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Active transport as a mechanism of microphase selection in biomolecular condensates
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The size and organization of biomolecular condensates formed by liquid-liquid phase separation are set by
multiple cellular mechanisms that are not yet fully understood. Here, we identify a transport-driven mechanism:
Stochastic binding of phase-separating proteins to cytoskeletal motor proteins, followed by active redistribution
along filament networks, generates an effective long-range repulsion that arrests coarsening and selects a finite
condensate size. A minimal diffusion-transport model, analyzed by linear stability theory and three-dimensional
simulations, reveals a transition from macroscopic to microphase separation at remarkably low binding/release
fractions, corresponding to minute motor-bound populations. Tuning motor binding rates b or transport velocities
enables sublinear control of condensate sizes (L ~ b~'/*) from a few hundred nanometers up to the micron scale.
The selected length scale is robust to the intrinsic shot noise of the binding-release reactions. In anisotropic
cytoskeletal environments, transport asymmetry drives morphological transitions from spherical to cylindrical
condensates, independently of the thermodynamic parameters. This mechanism provides a versatile, spatiotem-
porally programmable route to condensate organization and informs the design of synthetic active emulsions

with tunable architectures.

DOI: 10.1103/wk2j-3bz9

I. INTRODUCTION

Eukaryotic cells compartmentalize their biochemical ac-
tivities through both membrane-bound organelles (e.g., mi-
tochondria, lysosomes) and membraneless assemblies (e.g.,
nucleoli, centrosomes, stress granules). Many of the latter
arise via liquid-liquid phase separation (LLPS), forming dy-
namic, liquidlike condensates composed of proteins and RNA
[1-5]. These condensates enable reversible, spatially con-
fined reactions without enclosing membranes. Conversely,
dysregulation of condensate dynamics or aging can trigger
irreversible amyloid fibril formation [6,7], a hallmark of neu-
rodegenerative diseases such as Alzheimer’s, Parkinson’s, and
Amyotrophic lateral sclerosis (ALS).

Under physiological conditions, dilute and condensed
phases coexist near equilibrium [8—10], exhibiting slow coars-
ening dynamics governed by fusion and Ostwald ripening
[11]. Left unchecked, this slow relaxation would ultimately
yield a single macroscopic droplet. To arrest coarsening
and stabilize finite-sized condensates, cells exploit vari-
ous nonequilibrium mechanisms [12]. Chemical reaction-
diffusion cycles, such as kinase-phosphatase or autocatalytic
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conversions, can generate interfacial fluxes that balance
diffusive loss and select a finite length scale [13-26]. Diffusio-
phoretic forces arising from ion gradients [27], macromolecu-
lar crowding [28], protein oligomerization [29,30], long-range
electrostatic repulsion [31], Pickering emulsion mechanism
[32], or elastic confinement by the cytoskeleton [33-36] can
also impede droplet growth. More recently, coupling a phase-
separating species to a self-straining cytoskeletal network has
been shown to arrest coarsening mechanically [37], though
the broader role of stochastic motor-mediated transport in
regulating condensate sizes remains largely unexplored.

Many proteins and RNA molecules that are constituents
of phase-separated condensates are transported by mo-
tor proteins to defined subcellular locations [38,39]. The
microtubule-associated motor protein dynein colocalizes with
stress granules, which help to protect cells during acute
stresses [40]. Inhibiting dynein reduces stress granule forma-
tion and delays their disassembly once the stress subsides
[40]. Knockdown of dynein likewise inhibits stress granule
formation, whereas knockdown of kinesin delays their disso-
lution [41]. A motor-based transport system for RNA protein
complexes and protein condensates has been realized in cells
and this could be a starting point for understanding how trans-
port affects phase behavior [42].

Here, we show that motor-mediated transport along
cytoskeletal filaments is sufficient on its own to arrest conden-
sate coarsening and stabilize finite domain sizes. In contrast
to chemical reaction-diffusion mechanisms, motor binding
does not alter the chemical properties of proteins and their
molecular interactions. Starting from a minimal diffusion-
transport model, we derive an analytical criterion for the onset
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FIG. 1. Schematic cartoon of the proposed active transport
mechanism to control droplet sizes. Magnified view: Phase-
separating proteins (yellow) exchange between a free diffusive state
and a motor-bound transported state at rates b and s. Motor-mediated
transport along cytoskeletal filaments (black) spatially redistributes
bound proteins, creating an effective long-range repulsion that arrests
coarsening at finite length scale.

of microphase separation and obtain a scaling law that directly
connects condensate dimensions to motor binding rates and
transport velocities. Three-dimensional simulations confirm
these predictions across a wide range of noise levels and
quench depths, and further reveal that cytoskeletal anisotropy
extends this control from size to shape, driving transitions
between spherical, cylindrical, and lamellar morphologies. A
schematic cartoon is shown in Fig. 1.

II. MODEL AND PHYSICAL INTUITION

Our model is inspired by the Foret model for membrane
rafts, which shows how actively driven lipid turnover can con-
fine domain sizes in phase-separating lipid membranes [43].
In that model, lipid molecules are stochastically removed from
or inserted into the membranes at fixed rates. This process
turns out to be mathematically equivalent to introducing an
effective long-range repulsion between like species [44,45],
which arrests coarsening and stabilizes microdomains. Here,
we develop a three-dimensional bulk analog of this mech-
anism. Proteins interconvert between a free state, p,, and a
transported state, p,, in which they are actively carried along
cytoskeletal filaments by motor proteins, with binding and
release rates b and s. In this context, active transport plays
a role analogous to stochastic removal and insertion. Motor-
driven redistribution actively homogenizes the bound protein
fraction, again generating effective long-range interactions.
The coupled dynamical equations are
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Equation (1) describes the diffusive relaxation of free pro-
teins driven by the chemical potential gradient V§F/épq,
with Onsager mobility M, together with binding/unbinding

exchange with rates b and s; the accompanying chemical
noise 7, is modeled via Langevin dynamics [46]. Equation (2)
captures the active transport of motor-bound proteins. We
consider bidirectional random transport along a disordered
network of filaments [47,48], which can be coarse grained
as rapid, anisotropic diffusion with an effective diffusion ten-
sor A [49,50]. In an isotropic cytoskeletal network, we have
A = I, whereas filament alignment leads to anisotropic trans-
port described by a uniaxial diffusion tensor with eigenvalues
A > A, reflecting enhanced mobility along filament bundles
[48,50,51]. For analytical tractability, we assume isotropy in
the scaling and linear stability analyses, and explore the ef-
fects of anisotropic transport by numerical simulations. The
free-energy functional, F[p], depends on the total density

p = p, + p, via
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where 1, and 74 control bulk thermodynamics, p, = p and
p. are the averaged total density and the critical density,
V is the system volume, and g sets the interfacial stiffness.
The noise accounts for the discrete nature of stochastic bind-
ing/unbinding events and is modeled by chemical Langevin
dynamics [46] (see also Appendix A 1)

Ne(r, 1) = /bp,(r) {i(x, 1) —/sp,(r) &o(r, 1), (4)

where ¢;(r,t) are uncorrelated white noise fields (It6 in-
terpretation [[52], Sec. 2.3, p. 40]) with () =0 and
(G, DG 1)) = 8 8 — ) 8(t —1'),

Simple scaling arguments can provide intuition on
the characteristic domain size. Balancing binding kinet-
ics (binding-release rate, b and s), free-protein diffusion
(MkgT /p,), and transport (A) yields two distinct regimes: (1)
In the exchange-limited regime, transport processes are fast
enough to be quasi-instantaneous. Molecules are redistributed
rapidly and become available to participate in LLPS else-
where. Thus, domain growth is limited by the competition
between binding kinetics and structural relaxation, which is
set by the Cahn-Hilliard V# dissipation. A fluctuation of size
L relaxes on a timescale t); ~ (L4,00) /(M gkgT ). Matching the
binding time, #, ~ 1/b, gives

M kT g\ '/*
L~ = (2208 (5)
Py b

(2) In the diffusive regime, transport is too slow to ensure com-
plete redistribution of proteins. If free proteins bind and get
released within one droplet, the droplet growth is not arrested.
Bound molecules travel a characteristic distance Al, = \/A/s.
The transition between the two regimes is thus expected at

l. ~ Al or
I M kgT gs*\'*
_e=<3—gs) ~ 1. (©)

K=
Al, p, bA?

For a more quantitative analysis, we first cast the equa-
tions in dimensionless form, using scaled lengths 7 = r/{,
and times 7 =1/t,, with £, = /g and 1, = (gp,)/(MkgT)

033345-2



ACTIVE TRANSPORT AS A MECHANISM OF ...

PHYSICAL REVIEW RESEARCH 8, 033345 (2026)

and defining the order parameters, ¢; = (p, — p1)/p, and
¢ =(p, — p,)/p,, With p, =p;s/(b+s) and p, =
0, b/ (b + s). In physical terms, £, is on the order of the size of
a protein, 63 /t, is roughly the molecular diffusion constant of
free proteins, and p, , correspond to the mean concentrations
of unbound/bound proteins in the homogeneous fluid.

The resulting rescaled dynamic equations [Egs. (A9)
and (A10)] (see Appendix A) reveal that the behavior of
the system is governed by four dimensionless quantities:
The binding/release ratio e = b/s setting the partitioning of
molecules between the two states, the dynamic asymmetry
A= (Ap,)/(MkpT) giving the ratio of random transport in
the bound state and free diffusion in the unbound state, the
scaled release rate § = (sgp,)/(MkgT ), and the noise level
parameter Cy = g~>/4/ /P, (see Appendix A 1). In these units,
the characteristic quantities introduced above are given by
lo = (5e)~"/* ¢, and K = (e A2/8)~ /4.

III. LINEAR STABILITY ANALYSIS
AND PHASE DIAGRAM

Next, we examine the stability of the homogeneous state
(¢p; = const) against small perturbations. It is instructive to
consider first a simplified model, in which we assume that the
fraction of transported molecules is small and replace F[p]
by Flp,] in the free-energy equation (3). This approxima-
tion allows us to map the noise-free part of our model onto
an equilibrium model governed by purely diffusive relaxation.
The key step is to represent the source and sink terms in
Egs. (1) and (2) as equivalent long-range Coulomb interac-
tions. Similar transformations have been employed to describe
arrested phase separation in the Foret model of lipid rafts
[44,45] and pattern formation in certain reactive binary mix-
tures [13,14,53]. We first symmetrize the exchange terms by
rescaling the order parameter, ¢ = (¢, ¢2/+/e). After some
mathematical manipulations detailed in Appendix B 1, the
dynamical equations can be rewritten as

Y A
= V? 85) +ﬁe(f',t)(

1
—1/x/5) @

in terms of a virtual effective free-energy functional
1 ~F ~ n ~ T4 ~
7 > By by + /V & [—m- &+ Z‘f’ﬂ’ ®)
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Here, T = 1, + 31492, with ¢ := p./p, — 1, V =V/E3,
and 7, is an uncorrelated noise field with mean zero and
variance C28e(¢1 + ¢2/+/e +2/(1 +e)) (see Appendix D).
In the absence of noise, the homogeneous solution of the
dynamical equation (7), J) = 0, is (meta)stable whenever B
is positive definite, and becomes unstable when det(B4) = 0.
This condition yields two branches of the spinodal, t.o(e) =
—eX and T.1(e) = —2\/54—3/)2, which meet at a critical
exchange ratio e, = §/)A\2 (see Fig. 2). For e < e, the unstable
mode occurs at ¢ — 0, corresponding to macroscopic (bulk)
phase separation. For e > e, the instability appears at a
finite wave number g = g,, marking the onset of a mi-
crophase regime with characteristic domain size L ~ 2m /g,.

with Bg = (
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FIG. 2. Stability diagram in the (e, ) plane. The blue branch
7.0(e) is the spinodal with respect to macrophase separation, and red
branch 7, (e) is the spinodal with respect to microphase separation;
they meet at the critical point (e, 7.). The labels refer to the character
of the instability at onset, not to a division of the two-phase region.

Parameters are § = 1 and & = 10. Inset: shift of the critical point as
the scaled release rate § increases from 0.01 to 1.

The domain size L diverges at the critical point (e., 7.) =
(8/A%, —3/X), where the most unstable mode shifts from g =
Otog > 0.

At the spinodal T = 7., the characteristic wave number is
given by

g’ = 2(Ves —3/). (10)

Expressing the domain size in terms of the quantities /. and «
introduced in Egs. (5) and (6), one gets

L=2mrl.(1—«>""2 (11)

The domain size diverges for k — 1 and approaches 27 /. for
k — 0, consistent with our earlier scaling arguments. Further-
more, noting that k = (e./e)'/*, one can extract the power law
L ~ (27 l.n/2e.) (e — e.)~'/? describing how the domain size
diverges upon approaching e..

The structure of the functional .7:"fff in Eq. (7) closely
resembles the Ohta-Kawasaki-Ito functional for homopoly-
mer/copolymer blends [54]. Such systems exhibit both
Ising-type macrophase separation and Landau-Brazovskii-
type [55] microphase separation, separated by a multicritical
Lifshitz point where the characteristic domain size diverges—
consistent with our stability analysis. It is important to
emphasize, however, that the nonequilibrium model defined
by Eq. (7) is not equivalent to an equilibrium model with
free energy f"fff. The stochastic term violates the fluctuation
dissipation relation, meaning that even in the limit Cy — O,
globally minimizing .7:"fff will not necessarily yield the correct
steady-state phase diagram, particularly in the presence of
competing metastable states.

In the full model, F[p] with p = p; + p», the dynamical
matrix cannot be symmetrized; therefore, the mapping onto
an equilibrium system with an effective free energy ﬁfff of
Ohta-Kawasaki type is not possible. Nevertheless, we can still
perform a stability analysis. The stability boundary is obtained
directly from the condition that the linearized dynamical
matrix has a vanishing eigenvalue (see Appendix B 2). The
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FIG. 3. Transport-driven domain selection in three-dimensional (3D) simulations. (a) Steady-state domain size L/£, vs exchange ratio e:
theory (black solid line for approximate model and red solid line for full model) and simulations with different noise strength Cy = 0, 0.1, 0.2
for At := 1 — 7} (e) = —0.01 (symbols). For ¢ = 0.02, the domain sizes keep growing with a 7'/3 power law at the end of the simulation
(see movies in the Supplemental Material [56], and for additional data, see Fig. 8). (b) Midplane ¢; slices for ¢ = 0.02, 0.05, 0.08 with
and without noise at time 7 = 5 x 10*. Rows correspond to four values of the quench parameter At = 0.01, 0.00, —0.05, —0.10, where
At = 0 corresponds to the spinodal. (c) 3D snapshot for e = 0.05 at time 7 = 5 x 10*. (d) Angle-averaged structure factor S(g) for e = 0.05
at At = —0.01 and noise strengths Cy = 0, 0.1, 0.2, plotted in semilog representation. Solid lines are fits to the empirical form S(g) ~
exp{l — [1 + ((g — q,)/0)*'*}. (e) Fitted L, peak width o, exponent 1 — B, and peak amplitude Sm.x vs quench depth At for e = 0.05.
Parameters are § = 1, A = 10, ¢. =041, =04.

remaining algebra is unchanged and yields the spinodal IV. THREE-DIMENSIONAL SIMULATIONS

- §(1+e) To test our analytical predictions and explore the nonlin-
7,(e) = —2/es5 + —_—, (12) ear regime, we performed direct numerical simulations. We

A solved the rescaled versions of Eqs. (A9) and (A10) (simula-
tion and numerical details; see Appendix C), fully taking into
. account the p, contribution to the free energy F in Eq. (3).
8(1 + ¢)/A] and domain size L™ = 27/ qu- Both expressions  por comparison, we also simulated the approximate model

reduce to those of the simplified model if one replaces $(1 +  yged for the stability analysis; these results are presented in
e) — §; thus, the entire effect of retaining ¢, is this single  Appendix E.

substitution. The spinodal of the full model is shifted upward
by

with the corresponding wave number (q(lf)2 = Ko’z[«/e—A —

A. Microphase arrest and robustness

Figure 3(a) shows that the finite-g instability quantitatively
predicts the steady-state droplet size L. For large e, coarsen-
ing arrests and L remains finite, while for small e, droplets
Since the transported proteins also contribute to the driving continue growing, following the characteristic #'/3 growth
force for demixing, phase separation sets in slightly earlier. law during the whole simulation time of up to f = 5 x 10*
The shift vanishes as e — 0 and grows linearly with e; for (see Fig. 8), which is characteristic of macrophase separation.
the parameters used here, it amounts to §7.,; =2 x 1073 at  The transition from microphase to macrophase separation pre-
e=0.02 and 5 x 1073 at e = 0.05, and the corresponding dicted by the linear theory is reproduced by the simulations,
domain size is larger by L/L ~ §e/[2A (9,,)*1 ~ 2% across but the boundary lies at a slightly higher e than the analytic
the range studied in the numerical simulations of the next e.. The offset is present in the simplified-model simulations
section. The approximation underlying ]:',eff is therefore very as well [see Fig. 6(a)]. This observation is consistent with

8t1(e) = th(e) —t(e) = sf > 0. (13)

good in the parameter regions considered here, while becom- the phase behavior of the corresponding effective equilibrium
ing less so on approaching the transition point, e = e., where system, where Lifshitz points are generally known to be un-
q, —> 0. stable in three dimensions and preempted by a multiphase
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equilibrium point in block copolymer/homopolymer mixtures
[57].

Panel (b) presents midplane snapshots of ¢; for ¢. = 0.4,
three values of e, and four quench depths At ;=1 — rL,F] (e),
comparing simulations without and with noise (Cy = 0 and
Co = 0.2). Without noise, no structure forms at At =0 or
above, as expected: At the spinodal, the growth rate of the
critical mode vanishes; therefore, an infinitesimal perturbation
is not amplified within the simulated time. Upon adding noise,
droplets appear both at the spinodal and above it at AT =0.01,
where the homogeneous state is linearly stable. The morphol-
ogy of structures already formed at deeper quenches, however,
is largely unaffected by the noise. The noise-induced structure
formation can again be rationalized based on the phase dia-
gram of the corresponding effective equilibrium system: At
¢. = 0.4, corresponding to the mean density p, =0.71p,, the
order-disorder transition is first order; the spinodal lies inside
the ordered region. Therefore, noise can induce microphase
separation. Furthermore, the system exhibits hysteresis: Once
established, the domains do not disappear even if the noise
is turned off, demonstrated for the simplified model in Ap-
pendix E 2.

To quantify noise effects more systematically, we analyze
the structure factor in panels (d) and (e). Panel (d) displays the
normalized structure factor S(q)/Smax for e = 0.05, revealing
a sharp primary peak at g, and secondary oscillations at larger
q. These postpeak oscillations signal short-range translational
order, indicating that the droplets locally adopt a quasiregular
arrangement reminiscent of a soft crystal or microphase, as
the three-dimensional snapshot in panel (c) illustrates. Intro-
ducing noise predominantly increases the spectral weight at
large g, effectively lifting the high-g tail of S(g). As shown
in the Appendix D, this follows from the noise adding a g~
background of amplitude o« C3, which dominates once the
deterministic tail has decayed. Finally, panel (e) shows that
deeper quenches (At < 0) modestly increase L and drive the
exponent (1 — 8) — 0.5, indicating a crossover toward large-
q exponential decay in S(g). In this regime, noise slightly
enlarges L, consistent with enhanced interfacial fluctuations.
These trends are nearly independent of noise amplitude, un-
derscoring the robustness of the transport-driven length-scale
selection.

B. Anisotropic transport

While intracellular transport may appear disordered, cy-
toskeletal organization often leads to anisotropy in the
effective diffusion of bound proteins. Cytoskeletal filament
networks, even when not forming ordered bundles, can exhibit
preferred orientations due to centrosomal organization or cell
geometry. To investigate how such transport anisotropy affects
condensate formation, we replace the scalar diffusion X with
an anisotropic tensor A= diag():”, A 1) in numerical sim-
ulations, representing enhanced transport along a preferred
direction.

Transport anisotropy does not disrupt microphase separa-
tion, but can have a profound effect on the morphologies of
microphase-separated domains. Figure 4 maps steady-state
morphologies across the parameter space of scaled aver-
age protein concentration, p,/p. = 1/(1 + ¢.), and transport
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1.6 0AA A A
1.5 4000 A A
“< 1440000 A
1.340000 O
1240000 O

1.1 40000 O

1.0 000 O O

0!5 0f6

(\

B Lamellar

/AL
O0OO0ODPB>PDBDBDDD D
Ob>D>DB>DDDD DD
B>ODDDDDDD DD

100000000000

~looopbpbpB>D>DDDD

0.8
po/pe

ol > OOOOO0O0O0O0O0OO0OO0

o
o
=
o

FIG. 4. Morphology phase diagram for anisotropic transport.
Steady-state morphologies in (p,/p0c, ):” /A1) space: Lamellar
(squares), cylinders (triangles), spheres (circles). Increasing transport
anisotropy drives sphere-to-cylinder transitions. Parameters: § = 1,
73 =02,4; =10,e=0.06, Ar = —0.01, 128> grid.

anisotropy, )A»H /A .. The interaction parameters are chosen such
that At = —0.01, slightly below the (micro)phase separation
temperature in the corresponding isotropic system. All sim-
ulations were initialized from steady-state spherical droplets
(obtained at )A»H =i 1 and ¢, = 0.4) and evolved up to the time
f =5 x 10*. We classify final morphologies as follows: (1)
spheres if droplets remain approximately round; (2) cylinders
if they elongate into rods aligned with the fast transport axis;
and (3) lamellar if they reorganize into layered structures.
Phase boundaries mark where spherical droplets become visi-
bly elongated.

Already in the isotropic systems, cylindrical and lamel-
lar condensate morphologies appear at near-critical protein
concentrations (p,/p. ~ 1). This is to be expected, since
such morphological transitions are generally observed in
Landau-Brazovskii-type models [55,58]. Transport anisotropy
shifts these transitions to biologically more relevant regimes
of smaller protein concentrations. For example, we ob-
serve a sphere-to-cylinder transition for p,/p. ~ 0.7 at
modest )A\H /AL > 1.1, shifting to higher anisotropy values
as p,/p. decreases further. The transition mechanism in-
volves a transport-driven morphological instability. Spherical
droplets experience enhanced flux along the parallel direc-
tion, which amplifies elongation fluctuations aligned with the
fast axis. The resulting cylinders minimize interfacial area in
slow-transport directions while extending along the fast axis
where material redistributes more efficiently. The parameter
0,/ e, controlled by the total volume fraction of conden-
sates, modulates these transitions. Lower p, /o, corresponds to
greater compositional asymmetry and favors compact spher-
ical domains over thin cylindrical domains, analogous to
minority-block spheres in copolymers.

V. BIOLOGICAL AND EXPERIMENTAL IMPLICATIONS

To translate our results into physical units, we identify the
molecular scales £, = 1 nm and ¢, = 1 us, corresponding to a
free-protein diffusion constant éf /t, = 10712m? /s, and adopt
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FIG. 5. Domain size L vs the binding rate b for three different
values of the dynamical asymmetry A. The black dashed line gives
the exchange-limited domain size.

a typical cargo release rate of 0.1s~! [59], giving § = 1077,
The dynamic asymmetry i compares the effective transport
of motor-bound proteins with the diffusion of free ones. Motor
activity in cells generates diffusivelike motion of substantially
larger amplitude than thermal diffusion [49,50]; thus, the bio-
logically relevant regime is A > 1; the precise value depends
on motor type and processivity.

Figure 5 shows the steady-state domain size L as a function
of the binding rate b for three values of the dynamic asymme-
try A. In the exchange-limited regime (high 1), binding-release
kinetics set the scale and L o< b~'/4. Because b is governed
by motor abundance and cargo affinity [59,60], a hundredfold
change in b shifts L by only 100'/4 &~ 3.2, yet sweeping b
across its physiological range moves L continuously over a
broad range up to the micron scale. This sublinear sensitivity
makes the selected size robust to fluctuations in motor expres-
sion while keeping it broadly tunable.

The dynamic asymmetry determines where in parameter
space this control operates. Because e, = §/A2, larger dy-
namic asymmetry A lowers the critical exchange ratio and
shifts the transition to macrophase separation to smaller bind-
ing rates. As A decreases, for instance, when motor activity
is reduced [61,62], the system leaves the exchange-limited
regime and condensates grow larger, recovering bulk phase
separation once transport becomes negligible. Size control
thus rests on two distinct handles: The binding rate b sets
the domain size within a given transport regime, while the
dynamic asymmetry A fixes the location of the critical point e,
and hence the threshold binding rate b, = e, - s above which
microphase separation occurs.

The resulting sizes span the range of biomolecular conden-
sates observed in cells, from neuronal RNA transport granules
of a few hundred nanometers [63] to micron-scale bodies
such as nucleoli and germline P granules [38]. The largest
values in Fig. 5, of order tens of microns, reflect the critical
divergence as e — e.: On approach to the critical point L
grows as (e — e.)~'/2, which is why the A = 1 branch turns
upward at small b. Micron-scale domains, in contrast, lie well
inside the exchange-limited regime and follow the b~/* law.

TABLE I. Summary of key parameters and results.

Parameter Definition Description

K sgp,/(MkgT) (Scaled release rate)

X Ap,/(MkgT) (Dynamic asymmetry)

e b/s (Binding-release ratio)

e, fv/iz (Critical e for microphase onset)
Lo (MgksT /bp, )4 (Exchange-limited domain size)
L 27 I.(1 — /e./e)""* (General domain size)

The mechanism thus enables both small and large condensates
within a single framework.

It should be noted that Fig. 5 must be interpreted as an
upper bound for domain sizes if active transport takes place,
the actual condensate sizes can be lower. Domain sizes of tens
of microns, as calculated for the lowest binding rates, are not
possible in most cells. In this regime, the actual sizes will
be constrained by additional factors such as geometry or the
amount of available material.

VI. DISCUSSION

We have demonstrated that unbiased motor-mediated pro-
tein transport along cytoskeletal filaments acts as an effective
long-range repulsion between proteins, shifting the LLPS
spinodal and arresting coarsening at a tunable length scale.
The physical origin of this repulsion is the nonlocal redistribu-
tion of motor-bound proteins: Whenever a condensate grows
beyond the transport length Al, = /A /s, bound proteins are
carried away faster than diffusion can replenish them, creating
a flux that opposes further growth. This mechanism is cap-
tured by the simple scaling law L oc b~/# (Table I), which
holds across a wide range of exchange ratios and is robust to
the presence of noise.

The defining feature of this mechanism is that it leaves
the proteins untouched. Reaction-diffusion models of coars-
ening arrest [12] control size by chemically converting
phase-separating molecules into a soluble, noncondensing
species; here, a motor-bound protein still retains its chemical
identity, fully capable of condensation once released. Size
control therefore requires no engineered interaction domains
or enzymatic modifications, and can in principle act on any
condensate whose components can be recruited to a motor.
The threshold for this regime is strikingly low. Because the
critical exchange ratio e, = §/A2 scales as the inverse square
of the dynamic asymmetry between transport and free diffu-
sion, and motors move cargo orders of magnitude faster than
proteins diffuse, only a minute motor-bound fraction is needed
to arrest coarsening. The accompanying sublinear sensitivity
(a hundredfold change in binding rate shifts L by just a factor
of ~3) makes the resulting size robust to fluctuations in motor
expression and ATP availability.

Transport also controls shape, not just size. In a polarized
cytoskeleton, anisotropic redistribution elongates spherical
condensates into cylinders and lamellae once the anisotropy
exceeds a modest threshold, with no change to the underlying
phase diagram. This separation of geometric from thermo-
dynamic control is, to our knowledge, distinctive: A cell
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could in principle reprogram condensate morphology purely
by remodeling its filament network. The prediction is di-
rectly testable, since recruiting phase-separating proteins to
motors or tuning motor activity [42,61,62,64] should shift
both size and shape in the predicted directions, and polarized
cell types such as neurons offer a natural setting in which
to look for transport-shaped condensates. The same princi-
ples suggest a design strategy for synthetic active emulsions
[65], where pairing a phase-separating scaffold with a tunable
motor module would yield condensates whose architecture is
programmable independently of the thermodynamics.

Our work establishes a potential mechanism of size se-
lection in biomolecular condensates: Unbiased motor-driven
transport is by itself sufficient to arrest coarsening and select
a finite condensate size, from a few hundred nanometers up
to the micron scale. Whether some cells actually exploit it is
an open question, but given the simplicity of the mechanism
it seems not unlikely, and the predictions above, the size law
L o b~1/4, the onset threshold e,, and the anisotropy-driven
shape transitions can be tested in vitro. The mechanism is
particularly suited to stabilize larger domains. If active, it
sets an upper limit to the size of condensates, and it may act
in concert with other local geometric factors or size control
mechanisms that provide further constraints.

Our model isolates the transport mechanism in its simplest
form, treating redistribution as effective diffusion along a
disordered network. This makes the scaling laws transparent,
and it also identifies the ingredients whose interplay with
transport would be interesting to explore next. Directed trans-
port, filament architecture [66], and motor processivity [67]
all shape how cargo redistributes in structured cytoskeletons,
and should modify the selected size and morphology in ways
the present framework can accommodate with some adjust-
ments, such as adding convective flow terms. Collective active
flows from cytoskeletal contraction and microtubule sliding
generate large-scale advection in the cytoplasm [68] that may
reinforce or compete with the redistribution described here,
and hydrodynamic coupling between condensates [27,69] be-
comes relevant at high volume fractions. The scaling laws
derived here provide a quantitative baseline against which
such effects can be measured, and a starting point for study-
ing specific cellular implementations of transport-controlled
condensate organization.
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APPENDIX A: THEORETICAL MODEL

Rescaled dimensionless equations

We write the total protein concentration at position r as

p(r,t) = p,(r,1) + p,(r, 1), (AD)

In the homogeneous steady state, all gradient terms vanish
and the dynamics reduce to the reaction part, so the station-
ary condition is b p; = s po (from 9,0, = —bp, +sp, =0 1in
the uniform case). Together with the conserved total density
p1 + P2 = p,, this fixes the concentrations of the two species
uniquely,

p, = P = const.

s b
— D=p,—. A2
Py PPy (A2)
The coupled dynamics in the p variables are Egs. (1) and (2),
with the free energy F[p] of Eq. (3) and the active exchange
noise

o1 =

ne(rvt)z \/bpl ;l(r’t)_\/sloz fz(r,t), (A3)

where the ¢;(r, t) are Gaussian white noise fields satisfying

(G, 1)) =0, (Gr. 1), 1)) =8;8@ —r)st —1).
(A4)

This exchange noise is the chemical-Langevin (shot) noise
of the binding/release reactions, constructed following Gille-
spie’s chemical Langevin equation [46], and is interpreted in
the Itd sense [[52], Sec. 2.3, p. 40]. It accounts for the stochas-
tic character of binding/release events and becomes important
if the concentrations of bound or free species are small, such
that a treatment in terms of deterministically evolving con-
tinuous fields is no longer appropriate. The precise form was
derived by Gillespie for the case of bulk reactions [46], based
on the assumption that individual reactions are independent
from each other. When applied to spatially varying concen-
tration fields, the same assumption leads to the spatial delta
correlation, 8(r — r’), in Eq. (A4). We will see below that
the amplitude of the noise scales with 1/, /p, in appropriately
reduced units, such that the deterministic limit is reached at
0, —> 0.

Equations (1) and (2) do not include conserved noise: We
retain only the athermal exchange noise, so that p, — oo
defines the deterministic baseline against which the stochastic
contribution is measured. This distinction matters for Ap-
pendix D, where the fact that 1, enters outside the Laplacian
is precisely what produces the ¢~ tail, in contrast to the g2
that conserved noise would give.

To derive the rescaled equations, we define the normalized
order parameters

pite. ) = LED P

0

¢ =0. (AS5)

Since 9,¢; = p(;la, pi, replacing every p; in Egs. (1) and (2)
yields

M §F ¢

B = = VP — b +sdr+ X, (A6)
Py S Py

Ne (A7)

0=V -AVep, + b —S¢z—p—-

0
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The noise rescales as

ne(r.) 1

bs
b el
o m[ ¢1+b+s§1(l‘,f)
—Jshr+ £ Cz(r,f)]-

We now rewrite these equations in terms of rescaled
lengths 7 =r/¢, and times f =1/t, with ¢ = /g and
t, = (gp,)/(MkgT). Further defining the dimensionless pa-
rameters (see main text) e = b/s, A= (Apy)/(MkpT), § =
(s80,)/ (MksT), Co =g/ /p,. and ¢. = pc/p, — 1. the
coupled dynamical equations simplify to

(A8)

A8 F
N Ll Ul Y VAR PSS ) (A9)
3¢
dp =V - AV + 51 — 3¢py — e, (A10)

where

0, simplified model, F[¢;],
1, full model, Fl¢; + 1],

(A11)

¢ =¢1 + g, 01:{

is the total order parameter. All variables are dimension-
less; hatted symbols denote rescaled quantities. Here, A is
the rescaled transport tensor: In the isotropic limit, where
the cytoskeleton forms a disordered meshwork with no
preferred orientation, A=Al (with I the identity tensor);
anisotropic transport arising from aligned filament architec-
tures is modeled by the diagonal tensor A= diag():”, Al AL
with &) > | . The rescaled free-energy functional reads

. Flo,(1+¢)]
FOl= =T

N T4 1 .
= / Er| =@ — ¢ + (¢ — ) + 51V |,
v 2 4 2
(A12)
where 1, and 74 control the bulk thermodynamics, ¢. sets

the critical composition, and the gradient term penalizes in-
terfaces. Its derivative is

sF .
% = 02— d) + Tl — 6 — F2p. (A1D)
The rescaled noise is given by
fe(k, 1) = Co\/§< edr + ie Gi(#, 1)
e A .
—/P2+ e §2(r,t)>, (A14)

with  (&(#,)) =0 and  (Gi(R, DE(E, 7)) = 8 8(F —
#)8(f—f). The noise amplitude Co =g /*/ /p, sets
the strength of the fluctuations. Equations (A9)—(A14) are the
equations solved in our 3D simulations.

APPENDIX B: LINEAR STABILITY ANALYSIS

1. Effective free energy for the simplified model

The dynamics of Egs. (A9) and (A10) are not of relax-
ational form, because the exchange terms are not derivable
from a free energy. If the transported density, p,, is omitted
from the free energy, however, they can be mapped onto
an effective relaxational model, which is what connects the
system to the Ohta-Kawasaki class and yields the closed-form
spinodal quoted in the main text. We construct that mapping
here; the resulting functional is also the starting point for the
analysis of the noise in Appendix D. Throughout linear stabil-
ity analysis, we take the transport to be isotropic A = A1, so
that A enters as a scalar; the anisotropic case of Sec. IVB is
treated only numerically.

Omitting p, from the free energy gives, in rescaled units,

N 1 .
fl[m:f d’r [%(m - ¢c>2+%<¢>1 — o)+ 5|V¢1|2}.

Vv
B

Defining in addition

) 2 o )
f2[¢2]=[d3A7e¢§, £ = Blond + Blel,  (B2)
Vv

and rescaling the second field as ¢ = (¢, ¢2) = (1, ¢2//e)
so as to symmetrize the exchange terms, Eqgs. (A9) and (A10)

take the matrix form
_ 4 Je
=\ve -1)

(B3)

S |

The factor 1/e in F, is required by this rescaling: The
functional derivative in Eq. (B3) is taken with respect to ¢,
and V2 8F, /8¢ = & V2, reproduces the transport term of
Eq. (A10) only with this coefficient. Thus, F, encodes the
transport term rather than a thermodynamic free energy. In
these variables, one gets

A~ - 1 -
Filgl = / a7 |:—¢C(T2+f4¢c2,)¢1 5 (7 + 307) 6
Vv

=3 T4 ~4 1 .- 2 5\ =
— Tde Py + Z¢1 + §|V¢1| + > @5 | + const.
(B4)
The terms that are constant or linear in ¢; do not contribute to
the dynamical equations and can be omitted. Using a Fourier

representation for the quadratic terms, Fi[¢] can equivalently
be replaced by

a 1 . a
F91 = 5 3 _[(w +3udl +4°) 161 @I + 4 I62(a)F ]
q#0

~ T4 ~
- / & [—wc ¢ + Z“qﬂ- (BS)
14
Here, the Fourier transform is defined via ¢;(q) =

Jp @7 gi(#) e 9F, which implies ¢;(F) = V' )", di(q) ™,
and we have used Parseval’s theorem with V — iq producing
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the ¢* term. Next, we exploit the identity

Ap=V""22 (B6)
where

7~ 7 1 ~T a/ A 3 134/
fc°u1[¢]=——/ 3T )AGE — &) () AP dF

Zfb AGyd,, (B7)

q¢0

with G the Green’s function of the Laplacian, V23G({# — 1) =
—8(F —1'),ie.,Gq = 1/4*. The 1/4* kernel is the long-range
Coulomb-like interaction generated by the exchange. Equa-
tion (B3) therefore becomes

b ==l ) (BS)

with the virtual free energy f off — .7: '+ chu1,

= S5 L Bady+ [ @[+ 261 @9
q#0
with
(4 3udl+ ¢+ e/ —Jed/q
B, = ( 25/ g i3 ) B0

We stress that Eq. (B8) is not an equilibrium model with
free energy F°i: The noise violates the fluctuation-dissipation
relation, so minimizing F° need not give the correct steady
state.

2. Spinodal of both models

Neglecting the noise, the homogeneous solution of
Eq. (B8) is (;) = (0. We now determine when it first becomes
unstable, treating the simplified and the full model together by
carrying the parameter « of Eq. (A11) through the calculation.
Linearizing the chemical potential of Eq. (A13) about the
homogeneous state,

~

~(t—-VHe, T:=1+3u% (BI11)

3¢1
and Fourier transforming, Egs. (A9) and (A10) become

8f¢q = _Mq¢q’ with ¢q = (¢lv ¢2)T and
_ @+ 8/ at+q )= 3/q
My=4 ( —es/q? A +35/q ) (B12)

For o =0, the rescaling of Appendix B 1 renders My/q?
symmetric and one recovers Bq of Eq. (B10). For & = 1, no
rescaling achieves this, because M, carries the free-energy
term ¢ (r + ¢%) while M5, does not: The transported density
enters £ and hence drives ¢1, but F does not drive ¢», which
moves by motor transport rather than by a chemical-potential
gradient. No effective free energy exists in that case, providing
a precise sense in which the full model lies further from
equilibrium.

The stability criterion itself requires no symmetry. For a
2 x 2 system, the eigenvalues satisfy . pu_ = detMg and

M4 + p— = tr Mg, and both have positive real part if and only
if det My > 0 and tr My > 0. The o dependence enters only
through det Mg, and hence, on the spinodal, only through
the relation 7 + ¢> = —e§i/[Ag> + §(1 + ae)]; the diagonal
element M;; carries e§ for both models. Evaluating the trace
on the spinodal therefore gives

My =Ag? +5(1 +¢) — L

(B13)
Aq + 5(1 4+ «e)

for the parameters used. Thus, no oscillatory (Hopf) instability
occurs and the marginal-stability condition is detMy = 0 in
both models. For o = 0, this is equivalent to det B = 0, since
det By = det Mg/ q"*; explicitly, the g~* terms cancel and

. . § A
det By = Ag? + (2. + §) + S £ (B14)
q
Writing X := ¢*(t + ¢?), the determinant is
detMy = X[Aq* +5(1 + ae)] +e§hq’. (B15)

The entire o dependence thus enters through the single
substitution § — §(1 4+ ae). Solving det My = 0 for 7 gives
1(q) = —q* — esih/[Ag? + 5(1 4+ ae)]; its ¢ — O limit is the
macrophase branch, and its maximum over ¢ is the mi-
crophase branch together with the wave number selected
there,

~

eA
T0(@) =~ (B16)
1(e) = —2/e8 + @ (B17)
P (e) = /e — S+ ae) (B18)

If a < A2 /48, the two branches meet at a transition point e,
defined via the implicit equation

= Je. i/,

where g, — 0 and the characteristic domain size diverges;
of its two roots, we take the one continuous with the &« = 0
case. For e below that point, only macrophase separation
is possible [qf(e) becomes negative]. Above it, the finite-g
(microphase) mode is crossed first as t is lowered, and the
system microphase separates.

l+ae, (B19)

3. Comparison of the two models

For the simplified model (¢ = 0), Eqs. (B16)—(B18) reduce
to 7o = —eh and T, = §/A — 2/e8, meeting at e, = §/A>
and 1. = —8/A. In unrescaled units, Eq. (B18) reads qg =
KO’Z(\/& — §/X), the characteristic wave number quoted in the
main text.

For the full model (¢ = 1), microphase separation is only
possible if §/A% < 1/4. The transition point e, shifts upward,
with the exact relation

NG

\/e_c|a:l - \/e—c|a:0 = T eC‘a:l' (BZO)
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For § = 1 and A = 10, this gives e, = 0.0102 instead of 0.01.
The spinodals are shifted upward by
A
1+e
Se
Al =T, -1 == >0,
1 1 |Ot:1 1 |a:0 X

Ag = Tco|a=1 — TCO‘O{:O = > 0, (B21)

(B22)

so microphase separation sets in slightly earlier when ¢, is
retained, since the transported proteins then also contribute to
the driving force for demixing. The shift vanishes as e — 0
and grows linearly with e: For the parameters used, A; =
2x 1073 ate =0.02 and 5 x 1073 at e = 0.05. The selected

g* is smaller by the same amount, §¢g°> = —A;, and since
0 0

L=2m/q, implies L/L = —% 8 (qf)/qf, the relative domain
size increases according to

SL Se _ Se

L = 2.¢3,_, 2hes—3/3)
which is about 2% over the range studied in the simulations.
The approximation underlying F°1 is therefore quantitatively
controlled at the parameters considered in this work, and

becomes least accurate on approaching the transition point
e = e., where g, — 0 and the relative shift diverges.

(B23)

APPENDIX C: SIMULATION AND NUMERICAL DETAILS

We solve Egs. (A9) and (A10) using a semiimplicit
pseudospectral (FFT-based) method with periodic boundary
conditions. On a cubic grid of spacing Ah = 1, time step Af,
and volume per cell AV = 1, we discretize in Fourier space,
treating the stiff k-dependent linear terms implicitly and the
remaining linear, nonlinear, and noise terms explicitly. Let
&7 (k) be the Fourier transform of ¢7(f), with V2 k2
and V* — k*. Writing N = FFT[(¢} + ¢5 — ¢.)°], 2" =
FFT["], Dy = 1 + Af (k* + 12k?), and Dy = 1 + Afk - AKk,
the updates for the full model are

oI =D @) + Af[—es @ + (5 — K21y — k') @)
— KN+ 2"}, (ChH
o5t = Dy @) + Af[es @) — 505 — 2"]}. (C2)

The transport tensor enters only through D,: For isotropic
transport, k - Ak = ikz, while for the anisotropic runs of
Sec. IVB it is A k> + ):l(kyz + k2), with x the fast transport
axis. The operator acting on ¢, is isotropic in both cases, so
D, is unchanged. Finally, invert the FFT to obtain qbl’?“(f‘)
and repeat. In the simplified model, where ¢, is neglected in
the free energy, A" reduces to FFT[(¢] — ¢:)%] and the &,
update becomes

o1 = D@ + A5 D) — €8 B — Ky N + 2]},
(€3)

while @, is updated as in Eq. (C2).

On each grid cell of volume AV = 1 and time step Af, the
unit white noises of Eq. (A14) are realized as

1
AF AV

HOE QiE,n), i=1,2, (C4)

where ;(f,n) are independent standard Gaussians (zero
mean, unit variance) at each cell and time, the prefactor being
the lattice representation of §(f — #') 8(f — ). The exchange
noise entering the updates above is then assembled exactly as
in Eq. (A14),

c:<f>=co¢§<,/e¢;’+leﬁ N &;(f))

(C5)

The amplitude Cj appears here only, through Eq. (A14), and
must not be included a second time in Z‘i”.

Unless stated otherwise, we use a cubic computational
domain of side 128 ¢, with grid spacing i = ¢, yielding 128>
lattice points. Time is discretized with fixed step A7 = 0.5.
Initial conditions are spatially homogeneous with small ran-
dom perturbations: ¢;(#,0) € [-1073,1073] drawn from a
uniform distribution, with mean (¢;) = 0. Unless stated oth-
erwise, we fix ¢, = 0.4 and 74 = 0.4, and vary 1, to control
the quench depth At :=1 — thl (e) (where T =10 + 3t4¢62),
measured against the spinodal of the full model; for the
simplified-model runs of Appendix E, it is measured against
7.1(e) instead, so that At = 0 always denotes the marginal
state of the model being simulated. For the isotropic transport
simulations (Fig. 3), we set § = 1 and A = 10, corresponding
to a critical exchange ratio e, = 0.0102 for the full model
(e. = §/)A»2 = 0.01 for the simplified one). The noise am-
plitude Cp is varied in {0, 0.1, 0.2} throughout, except in
Appendix E and movies in the Supplemental Material [56],
where values up to Cy = 0.5 are used. Simulations are run
up to 7 =5 x 10* to ensure steady-state domain statistics or
confirm coarsening behavior.

To quantify the characteristic length scale, we compute the
structure factor S(q) = (|1 (q)|?) from the Fourier transform
of the free-protein density field and perform angular averaging
to obtain S(q) = (5(q))|qj=¢- The dominant length scale L is
extracted by fitting S(g) to the empirical peak form

5(q) = Smax exp{1 — [1 + ((q — q0)/0)*1'*},

introduced in Ref. [71], which captures both the central peak
at wave number ¢, and the high-g power law or exponential
decay. The domain size is then L = 25 /g, . Fits are performed
over a wave number window that includes the peak and at least
one oscillation; uncertainty estimates reflect the covariance
of the fit parameters. Time-dependent domain-size evolution
(Fig. 8) confirms L(¢) o '/3 for macrophase coarsening and
plateau behavior for microphase arrest.

APPENDIX D: EFFECT OF NOISE
ON THE LARGE-g TAIL OF S(q)

The exchange noise leaves the position and width of the
peak in S(g) essentially unchanged but lifts its large-g tail.
We show here that this follows from a linear analysis, and that
the lift grows as C3.

We first need the amplitude of the noise in the homoge-
neous state. From Eq. (A14), with 21, fz independent unit
white noises, the cross term drops from (ﬁg) and the two
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FIG. 6. Simulation results for the simplified two-field model (omitting ¢, from the free-energy functional), to be compared with the full
model (Sec. IV, Fig. 3). The quench depth is measured against the spinodal of this model, At := t — 7, (e), so that At = 0 lies on the
spinodal. (a) Steady-state domain size L/{ vs exchange ratio e: theory (solid line) and simulations at three noise strengths Cy = 0, 0.1, 0.2
for At = —0.01. (b) Midplane ¢, slices for e = 0.02, 0.05, 0.08 without and with noise (Cy = 0 and Cy = 0.2) at time / = 5 x 10*; rows
correspond to four quench depths At = 0.01, 0.00, —0.05, —0.10. (c) 3D snapshot for e = 0.05 atf = 5 x 10*. (d) Angle-averaged structure

factor S(g) for e = 0.05 at At = —0.01 and the three noise strengths,

in semilog representation; solid lines are fits to the empirical form

S(q) ~ exp{l — [1+ ((¢ — q0)/0)*]'"#}. (e) Fitted domain size L, peak width o, exponent 1 — 8, and peak amplitude Sy.x vs quench depth

At for e = 0.05. Parameters are § = 1, A = 10, ¢. = 0.4, t, = 0.4.

)

variances add,

(72) = 2| (epr + —— ) + (o +
¢ 1+e

2C§§e
1+e

£ 0. (D1)

—— o}
¢i—0
The mean exchange flux vanishes in the homogeneous state,
since binding and release balance, bp; = sp,; the fluctuations
do not, because the two reactions are independent stochastic
events. Two independent event streams of equal rate have zero
mean difference but a variance equal to the sum of the rates,
which is the factor 2 in Eq. (D1).

At large g, the off-diagonal elements of By [Eq. (B10)]
vanish as g2, so the two fields decouple and @, obeys a scalar
Ornstein-Uhlenbeck equation,

¥ 1(q) = —T(q) i1 (q) + M), T(q) =¢(+¢*) =g
(D2)

Its stationary variance is (x*>) = o2 /2T, so the structure factor

S(q) = (Ig1 (@) is

- ag _ Cgfve
S(q) = = T
2T(q) (I +e)gq

g* > §/h and ¢* > |1|.
(D3)

The interpretation is that the drive o is the same at every

wave number, because the noise is spatially white and enters
outside the Laplacian, whereas the damping grows with ¢*.
Short-wavelength modes are therefore forced as strongly as all
the others but relax faster, settling at a small residual level that
decays only as a power law. The deterministic tail, in contrast,
decays exponentially (the fitted exponent 1 — 8 — 0.5), such
that the noise background dominates beyond a crossover wave
number. Since Sy« is set by the deterministic pattern and is
essentially independent of Cy, the normalized tail rises in pro-
portion to 0§ o CZ while the peak is unchanged, as observed.

APPENDIX E: APPROXIMATE MODEL
AND EFFECT OF NOISE

1. Comparison with the full model

Figure 6 shows simulation results for the simplified two-
field model (omitting ¢, from the free energy) used in the
linear stability analysis. Here, the quench depth is mea-
sured against the spinodal of each model, so that At =0
corresponds in both cases to the respective marginal state.
Compared in this way, the two models agree closely: The
predicted domain sizes are indistinguishable on the scale of
panel (a), and at At = 0 without noise neither model develops
structure within the simulated time, as expected since the
critical mode is marginal in both.
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FIG. 7. Effect of the exchange noise at and above the spinodal
for the simplified model (¢, omitted from the free energy). Color
encodes the exchange ratio e in all panels. (a), (b) Root-mean-
square (RMS) amplitude (¢?)!/? at f = 5 x 10* as a function of the
noise strength Cy, for quench depths At = 0 (on the spinodal) and
At =0.01 (above it). All runs start from a homogeneous state with
a random perturbation of amplitude 1073, with ¢. = 0.4. The gray
band shows the noise amplitude oy = Cy~/23¢/(1 + ¢) over the range
of e studied, which sets the scale of the fluctuations sustained in
the absence of structure; amplitudes far above it indicate genuine
microphase separation. Without noise, no structure forms at either
quench depth within the simulated time. (c), (d) Amplitude vs quench
depth with the noise switched off (Cy = 0), starting either from a
structured configuration (solid lines, filled symbols) or from a ho-
mogeneous state (dashed lines, open symbols), for (¢) ¢. = 0.4 and
(d) ¢. = 0. The shaded region marks the range At > 0 over which
the two initial conditions relax to different steady states, i.e., where
ordered and homogeneous states coexist. Hysteresis is present for
¢. = 0.4, where the effective free energy carries a cubic term, and
absent for ¢, = 0, where it does not. Parameters are § = 1, A = 10,
74 = 0.4, on a 128 grid.

The residual difference is the shift of the spinodal derived
in Appendix B 3, 87, = $e/A, which also shifts the selected
wave number and increases the domain sizes in the full model
by about 2% [Eq. (B23)]. This is consistent with the fitted
domain sizes at At = —0.1, L/¢, >~ 18.9 in panel (e) versus
19.3 in Fig. 3(e).

The two models differ more visibly in their response to
noise just above the spinodal. At At = 40.01 with Cyp = 0.2
[Fig. 6(b)], the full model develops well-defined droplets,
whereas the simplified model shows only weak fluctuations.
Since both are the same distance above their respective spin-
odals, this difference does not reflect the linear onset but
the nonlinear terms, in which the cubic contribution acts on
¢1 + ¢, rather than on ¢; alone. We examine the underlying
mechanism in Fig. 7.

(a) 6 10t

4 x 101

3 x 10!

Domain size, L/l

2 x 10t

G

) 6 x 10!

4 x 10t

3 x 10t

Domain size, L/l

2 x 10t
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104
Time, ¢

~

FIG. 8. Time evolution of domain size in 3D phase separation
with active noise. Domain size L/, as a function of time 7 for
different exchange ratios (e = 0.02, 0.03, 0.05, represented by e, W,
and A, respectively) and noise amplitudes (Cy = 0.0, 0.1, 0.2, shown
in blue, red, and green, respectively). Panels show results for quench
depths (a) At = —0.01 and (b) At = —0.05. System parameters:
L, =L, =L, =128¢y. Shaded regions indicate uncertainty from
the fitting procedure. The black dotted line represents the classical
coarsening scaling law L ~ 7'/3, characteristic of diffusion-limited
domain growth.

2. Effect of the exchange noise

Figure 7 examines the role of the noise directly. Panels
(a) and (b) show the RMS amplitude ((])12)1/2 as a function
of noise strength at At =0 and At =0.01, i.e., on and
above the spinodal of the simplified model. Without noise,
no structure develops at either quench depth: At At =0,
the growth rate of the critical mode vanishes; thus, an in-
finitesimal perturbation is not amplified within the simulated
time, and at At > 0 the homogeneous state is linearly stable.
At At =0, the amplitude jumps at Cy = 0.2 to a plateau
that is nearly independent of e and lies a factor of about
5-8 above oy, the scale of the fluctuations, which the noise
alone would sustain in a structureless system; this indicates
genuine microphase separation rather than driven fluctuations,
and structure therefore appears in a parameter range where
linear stability analysis predicts none. Above the spinodal, at
At = 0.01, the amplitude remains at the fluctuation level up
to Cp = 0.3 and rises only at Cyp = 0.5, and then only for the
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larger exchange ratios, consistent with the subcritical barrier
being crossed more readily at large e, where oy is larger.

Panels (c) and (d) identify the mechanism. Switching the
noise off and following the system from either a structured
or a homogeneous initial condition, we find that for ¢. = 0.4
the structured state remains stable above the linear instability:
Over a finite range At 2 0, the two initial conditions lead
to different steady states; i.e., the ordered and homogeneous
states coexist. For ¢. = 0, they do not, and the structured
state decays for all At > 0. Since ¢, is the only param-
eter that was varied between the two panels, and it enters
the effective free energy through the cubic term —74¢.43 of
Eq. (B9), we can attribute the coexistence to that term: The
transition to the microphase is subcritical. This is consistent
with the generic behavior of the Landau-Brazovskii model,
the equilibrium counterpart at « = 0, which exhibits a first-
order transition in the presence of a cubic term in the free
energy [55].

This provides the physical interpretation of the observed
noise-induced structure formation. Because the transition is
subcritical, a finite-amplitude perturbation is required to reach
the ordered state, and the exchange noise supplies it, whereas
the infinitesimal numerical seed does not. The noise thus

determines whether the ordered state is reached within an
accessible time, not whether it exists. We emphasize that this
concerns the approach to the ordered state, not the scaling
laws reported in the main text: The domain size selected below
the spinodal is set by ¢, and is insensitive to Cy [Fig. 6(a)],
so the results of Sec. IV are unaffected. The one exception is
the large-g tail of S(g), which the noise lifts by adding the
background of Eq. (D3).

APPENDIX F: TIME EVOLUTION OF DOMAIN SIZES

Figure 8 shows how the exchange ratio and the noise am-
plitude influence the coarsening dynamics. To exclude early
transient behavior, data analysis begins from 7 ~ 3.3 x 10°.
For e < 0.03, the domain size continues to grow during the
whole simulation time following the classical scaling law
L ~ £'/3, characteristic of diffusion-limited coarsening, and
in this regime higher noise levels lead to enhanced domain
growth. In contrast, for e > 0.03, domains reach a steady-state
size that is insensitive to Cy. We provide four movies showing
droplet evolution at e = 0.02 and e = 0.05 for quench depth
At = —0.05 with and without noise (Cy = 0 and 0.5). Movies
are available in Supplemental Material [56].

[1] C. P. Brangwynne, C. R. Eckmann, D. S. Courson, A. Rybarska,
C. Hoege, J. Gharakhani, F. Jilicher, and A. A. Hyman,
Germline P granules are liquid droplets that localize by con-
trolled dissolution/condensation, Science 324, 1729 (2009).

[2] S. Alberti, A. Gladfelter, and T. Mittag, Considerations and
challenges in studying liquid-liquid phase separation and
biomolecular condensates, Cell 176, 419 (2019).

[3] C. P. Brangwynne, Phase transitions and size scaling of
membrane-less organelles, J. Cell Biol. 203, 875 (2013).

[4] S. Alberti and A. A. Hyman, Biomolecular condensates at the
nexus of cellular stress, protein aggregation disease and ageing,
Nat. Rev. Mol. Cell Biol. 22, 196 (2021).

[5] A. A. Hyman, C. A. Weber, and F. Jiilicher, Liquid-liquid
phase separation in biology, Annu. Rev. Cell Dev. Biol. 30, 39
(2014).

[6] E. Stroo, M. Koopman, E. A. A. Nollen, and A. Mata-Cabana,
Cellular regulation of amyloid formation in aging and disease,
Front. Neurosci. 11, 64 (2017).

[7] M. Linsenmeier, L. Faltova, C. Morelli, U. Capasso Palmiero,
C. Seiffert, A. M. Kiiffner, D. Pinotsi, J. Zhou, R. Mezzenga,
and P. Arosio, The interface of condensates of the hnRNPA1
low-complexity domain promotes formation of amyloid fibrils,
Nat. Chem. 15, 1340 (2023).

[8] Y. Shin and C. P. Brangwynne, Liquid phase condensation in
cell physiology and disease, Science 357, eaaf4382 (2017).

[9]1 G. Vecchi, P. Sormanni, B. Mannini, A. Vandelli, G. G.
Tartaglia, C. M. Dobson, F. U. Hartl, and M. Vendruscolo,
Proteome-wide observation of the phenomenon of life on the
edge of solubility, Proc. Natl. Acad. Sci. USA 117, 1015
(2020).

[10] R. Alert, P. Tierno, and J. Casademunt, Formation of metastable
phases by spinodal decomposition, Nat. Commun. 7, 13067
(2016).

[11] A. J. Bray, Theory of phase-ordering kinetics, Adv. Phys. 51,
481 (2002).

[12] C. A. Weber, D. Zwicker, F. Jiilicher, and C. F. Lee, Physics of
active emulsions, Rep. Prog. Phys. 82, 064601 (2019).

[13] S. C. Glotzer, E. A. Di Marzio, and M. Muthukumar, Chemi-
cally controlled pattern formation in phase-separating materials,
11 Nuovo Cimento D 16, 1171 (1994).

[14] S. C. Glotzer, E. A. Di Marzio, and M. Muthukumar, Reaction-
controlled morphology of phase-separating mixtures, Phys.
Rev. Lett. 74, 2034 (1995).

[15] J. J. Christensen, K. Elder, and H. C. Fogedby, Phase segrega-
tion dynamics of a chemically reactive binary mixture, Phys.
Rev. E 54, R2212(R) (1996).

[16] D. Carati and R. Lefever, Chemical freezing of phase separation
in immiscible binary mixtures, Phys. Rev. E 56, 3127 (1997).

[17] D. Zwicker, A. A. Hyman, and F. Jiilicher, Suppression of
Ostwald ripening in active emulsions, Phys. Rev. E 92, 012317
(2015).

[18] J. D. Wurtz and C. F. Lee, Chemical-reaction-controlled phase
separated drops: Formation, size selection, and coarsening,
Phys. Rev. Lett. 120, 078102 (2018).

[19] M. Hondele, R. Sachdev, S. Heinrich, J. Wang, P. Vallotton,
B. M. A. Fontoura, and K. Weis, DEAD-box ATPases are global
regulators of phase-separated organelles, Nature (London) 573,
144 (2019).

[20] J. Kirschbaum and D. Zwicker, Controlling biomolecular con-
densates via chemical reactions, J. R. Soc. Interface 18,
20210255 (2021).

[21] H. H. Schede, P. Natarajan, A. K. Chakraborty, and K.
Shrinivas, A model for organization and regulation of nuclear
condensates by gene activity, Nat. Commun. 14, 4152 (2023).

[22] N. Ziethen, J. Kirschbaum, and D. Zwicker, Nucleation of
chemically active droplets, Phys. Rev. Lett. 130, 248201 (2023).

033345-13


https://doi.org/10.1126/science.1172046
https://doi.org/10.1016/j.cell.2018.12.035
https://doi.org/10.1083/jcb.201308087
https://doi.org/10.1038/s41580-020-00326-6
https://doi.org/10.1146/annurev-cellbio-100913-013325
https://doi.org/10.3389/fnins.2017.00064
https://doi.org/10.1038/s41557-023-01289-9
https://doi.org/10.1126/science.aaf4382
https://doi.org/10.1073/pnas.1910444117
https://doi.org/10.1038/ncomms13067
https://doi.org/10.1080/00018730110117433
https://doi.org/10.1088/1361-6633/ab052b
https://doi.org/10.1007/BF02458797
https://doi.org/10.1103/PhysRevLett.74.2034
https://doi.org/10.1103/PhysRevE.54.R2212
https://doi.org/10.1103/PhysRevE.56.3127
https://doi.org/10.1103/PhysRevE.92.012317
https://doi.org/10.1103/PhysRevLett.120.078102
https://doi.org/10.1038/s41586-019-1502-y
https://doi.org/10.1098/rsif.2021.0255
https://doi.org/10.1038/s41467-023-39878-4
https://doi.org/10.1103/PhysRevLett.130.248201

QIAO, GISPERT, STELZL, AND SCHMID

PHYSICAL REVIEW RESEARCH 8, 033345 (2026)

[23] G. Hifner and M. Miiller, Reaction-driven assembly: Control-
ling changes in membrane topology by reaction cycles, Soft
Matter 19, 7281 (2023).

[24] E. Zippo, D. Dormann, T. Speck, and L. S. Stelzl, Molecular
simulations of enzymatic phosphorylation of disordered pro-
teins and their condensates, Nat. Commun. 16, 4649 (2025).

[25] T. S. Harmon and F. Jiilicher, Molecular assembly lines in active
droplets, Phys. Rev. Lett. 128, 108102 (2022).

[26] F. Brauns, H. Weyer, J. Halatek, J. Yoon, and E. Frey, Wave-
length selection by interrupted coarsening in reaction-diffusion
systems, Phys. Rev. Lett. 126, 104101 (2021).

[27] V. S. Doan, I. Alshareedah, A. Singh, P. R. Banerjee, and S.
Shin, Diffusiophoresis promotes phase separation and transport
of biomolecular condensates, Nat. Commun. 15, 7686 (2024).

[28] J. D. Fries, R. Berthin, C. Luo, M. Jardat, D. Zwicker, V.
Dabhirel, and P. Illien, Chemically active droplets in crowded
environments, Phys. Rev. E 112, 064410 (2025).

[29] R. Rossetto, G. Wellecke, and D. Zwicker, Binding and dimer-
ization control phase separation in a compartment, Phys. Rev.
Res. 7, 023145 (2025).

[30] T. Litschel, C. F. Kelley, X. Cheng, L. Babl, N. Mizuno, L. B.
Case, and P. Schwille, Membrane-induced 2D phase separation
of the focal adhesion protein talin, Nat. Commun. 15, 4986
(2024).

[31] C. Luo, N. Hess, D. Aierken, Y. Qiang, J. A. Joseph, and
D. Zwicker, Theory of condensate size control by molecular
charge asymmetry, ACS Macro Lett. 14, 1484 (2025).

[32] A. W. Folkmann, A. Putnam, C. F. Lee, and G. Seydoux,
Regulation of biomolecular condensates by interfacial protein
clusters, Science 373, 1218 (2021).

[33] X. Wei, J. Zhou, Y. Wang, and F. Meng, Modeling elastically
mediated liquid-liquid phase separation, Phys. Rev. Lett. 125,
268001 (2020).

[34] J. X. Liu, M. P. Haataja, A. Kosmrlj, S. S. Datta, C. B. Arnold,
and R. D. Priestley, Liquid-liquid phase separation within fib-
rillar networks, Nat. Commun. 14, 6085 (2023).

[35] R. W. Style, T. Sai, N. Fanelli, M. Ijavi, K. Smith-Mannschott,
Q. Xu, L. A. Wilen, and E. R. Dufresne, Liquid-liquid phase
separation in an elastic network, Phys. Rev. X 8, 011028 (2018).

[36] T. Yokoyama, Y. Qiang, D. Zwicker, and A. Nikoubashman,
Molecular simulations of phase separation in elastic polymer
networks, J. Phys. Chem. B 130, 4885 (2026).

[37] Q. Bodini—Lefranc, J. Schindelwig, D. Weidinger, L. Engleder,
and S. Fiirthauer, Arrested coarsening, oscillations, and mem-
ory from a conserved phase separating nucleator in a self-
straining cytoskeletal network, arXiv:2509.07181.

[38] M. A. Kiebler and K. E. Bauer, RNA granules in flux: Dynamics
to balance physiology and pathology, Nat. Rev. Neurosci. 25,
711 (2024).

[39] C. Appert-Rolland, M. Ebbinghaus, and L. Santen, Intracellular
transport driven by cytoskeletal motors: General mechanisms
and defects, Phys. Rep. 593, 1 (2015).

[40] N. P. Tsai, Y. C. Tsui, and L. N. Wei, Dynein motor contributes
to stress granule dynamics in primary neurons, Neuroscience
159, 647 (2009).

[41] M. Loschi, C. C. Leishman, N. Berardone, and G. L. Boccaccio,
Dynein and kinesin regulate stress-granule and P-body dynam-
ics, J. Cell Sci. 122, 3973 (2009).

[42] A. Cochard, A. Safieddine, P. Combe, M.-N. Benassy, D. Weil,
and Z. Gueroui, Condensate functionalization with microtubule

motors directs their nucleation in space and allows manipulating
RNA localization, EMBO J. 42, EMBJ2023114106 (2023).

[43] L. Foret, A simple mechanism of raft formation in
two-component fluid membranes, Europhys. Lett. 71, 508
(2005).

[44] H. Garcke, J. Kampmann, A. Ritz, and M. R. Roger, A coupled
surface-Cahn-Hilliard bulk-diffusion system modeling lipid raft
formation in cell membranes, Math. Models Methods Appl. Sci.
26, 1149 (2016).

[45] F. Schmid, Physical mechanisms of micro- and nanodomain for-
mation in multicomponent lipid membranes, Biochim. Biophys.
Acta. Biomembr. 1859, 509 (2017).

[46] D. T. Gillespie, The chemical Langevin equation, J. Chem.
Phys. 113, 297 (2000).

[47] M. J. 1. Miiller, S. Klumpp, and R. Lipowsky, Bidirectional
transport by molecular motors: Enhanced processivity and re-
sponse to external forces, Biophys. J. 98, 2610 (2010).

[48] K. Joshi, H. M. York, C. S. Wright, R. R. Biswas, S.
Arumugam, and S. Iyer-Biswas, Emergent spatiotemporal or-
ganization in stochastic intracellular transport dynamics, Annu.
Rev. Biophys. 53, 193 (2024).

[49] A. Caspi, R. Granek, and M. Elbaum, Enhanced diffusion
in active intracellular transport, Phys. Rev. Lett. 85, 5655
(2000).

[50] C. P. Brangwynne, G. H. Koenderink, F. C. MacKintosh, and
D. A. Weitz, Intracellular transport by active diffusion, Trends
Cell Biol. 19, 423 (2009).

[51] G. H. Fredrickson, Analytical solution of a model of integrin-
cytoskeletal interactions in migrating fibroblasts, J. Phys. II
France 5, 369 (1995).

[52] W. Paul and J. Baschnagel, Stochastic Processes, 2nd ed.
(Springer, Berlin, Heidelberg, 2013).

[53] Y. I Li and M. E. Cates, Non-equilibrium phase separation with
reactions: A canonical model and its behaviour, J. Stat. Mech.
(2020) 053206.

[54] T. Ohta and A. Ito, Dynamics of phase separation in copolymer-
homopolymer mixtures, Phys. Rev. E 52, 5250 (1995).

[55] S. A. Brazovskii, Phase transitions of an isotropic system to
a nonuniform state, Zh. Eksp. Teor. Fiz. 68, 175 (1975) [Sov.
Phys. JETP 41, 85 (1975)].

[56] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/wk2j-3bz9 for movies of droplet evolution at e = 0.02
and e = 0.05 for quench depth t = —0.05 with and without
noise (Cyp = 0 and 0.5).

[57] B. Vorselaars, R. K. W. Spencer, and M. W. Matsen, In-
stability of the microemulsion channel in block copolymer-
homopolymer blends, Phys. Rev. Lett. 125, 117801 (2020).

[58] T. Ohta and K. Kawasaki, Equilibrium morphology of block
copolymer melts, Macromolecules 19, 2621 (1986).

[59] J. P. Gillies, S. R. Little, A. Siva, W. O. Hancock, and M. E.
DeSantis, Cargo adaptor identity controls the mechanism and
kinetics of dynein activation, J. Biol. Chem. 301, 108358
(2025).

[60] J. J. Hummel and C. C. Hoogenraad, Specific KIF1A—adaptor
interactions control selective cargo recognition, J. Cell Biol.
220, 202105011 (2021).

[61] A.J. Firestone, J. S. Weinger, M. Maldonado, K. Barlan, L. D.
Langston, M. O’Donnell, V. I. Gelfand, T. M. Kapoor, and J. K.
Chen, Small-molecule inhibitors of the AAA+ ATPase motor
cytoplasmic dynein, Nature (London) 484, 125 (2012).

033345-14


https://doi.org/10.1039/D3SM00876B
https://doi.org/10.1038/s41467-025-59676-4
https://doi.org/10.1103/PhysRevLett.128.108102
https://doi.org/10.1103/PhysRevLett.126.104101
https://doi.org/10.1038/s41467-024-51840-6
https://doi.org/10.1103/6f72-xk9b
https://doi.org/10.1103/PhysRevResearch.7.023145
https://doi.org/10.1038/s41467-024-49222-z
https://doi.org/10.1021/acsmacrolett.5c00342
https://doi.org/10.1126/science.abg7071
https://doi.org/10.1103/PhysRevLett.125.268001
https://doi.org/10.1038/s41467-023-41528-8
https://doi.org/10.1103/PhysRevX.8.011028
https://doi.org/10.1021/acs.jpcb.5c08319
https://arxiv.org/abs/2509.07181
https://doi.org/10.1038/s41583-024-00859-1
https://doi.org/10.1016/j.physrep.2015.07.001
https://doi.org/10.1016/j.neuroscience.2008.12.053
https://doi.org/10.1242/jcs.051383
https://doi.org/10.15252/embj.2023114106
https://doi.org/10.1209/epl/i2005-10098-x
https://doi.org/10.1142/S0218202516500275
https://doi.org/10.1016/j.bbamem.2016.10.021
https://doi.org/10.1063/1.481811
https://doi.org/10.1016/j.bpj.2010.02.037
https://doi.org/10.1146/annurev-biophys-030422-044448
https://doi.org/10.1103/PhysRevLett.85.5655
https://doi.org/10.1016/j.tcb.2009.04.004
https://doi.org/10.1051/jp2:1995138
https://doi.org/10.1088/1742-5468/ab7e2d
https://doi.org/10.1103/PhysRevE.52.5250
https://www.jetp.ras.ru/cgi-bin/dn/e_041_01_0085.pdf
http://link.aps.org/supplemental/10.1103/wk2j-3bz9
https://doi.org/10.1103/PhysRevLett.125.117801
https://doi.org/10.1021/ma00164a028
https://doi.org/10.1016/j.jbc.2025.108358
https://doi.org/10.1083/jcb.202105011
https://doi.org/10.1038/nature10936

ACTIVE TRANSPORT AS A MECHANISM OF ...

PHYSICAL REVIEW RESEARCH 8, 033345 (2026)

[62] E. A. Kumar, D. S. Tsao, and M. R. Diehl, Motor mutants bring
wild-type motors to a halt stochastically, Biophys. J. 107, 279
(2014).

[63] M. Batish, P. van den Bogaard, F. R. Kramer, and S. Tyagi,
Neuronal mRNAs travel singly into dendrites, Proc. Natl. Acad.
Sci. USA 109, 4645 (2012).

[64] Q. Geng, J. J. Keya, T. Hotta, and K. J. Verhey, The kinesin-3
KIF1C undergoes liquid-liquid phase separation for accumula-
tion of specific transcripts at the cell periphery, EMBO J. 43,
3192 (2024).

[65] Y. Dai, L. You, and A. Chilkoti, Engineering synthetic
biomolecular condensates, Nat. Rev. Bioeng. 1, 466
(2023).

[66] A.T.Lombardo, S. R. Nelson, G. G. Kennedy, K. M. Trybus, S.
Walcott, and D. M. Warshaw, Myosin Va transport of liposomes
in three-dimensional actin networks is modulated by actin fila-
ment density, position, and polarity, Proc. Natl. Acad. Sci. USA
116, 8326 (2019).

[67] S. E. Cason and E. L. F. Holzbaur, Selective motor activation in
organelle transport along axons, Nat. Rev. Mol. Cell Biol. 23,
699 (2022).

[68] J. Laprade, L. B. Frechette, C. Amey, A. T. Cusi, A. Baskaran,
W. B. Rogers, and G. Duclos, The coarsening of biomimetic
condensates in an active fluid is non-self-similar, Nat. Phys. 22,
612 (2026).

[69] J. Berry, C. P. Brangwynne, and M. Haataja, Physical princi-
ples of intracellular organization via active and passive phase
transitions, Rep. Prog. Phys. 81, 046601 (2018).

[70] L. Qiao, P. Gispert, L. S. Stelzl, and F. Schmid, Dataset: Active
transport as a mechanism of microphase selection in biomolec-
ular condensates (Version 1.0) [Dataset], Zenodo, 2026, doi:
10.5281/zenodo.21780549.

[71] L. Qiao, N. Ilow, M. Ignacio, and G. W. Slater, An empiri-
cal method to characterize displacement distribution functions
for anomalous and transient diffusion, Physica A 604, 127676
(2022).

033345-15


https://doi.org/10.1016/j.bpj.2014.04.067
https://doi.org/10.1073/pnas.1111226109
https://doi.org/10.1038/s44318-024-00147-9
https://doi.org/10.1038/s44222-023-00052-6
https://doi.org/10.1073/pnas.1901176116
https://doi.org/10.1038/s41580-022-00491-w
https://doi.org/10.1038/s41567-026-03191-w
https://doi.org/10.1088/1361-6633/aaa61e
https://doi.org/10.5281/zenodo.21780549
https://doi.org/10.1016/j.physa.2022.127676

