ. (C10)
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FIG. 7. Distribution of the arms’ estimated means according to
their respective number of draws. Results are shown for our algo-
rithm at the stopping time with ε = 0.05, m = 10, n = 100, and
δ = 0.002. The ε-optimal arms, among which m should be returned,
are shown in blue, while the remaining arms are displayed in red. On
the y axis, the arms’ means are subtracted from ({μDt } + {μMt })/2,
highlighting that the arms closest to the separation line are the ones
most frequently drawn.

For a uniform prior, it resumes as the expression given in the
main text:

� = c
μ̂Mt − μinf

μsup − μinf
− τ

2

(
μsup − μ̂Mt

)2

μsup − μinf
. (C11)

Finally, for a uniform prior on [0, 1], it simplifies into

� = cμ̂Mt − τ

(
1 − μ̂Mt

)2

2
. (C12)

Heuristic arguments supporting asymptotic optimality

To further support the empirical evidence of ARM optimal-
ity, we consider the asymptotic regime where the algorithms
have just converged on a promising arm, given by � ≈ 0 in
Eq. (C12), which is fulfilled when

τ
(
1 − μ̂Mt

)2 ∼ O(1). (C13)

We denote by t f = T − τ the time spent and by n f the current
number of tested arms. We assume that n f scales as O(t f ) as
long as the promising arm is not found. For a uniform prior,
and assuming that the promising arm belongs to the best arms
of the subset, the expected regret (1 − μ̂Mt ) will thus scale as
1 − μi ∼ 1/n f ∼ 1/t f . Injecting such scaling into Eq. (C13)
leads to τ t2

f ∼ 1 reached for the first time when t f ∼ √
T .

Hence, the past regret will scale as t f ∼ √
T and the resulting

upcoming regret of exploiting μ̂Mt will scale as
√

τ ∼ √
T ,

ensuring the expected optimal scaling. To derive a complete
proof, it will be necessary to ensure that the algorithm does
not fail to identify μ̂Mt when tested and no longer spends most
of its time trying to identify μ̂Mt within the arm subset.

FIG. 8. Success probability of the Explore-m experiments pre-
sented in the main text. The probability of identifying the ε-optimal
subset is averaged over 100 runs for different numbers of arms n.
Results are shown for our algorithm (blue) and LUCB1 [41] (red).
The ε-optimal subset size satisfies m = n/5. (a) Mean reward values
are sampled from two disjoint ensembles [0, 0.8] and [0.9, 1], with
confidence parameters ε = 0.05 and δ = 0.1. (b) Suboptimal mean
reward values are fixed at 0.7, while ε-optimal rewards are set to
0.8, with confidence parameters ε = 0.05 and δ = 0.02. Both ex-
periments demonstrate an empirical success probability exceeding
the tolerance threshold 1 − δ (gray horizontal lines), validating the
stopping time measured in the main text.

APPENDIX D: NUMERICAL EXPERIMENTS

1. Numerical settings

a. Explore-m bandit setting

We here consider Gaussian rewards with σ = 1. The ε-
optimal subset size verifies m = n/5, with an increasing
number of arms tested. In Fig. 3(a), the mean reward values
are sampled from two disjoint ensembles [0, 0.8] and [0.9, 1]
for the ε-optimal subset, with confidence parameters ε = 0.05
and δ = 0.1. In Fig. 3(b), suboptimal mean reward values are
all set to 0.7, while ε-optimal to 0.8, with confidence param-
eters ε = 0.05 and δ = 0.02. For both experiments, the time
is averaged over 100 runs with standard deviation indicated.
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FIG. 9. Cumulative distributions of Pbot and Ptop and their ap-
proximations enabling the derivation of θb. To illustrate their
intersection, the cumulative distributions and their respective approx-
imations are shifted by ±ε/2 (−ε/2 for Ptop and +ε/2 for Pbot). Pbot

and Ptop are shown in blue and red, with their heuristic approxima-
tions in green and yellow, respectively. Our approximation returns
the parameters {θb, ttop, tbot}, such that the approximated Gumbel

Here, seeds are not shared through the algorithms within the
same experiment.

b. Linear bandit setting

We here again consider rewards subject to Gaussian
noise with σ = 1. In the first experiment, the arms com-
posing At are sampled from a normal distribution in R10.
θ∗ is assigned a unit norm. The seeds are taken indepen-
dently for each algorithm. The regret, averaged over 500
runs, already shows a clear and consistent standard devi-
ation. In the second experiment, At is constituted by two
fixed sets presented to the agent with equal probability: the
first set {[1, 0, 0], [0, 1, 0], [1 − ξ, 2ξ, 0]}, and the second set
{[0, 0.6, 0.8], [0, 0, 1], [0, ξ/10, 1 − ξ ]}. Finally, ξ = 0.1 and
θ∗ = [1, 0, 1]. The regret, averaged over 50 000 runs, already
shows a clear and consistent standard deviation. Here, seeds
are shared through the algorithms within the same experiment.

c. Many-armed bandit setting

Here, we consider Bernoulli rewards with a uniform prior.
In Fig. 11(a), the parameters used are T = 10 000, K =
5000 � √

T , and c = 1. The regret is averaged over 2000
runs. In Fig. 11(b), the mean regret performance when the
horizon is reached is given for distinct games with varying
horizon length (K = T � √

T and c = 1). The regret is av-
eraged over 2000 runs for each experiment. Here, seeds are
shared through the algorithms within the same experiment.

2. Overview of baseline algorithms

We will here review the algorithm used for numerical com-
parison.

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
laws should exactly intersect at (θb, 1 − δ/2), illustrated by the gray
and black dashed lines. Results are shown for our algorithm at the
stopping time with ε = 0.05 and δ = 0.1. In panel (a), m = 20,
n = 100, and the mean rewards are drawn uniformly from [0, 0.5]
and [0.5, 1.0] for the suboptimal and optimal sets, respectively; in
panel (b), m = 20, n = 200, and mean rewards are fixed to 0.7
and 0.8, respectively; and in panel (c), m = 10, n = 100, and mean
rewards are drawn uniformly over [0, 1]. Note that, in all three cases,
the approximate distributions are narrower than the true distributions
since the arms have not been sampled uniformly (according to ttop

and tbot), leading to more spread out distributions. This happens even
when the mean rewards are fixed at 0.7 for suboptimal and 0.8 for
ε-optimal values [panel (b)]. This discrepancy arises because the
algorithm still does not sample the means uniformly, as the empirical
means observed can differ from the true means in the short term.
Hence, although such cases are expected to converge asymptotically
(i.e., in the joint limit as m → ∞, d → ∞, δ → 0), we observe
that the stopping time is often reached earlier. When both Ptop and
Pbot closely mirror their respective approximations, their actual in-
tersection is near θb, as shown in panels (a) and (b) . It occurs
when both cumulatively account for the same probability of incorrect
identification for each set Mt and Dt . However, since the increments
are evaluated for arms individually rather than as a set, Ptop and Pbot

may differ at θb, depending on the underlying mean distribution, as
illustrated in panel (c).
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FIG. 10. Mean and standard deviation of the regret for two linear
bandit settings with Gaussian rewards. This figure is identical to
the one given in the main text but with standard deviation shown
with error bars. In blue our algorithm and in orange and red UCB
algorithms adjusted to the linear settings. (a) Bandit setting with
ten arms resampled at each time from a normal distribution in R10.
(b) Toy problem borrowed from Ref. [64] with two contexts. Each
context (detailed in the main text) is drawn with equal probability
and ξ = 0.5. Details of the algorithms, simulations, and a focus on
standard deviations are provided in Appendix D.

a. Top-k identification: LUCB1

We rely on the algorithm version first introduced in Ref.
[41]. It falls under the category of UCB algorithms, which
select the arm maximizing a proxy function typically defined
as Fi = μ̂i + Ci(ti, t ). In the specific case of subset selection,
it reformulates as follows. We define Bi as

Ci(ti, t ) =
√

1

2ti
ln

[
5nt4

4δ

]
. (D1)

FIG. 11. Mean and standard deviation of the regret for the many-
armed bandit problem with Bernoulli rewards and a uniform prior
on [0, 1]. This figure is identical to the one given in the main text
but with standard deviation shown with error bars. (a) The regret
growth of our algorithm (ARM), in blue, is observed until horizon
T , i.e., the stopping time, is reached T = 10 000 (K = 5000 � √

T
and c = 1). The regret is averaged over 2000 runs and standard errors
are indicated (see Appendixes D and D 2 for details on the numerical
settings). Its performance is compared to the ss-greedy algorithm,
in red. The final slopes of both algorithms differ, indicating that the
selected arm for most of the exploitation is less efficient than the
one found for our algorithm. Additionally, our algorithm presents a
slower initial slope because exploration and exploitation are already
mixed. (b) Mean regret performance when at the stopping time (when
the horizon is reached), for distinct games with varying horizon
length (K = T � √

T and c = 1). The regret is averaged over 2000
runs.

After having sorted the arms according to their current
empirical means and having formed Mt and Dt , the algorithm
selects two arms, denoted by ltop,t and hbot,t , respectively, in
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Mt and Dt such that

ltop,t = argmin
i∈Mt

(μ̂i − Ci(ti, t )) (D2)

and

hbot,t = argmax
i∈Dt

(μ̂i + Ci(ti, t )). (D3)

Then, the algorithm stops if

μ̂hbot,t + Chbot,t

(
tlbot,t , t

) − μ̂ltop,t + Cltop,t

(
tltop,t , t

)
< ε, (D4)

meaning that both sets are sufficiently differentiated. If the
algorithm does not stop, both arms ltop,t and hbot,t are pulled,
and the process is repeated.

b. Linear bandit: LinUCB

As for the subset selection, we provide algorithms falling
into the UCB category. These algorithms select the arm maxi-
mizing a proxy function typically defined as Fi,t = μ̂i,t + Ci,t .
In the linear case, μ̂i stands for the empirical mean of drawing
arm i at t and Ci an associated confidence ellipsoid. The first
LinUCB-type algorithm considered in the numerical experi-
ments, referred to as OFUL [90], is given by

Fi,t = θ̂ ′
t At + [

√
d ln (n(1 + t )) + 1]

√
A′

t B
−1
t At , (D5)

where d stands for the dimension of the arms space, n the
arm number at each time step, and Bt and θ̂t are defined as in
the main text. The second version borrowed from Ref. [26],
denoted by LinUCB here, reads

Fi,t = θ̂ ′
t At + [

√
2 ln(n) + ln (|Bt |) + 1]

√
A′

t B
−1
t At , (D6)

where || denotes the determinant operator. We now briefly
discuss several potential candidate algorithms that were not
implemented in this work. One such algorithm is Lin-
Thompson, a refined version of the popular Thompson
sampling approach. However, the linear variant of Lin-
Thompson, which comes with theoretical guarantees, has a
critical drawback: its posterior distribution’s variance is ad-
justed by a factor of ln(t ) [48]. This adjustment leads to
overexploration and, consequently, significant regret losses,
rendering the algorithm inadequate for meaningful perfor-
mance comparisons. In addition to Lin-Thompson, we could
consider comparing our algorithm with other state-of-the-art

methods such as SOLID [64], OSSB [88], OAM [91], and IDS
[95]. Nevertheless, these algorithms suffer from implementa-
tion complexities that are not addressed in our current work.

c. Many arms: SS-epsilon greedy

The subsampled greedy algorithm for many-armed settings
randomly selects a subset of m arms and performs a greedy
strategy after pulling all the arms once. Its pseudocode reads:

(1) Select m arms uniformly at random without replace-
ment from [K] and pull each arm once.

(2) Until the end pulls at = argmax
i∈[K]

μ̂i.

The size of the subset is the only parameter that is adjusted
depending on the horizon sizes and the reward distribution.
Reference [98] proposes m ∼ T β/(1+β ) for β-regular prior,
i.e., P�[μ > 1 − ε] = O(εβ ).

APPENDIX E: ADDITIONAL RESULTS

This Appendix provides additional information and results
on our proposed approximate information-maximization al-
gorithms for the three extended multiarmed bandit settings
discussed in the main text.

1. Explore-m bandits

Figure 7 focuses on the relation between the number of
draws for each arm depending on its empirical mean.

Figure 8 focuses on the success probability of the Explore-
m experiments presented in the main text to validate our
algorithm.

Figure 9 compares the cumulative posterior distributions
Pbot and Pbot to their approximations by Gumbel distributions
[Eqs. (A11) and (A12), respectively] and the approximate
separator between the two sets, θb, for three scenarios where
the arms in the optimal and suboptimal sets follow different
distributions.

2. Linear bandits

Figure 10 focuses on the standard deviation of the regret in
the linear bandit setting.

3. Many-armed bandits

Figure 11 focuses on the standard deviation of the regret in
the linear bandit setting.
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