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It has come to light that the derivation of the Wess-Zumino term from the MPS path integral that we gave in Ref. [1] is
incomplete. The precise functional form we gave was incorrect because it failed to take into account the distinction between
taking the continuum limit of differences on “strong” bonds vs “weak” ones. The central result of the work—that we construct
the correct critical theory—is unchanged.

In Ref. [1], we showed how, by taking the path integral over a set of matrix product states, one may directly construct the
theory for the critical antiferromagnetic phase of the S = 1/2 J;-J, chain—the O(4) nonlinear sigma model (NLSM) with a WZ
term,
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for some ¢ and K that depend only on J; and J,, and where u(t, x) = (cosa, sina ) € §3, for a Néel field /i € S? and
dimerization field «. We have omitted the dimerization potential V() = —J» cos? « in the above since it is irrelevant at small J,
[2]. The second term in the action above is the O(4) NLSM; the first is the WZ term, which is, after explicitly integrating over
the extension coordinate of its usual formulation [3],
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where 6 and ¢ are the coordinates of /1 = (sin 8 cos ¢, sin 0 sin ¢, cos ). From our construction in Ref. [1], we obtained an
action precisely of the form in Eq. (1), except that we obtained, in place of iQwy,
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At this point, we prematurely concluded that our argument was complete, reasoning that since fwz and f are monotonic, and
have the same values at the poles o = 0, 7w, we could recover Eq. (1) simply by making a homeomorphic deformation of the
target space (i.e., a deformation of ). However, since f(«) is linear near the singlet covers (o = 0, ), whereas fwz(«) is cubic,
such a deformation of & would completely change the NLSM part of the action.

But in taking the continuum limit of Eq. (S42) [1] to arrive at Eq. (3), we did not account for the fact that the field 7z is more
heavily constrained on entangled bonds than nonentangled bonds (in the extreme case, if sites i — 1 and i are in a singlet, then
m; = m;_y, but m, | is completely independent of 7#2;). As discussed in Ref. [1] (and in detail in Sec. IV of the Supplemental
Material), the 9, operators in the NLSM part of the action refer to the derivative of 7 over the weak bonds, or, equivalently, over
two sites (always encompassing one strong and one weak bond),
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In Eq. (S42), however, only the differences of m; over the strong bonds appear, and in order to work out how to replace these
by coarse-grained derivatives (4), we must estimate the relative strength of variation of 7z over the weak bonds compared to the
strong bonds, as a function of «.

We can do this semiclassically. Let us first consider the case that the bonds (2i — 1, 2i) are stronger, such that 0 < o < /2,

and, further, assume that o takes a constant value (or, rather, varies sufficiently slowly). Then, the expectation value of the
Hamiltonian over the MPS ansatz is
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Now consider some reference configuration 72; = Z; of course, there is no long-range order, but we need to only consider a
few sites. We now perturb 72y and ask how 7z; (which is weakly bonded to 72y and strongly bonded to ;) responds. To lowest
order, we assume that 2_; and 23 are completely determined by their strong bond,
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Over the three sites in question, then,
(H) ~ (—=J; sin® a + J, sin® a) figg - iy + (—=Jy (1 4 cosa) + Jo sin® o) #in; - iy, (7

where, recall, iy and fi1, are held fixed by assumption. z; that minimizes this lies between, and in the same plane as, iz and #1,.
Denoting the angles between these vectors by ¢g; and ¢, and assuming the perturbation to 2y was small such that sinp ~ ¢,
we find
(Ji — h)sin*a (J; — h)sin*
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which tells us how we should modify Eq. (3). Finally, we note that if the other set of bonds were strong, i.e., 7 > o« > 7 /2, we

simply map « — 7 — « in the above factor. Absorbing this into the weighting function f(«) in the Wess-Zumino term, we thus
have
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If we now define a deformed & such that f(«) = fwz(&@), both of these functions are cubic near the singlet covers, so the only
effect on the NLSM action is to change the overall constant in Eq. (1),
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(K ~~» 1.115K at J, = 0). The original conclusion of Ref. [1], that the MPS path integral constructs the critical theory, is thus

now properly supported.

We are grateful to Martin Zirnbauer and Stephen Dsouza for drawing our attention to this omission.
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