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Indefinite causal order (ICO) has the potential to be a new resource for quantum information processing.
In most of its experiments, ICO has been investigated in a photonic platform. Here, we investigate ICO in a
cavity quantum electrodynamics system composed of two cavities. Our results show that ICO can create highly
entangled states of two distant cavity fields that never interact directly independent of the initial (excited or
ground) state of the atom. These entangled states can have the form of one- or two-photon NOON states. We show
that ICO can interchange one photon between both cavities without changing the state of the atom, something
that is impossible to achieve for two cavities in well-defined order. Furthermore, the vacuum Rabi oscillations
either disappear or lose their sinusoidal form with ICO. Our results show the potential that ICO can offer in the
paradigm of light-matter interaction for coherently controlling atom-field observables.
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I. INTRODUCTION

Quantum mechanics allows one to apply quantum opera-
tions in a way in which the order of application is indefinite
[1,2]. This technique is known as indefinite causal order (ICO)
and offers new advantages over existing quantum protocols,
comprising operations applied with well-defined order. Those
advantages can be found in quantum computation [3,4], com-
munication complexity [5,6], quantum communication [7,8],
quantum thermodynamics [9,10], quantum metrology [11,12],
and quantum machine learning [13]. Proof-of-principle ex-
perimental demonstrations [14—17] suggest that ICO has
significant potential for quantum information processing
tasks. To create ICO, one has to select appropriate degrees of
freedom to implement a target system where quantum opera-
tions are applied and a control system that coherently controls
the order of those operations. So far, most experimental im-
plementations involving ICO have been limited to photonic
platforms using single photons with discrete and continuous
variable quantum operations [18]. Other platforms have been
suggested to create ICO using superconducting qubits [19]
and nuclear magnetic resonance qubits [20]. However, in these
implementations, the coherence to control the order is not
guaranteed due to the lack of sufficient degrees of freedom
to create ICO. This raises the question of whether other plat-
forms might be suitable for implementing ICO and what other
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quantum advantages or effects ICO might offer for those other
platforms.

In this article, we investigate ICO in cavity quantum elec-
trodynamics (cQED), such as in Ref. [21]. Unlike the photonic
case, the control system is based on the degrees of freedom
of a single atom and the quantum operations are physically
described by a light-matter interaction model. We use one
of the simplest and most fundamental descriptions of coher-
ent radiation-matter models, namely, the Jaynes-Cummings
model [22,23], but our approach could easily be extended to
other interaction models. To the best of our knowledge, the
consequences that ICO might have in the paradigm of light-
matter interaction have not yet been explored. Reference [24]
shows that using a light-matter model for the operations, ICO
can solve a task with less energetic costs compared to fixed-
order scenarios, but it does not explore the effects of ICO per
se on the atom-field interaction. Here, we investigate how ICO
impacts atom-field observables and we also show that ICO
can create entanglement between two distant cavity fields that
never interact directly independent of the initial (excited or
ground) state of the atom and of the time it takes the atom
to transit each cavity. Specifically, one can create Bell-type
states for the fields of two spatially separated cavities, and
for the case of two cavity fields initially in the vacuum state,
ICO presents an advantage over the fixed-order scenario by
being able to generate one-photon NOON states. Recall that
a NOON or NOON state for a quantum electromagnetic field
with two modes is usually expressed as a superposition of the
form (IN); ® |0)2 + ¢M]0); ® |N)2)/~/2, where 0 is a real
number and |n); ® |m), represents a state where there are n
photons in mode 1 and m photons in mode 2 [25,26]. In our
case, the two modes correspond to the single modes of the
two cavities. Furthermore, we show that ICO can interchange
one photon between both cavities without changing the state
of the atom, something that is impossible to achieve for two
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cavities in well-defined order. We also investigate the effect
of ICO on the vacuum Rabi oscillations and find that they
either disappear or lose their sinusoidal form. Our results show
some of the potential that ICO can offer in the paradigm of
light-matter interaction.

Part of the motivation of this work comes from the fasci-
nating advances in atomic interferometry where atomic beam
splitters and atomic mirrors can be implemented [27,28], pro-
ducing effects in matter waves similar to those in light. Atom
interferometry can in principle be combined with the cQED
techniques to implement ICO on new platforms. Especially
relevant is the Sagnac atomic interferometer [29-31], where
atomic wave packets are coherently split and then recombined
after they have moved along circular trajectories. In principle,
this architecture could be used to implement our proposal,
since the two cavities could lie along this circumference. For
the treatment presented in this article, it is necessary that the
internal and the motion degrees of freedom of the atom can be
addressed independently.

The article is organized as follows. In Sec. II, the system
under consideration is presented, and Sec. III establishes its
Hamiltonian. Section IV describes how the system evolves,
and Secs. V and VI consider the cases of cavities with ICO
and in series, respectively. The conclusions are presented in
Sec. VIL

II. THE SYSTEM UNDER CONSIDERATION

Figure 1 illustrates how ICO can be introduced in a two-
cavity system. A single two-level atom passes in succession
through two identical electromagnetic cavities Cy and Cj.
When the atom is in the cavity C;, it interacts with a single-
mode cavity field with angular frequency w > 0 and with
atom-field coupling strength g. Once the atom exits both
cavities, physical quantities can be measured. The atom can
traverse the cavities in the order C, and then C; or vice versa
[see Figs. 1(a) and 1(b)]. To define the order in which the atom
traverses the cavities, we use a control qubit that encodes the
path followed by the atom. An orthonormal basis for the state
space of the control qubit is {|0)., |1).}. If the control qubit
is in the state |0),., then the atom will traverse the cavities in
the order Cy and then C,. Likewise, if the control qubit is in
the state |1)., then the atom will traverse the cavities in the
order C; and then Cy. The two orders are shown in Figs. 1(a)
and 1(b). If the control qubit is in a superposition of |0). and
|1), then ICO is introduced because the atom will traverse the
cavities in a superposition of the two possible paths. This su-
perposition can be created if the atom initially passes through
a spatial beam splitter before entering the cavities [32]. The
most general state of the control qubit is

16, @) = cos0]0). + € sin6]1),, 1)

where 6 € [0, /2], ¢ € [0, 2r). Maximum indefiniteness is
achieved when 6 = 7 /4 because the control qubit is in an
equal probability superposition of the states |0), and |1).. For
simplicity, we only consider the case of a resonant interaction,
that is, the transition frequency of the atom is w. Since the
cavities are identical, we also assume that it takes the atom
the same time 7" > 0 to traverse each cavity.
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FIG. 1. ICO in a two-cavity system. In panels (a) and (b), the
atom traverses the two cavities in the order indicated by the arrows.
A control qubit encodes the path: If the control qubit is in the state
|0)c (1)¢), then the atom first traverses cavity Cy (Cy) and then cavity
C; (Cp). ICO is introduced if the control qubit is in a superposition
of its two states, since the atom travels in a superposition of the two
paths [see panel (c)]. The subindex j in T; does not correspond to
the subindex j in C;. Ty(T}) is the time when the atom enters the first
(second) cavity.

III. THE HAMILTONIAN OF THE SYSTEM

The complete system is composed of a two-level atom, two
single-mode cavity fields, and a control qubit. An orthonormal
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basis for the state space of the atom is {|e), |g)}, where |e) is
the excited state and |g) is the ground state. Meanwhile, an
orthonormal basis for the state space of the cavity field in C;
is{ln); : n=0,1,2,...,}, with |n); a Fock state (j = 0, 1)
The Hamiltonian of the system is

H(t) =10)cc(0l @ Ho(t) + [1)ce (1] ® Hi (1), (@)

where Hy(t) (H;(¢)) is the Hamiltonian of the system if the
atom first traverses cavity Cy (C;) and then cavity C; (Cp).
Explicitly, for j = 0, 1, one has

H (t) - Hfree + H t(t) (3)

with Hpe. the free Hamiltonian

hiw
Hiree = 7% + ﬁa)agao + ha)aIal 4)

and Hi{n(t) the Hamiltonian describing the interaction between
the atom and each cavity field:

hglo_ a +U+aj) fTh<t<Ty+T,
hg(a aj@l +G+aj®1) if Tl < t < Tl +T,
0, otherwise.

H;\ (1) =

&)

Here, & is the sum modulo 2, o, = |e)(e| — |g){g|, the tran-
sition operators are o_ = |g)(e|] and 0. =0, a; and a; are
the annihilation and creation operators of the cavity field in
Cj, Ty (T1) is the time when the atom enters the first (second)
cavity, and Top + T (T1 + T) is the time when the atom exits
the first (second) cavity. Notice that the atom is traveling
toward the first cavity between + =0 and r = T and that
the atom is traveling from the first cavity toward the second
one between t = Ty + T and t = T;. Also, observe that the
interaction of the atom with each cavity field is modeled by
the Jaynes-Cummings Hamiltonian [22,23] and that H;;, (t) in
Eq. (5) has the operators | and a; in the first line and a' ol
and a;g; in the second line because it describes the fact that
the atom first interacts with the cavity field in C; and then
interacts with the cavity field in Cjg;.

In order to simplify the description of the evolution of the
system, it is convenient to pass to an interaction picture (IP)
using the unitary transformation

Up(t) = e™iffet. (©6)

If |W(¢)) is the state of the system at time ¢ in the Schrodinger
picture (SP), then

W (1)) =

is the state of the system in the IP. The IP Schrodinger equa-
tion takes the form

U/ ()W) @

—|w1() ——Zu oljl ® HY OIW (1), (8)

j=0,1

and the evolution operator Usp(#, 0) in the SP is related to the
evolution operator Up(z, 0) in the IP by

Usp(t,0) = Ur(t)Up(t, 0). 9

Explicitly, one has

Up(t.0) = Y [)eclil ®
j=0,1
[, if0<t < Ty,
Uit — Ty), ifTy <t <Th+T,
U(T), ifTo+T <t <T,
Uig1 ¢ —THU(T), ifTi <t <T1+T,

Uje1 (T)HU(T), ifT+T <t,

(10)
with [ the identity operator and
(1) = el

Using the dressed states of the Jaynes-Cummings Hamilto-
nian [22], one can calculate the effect of U;(¢) on an arbitrary
state of the system. Since we consider the resonant case, the
dressed states for the atom and the cavity fieldinC; (j =0, 1)
are given by

|+, m);=x—72(e)®[n); £|g) ®In+1);), A

f

withn =0, 1,2, ..., and satisfy

i =thgs/n+ 1)+, n);. (12)

Together with the ket |g) ® |0);, the dressed states in Eq.
(11) constitute an orthonormal basis for the state space of
the subsystem formed by the atom and the cavity field in C;.
Notice that Fzg(a;o, +o4aj)lg) ® 10); =0.

Now, define the excitation number operator

hg(a o_+oiaj)lE, n)

1 1
%Hfree + 5 (13)
If the atom-cavity-field subsystem is in the state |I) ® |n)o ®
|m); with [ = e or g, then N, counts the number of excitations
because

1 . .
N, = z(aZ + 1) +ayay +aja =

Nell) ® [n)o ® |m)1 = (81 + n+m)|l) @ [n)o ® [m)1. (14)

Since Hpyee commutes with both Hy(z) and H,(¢), it follows
that Hgee also commutes with H(¢). Therefore, N, is a con-
stant of the motion for Hy(¢), H;(¢), and H(t). Notice that N,
is essentially the same constant of the motion of the Jaynes-
Cummings Hamiltonian (in the Jaynes-Cummings model, it is
a constant of the motion in the most general context where the
atom-field interaction is not resonant). Finally, using Eq. (13)
one can express the unitary transformation Uj(¢) in terms of
N,:

Up(t) = e~ M=), (15)

IV. THE STATE OF THE SYSTEM
Assume that the initial state of the system is
[W(0)) =10, ¢)c ® la) ® |n, m), (16)

where |0, @), is the state of the control qubit defined in Eq.
(1), |n, m) = |n)o ® |m); with m and n non-negative integers
is a tensor product of Fock states describing the state of the
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cavity fields, and |a) is an arbitrary state of the atom. Omitting
a global phase, one has

|a) = cos(§)le) + esin(§)]g), a7

where & € [0, 7 /2] and x € [0, 27). Observe that the initial
state of the atom is |e) if £ =0 and x =0, |g) if § =n/2
and x =0, or |[+) = (Je) £ |g))/v2 if E=n/4and x =0
for |4+) or x = = for |—).

Applying the evolution operator in Eq. (10) and using the
dressed states in Eq. (11), it follows that the state of the system
attime ¢ > T in the IP is given by

|V (1)) = cos(6)]0)c ® |C1Co(7))

+¢%sin(0)[1). ® |CoCi (7)), (18)
where
_ t—"T, ifT <t<T1+T,
r= {T, if T +7T <1, (19

and |G;C;(7)) is the state of the atom-cavity-field subsystem
when the atom first traverses cavity C; and then cavity C;.
Explicitly, one has

IC1Co(7)) = le) ® |he(T)) + 18) ® [¢g(7)) (20)

and
|CoCi(T)) = le) @ [D(T)) + [g) ® |Dy(T)),  (21)
where
e (7)) = [c1|n)o + c2ln — 1)o] ® |m),
+ [esln)o + csln + 1)o]l ® [m — 1),
|y (7)) = [c7Im)o + csln + 1)o] & |m);
+lcsln)o +caln — 1ol @ Im + 1)1,  (22)
and

|®.(7)) = [n)o @ [s1|m)1 + s2lm — 1)1]

+[n—1)o ® [s5s|m)1 + s¢|lm + 1)1],
[@e(7)) = |n+ 1)o ® [s3]m); + s4lm — 1)]

+[n)o ® [s7lm)1 + sglm + 1)1]. (23)

Here, |I,n,m) = |I) ® |n)o ® |[m); with [ = e, g and the coef-
ficients ¢; = ¢;(tr) and s; = s;(7) depend on 7 and are given
in the Appendix [see Egs. (A1) and (A2)]. The dependence of
cj and s; on T was omitted in Eq. (22) to have more succinct
expressions. Note that |C;C;(t)) depends on the parameters 7,
m, g, T, &, and yx through the coefficients. In addition, note
that |C;C;(7)) is a normalized ket that is a linear combina-
tion of pairwise orthogonal kets, that is, (C;Cy(7)|C,Co(7)) =
(GCoCi(DICCi (7)) = 1.

An alternative expression of |W;(¢)) that is useful to iden-
tify the interference effects due to ICO is obtained by writing
|W;(¢)) in terms of the orthonormal control qubit states |0, @)
defined in Eq. (1) and

10, @), = sinf|0). — e“cosh]|1)... (24)

One finds that

W1 (1)) = 10, @) ® [c0s*0|C1Cy()) + sin*0]|CoCi(T))]
sin(26)
2

+16. ¢). ® [CCo (1)) — [CoCi(T)].

(25)

Observe that the expression for | (¢)) in Eq. (25) explicitly
shows that the atom-cavity-field subsystem is found in a su-
perposition of the states |C;Cy(t)) and |CyC (7)) associated
with the two paths available to the atom if one measures the
state of the control qubit to see if it is found in the state |9, @),
or |0, ¢)..

Before continuing, it is important to point out that one can-
not observe interference phenomena due to ICO in the atom-
cavity-field subsystem from the state |¥,(¢)) in Egs. (18)
and (25). This can be seen explicitly by tracing over the
degrees of freedom of the control qubit. One obtains that the
density operator in the IP describing the state of the atom-
cavity-field subsystem is

pr(t) = Trc[|W (1)) (W ()]
= c0s?(0)|C1Co()){C1Co(2))]
+5in*(0)|CoC1 (1)) (CoCi (7)), (26)

where Tr.[-] denotes the trace over the degrees of freedom
of the control qubit. Observe that p;(t) simply describes a
statistical mixture of the two states |C;Cy(7)) and |CyCi (7))
associated with the two paths available for the atom, namely,
first traversing through cavity Cy and then through cavity C,
or vice versa. To observe interference phenomena due to ICO,
one can perform a projective measurement on the control
qubit in the basis {|0, ¢)., |0, ¢).}. When6 = /4 and ¢ =0,
this corresponds to the basis {|£). = (|0). £ |1)c)/\/§}.

V. EFFECTS OF ICO

We now determine the effects of ICO on the system [see
Fig. 1(c)]. Recall that the state of the complete system is
given in Egs. (18) and (25), expressions that are completely
general given the initial state in Eqs. (16) and (17). In all that
follows, we restrict our discussion to the case of maximum
indefiniteness, that is, & = 7 /4 and ¢ = 0. In addition, we
only consider an initial state of the form (16) and (17) and
the situation where the atom has exited both cavities, that is,
t > Ty + T and, consequently, T = T [see Eq. (19)].

After the atom exits the two cavities, the atomic wave
packets are coherently recombined in a balanced atomic beam
splitter to erase the information about the path followed by the
atom. This operation is represented by applying a Hadamard
transformation A on the control qubit at a time t > T} + T,
where

<
/2

Note that Eq. (18) is the state of the system at time ¢ in the IP
and that the Hadamard transformation must be applied to the
state of the system in the SP. The state of the system in the SP

Hlj)e = —=l0)e + (=1Y|1)c] (G =0,1).
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attime r > 7y + T immediately after applying the Hadamard
transformation at time ¢ is

[V (1)) = HUD| V(1))

1
= Ul(t){|0>c ® SUCIC(T)) + |GG (T))]

1
+ e ® SUGGT) — |C0C1(T))]}- 27)

If one makes a measurement of the state of the control qubit
immediately after applying the Hadamard transformation to
see if it is found in the state |0}, or the state |1). (in the jargon
of optics, one would say that one detects the atom in mode ),
then the probability to find the control qubit in the state |j). is
N7 with

1 -
N; = ﬁ\/l + (=1)/Re[{CiCo(T)|CCi(T )], (28)

and the state of the system immediately after the measurement
is

Lo
V() = A—[jlj)cc(JIHUz(t)I‘I’z(t))

— 1) ® L0600 + (—1Y1GCH TN
C 2N] E)
29)

if one finds the control qubit in the state | j). (j = 0, 1). Notice
that ./\/] is the normalization constant and that

(C1Go(T)|CoCi(T))
= c(T)'s1(T) + co(T)*s5(T) + c3(T)*ss(T)
+¢s(T) s2(T) + e7(T)*s7(T) + es(T)*s3(T). (30)
Recall that ¢;(T") and s¢(T") are defined in the Appendix.
Observe that one has
N;=0 & Re[(CiC(D)ICCI(T)H] = (=)',
& 1CC(T)) = (=1 TGCu(T)).  (B1)

We have used the Cauchy-Schwarz inequality in the second
line of Eq. (31). When Eq. (31) is satisfied (j =0, 1), it
follows from Eq. (27) that the state of the system in SP
immediately before the measurement of the state of the control
qubit is (except, possibly, for a global phase factor)

V() =1j & 1)e @ Ur()ICCo(T)), (32)

so there is no interference due to ICO and the system behaves
as if the cavities were in series (recall that @ means sum

J

modulo 2). In all that follows, we assume that ./\f]2 > 0 when
discussing that the control qubit was found in the state |j)..
An especially relevant situation is when both cavity fields are
initially in their respective vacuum states (n = m = 0). In this
case, the probability P;; to find the control qubit in the state
|j)c given that the atom is initially in the state |/) with j =0
orl and ! = e, g, or & is given by

1
Py = 5[1 4 cos*(gT') + sin(gT)sin(2¢T)] > 0.15,
Py =1,

1
Pos = ZB + cos*(gT') + sin(gT )sin(2gT)] > 0.57,

T
Py = 251n4<g7>sin2(gT),
P1|g =0,
T
Py = sin4(%)sin2(gT). (33)

The numbers appearing on the right-hand side of the first
and third equations are lower bounds for the corresponding
probabilities. Here, P;; = 1 — Py;. Notice that Py; is always
positive and that P;; = 0 (I = eor £)if and only if g7 = N,
with N a positive integer. In these cases, one can adjust the
transit time 7 so that the control qubit is always found in the
state |0)..

The erasing of the which-path information of the atom
performed by the Hadamard transformation consists in obtain-
ing a state where two different superpositions of |CoC;(T))
and |C,Cy(T)) appear [see Eq. (27)]. One then obtains one
superposition or the other depending on the result of the mea-
surement of the state of the control qubit to see if it is found
in |0). or |1).. The same result is obtained if one expresses
|W;(¢)) in the form (25) with & = 7 /4 and ¢ = 0, one passes
to the SP [compare Egs. (25) and (27)], and then one measures
the state of the control qubit to see if it is found in one of the
orthonormal kets |£)..

A. Entanglement between the cavity fields

The state of the system in SP immediately after the mea-
surement of the control qubit is given in Eq. (29). Using Eqgs.
(15) and (20)—(23), it can be expressed as

e—iwr (n+m— % )

— Z 1) @ NijlF(@), (34)

V@) =1j)e ® N,

I=e,g

where j € {0, 1} and the normalized cavity-field state | F;;(t))
is given by

|F.j(1)) = Nlej({e"‘“[cl + (=Dsilin)o + [e2 + (=1 ss]in — 1)o} ® |m)
+{les + (=1 salln)o + e eeln + 1)0} @ Im — 1)1 + (—1) e “s6ln — 1) ® [m + 1)) (35)
and
|Fj (1)) = Aﬁ({[a + (=1)s71ln)o + ¢ cg + (1) s3]ln + 1)o} ® |m),
+ {7 [e3 4+ (=1 sglin)o + caln — 1)o} ® [m + 1)1 + (= 1) suln + 1)o ® [m — 1)1). (36)
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In these expressions, the ¢, and s; are evaluated at time 7.
This dependence has been omitted to have more succinct
expressions. The normalization constants N i (I =e,g) are
presented in Eq. (A3). Notice that it is easy to take the partial
trace of the density operator associated with |F;;(z)) with
respect to the degrees of freedom of the cavity field in C; using
Eqgs. (35) and (36). We emphasize that the expressions in Egs.
(34)—(36) hold for any initial state of the form Eqgs. (16) and
(17). Choosing & and x appropriately [see paragraph after Eq.
(17)], one can consider any initial state for the atom.

Assume that, immediately after the measurement of the
state of control qubit, one measures the state of atom to see if
it is found in the state |e) or |g). Then, it follows from Eq. (34)
that the state of the system immediately after the measurement
of the state of the atom is

[V () = 1))e ® 1) @ |F(1)), (37

if the atom was found in the state |/) with [ = e or g. Hence,
the cavity fields are in the state |F};(t)).

We now characterize the entanglement between the cavity
fields. We single out the situation where the cavity fields are
initially in their respective vacuum states because it is the
more experimentally accessible case [21].

To quantify the entanglement, we use the linear entropy.
Recall the following properties [33] of the linear entropy
S.(p) =1 —Tr(p?) of a density operator p where Tr de-
notes the trace. Assume that p is a pure density operator
of a bipartite quantum system A + 5. The reduced density
operators of A and B are, respectively, given by ps = Trg(p)
and pg = Tra(p), where Try and Trp denote the partial traces
with respect to the degrees of freedom of A and B, respec-
tively. Then, S;.(p4) = Sr(pp). Also, p is an entangled state
if and only if S;(p4) > 0. If the state spaces of A and B
have finite dimensions d, and dp, respectively, then S;.(p4) <
1 — 1/min{dy, dg}. In particular, p is a maximally entangled
state when Sy (p4) is equal to the upper bound. Whenever we
refer to the linear entropy of a cavity-field state |F'), it is to
be understood that it is the linear entropy of the associated
reduced density operator Tr;(|F)(F|) with Tr; the trace with
respect to the degrees of freedom of the cavity field in C;
(j =0 or 1), so that the linear entropy quantifies the entan-
glement of the state |F).

Since the cavity fields are in the state [Fj;(z)), it fol-
lows that the subspace spanned by Br = {|ng, mi) : ny =
n,n =+ 1 and m; = m, m £ 1} is invariant under the pure state
|F7;(t)){(F;;(t)|, so one can consider that |F;;(z))(F;;(t)| acts
in a bipartite state space of dimension 32. In this case, the
maximum value of the linear entropy is 2/3. The maximum
value of the linear entropy can be reduced if one can consider a
set Br with fewer elements. For example, the maximum value
of the linear entropy is 1/2 if By contains only 2 elements as
in the case of the Bell-like states defined below.

In order to express the results succinctly, we consider three
types of Bell-like states:

(1) The cavity fields swap one photon

L
V2

These states require n > 1. When n = 1, |S&£) are two-photon
NOON states.

|S+) = (n+1,n—=1)x|n—-1,n+1)). (38)

TABLE 1. ICO: Final cavity-fields state if initially in |0, 0). Ta-
ble I presents the state in which the cavity fields are prepared given
the initial state of the atom in the first column and the results of
the measurements of the control qubit and the atom in the first row.
NP stands for not possible because the probability for such case is
zero. The kets |G%) and |¢g) are defined in Eq. (39) and Table II,

88
respectively. The coefficients dy; and dyg are given in Eq. (AS5).

Initial/final |0), ® |e) 10). ® |g) ). ®le) 1) ®1g)
le) 0, 0) |G+) NP IG—)
&) NP 0. 0) NP NP
|+) 0,0)  do7ldg,) & doge ™ |G+) NP IG—)
(2) The cavity fields gain one photon
1
|GE) = —=(n,n+ 1) £ |n+1,n)), (39)

V2

These states require n > 0 and |G%) are one-photon NOON
states when n = 0.
(3) The cavity fields lose one photon

1
|LZ) ﬁ(|n 1,n) £ |n,n—1)). (40)
These states require n > 1 and |Ly) are one-photon NOON
states when n = 1.

These are referred to as Bell-like states because one can
think of the kets |n); and |m); (j =0, 1) appearing in the
states (l/ﬁ)(ln, m) &£ |m, n)) as two orthonormal states of
a qubit. In this sense, they are maximally entangled states and
their linear entropy is 1/2.

Consider the case where the two-cavity fields initially have
the same number of photons, that is, they are initially in the
state |n, n) with n a non-negative integer. Tables [-III present
(except, possibly, for a global phase factor) the state |F;;(t))
of the cavity-field subsystem after the measurement of the
state of the atom. Table I considers n = 0, while Tables II and
IIT have n > 0. The first column of each table from left to
right shows the initial state of the atom, while the first row of
each table from top to bottom indicates the state in which the
control qubit and the atom were found after their respective
measurements. Also, NP stands for not possible because the
probability for such a case is zero. In addition, Table II(IIT)
considers the case where the control qubit was found in the
state [0). (|1).). The scalars d;; and the probabilities associ-
ated with each situation are presented in Eqs. (A4)—(A7). All

TABLE II. ICO: Final cavity-fields state if initially in |n, n) (n >
0). Table II presents the state in which the cavity fields are prepared
given the initial state of the atom in the first column and the results
of the measurements of the control qubit (]0).) and the atom in the
first row. The kets are defined in Egs. (38)—(40) and the coefficients
are given in Eq. (AS).

Initial/final [0). ® |e) 10). ® |g)

le) 192 = doiln, n) + doa|S+) |G+)

lg) IL+) |¢%) = dos|n, n) + dos|S+)
|£) dos| L) £ € dos|L+) do7|¢2,) £ doge™" |G+)
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TABLE III. ICO: Final cavity-fields state if initially in
|n,n) (n > 0). Table III presents the state in which the cavity fields
are prepared given the initial state of the atom in the first column and
the results of the measurements of the control qubit (]1).) and the
atom in the first row. The kets are defined in Egs. (38)—(40) and the
coefficients are given in Eq. (A6).

Initial/final 1), ® |e) D ® lg)

le) [S—) |G—)

1g) IL—=) IS—=)

|£) di|S—) £dppe |L—) di3|S—) F dige™|G—)

the coefficients must be evaluated at 7 with the values of x
and & corresponding to the considered case [see the paragraph
below Eq. (17)].

Let us analyze some interesting cases. Assume that the
cavity fields are initially in the state |0, 0). Table I shows
the different possible results with |¢(g)g) defined in Table II.
Especially relevant is the case where the initial state of the
atom is |e) because the cavity fields are prepared either in
the maximally entangled one-photon NOON states |G+) or in
the separable state |0, 0). One can exclude de latter possibility
by adjusting the transit time 7 to satisfy g7 = (2N — 1)7 /2,
with N a positive integer [see item (3) after Eq. (A7)]. From
Eq. (33) observe that, for this transit time 7', the probability
to find the control qubit in the state |j). (j = 0, 1) given that
the initial state of the atom was |e) is given by Pj, = 1/2, so
that it is equally probable for the cavity fields to be prepared
in one of the states |G=).

Now assume that the cavity fields are initially in the state
|n, n) with n a positive integer. Tables II and III present the
possible states for the cavity fields if the control qubit was
found in the state |0). or [1),, respectively. The kets |¢2) (I =
e, g) are defined in Table II.

Observe from Table II that the cavity fields can be prepared
in one of the highly entangled states |S+), |G+), or |L+). By
adjusting the transit time 7 one can exclude the possibility
of obtaining the separable state |n, n). If the atom is initially
in the excited state |e) and gT+/n+ 1 = (2N — 1)z /2, with
N a positive integer, then one can guarantee that the cavity
fields are prepared in either |S+) (if the atom is found in the
state |e)) or |G+) (if the atom is found in the state |g)) [see
Eqgs. (A4) and (AS)]. In the former case, the atom simply acts
as an intermediary that allows the cavity fields to interchange
a photon because the cavity fields are prepared in the |S+)
state and the atom starts and is found in the excited state.
Similarly, if the atom is initially in the ground state |g) and
gT/n = 2N — 1)mr /2 with N a positive integer, then one can
guarantee that the cavity fields are prepared in either |L+) or
|S+) if the atom is found in the state |e) or |g), respectively
[see Egs. (A4) and (AS)]. In the latter case, the atom acts as
an intermediary that allows the cavity fields to interchange a
photon because the cavity fields are prepared in the state |S+)
and the atom starts and is found in the ground state. Finally,
if the initial state of the atom is |%), then the cavity fields
are left in a superposition of the states corresponding to the

cases where the initial state of the atom is |e) or |g). There
are transit times 7 such that the linear entropy of this super-
position is 2/3. Also, choosing gTv/n+1 = (2N — 1) /2 or
gl /n = (2N — 1)mr /2, with N a positive integer, guarantees
that |¢g,) or |¢Q,) reduce to |S-+), respectively.

It should also be noted from Table III that, if the control
qubit was found in the state |1)., then the cavity fields are
always prepared in a highly entangled state whose linear en-
tropy is always equal to 1/2. In particular, if the initial state of
the atom is |£), then the cavity fields are left in a superposition
of the states corresponding to the cases where the initial state
of the atom is |e) or |g).

Now consider the case where the initial state of the cavity
fields is |n, m) with n # m. It is found that the linear entropy
associated with the cavity-fields state is independent of @ and
symmetric in n and m (that is, when the linear entropy is
viewed as a function of n and m, S; (n, m), one has S; (n, m) =
Sr(m, n) for all the considered initial and final states). In
particular, the linear entropy is the same when the initial state
of the atom is either |[+) or |—). Furthermore, when n % m are
both positive integers one can choose transit times 7' so that
the cavity fields are prepared in a highly entangled state whose
linear entropy reaches a maximum value of 1/2 if the control
qubit was found in [1).. This maximum value is also reached
if the control qubit was found in |0)., the atom was found in
le) (]g)), and the initial state of the atom was |g) (|e)). It can
also reach a maximum value of 2/3 if the control qubit was
found in |0)., the atom was found in the state |e) (|g)), and the
initial state of the atom was |e) (|g)).

VI. CAVITIES IN SERIES

We now consider the case of cavities in series [see
Figs. 1(a) and 1(b)] and compare it with the case of ICO. To
describe the situation in which the atom first passes through
cavity Cp (Cy) and then through C; (Cp), one must choose
6 =0 (7/2) and ¢ = 0 in Eq. (18). Hence, the state of the
atom-cavity-fields at time ¢ > 7] + 7 when the atom has
exited both cavities and in the IP is |C;C;(T)) in Eq. (20)
or (21) if the atom first transits through cavity C; and then
through C;. In the rest of this section, we only consider the
state |C,Co(T)) defined in Eqgs. (20) and (22). Applying the
unitary transformation U;(¢) to |C1Co(T)), it follows that the
state of the atom-cavity-fields in SP is (except for a global
phase factor)

IR(@)) = le) ® Np|fe()) + 18) ® Ny |fe(1)), (4D

where

1 .
Ife@) = N—[(Cl o + 2 [n — 1)9) ® |m);

e

+ (cs€ ™ |n)o + coln + 1)0) ® [m — 1)1,

1 .
|fe(®)) = N—[(C7€m|n)o +csgln+1)o) @ Im),

T

+(c3ln)o + cae™In = 1)) @ Im + 1011, (42)
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TABLE IV. Cavities in series: Final cavity-fields state if initially
in |0, 0). Table IV presents the (possibly nonnormalized) state in
which the cavity fields are prepared for cavities in series given the
initial state of the atom in the first column and the result of the
measurement of the state of the atom in the first row. The initial state
of the cavity fields is |0, 0). The ket |¢,+(¢)) is defined in Eq. (44)
and the coefficients are given in Eq. (A1) and must be evaluated at T
with the values of x and £ of the considered case [see the paragraph
after Eq. (17)]. NP stands for not possible because the probability for
such a case is zero.

Initial/final le) lg)
le) |0, 0) csll, 0) +¢3/0, 1)
lg) NP 10, 0)
|£) |0, 0) | (1))
and the normalization constants are

Np. = Vle1? + leal? + les + les

Np, = Ve3> + leal® + ler ] + les|>- 43)

In Eqgs. (42) and (43), all the ¢; are evaluated at 7. The
expression in Eq. (41) is valid for any initial state of the atom.
One must substitute the values of x and & corresponding to
the considered case [see the paragraph after Eq. (17)].

We now measure the state of the atom at time 7 to see if it
is found in the excited |e) or ground |g) state. If the atom was
found in the state |e) (]g)), then the state of the cavity fields
immediately after the measurement is | £, (1)) (| f¢(#))). Notice
that the linear entropy of the reduced density operators associ-
ated with these states is always < 1/2. This is in contrast with
the ICO results of the previous section because it was found
that, in some cases, the linear entropy could reach a value of
2/3.

Tables IV and V present the (possibly) nonnormalized state
of the cavity fields (except for a physically irrelevant global
phase factor) in the SP immediately after the measurement
of the state of the atom when the initial state of the cavity
fields is |n, n) withn = 0 or n > 0, respectively. In each table,
the first column from left to right presents the initial state of
the atom, while the first row from top to bottom shows the

TABLE V. Cavities in series: Final cavity-fields state if initially
in |n, n) (n > 0). Table V presents the non-normalized state in which
the cavity fields are prepared for cavities in series given the initial
state of the atom in the first column and the result of the measurement
of the state of the atom in the first row. The initial state of the cavity
fields is |n, n) with n > 0. The kets |¢.+(¢)) and |¢,(¢)) are defined
in Eq. (44) and the coefficients are given in Eq. (A1) and must be
evaluated at T with the values of x and & of the considered case [see
the paragraph after Eq. (17)].

Initial/final le) lg)

le) ciln,n) +cgln+1,n—1) cgln+1,n) +c3ln,n+ 1)
lg) eln—1,n) +csln,n—1) c7ln,n) +caln—1,n+ 1)
|£) [pex (1)) g (1))

FIG. 2. The figure illustrates the linear entropy S; (red-solid
line) in Eq. (45) after the atom has been found in the ground state,
as well as the probability P, to find the atom in the ground state
(purple-dotdashed line) and the horizontal line 1/2 (black-dotted
line). Initially, the atom is in the excited state and the cavity fields
are in their vacuum states.

state in which the atom was found after the measurement. The
nonnormalized states |¢,+(¢)) and |¢,+(¢)) are defined by

|ex (1)) = c1ln,n) +csln+1,n — 1)
+ e ealn — 1, n) + esln, n — 1)],
|pgs (1)) = csln+ 1, n) + c3ln,n+ 1)
+ e erln, n) +caln — 1,n+ 1)) (44)

All the coefficients must be evaluated at T with the values of x
and & corresponding to the considered case [see the paragraph
below Eq. (17)].

It is immediately apparent that the state of the cavity fields
can present entanglement for some values of the transit time
T. The states in Table IV should be compared with those of
Table I for the same initial and final conditions, while the
ones in Table V should be compared with the corresponding
states in Tables II and III. The main difference is that ICO can
always lead to maximally entangled states, while for cavities
in series one has to adjust the transit time 7T to special values
in order to obtain highly entangled cavity-fields states, but
the probability of obtaining those states can be very small.
An explicit example that illustrates this well is obtained by
considering that the atom is found in the ground state, that the
atom is initially in the excited state, and that the cavity fields
are initially in their vacuum states. In the case of ICO, from
Table I the cavity fields are prepared in the highly entangled
one-photon NOON states |G+£). In the case of cavities in
series, it is straightforward to show that the linear entropy is

8cos?(gT)
[3 + cos(2gT)]*’

where po(1) = Tr[| f,(¢)) (f¢(t)|] and Tr; is the trace over the
degrees of freedom of the cavity field in C;. S;(gT') reaches
a maximum value 1/2 when gT = N, with N a positive
integer. Nevertheless, the probability P, of finding the atom
in the ground state given the initial conditions that we are
considering is zero for these values of 7', so it is difficult to
obtain a cavity-fields state whose associated linear entropy
is close to 1/2. This is illustrated in Fig. 2 that shows the

Sp(gT) =1 —Trolpg(1)] = (45)
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FIG. 3. The figure illustrates the linear entropy S, associated
with the state of cavity fields in the cavities in series case (blue
dashed line) and when ICO is present (red solid line). It considers
that the atom is found in the excited state and that initially the atom
was in the excited state and the cavity fields were in the state |1, 1).
When ICO is present, it is assumed that the control qubit was found
in the state |0).. The horizontal line 2/3 also appears (black dotted
line).

linear entropy (red-solid line) in Eq. (45) and the probability
P, (purple-dotdashed line) of finding the atom in the ground
state.

Inspecting Tables I-V, we observe that with cavities in
series one cannot prepare the cavity fields in the |[S+) states
where the cavity fields interchange one photon. However, this
can be accomplished with ICO and, in addition, there are also
cases where the atom can be found in same state as the initial
one (see Tables II and III).

One can restrict oneself to the cases where the cavity fields
are not always prepared in a maximally entangled state when
ICO is present. For some of these, one can choose transit times
T so that the state of the cavity fields is more entangled in
the cavity in series case than when ICO is present. This is
illustrated in Fig. 3, which considers that the atom is found in
the excited state and that initially the atom was in the excited
state and the cavity fields were in the state |1, 1). For ICO,
it is assumed that the control qubit was found in the state
|0). because otherwise the cavity fields are always left in the
maximally entangled state |S—). The figure shows the linear
entropies of the cavity in series (blue-dashed line) and ICO
(red-solid line) cases. Notice that there are values of gT" such
that the graph of the cavity in series case is above the graph of
the ICO case.

Finally, we make some brief comments about the case
where the cavity fields are initially in the state |n, m) with
n # m. There are situations where one can adjust the transit
time so that the linear entropy of the cavity-fields state after
the measurement of the state of the atom is 1/2. For example,
this happens when the initial state of the atom-cavity-fields is
le) ® |0, m) with m > 0 and the atom is found in either the
excited or ground state.

A. Rabi oscillations

In the Jaynes-Cummings model, if the atom is initially in
its excited state and the cavity field is in a Fock state, then (o)
exhibits the well-known sinusoidal Rabi oscillations [23]. The

(a2)

1.0 ﬂ
050 |:
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agT
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FIG. 4. Comparison of (o) as a function of gT" for cavities in
series (blue dashed line) and for ICO (red solid line) when the atom
and the cavity fields are initially in the excited and vacuum states,
respectively. In the case of ICO, the control qubit was found in |0),.

purpose of this section is to determine what happens to (o)
when one has two cavities in series and when there is ICO. To
determine the behavior of the Rabi oscillations, we vary the
transit time 7', that is, the time it takes the atom to transit each
cavity. We only consider the case where initially the atom is in
the excited state and each cavity field is in the vacuum state.

For two cavities in series where the atom first passes
through Cy and then through Cj, one gets

(C1Co(T)|o.|C1Co(T)) = cos(2gT )cos>(gT) — sin*(gT).

(46)
In the case of ICO, using Eq. (29) one finds that
1
(Yoo |Yo(1)) = mncl + s11% + lesl* + Isel?
—les + ssI* — les + 5317} (47

In Eq. (47), the ¢ and sy, are evaluated at time 7 with& = x =
0. Also, (Y1 (t)|o, |1 (t)) = —1 whenever gT # Nm, with N a
positive integer. This last condition is necessary to have Pjj, >
0 [see Eq. (33)].

Figure 4 compares Eq. (46) (blue dashed line) with Eq. (47)
(red solid line). In the case of ICO, the Rabi oscillations no
longer have a sinusoidal form. They disappear completely if
the control qubit is found in |1). and plateaus appear when the
control qubit is found in the state |0)..

VII. CONCLUSIONS

We have introduced ICO into the paradigm of atom-field
interactions and investigated its influence on the atom-field
observables. As a first approach, we modeled the interaction
between one atom and two-cavity fields, each one initially
in a Fock state, using the Jaynes-Cummings model. The
results can be extended to more scenarios, for example, con-
sidering coherent states or squeezed states or extending the
approach to more complex models of interaction, such as
the Tavis-Cummings model where N atoms are coupled to a
single-mode cavity field.

Our results suggest that ICO can offer a new way to coher-
ently control the interaction between the electromagnetic field
of two cavities and one atom. This new control allows us, for
example, to create entanglement between two electromagnetic
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fields that never interact directly. Depending on the result of
the measurement of the state of the control qubit, the cavity
fields can be prepared in a maximally entangled Bell-like state
independent of both the initial (excited or ground) state of
the atom and the time 7T it takes the atom to transit each
cavity. Adjusting 7', one can guarantee that the cavity fields
are always prepared in a maximally entangled state that can
take the form of one- or two-photon NOON states. The main
difference with the case of cavities in series is that ICO can
always lead to maximally entangled states, while for cavities
in series one has to adjust the transit time 7" to special values
in order to obtain highly entangled cavity-fields states and the
probability of obtaining those states can be very small. We
also show that ICO can interchange one photon between both
cavities without changing the state of the atom, something that
is impossible to achieve for two cavities in well-defined order.
Furthermore, the vacuum Rabi oscillations either disappear or
lose their sinusoidal form with ICO.

ICO in cQED can in principle be implemented using a
trapped-atom Sagnac interferometer, where the atomic wave
packet is split and recombined along circular trajectories
[29-31]. In this case, the cavities can be placed along the
circular trajectories. In this way, the atom traveling along
those trajectories will interact with the two-cavity fields in a
superposition of different orders. Our work can be seen as an
effort to explore new research avenues to investigate ICO on
different platforms and to look for new physical effects that
can be used for the manipulation of atom-field observables.
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APPENDIX
The coefficients appearing in the expressions for |C;Co(7))
and |CyC; (7)) are given by
ci1(t) = cos(&)cos(y, T )cos(yuT),
c2(t) = —ie*sin(€)sin(y,—1 T)cos(YT),
c3(t) = —icos(&)cos(y, T )sin(y,, 1),
ca(t) = —e*sin(§)sin(y,—1 T)sin(yn7),
es(v) = —iesin(§)cos(yu—1T)sin(ypm-17),
co(t) = —cos(§)sin(y, T)sin(ym—-17),
c7(7) = €*sin(§)cos(yu-1T)cos(Ym-17),
cg(t) = —icos(&)sin(y, T )cos(Vi—17), (Al

and

s1(7) = cos(§)cos(y T )cos(y,T),

$2(1) = —iesin(&)sin(Yp_1 T )cos(YuT),
s3(t) = —icos(§)cos(yn, T )sin(y, 1),
s4(v) = —e*sin(€)sin(y1 T )sin(y, ),

55(1) = —ie”sin(§)cos(Vuo1 T)sin(y,_17),

86(7) = —cos(§)sin(y, T)sin(yy-17),

s7(T) = e sin(§)cos(Ym—1T)cos(yu-17),

s3(1) = —icos(§)sin(yu T )cos(yu-17),
where y,, = gv/n+ 1.

The normalization factors appearing in Egs. (35) and (36)
are given by (j =0, 1)

(A2)

NZ = ler+ (=111 + lea + (=1Yss)?
+les + (=1 s2* + les|® + |56l
NG = ler + (=1 s3> + les + (=1) 53
+los + (=1 ss” + leal® + [sal>, (A3)

where c; and s; are all evaluated at 7.

We now give expressions for the coefficients d;; appearing
in Tables II and III.

Define

a, = —sin(gT +/n)sin(gTv/n + 1),
by.m isin(gTﬂ)[cos(gTﬁ) —cos(gT~/n + 1)],
By = —isin(gT v/m)[cos(gT v/n) + cos(gTv/n + 1)],

cn = 2c0s2(gT /n). (A4)
Then,
Cn V2a,
d()] = —Jrl, d02 -_—
vV |Cn+1|2 + 2|an|2 vV |cn+1|2 + 2|6l,,|2
d v |Cn+1|2 + 2|an|2
03 — )
VIeni11? + 2la,? + 2|By o |?
J V2B, ,
04 — )
VIeni 1?4 2la,? + 2|B,, o2
2
dOS — C—n d()ﬁ = \/_an

— Vleal? + 2lan VIeal? + 2lan

Vieal* + 2]a,|?
do7

VIeal? + 20a, 2 4 21Bypsi |*
\/EBn,iH-l

dog = , (A5)
O JIen + 21l + 2By P
and
25 bn,n
d11 -, d12 =
JIan 2 + bunl? JIan? + bunl?
n bnn
diz = ¢ dig = ]

AY |an|2 + |bn,n+1|2

(A6)

9
AV |an|2 + |bn,n+l|2

Finally, we present the probabilities for the various pos-
sible results. Let P,(I'|j, l) denote the probability to find the
atom in the state |I’) at time ¢t > T} 4+ T given that the control
qubit was found in the state |j). and that the initial state
of the atom was |l). Here, ', = ¢, g, and + and j =0, 1.
Also, the initial state of the cavity fields is |n, m). Then,
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P(l')j. 1) = p(l'lj. /(AN?) with
plell, e) = sin®(gT /n)sin® (T /m + 1)
+ sin®(gTv/n + 1)sin®(gT v/m),
plell, ) = |buml® + 1bmnl®,
1
plell, +) = S(plell, e) + plell, 9],
pgll, &) = bumir|* + [Bansi]?
p(gll, &) = p(ell, e),
1
pgll, &) = E[p(gll, e) + p(gll, 91,

p(el0, e) = cuqr1cmy1 + plell, e),
p(el0, &) = |Buml* + |Bunl?,

1
plel0, ) = z[p(eIO, g + p(el0, e)],

p(gl0, &) = |By 1> + |Buns1]’
p(gl0, 8) = cucpm + plell, e),

1
pglo, £) = 5[p(gl0, e) + p(glo, ). (A7)

In particular, if n = m = 0, then

(1) p(e|l, e) = p(ell, g) = p(e|l, ) = p(el0, g) =
p(gll, g) = 0.

() p(gll, e) = 2sin®(gT)[1 — cos(gT)]*.

3) plel0,e) = 4COS4(gT).

@) p(el0, L) = 20054(gT).

(5) p(glo, e) = 2sin*(gT)[1 + cos(gT)]*.

(6) p(gl0,g) =4.
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