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Controlled buildup of half-quantized thermal conductance in an engineered chiral
spin liquid platform
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We study thermal transport along the edge of a small chiral spin liquid device coupled to two Ising-chain
reservoirs, a platform suitable for quantum-engineered systems. Adiabatically switching on the tunnel couplings
to the reservoirs generates a thermal current that dynamically builds up and reaches a quasi-steady-state regime.
In this experimentally critical time window, the two-terminal thermal conductance can approach half-quantized
values—a hallmark of Majorana-mediated transport—under finely tuned conditions. The results agree with
an effective Landauer-Biittiker description in the large-reservoir limit, where energy-resolved transmission
rates help identify the optimal parameters to achieve the half-quantized conductance. This work provides a
controllable platform to investigate topological thermal transport in engineered spin systems, such as realized in

cold-atom and Rydberg-atom settings.
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I. INTRODUCTION

The Kitaev honeycomb model [1] has emerged as a cor-
nerstone in the study of quantum spin liquids, providing a
rich platform for exploring exotic physics and topological
phenomena [2-5], and motivating the search for, and study
of, so-called Kitaev materials [6—9]. Known for its exact solv-
ability, the model offers a rigorous theoretical understanding
of its ground state and corresponding phases [1,10]. It ex-
hibits a gapped, Abelian spin liquid phase whenever one bond
coupling dominates over the other two, and hosts a gapless
spin liquid whenever all three couplings are of comparable
strength (so that none exceeds the sum of the other two).
Particularly, for the gapless phase, with an external magnetic
field breaking time-reversal symmetry and opening up a topo-
logical Majorana gap, a chiral spin liquid appears, which
holds profound implications for both fundamental research
and quantum computation [11-15]. Extensive experimental
and theoretical efforts have been dedicated to identifying
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clear signatures of the quantum spin liquid phase in realistic
systems [16-25]. Among these signatures, the half-quantized
thermal conductance can serve as an indicator of the chiral
spin liquid phase, providing a potential probe of Majorana
edge modes [26]. Unlike the quantized Hall effect in Chern in-
sulators, this phenomenon features neutral Majorana fermions
as carriers instead of electrons, offering a direct probe of its
unconventional thermal behavior [27,28].

Experimental observations of half-quantized thermal con-
ductance in «-RuCls [29-31], a chiral spin liquid candidate,
mark a significant breakthrough in solid-state systems. How-
ever, such systems inherently involve complexities, including
phonon scattering and material imperfections, which can ob-
scure the intrinsic physics of the Kitaev model. In contrast,
synthetic quantum systems, including ultracold atoms, Ryd-
berg arrays, and superconducting qubits, offer an alternative
approach, with their highly controlled and tunable settings
enabling a cleaner and more direct simulation of the model
[32-36]. Building on the theoretical and experimental at-
tempts for realizing chiral spin liquids in synthetic quantum
systems [10,37,38], including the recent experimental real-
ization in neutral-atom arrays and superconducting qubits
[39,40], this work addresses the next key challenge: estab-
lishing operational and experimentally viable methods for
observing half-quantized thermal conductance in such plat-
forms, where measurements are necessarily performed in
finite-size systems and within finite observation times.

Published by the American Physical Society
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FIG. 1. Schematic of the proposed system. The chiral spin liquid
(red and blue sites) is coupled to two reservoirs (yellow sites) along
the same edge. Each reservoir is modeled as a one-dimensional
transverse-field Ising chain with open boundary conditions, and ©
denotes the local transverse fields acting on the Ising spins. The
green (x), pink (y), and purple (z) bonds indicate the direction «
of the bonds (i, j), in the Hamiltonian in Eq. (1). The label //r in
the figure denotes the left/right reservoirs, respectively, S;/, as well
as Sc,, denotes the coupling points between the reservoirs and the
channel in Eq. (3), By, represents the magnetic field that induce /4 in
Eq. (1), and Jr denotes the tunnel coupling between each reservoir
and the Kitaev channel. A temperature bias (7; # T,) drives heat
transport through the chiral edge channel, highlighted by the gray
shaded region.

To meet this challenge, we propose a two-terminal heat-
transport setup designed to operate under realistic finite-size
and finite-time conditions relevant to quantum simulators.
Such platforms offer the unique advantage of engineering
sizable effective three-spin interactions, for instance, through
Floquet engineering [10,38—40]. This capability allows for the
realization of a chiral spin liquid with a large topological gap,
which significantly enhances the robustness of the topological
phase and suppresses unwanted low-energy competing orders.
Starting from the engineered effective Hamiltonian, rather
than a microscopic Floquet sequence, our setup comprises
a central Kitaev spin liquid channel coupled to two finite
transverse-field Ising chains as reservoirs [41,42], as shown
in Fig. 1. The transverse-field Ising model shares similarities
with the Kitaev model in that both are spin-interaction-based
systems. This resemblance allows for the same synthetic
quantum system to be employed in constructing the setup,
thereby simplifying its experimental implementation. Further-
more, the transverse-field Ising model becomes gapless at its
critical point [43] (see Appendix A), making it particularly
suitable for studying low-temperature transport: The vanish-
ing excitation gap guarantees low-energy modes that remain
thermally populated even as the temperature tends to zero.
Specifically, it provides an ideal platform to investigate the
half-quantized thermal conductance arising from the transport
of Majorana fermions along the edge channel of the Kitaev
model.

It is noted that in such settings, establishing reservoir-
channel contacts, which is necessary for initiating and mea-
suring heat transport, generically induces protocol-dependent
energy redistribution, leading to background energy flows un-
related to topological transport. A central goal of our work is
therefore to develop an operational strategy that isolates the
genuine chiral heat current carried by Majorana edge modes

within an intermediate-time quasisteady regime, before full
equilibration sets in.

Within this operational strategy, we demonstrate that even
with finite reservoirs, a stable intermediate-time heat flow
region can be achieved, and the corresponding thermal con-
ductance can approach a half-quantized value under very
low temperatures. Using the Landauer-Biittiker formalism
[44,45], we offer a comprehensive explanation of the observed
thermal-conductance behavior. This provides experimentalists
with concrete guidelines for detecting half-quantized thermal
conductance in synthetic quantum system setups.

In Sec. II, we introduce the system setup and Hamiltonian,
present the time-dependent buildup of energy current leading
to the thermal conductance, and outline the Landauer-Biittiker
approach used for interpretation. In Sec. III, we demonstrate
that the Landauer-Biittiker formalism is consistent with direct
numerical simulation results when the reservoirs are suffi-
ciently large, and then use this formalism to investigate how
the coupling strength and temperature influence the system.
In Sec. IV, we calculate the thermal conductance and show
its dependence on the coupling strength and the temperature.
Finally, we summarize our findings in Sec. V.

II. MODEL AND METHODS

In this section, we first introduce the Hamiltonian of the
model, and then describe a realistic protocol leading to the
desired system configuration; this includes the preparation of
the initial state, the connection of the reservoirs to the central
channel, and the observables relevant for probing the system’s
thermal conductance. Finally, we outline the computational
methods employed in our simulations, corresponding to each
step of this protocol.

A. The engineered system and reservoirs

Our setting involves a Kitaev honeycomb model connected
to two Ising-chain reservoirs (see Fig. 1). The theoretical
framework described below assumes that the Kitaev system
is static, which could be realized within a Rydberg-atom
platform [37]. Generalizations of our framework to Floquet-
engineered Kitaev settings [10,38] could be envisaged along
the lines of Refs. [46-49].

The Hamiltonian of our system-reservoirs setting is given
by H = Hc + Hj, + H} + Hy, with

He=—Jo ) Sis9+h Y sstsy, O]
(i )a lijklapy
L/r X QX
HY" =" —JgSiS},, + BS, 2)
jel/r
Hr = —JrSiSE — JrS*S. . 3)

Here, we work in natural units and set the reduced Planck con-
stant /i = 1, the Landé g factor g = 1, and the Bohr magneton
up = 1. He denotes the chiral spin liquid channel [1], where
Jo denotes the strength of the spin coupling, and & specifies
the magnitude of the external “magnetic” field responsible
for the topological gap. The spin-1/2 operators SY at site
i along the direction « satisfy the standard spin commuta-
tion relations [S}, Sf 1=i6; js"‘ﬂy S}/. In the Kitaev model, three
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distinct bond types connecting nearest-neighbor sites define
the direction o = x, y, and z of the involved spin-spin inter-
action. Their corresponding configurations are shown by the
green, pink, and purple bonds in Fig. 1. In the Hamiltonian,
we denote these bonds using (i, j),, which means that for
any two neighboring sites i and j, the corresponding « is
determined according to the configurations shown in the fig-
ure. Furthermore, the notation [ijklyg, = (i, j)«{Jj, k), in the
Hamiltonian represents that given any three neighboring sites
i, j, and k, the corresponding indices « and y are determined
by the bonds (i, j) and (j, k), shown in Fig. 1, where all
indices are different, i.e., 8 # o # y.

The term Hé/ " describes the transverse-field Ising model
representing the two reservoirs, labeled as ! (left) and r (right).
Here, the magnetic-field strength B is set to half the cou-
pling strength Jx to ensure a gapless excitation spectrum (see
Appendix A), and Jg is set equal to Jy for simplicity. The final
term Hr represents the coupling between the reservoirs and
the Kitaev channel, with strength Jr. In particular, S;,, denotes
the spins in the reservoirs located at the points that connect
to the channel, while Sc,, represents the spins in the channel
connected to these reservoir points, as shown in Fig. 1.

B. The protocol: preparation and measurement

Having introduced the Hamiltonian, we now describe
the protocol used to configure the system in a cold-atom
implementation, along with the observables relevant to
thermal-conductance measurements. To accurately measure
the thermal conductance, the reservoir temperatures must be
known. Therefore, the reservoirs are first decoupled from the
Kitaev channel, allowing both the reservoirs and the channel
to reach thermal equilibrium independently. This procedure
defines well-characterized temperatures for each subsystem.
Afterward, the reservoirs are reconnected to the channel to
enable further evolution of the system. Implementing this
connection requires care: An instantaneous coupling (sudden
quench) would generate a surge of high-energy excitations,
which can destabilize the fragile quasisteady transport regime.
To avoid such heating effects and faithfully model the ex-
perimental procedure, we employ a smooth ramping protocol
defined by

Jr

Hr(t) = T1F e t—onin

[Si5¢ + 7S¢, ] )

where ¢, sets the characteristic timescale of the ramp (control-
ling its steepness) and ot sets the center time of the ramp
(i.e., a time offset). While a small #; may lead to undesirable
high-energy excitations, a very large ¢, would result in long
ramp durations, which are experimentally challenging due to
finite system lifetimes. In our simulations, we choose ¢, =
100J, to balance these considerations. We further assume that
the reservoirs are predominantly isolated from external en-
ergy exchanges, apart from their interactions with the Kitaev
system, both during the reconnection process and throughout
the subsequent time evolution. This means that the reservoirs
are not required to maintain a fixed temperature during this
period; instead, the evolution of their quasiparticle excitations
is entirely governed by the given Hamiltonian in Egs. (1)-(3).

To characterize the ensuing energy transport, we work in
the Heisenberg picture. The time-dependent spin operators
S¥(t) is obtained as

Slot(t) — eijioc H([’)dtls;xefi(/;m, H(l’)dt/. (5)

With these definitions, the energy variation of the reservoirs,
i.e., the energy current flowing into the reservoirs, can be
obtained by using Ehrenfest’s theorem:

(HY" () = il[H @), HY(0)])
— —JrB(S), (1)S?,, (). ©

Here, () denotes the quantum expectation value, i.e., (O(¢)) =
Tr[pO(t)] with p the initial density matrix of the system.
Since the elementary excitations in both the reservoirs and
the channel are quasiparticles with effectively zero chem-
ical potential at all times, this energy current is just the
thermal current. This means that the time evolution of the
thermal current through each reservoir can be directly ob-
tained by measuring the (equal-time) spin correlation function
(Sly /r(t)Séz/,. (t)) between the corresponding reservoir and the
channel.

T ()

C. Computational methods

The Kitaev honeycomb model can be solved exactly. In
our system, this property is made explicit through the use of
the Jordan-Wigner transformation, enabling a detailed anal-
ysis of the system’s dynamics [10,50-52]. In particular, the
spin-pair terms S'Zy/r é/, can be mapped to Majorana fermions
via the same transformation, allowing the time evolution of
the thermal current [Eq. (6)] to be directly computed. In this
subsection, we provide a general description of the numerical
method used to perform this direct time-evolution calculation,
with more details given in Appendix B.

In addition to the direct numerical simulation approach,
we also introduce the frequency-dependent transmission rate
derived from the Landauer-Biittiker formalism. This method
provides an independent and complementary perspective, al-
lowing us to gain further insights into the transport properties
of the system and to cross-check the numerical findings. Our
analysis is restricted to the vortex-free sector of the chiral
spin liquid channel [10], under the assumption of very low
temperature. This regime is expected to be valid when the
temperature is smaller than 0.01Jy, as shown by the quantum
Monte Carlo study of Nasu et al. [27].

1. Direct time-evolution simulation

As described in Sec. II B, the reservoirs are initially decou-
pled from the central channel, and each is prepared in thermal
equilibrium at a known temperature. Under this condition,
the excitations in both the reservoirs and the channel follow
the Fermi distribution. This allows us to construct the initial
density matrix of the full system and transform it into the
Majorana representation. The resulting density matrix takes
the form

pij=2) WU~
§

k>0

UaU e (&, T) + UgULL, (7)
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where ng (&, T) is the Fermi distribution function at the
excitation energy & and temperature 7', and Uy is the trans-
formation matrix relating Majorana fermions to the system’s
quasiparticle excitations (see Appendix B for details). No-
tably, this transformation introduces a term independent of
excitation distributions—the last term in Eq. (7). This term
corresponds to the density matrix at zero temperature and
gives the ground-state energy. It also contributes to the ther-
mal conductance, and this contribution is referred to as the
zero-temperature transient contribution in this work. With the
initial state and the exactly solvable Hamiltonian, the time
evolution of the thermal current Jé/ "(¢) can be obtained di-
rectly via the Heisenberg equation of motion [see Eq. (B1)].
In our simulations, we compute the full dynamics, including
the reconnection process [see Eq. (4)].

Having obtained the energy current Jé/ "(¢) flowing into
each reservoir, we now turn to the thermal conductance. For
a two-terminal system, thermal conductance is conventionally
defined once a steady-state heat flow is established, where the
magnitudes of the currents at the two reservoirs become equal
and opposite. At that point, the conductance can be extracted
from the thermal current of either reservoir using the standard
definition [27,53]. To monitor the approach toward this steady
state, we introduce a time-resolved quasithermal conductance
for each reservoir:

k()T =20 0)/|T7 = T7|. ®)

This expression is based on the definition «;/, = Jé/ "N —
T,|, i.e., the corresponding thermal current divided by the
temperature difference, and the average temperature is taken
as T = (T; + T,)/2. This quasithermal conductance shares the
same physical units as the conventional thermal conductance
and offers a practical means to monitor the onset of stable
transport, even in the transient regime.

In our study, the quasithermal conductance is computed
via direct time-evolution simulations, in which the system is
initially isolated and subsequently driven out of equilibrium
by dynamically coupling the reservoirs to the Kitaev channel.
While coupling finite reservoirs inevitably leads to full ther-
mal equilibration at sufficiently long times, our focus is on the
intermediate-time quasisteady transport regime that precedes
such relaxation. Importantly, the emergence of quasisteady
current plateaus is not merely a theoretical construct, but has
been directly observed in cold-atom transport experiments.
Two-terminal setups with ultracold atoms have demonstrated
long-lived regimes of approximately stationary particle and
energy currents prior to global equilibration, despite the finite
size and isolated nature of these systems. This is exemplified
by cold-atom transport experiments in Refs. [54-57], as well
as observations of bad metallic transport in strongly correlated
Fermi-Hubbard systems [58]. These works firmly establish
the quasisteady window as the experimentally relevant regime
for transport measurements in synthetic quantum systems.
Our time-evolution approach is therefore naturally aligned
with the operational constraints of neutral-atom quantum
simulators, where experimental timescales are intrinsically
limited by decoherence and atom loss, rendering infinite-time
equilibrium inaccessible.

By explicitly resolving the transient dynamics and the
formation of the transport plateau, our method goes beyond
previous approaches based on the Kubo formula [27] or the
Landauer-Biittiker formalism [59-62], which typically as-
sume a strict steady state in the thermodynamic limit. Our
approach does not require this assumption and is therefore
better suited for modeling realistic synthetic quantum sys-
tems, where steady states are difficult to maintain over a long
time. Nevertheless, since quasiparticles require a finite time
to transition between reservoirs, we expect that our results
should align with those obtained using the Landauer-Biittiker
or Kubo formalisms over a certain intermediate-time win-
dow, provided that the reservoirs are sufficiently large and a
quasisteady regime emerges. During this time window, the
Landauer-Biittiker formalism is particularly valuable, as it
provides frequency-dependent transmission coefficients that
offer useful insights into thermal transport. Therefore, as a
complementary perspective, we also employ the Landauer-
Biittiker formalism to compute thermal conductance in the
same setup, showcasing its relevance for understanding our
results.

2. Landauer-Biittiker formula approach

In our system, both the Kitaev model and the transverse-
field Ising model can be reformulated in terms of Majorana
fermions [see Eqgs. (A8) and (A6)]. However, when expressed
in their respective eigenstate representations, the tunneling
Hamiltonian involves processes that do not conserve the num-
ber of quasiparticles. To address this, we extend the analysis
to the Nambu representation, where both particle and hole
degrees of freedom are explicitly included, and rederive the
Landauer-Biittiker formula to accurately capture the trans-
port properties. The resulting energy current is given by (see
Appendix D)

1 [* dw
Jp = 5/ z—wT(w)[nF(w, ) —np(w, 7). 9
oo 2T

Here, np(w, T) is the Fermi distribution at frequency w, tem-
perature 7', and zero chemical potential, and

T (@) = Tr[GR ()M ()G ()T ()] (10)

is the energy-dependent transmission rate. Here, G®(w) and
G*(w) are the retarded and advanced Green’s functions in the
Nambu representation, respectively, and I'//"(w) denotes the
imaginary part of the self-energy associated with the left and
right reservoirs. In the derivation, the key assumption is that
the Green’s functions of the reservoirs do not change through-
out the evolution. This assumption holds when the number
of sites in the reservoirs is sufficiently large. As a result,
we expect the Landauer-Biittiker formula to yield results that
are consistent with the direct numerical simulations when the
reservoirs are sufficiently long.

Given the thermal current Jg, the corresponding thermal
conductance follows directly as

K/T =2 /|T? - T?|,

an

along the same lines as in Eq. (8).
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III. MEASURING THE THERMAL CONDUCTANCE
AND ANALYSIS OF CONTRIBUTING FACTORS VIA
LANDAUER-BUTTIKER FORMALISM

Having introduced the system configuration and compu-
tational methods, we now present our detailed results on
the buildup of quasithermal conductance and then compare
these with the results obtained from the Landauer-Biittiker
formula. In our setup, quasithermal/thermal conductance is
not measured directly but is inferred from the thermal current
divided by the temperature difference between the reservoirs,
normalized by their average temperature [see Egs. (8) and
(11)]. This indirect definition requires the temperature bias
to be sufficiently small to ensure the validity and stability
of the extracted conductance. In our calculations, we fix the
specific ratio 7; /T, = 1.2, with the Kitaev channel initially set
to (7; + T,)/2. This choice ensures that the temperature differ-
ence remains sufficiently small for the extracted conductance
to be meaningful and stable (see Appendix E for a justification
of this choice).

A. Numerical study and validity
of the Landauer-Biittiker formula

We now numerically explore the scheme introduced in
Sec. II. For calculation purposes, we impose periodic bound-
ary conditions along the y direction, resulting in a cylindrical
geometry for the central Kitaev system, to which the reser-
voirs are coupled (see Fig. 2) [63]. In our calculations, we
consider a system comprising 16 sites along the periodic y di-
rection and 8 unit cells along the open boundary x direction, a
mesoscopic scale chosen to reflect current synthetic quantum
simulators. Importantly, the channel size here is not a numer-
ical parameter to be extrapolated toward the thermodynamic
limit; rather, it directly reflects experimental constraints such
as finite coherence times and limited system sizes. Our ob-
jective is therefore not to recover an idealized infinite system,
but to identify conditions under which half-quantized thermal
conductance can be operationally extracted within experimen-
tally realistic channel dimensions. Similarly, the reservoirs
are finite systems whose length is varied only to check
the robustness of the results within experimentally accessi-
ble sizes. Accordingly, the reservoirs, connected at opposite
points along the same edge (see Fig. 2), consist of 70-400
lattice sites; this length is varied to ensure that the reservoirs
are sufficiently large to approximate a thermodynamic bath
over the relevant time window. With this configuration, we
first demonstrate how a stable thermal conductance can be
extracted from the direct time-evolution simulation and then
compare the results with those obtained from the Landauer-
Biittiker formalism.

1. Thermal conductance from direct time-evolution simulation

As introduced in the previous section, the time evolution
of the quasithermal conductance «;//T [see Eq. (8)] can be
obtained numerically. The postramp results (¢Jy > 200) are
shown in Fig. 3(a) (the full-time trace, including the ramp
period, is provided in Fig. 7). The curves in different colors
correspond to different reservoir lengths, with longer reser-
voirs shown in purple and red, and shorter ones in green

(2)

(b)

g

FIG. 2. Structure of the system used in numerical calculation.
(a) The overall configuration of the system and (b) its enlarged
view. The central channel, a cylindrical chiral spin liquid, has open
boundaries in the x direction and periodic boundaries along y. The
two reservoirs (yellow sites), each formed by a one-dimensional
transverse-field Ising model with open boundaries, connect to the
channel at diametrically opposed locations along the same side of the
y direction (i.e., for a system with L, unit cells along the periodical
direction, the reservoirs are connected to the y =0 and y =L,/2
points). This specific figure (b) displays an example with six unit
cells along y. The label //r in the figure denotes the left and right
reservoirs, respectively. The green (x), pink (y), and purple (z) bonds
are the same as those shown in Fig. 1.

and blue. The plot reveals a smooth “plateau” region in the
conductance, observed from ¢ slightly above 200Jy to 800Jy
in the purple and red curves, as shown by the alternating
red-and-purple curly bracket and from ¢ slightly larger than
200Jy to 400Jy in the green and blue curves as shown by
the alternating blue-and-green curly bracket. This region is
expected to correspond to the quasisteady transport window,
during which excitations propagate between the two reser-
voirs in a relatively stable manner, i.e., after they have passed
the initial transient dynamics but before they are significantly
depleted in the reservoirs. It is within this interval that the real
thermal conductance can be reliably extracted.

The duration of the smooth “plateau” region depends on
the reservoir lattice size. As shown in Fig. 3(a), when the
reservoir lattice size decreases from 200 sites (purple and red)
to 100 (green and blue), the smooth region duration shortens
accordingly. This is because the number of available excita-
tions in the reservoirs scales with the lattice size. With fewer
sites, fewer excitations are supplied, and those in the shorter
reservoir are exhausted earlier, leading to a shorter plateau.

However, it is important to note that this smooth region in
the quasithermal conductance cannot be directly interpreted
as the actual thermal conductance of the system. To illustrate
this more clearly, we enlarge the smooth region and plot it
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FIG. 3. Extracting thermal conductance from time-evolved qu-
asithermal conductance and comparison with Landauer-Biittiker
results. (a)—(c) Time evolution of quasithermal conductance. Panel
(a) shows systems with 100 and 200 reservoir sites, labeled as “Res
100” and “Res 200 for brevity. For both cases, quasistable regions
appear as marked by the alternating blue-and-green curly bracket
for “Res 100” (blue and green curves) and the alternating red-and-
purple curly bracket for “Res 200” (red and purple curves), with
the length of these quasistable regions dependent on the reservoir
size. Panel (b) shows the quasithermal conductance for reservoirs
of length 200 sites under three conditions: The red curves include
both ground-state and excitation contributions [Full (GS + Exci.)],
the black curve shows only the ground-state contribution at zero
temperature (7' = 0), and the orange curves include only the excita-
tion contributions [marked as “Excitation only,” which means the last
term of Eq. (7) is removed]. When the ground-state term is removed,
the conductance becomes symmetric between the two reservoirs,
reflecting the thermal conductance due solely to excitations—the
primary focus of this work. Panel (c) demonstrates that the full qua-
sithermal conductance (red) is exactly reproduced by the sum of the
zero-temperature conductance and the excitation-only conductance
(cyan). (d) Magnetic-field dependence of thermal conductance from
direct time-evolution calculations (DirectEvo.) and the Landauer-
Biittiker formula, showing strong agreement for long reservoirs (blue
and yellow curves), with the arrow indicating the value of 4 used in
panels (a)—(c). The inset figure shows the quasithermal conductance
for each reservoir length at & = 0.1J,. “/” and “r” denote the left
and right reservoirs, respectively. All the results in this figure are
normalized by the quantized thermal conductance 7 /6. System size:
8, x 16,, 200 reservoir sites; parameters: h = 0.1Jy, Jr = 0.8/,
T, = 0.006Jy, and T, = 0.005Jy, unless otherwise specified.

as red curves in Fig. 3(b). It is evident that the quasithermal
conductance on the left and right reservoirs, measured under
the fixed bias 7; > T, is asymmetric with respect to zero. This
indicates that the raw contact currents do not yet represent a
conserved lead-to-lead transport current, with the additional
energy leaking from the channel into the reservoirs. In fact,

this leaked heat originates from the zero-temperature transient
contribution [see the last term of Eq. (7)]. This contribu-
tion arises because the initial decoupled ground state is not
an eigenstate of the final connected system; consequently,
the coupling process triggers a transient energy redistribu-
tion near the contacts that persists even at zero temperature.
Importantly, this protocol-induced background current is not
associated with thermal excitations or edge-mode transport,
but instead reflects a nonequilibrium response of the ground
state to the switching on of the reservoir-channel coupling. As
such, it must be explicitly identified and subtracted in order
to access the genuine thermal conductance carried by excited
quasiparticles.

To further illustrate the impact of the zero-temperature
transient contribution, we compute the time-dependent qu-
asithermal conductance at zero temperature [i.e., setting
np(&,T) =0 in Eq. (7)], shown as the black curve in
Fig. 3(b). In this case, the entire system is at zero temperature,
and no excitations are present. Consequently, the observed
conductance reflects only the zero-temperature transient con-
tribution, corresponding to the last term in Eq. (7). Due to the
symmetry between the two reservoirs, their conductance re-
mains identical, exhibiting a slow decay. Upon subtracting the
zero-temperature transient contribution, i.e., removing the last
term in Eq. (7), the quasithermal conductance at 7; = 0.006J,
[orange curve in Fig. 3(b)] exhibits plateau regions in the
curves of the left and right reservoirs that are symmetric about
zero [64]. This behavior aligns with the transport properties
predicted by the Landauer-Biittiker formalism [44], where
conductance arises from excitations.

This observation highlights that the asymmetry and slow
decay in the full numerical results [red curve in Fig. 3(b)]
stem from the zero-temperature transient contribution. Further
confirmation is provided in Fig. 3(c), where the sum of the
T = O result and the excitation-only contribution (cyan curve)
precisely reproduces the exact result (red curve). Moreover, at
long times after the ramping process (for example, tJy > 600),
the quasithermal conductance including all contributions [red
curves in Fig. 3(b)] converges to the result obtained when
the zero-temperature transient contribution is omitted (orange
curves). This is expected: In the limit of infinitely long reser-
voirs, where excitations are never depleted, the dynamics
enter a regime that asymptotically approaches the steady-state
assumptions commonly adopted in transport studies. In this
regime, the zero-temperature transient contribution vanishes,
and the conductance is governed solely by excitation-based
transport.

We emphasize that the currents Jé/ " obtained from the
reservoir-channel correlations [Eq. (6)] are raw contact cur-
rents at the two interfaces, not the net lead-to-lead thermal
current itself. The zero-temperature transient background
contained in these raw currents would decay only in the
long-time, large-reservoir limit. Since such a limit is typically
difficult to implement in quantum-engineered platforms, it is
desirable to identify a method that systematically suppresses
the zero-temperature transient contribution. Here, we use the
fact that the two reservoirs are identical and thus have equal
zero-temperature transient contributions to the thermal cur-
rent. Therefore, by taking the difference of the quasithermal
conductance of the two reservoirs, these zero-temperature
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transient backgrounds cancel out. Accordingly, the genuine
thermal conductance associated with the excitations is calcu-
lated as half of this difference, i.e.,

©/T =g = Jg) /(17 = T7)|. (12)

Under this setup, a more stable region appears, as shown in
the inset of Fig. 3(d). We can fit these regions by a horizontal
function (k /T') across different magnetic-field strengths, with
the obtained « /T illustrated in Fig. 3(d).

We note that the time required to establish a stable plateau
can be estimated from the group velocity of the edge states,
yielding 4L,/ (9+/3h), with L, being the number of unit cells
along the y direction [10]. For & = 0.05Jy as an instance, its
value can be calculated to be 258 /Jy. In practice, we select the
fitting window ¢Jy = 400-600 for the case with 200 reservoir
sites, ensuring that the plateau is fully developed across all
cases considered. For a typical Rydberg-atom platform with
Jo = 4 MHz [37], this corresponds to a real-time interval of
roughly 100-150 us, which is experimentally accessible.

Although error estimates due to small fluctuations are
included [see the inset of Fig. 3(d)], they are nearly imper-
ceptible in the figure due to their minimal size under the given
parameters. This consistency further supports the validity of
describing the system’s thermal conductance as half the dif-
ference in conductance between the two reservoirs.

Another property shown in Fig. 3(d) is that the obtained
thermal conductance decreases with increasing the number
of sites in the reservoir, eventually reaching a stable value
once the reservoir site number is sufficiently large (see the
blue and yellow curves). Since the transport properties of
the channel should be unaffected by the length of the reser-
voirs, we consider the results obtained with sufficiently large
reservoirs to provide a reliable measure of the system’s ther-
mal conductance. This reservoir-size convergence should be
distinguished from the finite-size physics of the Kitaev chan-
nel itself. Increasing the reservoir length ensures that the
reservoirs act as effective thermal leads over the relevant
observation window, so that the extracted conductance is no
longer affected by reservoir-size depletion. The finite channel,
in contrast, is the physical mesoscopic system whose transport
response we aim to characterize.

2. Comparison with the Landauer-Biittiker formalism

Beyond the direct time-evolution calculations based on
Eq. (12), the system can also be analyzed using the Landauer-
Biittiker formula; see Refs. [59-61] for previous applications
to Majorana-related transport problems. Using Eq. (11), we
evaluate the thermal conductance from the Landauer-Biittiker
formula and compare it with the results obtained from the
direct time-evolution calculation [Eq. (12)]. Importantly, the
Landauer-Biittiker approach captures transport solely between
quasiparticle excitations; hence, the results are independent
of the zero-temperature transient contribution. Remarkably,
as shown in Fig. 3(d), the Landauer-Biittiker-derived conduc-
tance (red curve) aligns closely with the direct time-evolution
calculation if the length of the reservoir is large enough (blue
curve). This is understandable because a sufficiently long
reservoir satisfies the assumption of the Landauer-Biittiker
formalism, where the Green’s function in the reservoir
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FIG. 4. Discrete central channel energy levels and frequency de-
pendence of the transmission rate under different magnetic fields and
coupling strengths. (a), (b) Yellow lines mark the discrete energy
levels of the central channel in frequency space [x axis, shared with
panel (c)], for A = 0.1J; and 0.05Jp, respectively. (c) At h = 0.1Jy, a
broad near-unity transmission plateau emerges at J; = 0.8Jy, corre-
sponding to the optimal J; in Fig. 5(a). This broad plateau makes the
half-quantized thermal conductance clearly resolvable over a finite-
temperature window, while deviations from J; narrow or suppress
the near-unity transmission window. (d) At h = 0.05Jy, with the
same Jr values as in panel (c), the optimal coupling shifts to J3 =
0.6J, yielding a narrower plateau. The Kitaev channel dimensions
are 8, x 16,, and each reservoir has 200 sites. The black vertical
dotted lines mark the bulk gap edges £A of the finite system, and
transmission peaks appearing within (—A, A) originate from edge
states.

remains nearly unchanged during the detection process. This
agreement highlights the reliability of the Landauer-Biittiker
formula in this context. Moreover, the quantitative consistency
between these two fundamentally different approaches, one
capturing the full nonequilibrium dynamics and the other the
steady-state properties, serves as a stringent benchmark of
our protocol. This validates our analysis directly within the
relevant two-dimensional lattice geometry, ensuring that the
transport characteristics of the actual experimental setup are
accurately described. Importantly, this agreement does not
rely on the existence of a true steady state, but emerges within
the experimentally relevant quasisteady window captured by
the time-dependent simulations.

B. Influence of coupling strength and temperature
on transmission rate

Having established the validity of the Landauer-Biittiker
formalism in capturing the transport properties of our system,
we now employ it to analyze the underlying physical mech-
anisms and examine how the thermal conductance depends
on various system parameters. Given the practical constraints
in quantum-engineered platforms, where the total number of
lattice sites is typically limited, we focus on systems com-
prising a few hundred sites. In this regime, finite-size effects
become prominent, resulting in a discrete energy level struc-
ture in the central channel [e.g., yellow lines in Figs. 4(a) and
4(b) indicate the location of the discrete energy levels]. In
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addition, finite-size effects also give rise to a finite bulk gap
even at zero magnetic field as shown by Fig. 10, where the
bulk gap is shown to increase with the magnetic field 4 and
decrease with the number of sites along the y direction. In our
transmission results, any peak that appears within the bulk gap
(e.g., between the two black dotted lines in Fig. 4, which mark
the bulk gap edges) originates from contributions of the chiral
edge states.

On the other hand, coupling to the reservoirs introduces
a finite lifetime to these levels, manifesting as a broadening
characterized by the imaginary part of the self-energy, denoted
as I'//", as used in Eq. (10). The interplay between this level
broadening and the intrinsic level spacing gives rise to a rich
variety of transport behaviours. To explore this, we systemati-
cally vary the reservoir-channel coupling strength Jy, thereby
tuning the effective broadening I'*/". This allows us to investi-
gate how the relationship between I''/” and the typical energy
level spacing influences the transmission spectrum.

1. Influence of coupling strength

To systematically explore different transport regimes, we
analyze the transmission spectrum 7 (w) by varying the
coupling strength Jr. The interplay between the broaden-
ing TV/" J% and the discrete energy level structure of the
finite-sized channel leads to qualitatively distinct behaviors,
depending on whether I'"/” is smaller than, comparable to, or
larger than the typical spacing between nearby levels.

Figure 4(c) shows T (w) for h = 0.1J, at various Jr. In
the weak coupling regime (J; = 0.6Jy, red curve), I''/" is
appreciably smaller than the energy level spacing, and the
transmission spectrum features well-separated sharp peaks
that align with the discrete eigenvalues of the channel shown
by the yellow lines in Fig. 4(a). This regime reflects a situa-
tion where states are weakly hybridized with the reservoirs,
preserving their identity as isolated modes.

Notably, even in this regime, the valleys adjacent to the
central peak at w = 0 maintain finite transmission values,
which increase gradually with J; until the optimal coupling
J; =0.8Jy (blue curve), where the zero-energy mode and
its neighboring levels broaden sufficiently to merge into a
plateau of nearly unit transmission across a finite frequency
window. This broad, high-transmission feature enhances the
visibility of half-quantized thermal conductance at finite tem-
peratures by ensuring that the dominant excitations fall within
the plateau region, as discussed in the following subsection.
The emergence of a perfect transmission plateau at optimal
coupling is a well-established feature of two-terminal trans-
port setups with a finite-size central region hosting chiral
edge modes [65]. We further illustrate in Appendix G that its
width can be estimated by the energy spacing between the two
lowest eigenstates.

As the coupling strength is increased beyond the optimal
value, the trend continues. At stronger coupling (J; = 1.2Jp,
green curve), I''/" becomes significantly larger than the level
spacing. This detuning from the optimal coupling strength
causes the plateau to collapse into a narrower peak centered at
o = 0, reducing the effective energy range over which 7 & 1,
as illustrated by the toy model in Appendix G. This non-
monotonic evolution of the transmission profile with coupling

strength is characteristic of finite-size systems and reflects the
sensitivity of the transport to the relationship between I''/” and
the level spacing.

The same qualitative behavior is observed at a lower mag-
netic field & = 0.05Jy, as shown in Fig. 4(d). Due to the
reduced spectral gap, which depends linearly on the magnetic-
field strength A, the level spacing tends to decrease as well.
This decrease consequently shifts the optimal coupling to
a smaller value, J; = 0.6Jy, and the resulting near-unity
transmission plateau becomes narrower, reducing the finite-
temperature window in which the half-quantized response
can be clearly resolved. Increasing J; beyond this optimal
value again leads to the collapse of the plateau into a sharp
peak, mirroring the behavior seen at higher magnetic fields.
These results indicate that the value of J} required to realize a
broad near-unity transmission plateau depends sensitively on
the magnetic field and the underlying level structure of the
channel.

Overall, this analysis highlights how the interplay between
intrinsic level spacing and reservoir-induced broadening gov-
erns the transmission rate in mesoscopic topological systems.
However, the measured thermal conductance is further influ-
enced by the excitation distribution, which depends on the
temperature. In the following, we discuss how temperature
affects the thermal conductance.

2. Influence of temperature

According to the Landauer-Biittiker formalism [Eq. (9)],
the thermal conductance is obtained by integrating 7 ()
against the difference in occupation functions. In particular,
by setting 7 (w) = 1 in Eq. (9), one obtains the result k /T =
/12 (in natural units with kg = i = 1), which corresponds
to the half-quantized value [27,53]. Therefore, to achieve
half-quantized thermal conductance, 7 (@) must remain close
to unity over the frequency range where the excitation dis-
tribution, i.e., the Fermi distribution ng(w, T') in Eq. (9), is
appreciable, which is determined by the temperature.

This condition is naturally satisfied at low temperatures,
where the excitation distribution becomes sharply localized
near w = 0. In this regime, even if the transmission plateau
is narrow or imperfect due to nonoptimal tunnel coupling Jr
or magnetic field 4, the dominant excitations remain confined
within the high-transmission region. As a result, the system
can still robustly exhibit half-quantized thermal conductance.
Lowering the temperature effectively reduces the sensitivity
to the edges of the plateau, thereby enhancing the stability of
the half-quantized signal.

This robustness is rooted in the presence of a topolog-
ically protected zero-energy Majorana mode in our system
configuration, which guarantees 7 (w) — 1 as @ — 0 (see
Appendix H). This mode originates from the nontrivial topol-
ogy and the particle-hole symmetry of the chiral spin liquid in
the Majorana representation [1]. Note that we have verified the
topological nature of our finite-size sample by calculating the
many-body Chern number via twisted boundary conditions
(see Appendix I) [66,67], yielding the Chern number C = +1
depending on the sign of the magnetic field 4.

At higher temperatures, however, the excitation distribu-
tion broadens over a larger frequency window, and the system
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becomes more sensitive to deviations of 7 (w) from unity
beyond the center of the plateau. As a result, even small imper-
fections or narrowing in the transmission spectrum can reduce
the final conductance « /T from its half-quantized value.

Finally, it is important to emphasize that the pronounced
temperature dependence arises from finite-size effects. These
effects cause transmission valleys to appear between eigen-
states, except at the optimal coupling J; (see Fig. 4). As
a result, although multiple edge states exist in the system,
only the lowest-energy state, i.e., the zero-energy state, can be
effectively targeted to realize half-quantized thermal conduc-
tance, except at JF, where the second-lowest eigenstate also
contributes. On the other hand, as discussed in Appendix J,
increasing the system size produces a denser energy spectrum
and a smoother transmission function 7 (). This relaxes the
low-temperature requirement and allows near half-quantized
conductance to persist at higher temperatures (on the order
of the topological bulk gap). These results connect finite-size
physics with the conventional picture of chiral edge transport
in large topological systems.

IV. ACHIEVING HALF-QUANTIZED THERMAL
CONDUCTANCE: PARAMETER DEPENDENCE

Having examined how parameters, such as tunnel coupling
and magnetic field, shape the transmission function and dis-
cussed how temperature influences the reservoir excitation
spectrum, we now explore how these factors together deter-
mine the emergence and stability of half-quantized thermal
conductance in the entire system. Specifically, we examine the
dependence of the thermal conductance on these parameters
and identify the regimes in which the half-quantized value
emerges.

A. Dependence on coupling strength,
magnetic field, and temperature

Building on the understanding established via the
Landauer-Biittiker analysis, we now examine the thermal
conductance calculated from the direct time-evolution calcu-
lation (see Sec. IIC 1). As shown in Fig. 5(a) with & = 0.1Jj,
which is the same field used in Fig. 4(c), the conductance
depends sensitively on the tunnel coupling Jr between the
chiral spin liquid channel and the reservoirs. At the optimal
coupling JF ~ 0.8Jy, where the transmission rate exhibits a
plateau as shown by the blue curve in Fig. 4(c), the thermal-
conductance approaches the half-quantized value 7 /12 (black
line) [27,53]. We note that this sensitivity to coupling strength
is characteristic of two-terminal measurements in finite-size
systems with discrete spectra [65], in contrast to the robust
quantization typically observed in macroscopic multitermi-
nal setups utilizing floating-temperature probes [68], which
can effectively eliminate sensitivity to contact resonances. In
the two-terminal configurations relevant to current cold-atom
platforms, the discrete nature of the edge spectrum and contact
broadening remain intrinsic features that modify the transport
response.

While deviating from the optimal value tends to reduce
the conductance below the half-quantized value, lowering the
temperature helps broaden the parameter regime in which the
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FIG. 5. Coupling strength and magnetic-field dependence of
thermal conductance. (a) Thermal conductance as a function of
coupling strength Jr obtained from the direct numerical simulation
[see Eq. (12)] at different temperatures (see legend). The results are
normalized by the quantized thermal conductance 7z /6 and the black
horizontal line marks the half-quantized thermal conductance. There
is an optimal coupling strength J; ~ 0.8J; at h = 0.1J,, where con-
ductance reaches the half-quantized value, with lower temperatures
expanding this region. (b) Thermal conductance as a function of the
magnetic field across different temperatures and coupling strengths,
showing a plateau at the half-quantized value under very low temper-
atures. The system size is 8, x 16, for the chiral spin liquid channel,
200 reservoir sites at 7; = 0.006J,, and 600 sites at 7; = 0.0015J,.

conductance remains close to this value. For instance, as the
reservoir temperature decreases from 7; = 0.006J; (green) to
T; = 0.0015J (blue), the half-quantized region becomes more
pronounced, though oscillations in the signal may increase,
introducing greater fitting uncertainty. This trend is consistent
with the fact that lower temperatures reduce sensitivity to the
edges of the transmission plateau, as discussed in Sec. III B 2.
These observations demonstrate that even in finite systems,
robust half-quantized conductance can be achieved over a
finite window of J7, and this window expands as temperature
approaches zero. Importantly, we should note that at lower
temperatures, the number of reservoir sites must be increased
(e.g., from 200 to 600) to ensure sufficient excitation density;
otherwise, the reservoirs fail to approximate a thermal steady
state, and the Landauer-Biittiker picture no longer applies [as
illustrated in Fig. 3(d)].

In Fig. 5(b), we further explore the thermal conductance
as a function of magnetic field & for different temperatures
and coupling strengths. At 7; = 0.006Jy and Jr = 0.8/ (red
curve), the conductance initially increases with /4 but sub-
sequently decreases without forming a plateau. In contrast,
at sufficiently low temperatures such as 7; = 0.0015J; (blue
curve), a plateau emerges at the half-quantized value. Simi-
larly, for J; = Jy, lowering the temperature from 7; = 0.006J,
(yellow curve) to T; = 0.0015Jy (green curve) expands the
half-quantized region. It is noted that the plateau appears
with the field-induced spectral gap significantly exceeding
the thermal energy. For example, at 7; = 0.0015Jy, a plateau
emerges when i > 0.07Jy, corresponding to a topological
bulk gap larger than 0.09Jy (in the thermodynamic limit),
which is nearly 60 times the reservoir temperature. These
observations indicate that ultracold conditions are required
to observe quantized conductance in finite systems, where
the transmission rate 7 (w) may fall below unity away from
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FIG. 6. Transmission rate and thermal conductance with four
unit cells along the periodic direction. (a) Transmission rate vs
frequency under different coupling strengths at &2 = 0.1J,. With a
limited number of sites, the large energy spacing between the lowest
states results in a broad transmission plateau at optimal J;. The
orange solid curves denote the density of states (DOS) of the central
channel, normalized to a maximum value of one, with peaks indi-
cating the positions of the eigenstates. (b) Thermal conductance vs
magnetic-field strength. Color and line styles match those in panel
(a) for each coupling strength. A half-quantized thermal conduc-
tance plateau is observed up to 7; = 0.024J at the optimal coupling
strength J = 1.2J,. The reservoirs have 200 sites in the calculation,
and the dimension of the Kitaev channel is 8, x 4,. The black vertical
dotted line marks the location of the bulk energy gap A of the
finite-size system.

o = 0. As discussed earlier, lowering the temperature helps
mitigate this issue by reducing the energy window within
which excitations are thermally populated.

B. Enhancing quantized conductance at higher temperatures
via finite-size effects

While our earlier analysis emphasized the necessity of
ultralow temperatures for observing half-quantized thermal
conductance, primarily due to finite-size-induced suppres-
sion of transmission away from w = 0, a notable exception
emerges under special conditions. Specifically, we find that
the half-quantized thermal conductance can emerge at higher
temperatures when the coupling strength is appropriately
tuned.

As illustrated in Fig. 6(a), when the Kitaev channel con-
tains only four unit cells along the periodic y direction, the
level spacing between the lowest-energy eigenstates becomes
significantly larger, as shown by the normalized density of
states of the central channel (orange solid curves). This in-
creased spacing permits the formation of a broad transmission
plateau near @ = 0 under the optimal coupling strength since
the width of the plateau is determined by the energy spacing
between the lowest two states. For coupling strengths that
deviate from the optimal value J; = 1.2Jy, as shown by the
red and blue curves, the transmission plateau is suppressed.
In contrast, at the optimal coupling (green curve), a flat and
extended transmission plateau is centered around zero fre-
quency. This behavior is supported by the simplified few-site
model presented in Appendix G.

This enhanced plateau directly enables robust half-
quantized thermal conductance even at relatively high tem-
peratures. As shown in Fig. 6(b), at 7; = 0.024J,, which is

over an order of magnitude larger than the temperature scale
used in Fig. 5, an almost flat thermal-conductance plateau
emerges at the half-quantized value at the optimal coupling.
Importantly, even away from this optimal coupling, such as
at Jr = 0.8Jy, the conductance remains close to 90% of the
half-quantized value, confirming that this mechanism is not
overly fine-tuned. These findings suggest that in cold-atom
experiments, where system sizes are often limited, the half-
quantized thermal conductance can be observed with more
realistic, less extreme cooling conditions. We emphasize that
the enhanced temperature window discussed here arises from
finite-size effects and the resulting discrete spectrum of the
channel, which allows a broad transmission plateau to form
near zero frequency under optimal coupling. This mechanism
enables the operational observation of half-quantized thermal
conductance at significantly higher temperatures. At the same
time, it is important to distinguish this finite-size, finite-time
regime from the thermodynamic limit. In macroscopic sys-
tems with continuous spectra, thermal flux excitations are
known to proliferate at elevated temperatures and eventually
suppress the half-quantized thermal conductance, as demon-
strated by the quantum Monte Carlo study of Nasu et al. [27].
Whether and how this suppression manifests itself in finite-
size systems with discrete spectra remains an open question
and lies beyond the scope of the present work. Accord-
ingly, the finite-temperature visibility identified here should
be understood as a finite-size operating window within the
controlled low-temperature regime, rather than as a statement
about the ultimate high-temperature stability of the half-
quantized thermal conductance in the thermodynamic limit.

V. SUMMARY

We proposed a framework for observing half-quantized
thermal conductance in finite-size quantum-engineered chiral
spin liquids. By coupling a one-dimensional transverse-field
Ising reservoir to a chiral spin liquid channel, we demon-
strated that thermal transport can be measured via spin
correlations at the reservoir-channel junction.

A key challenge in finite-time, nonequilibrium mea-
surements is that transient energy redistribution generically
generates background energy flows, which can obscure gen-
uine chiral transport signatures in realistic finite-size systems.
To overcome this difficulty, we introduce an operational
framework that allows one to access topological heat transport
within a finite-time quasisteady regime, prior to full equili-
bration. Our direct numerical simulations reveal a quasistable
thermal current window, even for finite reservoirs. By fitting
half the thermal current difference between the two reservoirs,
we explicitly remove the equilibrium background contribution
and isolate the quasiparticle-mediated transport. This proce-
dure yields a clear half-quantized plateau in the magnetic field
dependence of the thermal current at low temperatures and
optimal coupling strengths.

The reliability of this finite-time extraction protocol is fur-
ther validated by two fully independent approaches: real-time
evolution of the full Hamiltonian and a Landauer-Biittiker
analysis based on single-particle Green’s functions. The two
methods agree quite well once the reservoirs are sufficiently
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long, providing a direct internal consistency check of the
transport description.

To understand how half-quantized thermal conductance
emerges under realistic finite-size conditions, it is important
to account for the discrete nature of the channel spectrum.
In finite systems, the chiral edge modes form a set of dis-
crete energy levels due to the finite system size, rather than
a continuous band. As a result, half-quantized conductance
can only be observed at ultralow temperatures, well below the
field-induced gap, ensuring that thermal excitations lie within
the low-frequency region where the transmission rate remains
close to unity. This in turn requires reservoirs long enough to
provide energy levels in the relevant low-temperature window,
so that sufficient excitations are available to sustain a qua-
sisteady transport signal. Nevertheless, coupling between the
channel and reservoirs broadens these transmission peaks, and
at an optimal coupling strength, the broadening maximizes
the frequency range around zero with a unity transmission
rate, allowing the half-quantized conductance to persist at
higher temperatures. Therefore, a practical strategy is to first
tune the coupling strength to find its optimal value and then
lower the temperature under this optimal coupling, ensuring
that the reservoirs are long enough, i.e., the results no longer
depend on reservoir length, to identify half-quantized values
in the magnetic-field dependence of the thermal conductance.
These insights provide a roadmap for experimental imple-
mentation, outlining how to tune system parameters and what
conductance signatures to expect, paving the way for future
explorations in chiral spin liquid quantum simulators.

Taken together, these results elucidate the microscopic ori-
gin of half-quantized thermal transport in finite-sized chiral
spin liquids and establish finite-time thermal transport as a
viable and informative probe of Majorana quasiparticles in
clean, tunable cold-atom platforms.
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APPENDIX A: JORDAN-WIGNER TRANSFORMATION
AND HAMILTONIAN IN MAJORANA REPRESENTATION

Typically, the Jordan-Wigner transformation is expressed
as

j—1

0—;‘ = 1_[(1 - 2)’11'/)(611j + Clj), (AD)
J'=l1
j—1
o‘J).Y = — l_[(l — 2njr)(a; — aj), (A2)
J'=1
oF =2n;—1, (A3)

and is employed for one-dimensional spin systems with open
boundaries. Here, 0]9‘ = 2Sj.‘ are the Pauli matrices and a;
is the annihilation operator of the corresponding fermions.
This transformation can be used to solve the spectrum of
transverse-field Ising model reservoirs by further converting
normal fermions into Majorana fermions via

Cl/r — al/r + al/r? (A4)

J J J o

& = i(d/" — "),

; (A3)

where the labels / and r indicate the spin at left and right
reservoirs, respectively. Then, H,le/ " becomes

yr _NOIR e e B ey
Hy —Z4lcj Ciny ch cj.
J

(A6)

The quasiparticle excitation spectrum of this system under the
periodic boundary in the momentum space can be obtained as
[27]

J: cosqrB B2
E(q) =2, 4 S04R2 | 27

. A7
16 4 4 (A7)

Since the half-quantized thermal conductance mainly comes
from the quasiparticles around E; = 0, B must be half of J to
make this spectrum gapless.

Regarding our central Kitaev spin channel, given that
the half-quantized thermal conductance primarily arises from
states near zero energy, and for computational convenience,
we adopt a cylindrical geometry in our calculations, as shown
in Fig. 2. In this geometry, the lattice can be mapped onto a
brick-wall structure, where the Jordan-Wigner transformation
remains applicable [50-52]. By adopting this approach, the
exact solvable Hamiltonian of the chiral spin liquid can be
obtained as [10]

He = —i Y Jlejes el +meie;)

jered circles
ih
+ g z : (Cplcm + Nb,Cp3Cps + b, CpsCp,
V4

+ CpyCps + My CpsCpy + My Cpy CP4)' (A8)

Here, the definitions are as follows: for sites j belonging
to one sublattice (denoted by red circles in Fig. 2), ¢; =
i(—aj+ a;) and¢; =a; + a;; for sites belonging to the other
sublattice (denoted by blue circles in Fig. 2), ¢; = a; + a'J‘f
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and ¢; =i(—a; +a ]) In this context, p represents a single
plaquette of the honeycomb lattice. The operator n;, = ic;c;,
takes the value =1 on each z bond b = (jj,),, with b; and
b, calculated by (p;pe). and (p3ps). for each plaquette, re-
spectively. It is noted that these 1, determine the vortex of the
system. In our calculation, we assume that the system is in
the vortex-free sector, i.e., all 1, = 1, since the temperature is
very low.

Using these transformations, both the Hy term and the
thermal current can be calculated under the Majorana repre-
sentation as

Jr . Jr ._
Hy = —icicc, + —ic,cc,.

4 4 (A9)

With all three Hamiltonian terms written in the Majorana
fermion representation, we can formally write the total Hamil-
tonian as follows:

= ZA“ ()cjej. (A10)

APPENDIX B: CALCULATION OF THE THERMAL
CURRENT

With the Jordan-Wigner transformation, we can transform
the spin form of the energy evolution [Eq. (6)], i.e., the energy
current of the //r reservoir to the Majorana form as

(') = il[H @), HY")) = —IrB(S), S5,
= i2JBTe[e™ " (cc, e1yr — cipree, e po]

i2JrBTt[Q" (1) pQ(1)]. (B1)

Here, Q(t) =e™™ with A being the matrix A defined in
Eq. (A10). The elements of the density matrix p, denoted
as p;; are obtained from p;; = (cl{c} po), With pg representing
the initial density matrix of the system and ¢’ denoting the
Majorana Fermions at the channel and the reservoirs. To cal-
culate this p matrix, we need to represent it in the quasiparticle
bases. Specifically, by diagonalizing the Hamiltonian, we can
write the Hamiltonian under the eigenvectors’ representations,
which can be written as

l/r ZEkIBl/rl l/r (BZ)
H. = Zem Vo (B3)
k
l/r
with the relationship ¢; = Zk V2 2U; ro. Here, oy denotes B,
and yy, +/2 normalizes the operator ¢ since {c;, ¢;} = 2§;;, and

U'U being the identity matrix. For a system with M unit cells
and each unit cell has 2N sites, we set k = —MN, —MN +
1, ..., —1 for the holes and k = 1,2, ..., MN for the par-
ticles. The obtained eigenvectors f§; are actually written in
the Nambu representation. Moreover, due to the particle-hole

symmetry, we have ,BI/r ﬂ]/kﬁ, w=y',, E,=—E, and
€, = —€’ ;. Then, under the quasiparticle excitation bases, it

becomes [27]

l/r ZE 'Bl/r’r lr _

Z E, (B4)

k>0 k>0
. 1
He=) arin—5) (BS)
k>0 k>0

with €, = 2¢;, E; = 2E, and the last terms of the two equa-
tions being the ground-state energies of the channels and
reservoirs, respectively.

With these definitions, the density matrix for the reservoirs
can be written as

pij = (cicipo) = 2> (U] Ujworfopo). (B6)
k

Under the initial equilibrium state, we have

’ T ’
(OlZOlk,O0> = {1 _an(kg_k,)T),

with ng (&, T) = 1/(e%/T + 1) being the Fermi distribution,
T being the temperature, and &; representing the correspond-
ing €, or Ey. Further utilizing the relation Uy, = Uj we have

pij =2 [ULUx

k>0

k>0,
k<0,

particles,

holes, (B7)

ki

UaU] e (&, T) + UU[ 1. (BY)

It is noted that the last term, 2 ) ", _, Uy U, Tj, is associated with
the ground-state energy, as it follows that (H py) is just the
ground-state energy at zero temperature, i.e., the last terms
in Egs. (B4) and (BS). When the reservoirs are connected
to the channel, these terms contribute to the thermal current,
independent of quasiparticle excitations’ thermal transport.
To eliminate their effect, we calculate half of the difference
in quasithermal conductance between the two reservoirs, as-
suming the reservoirs are identical, as their contributions will
then cancel symmetrically. Moreover, due to the calculation
of the difference in the thermal current between the reservoirs,
the temperature of the Kitaev channel does not influence the
results; this is consistent with the Landauer-Biittiker formula
where this temperature is also irrelevant. With the density
matrix in Eq. (BS), the time evolution of the quasithermal
conductance defined in Eq. (8) is obtained and shown in
Fig. 7. The ground-state term generates a large initial signal,
leading to a pronounced transient for #Jy < 200 that masks the
quasisteady behavior on the same scale. After this peak, the
system enters the quasistable regime discussed in Sec. III A.
To isolate the excitation-driven contribution, the inset of
Fig. 7 presents the thermal conductance defined in Eq. (12),
where the ground-state term has been removed. In this
case, the conductance increases gradually during the buildup
dynamics and then develops a clear quasistable plateau,
demonstrating that the plateau originates from the excitations
rather than from the zero-temperature transient contribution.

APPENDIX C: DEPENDENCE OF THE
THERMALLY POPULATED EXCITATION
NUMBER ON RESERVOIR SIZE

In the main text, we noted that the number of thermally
populated excitations in a reservoir increases with its lattice
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FIG. 7. Time evolution of the quasithermal conductance and
thermal conductance. Time-dependent quasithermal conductance for
a system with 200 reservoir sites. The ground-state term produces a
large transient response for tJ, < 200, after which the system enters
the quasistable regime discussed in Sec. III A. The inset shows the
thermal conductance defined in Eq. (12), where the zero-temperature
transient contribution has been removed. With this contribution
removed, the thermal conductance increases gradually and subse-
quently develops a clear quasistable plateau.

size. Here, we provide a quantitative illustration of this scaling
behavior.

For a given reservoir temperature 7;, the thermally pop-
ulated excitation number n.(7;) is obtained by summing
the Fermi-Dirac occupations ng (&, T;) of all reservoir eigen-
modes introduced in Appendix B. Since the single-particle
level spacing decreases with increasing reservoir size, larger
reservoirs host a denser set of low-energy modes within the
thermal window. Consequently, n..(7;) grows monotonically
with the reservoir size.

Figure 8 shows n.s(7;) as a function of the reservoir size
for the two temperatures used in the main text, 7; = 0.006J,
and 0.0015Jy. In both cases, n.5(7;) increases steadily with
the reservoir size, confirming that the reservoir’s capacity to
host thermal excitations is directly controlled by its lattice
size.

APPENDIX D: DETAILS OF THE LANDAUER-BUTTIKER
FORMULA

In this Appendix, we show the detail of the Landauer-
Biittiker formula used in this work, which is obtained
following Ref. [44]. Here, for simplicity, the reservoir is
assumed to be sufficiently long such that its state remains
approximately unchanged during the evolution. As shown in
Egs. (B4) and (B5), we can write the Hamiltonian in the
Nambu bases of §; and y;. Under this bases, the coupling term
Hy can be written as

Jr .o at,«a
Hr =" > itacc, = ViiB vy + He.

a=l,r kja

(D)

Here, B and y have both the particle part and the hole part, Vj;
is obtained from the transformation of the Hamiltonian from

—
D

—T; = 0.006.J,
= =T} = 0.0015.J

= =
o S

—
<
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=

o
-
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Reservoir size

FIG. 8. Scaling of thermally populated reservoir excitations with
reservoir size. Thermally populated excitation number n.s(7;) as a
function of reservoir length. Red and blue curves correspond to 7; =
0.006Jy and 0.0015Jy, respectively. In both cases, n.(7;) increases
with reservoir size, reflecting the denser spectrum of low-energy
modes available in larger reservoirs.

the Majorana to the excitation bases, which fulfills

Ve ==V (D2)

Now, we consider the energy transport of the quasiparticle
excitations, the energy current at the left reservoir is defined
as

Jy = —(HE) = —i< |:H, Z E,§,3,§,3,ﬁ>. (D3)
k
This can be obtained as
J = —i< Y —VLEBTy + V,j;‘E,;yjﬁ,ﬁ>. (D4)
kj

Here, Vko; = 2Vk°}, with the factor of 2 comes from {87, B} =
Sk, -

Define
G5t — 1)y =i "y ), (D5)
G5 — 1) =ily]HB0), (D6)
the thermal current as
D= VLEGR . t) = VEEGS. . (D7)
kj
For the time-ordered Green’s function, we have
—idy G (t.1) = —ily;(O[H. B (1))
=2E[G" (t.1)+ Y VG, i (t.1). (D8)
I
Then, we have the contour-ordered Green’s functions
Gt =3 / dnGl (L )Vigh (), (DY)
7
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with glk’ (t,1") being the bare Green’s function in the reservoir,
and

(—idy — ER)gy (1, 1) = 8(ty — 1').

Since the reservoir is sufficiently long and its internal states
remain nearly unchanged over the relevant time window,
the dynamics enters a regime where steady-state-based de-
scriptions become asymptotically accurate for the purpose of
analytical interpretation. This allows us to express the equa-
tion in frequency space, and by using the properties of the
contour-ordered Green’s function, we obtain

Gli(@) =Y VI [GF ()¢ () + G (@)g ().
-

(D10)

(D11)

Here, G and G# are the retarded and advanced Green’s func-
tions, respectively. Similarly,

Gi5(@) = > V[ (@)G5 (@) + 87 ()G} (@)]. (D12)
~

Further using the Keldysh equation

G~ () = GR()E=(0)G (W), (D13)

we have
d — ek >
Jy = / % ;V/ijkalj’[(GR(w)E (@)GH (@)
X g7 () = g7 (@)(GH @) (@)G (@));;]. (D14)

For the self-energy X(w), we can calculate it from the sec-
ond order of the S-matrix (in the Matsubara representation):

Gl = Y GV @V Gij(w).
kk'i'jla

(D15)

Here, @ belongs to [ or r, denoting the left and right reservoirs,
and Eq. (D2) is used. From this equation, we get the self-
energy as

Zy(@) = ) Ve g @)V, (D16)
with ’
& (@) = inp (B, T,)8(w — E)2w,  (D17)
&7 (@) = —ill — np(Er. T)I8(w — E)2m,  (DIS)
g (@) = Fis(w — E). (D19)

Here, ng(Ey, T,) is the Fermi distribution as defined in
Appendix B. It is noted that the energy in the delta function is
E instead of E;. Further, define

() = Z Ve Vas(w — Ex)2r, (D20)
k
we have
i () = iT(@)np (@, T) = 1]
+il}(@)np (o, T,) — 11, (D21)
Ii(w) = iFl{j(a))np(a), )+ il (@np(w, T;).  (D22)

(a) (b)
—=0.5 —=0.5
S S o
E o4 &
S ~ 04
~ ~
£0.3 <
8 €03
%@ 0.2 h=0.1J, g Jr ~ 0.8Jy
=01 —+— 7=12T, _5 0.2 —— T, =127,
g -k =107, | § -k T, =1.02T,
O 0.01 “o1

0.5 1.0 15 ' 0.05 0.10 0.15

Coupling strength Jr/Jy Magnetic field h/Jy

FIG. 9. Robustness against reservoir temperature imbalance. (a),
(b) Coupling strength Jr /Jy and magnetic-field strength //J, depen-
dence of thermal conductance at different temperature ratios 7;/7,,
respectively. Thermal conductance remains stable across different
temperature ratios between the reservoirs, indicating that fine-tuning
of reservoir temperatures is not essential for experimental realization.
T; is always set to be 0.006J, in the calculation. The Kitaev channel
dimensions are 8, x 16,, with each reservoir containing 200 sites.

Using E] = E;/2 and 8(w — Ex) in g2 (w), we obtain

Jy = l/d_wa)Tr[GR(w)F’(w)GA(w)Fl(w)]
2 2

x [np(@, 1)) — np (@, T,)]. (D23)

This form is quite like the Landauer-Biittiker formula for
normal metal, except for the factor 1/2 and the “hole” part
integration from the Nambu representation. It should be noted
that although this formula is derived under the assumption that
the system is in a steady state, an assumption that strictly
does not hold for finite reservoirs, it remains valid in an
approximate sense. If the reservoirs are sufficiently large, their
internal states remain nearly unchanged over a certain period
of time during which stable thermal currents are established.
Within this time window, the Landauer-Biittiker formula re-
mains a valuable tool for interpreting the results obtained from
direct numerical simulations as shown in Fig. 3(d).

APPENDIX E: ROBUSTNESS AGAINST RESERVOIR
TEMPERATURE IMBALANCE

In our calculations, the reservoir temperatures are fixed
with the ratio 7; = 1.27, for convenience. To demonstrate the
effect of a smaller temperature difference, we also consider
T; = 1.02T,, as shown in Fig. 9. The results show only minor
differences between these cases when all other parameters
are held constant. This indicates that precise fine-tuning of
reservoir temperatures may not be essential in experimental
implementations.

APPENDIX F: BULK GAP OF THE FINITE CENTRAL
CHIRAL SPIN LIQUID CHANNEL

In this Appendix, we present the bulk energy gap of the
finite central chiral spin liquid channel under various magnetic
fields, as shown in Fig. 10. When open boundary conditions
are applied along the x direction, chiral edge states emerge
within this bulk gap, and the corresponding transmission
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FIG. 10. Magnetic-field dependence of the bulk gap in the finite
chiral spin liquid channel for different lengths along the y direction.
x and y denote the number of unit cells along the x and y directions,
respectively. Due to finite-size effects, the bulk gap remains finite
at zero field and increases with the magnetic field. As the system
size increases, the bulk gap gradually approaches the thermodynamic
limit (black solid line).

peaks observed in this energy region shown in Fig. 4 originate
from these edge states.

As a result of finite-size effects, the bulk gap remains
nonzero even at zero magnetic field. However, increasing the
number of sites tends to reduce the gap to the thermodynamic
gap (black solid line in Fig. 10), and increasing the magnetic
field leads to a monotonic enhancement of the bulk gap, as
evident in Fig. 10.

APPENDIX G: FEW STATES MODEL

As shown in Fig. 4, the thermal conductance is mainly
contributed by the quasiparticle excitations near @ = 0. Thus,
to better understand the results, we can only keep the low-
energy state, i.e., the zero-energy state and the states nearest
to it. We can compare the results under this assumption with
the one including all eigenstates, as shown in Fig. 11, where
the transmission rates from both cases consist with each other
quite well around @ = 0.

Under this assumption, the corresponding Green’s function
can be written as

1 —
GR(w)

S o o8
oL oo
g ocoo
Soom
(=l Ne)
(=Nl Ne)
n O OO

— (GD

and G* = G®T. Here, ¢ is the energy of the nearest states.

As for the self-energy I''/" (), it reflects both the reservoir
density of states and the matrix elements of the coupling to
individual system eigenstates, i.e., V% as shown in Eq. (D20).

J

T:

4( — 8ApA 1A}w? + Alw* + 24307 (€ — w?) + Af(€* + 8Alw? — 2620 + w*))

=) o o
S o 0

Transmission rate 7~

o
SV

Jr=1.2Jy

0.0 Teas? .
—0.2 -0.1 0.0 0.1 0.2

Frequency w/Jy

FIG. 11. Comparison of transmission rates between the simpli-
fied and full models under varying coupling strengths at 4 = 0.1J,.
The green, blue, and red dashed curves indicate the transmission
rate from the full model, while solid curves represent the simplified
model, considering only the zero-energy states and those nearest
to them. Both models show agreement around w = 0. The Kitaev
channel dimensions are 8, x 16,, with each reservoir containing 200
sites. The black vertical dotted line marks the location of the bulk
energy gap A of the finite-size system.

One can always choose the wavefunctions at the connection
points to be real, which leads to a purely imaginary V3
and hence i) = T(w). Furthermore, due to the particle-

hole symmetry, we have Vk”f ;= Vk"f_j, and hence, I'{j(w) =
Y (w). While an explicit analytic form of T'/" can in
principle be derived, doing so requires detailed knowledge
of the spatial structure of low-energy eigenstates near the
system-reservoir boundary. Although such a calculation is
straightforward numerically, it is analytically cumbersome
and offers little additional physical insight. Importantly, since
V& o Jr, the self-energy I’ ij(w) scales as J2. This monotonic
relation implies that analyzing the dependence of thermal
transport on I''/" effectively captures the qualitative influence
of Jr. Therefore, for our simplified few-site model, we di-
rectly adopt a phenomenological form of I'//" consistent with
its symmetry properties:

A Ay Ay A
Ay Ay Ay A

7
= Ay Ay Ay A G2)
A Ay Ay Ay
A1 —A2 —Az Al
= —Az Ao Ay —Ap (G3)

—A2 A() A() _AZ
A —Ay A Ay

Here, for simplicity, we omit the frequency dependence of
I''/r, as our analysis is restricted to the small @ regime. It
is noted that the difference between I'! and T comes from
the different phases for the two points connecting the reser-
voirs (the second reservoir is at the opposite point of the
first reservoir, with the corresponding phase being ), and the
transmission rate can be obtained as

(G4)

(442 + 0?)(—€2 + o(—2iA; + 0))(—€? + w(2iA; + w))
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With these definitions, one can obtain a quite complex
transmission rate from the formula of transmission rate
[Eq. (10)]. However, considering that the relevant w is very
small, we can expand this equation up to the second order of
 as

—16(A0A; — A2)” + (442 — )’

4A%et

T~l— »® + O(w*).

(G5)

Since half-integer thermal conductance requires an almost
flat transmission near @ = 0, the coefficient of the w? term
should vanish. Neglecting the k dependence of real V% in
the low-energy limit, Eq. (D20) yields A3 ~ A¢A;. Under this
approximation, the vanishing condition for the w? coefficient
becomes € = 2,/ApA;. Moreover, under this condition, the
transmission rate becomes

6

O(w®).
e*4A? + 0"

T~1-

(G6)

If we further assume that the coupling strengths between
the reservoirs and the two lowest-energy eigenstates of the
Kitaev channel are approximately equal, i.e., their boundary
wavefunction distributions are nearly identical, one can take
Aog = Ay, leading to 4A(2) = €2. The transmission rate then
simplifies to

P
T~1-—=+ O(a®). (G7)
This result shows that the transmission rate is almost unity
around w = 0 until w is close to €, which is just the plateau
observed in Fig. 4. This also tells us that the width of the
plateau scales with the energy spacing € between the two
lowest eigenstates.

On the other hand, considering that Ay, A;, and A, are
proportional to J%, there would exist an optimal J7 that ful-
fills this relationship € = 24/ApA,. However, if the magnetic
field further increases, € also increases, which breaks the best
Jr ~ € pair. Nevertheless, the coefficient of the ? term is still
the smaller the better. Thus, we can conclude that the larger
the €, the better the results. This also explains the observation
exhibited in Fig. 4 that a smaller magnetic field corresponds
to a narrower transmission plateau.

Building upon the discussion of the simplified model, we
explore the origin of the half-quantized thermal conductance
under the Landauer-Biittiker framework. Our findings demon-
strate that the observed plateaus are a direct consequence
of the Majorana fermion nature of the system. Specifically,
due to the Majorana form [Eqs. (A6) and (A8)] of the system,
the coupling between reservoirs and the transport channel in
the Nambu representation has number-non-conserving terms
[e.g., the ﬁ,j y; and their hermitian terms with £ > 0 and
j > 0in Eq. (D1)], which leads to off-diagonal terms in the
I' matrix [Egs. (G2) and (G3)]. These terms are essential for
the observed results. Without them, the transport reduces to
that of conventional fermionic systems, losing the distinctive
Majorana signatures. To illustrate the significance of these
off-diagonal terms, we modify the simplified model by remov-
ing them and presenting the corresponding results in Fig. 12.

""" All int., Jp = 0.6Jy
==+ All int., Jr =0.8Jp
=+ Allint., Jr = 1.2Jy
—— No NNC, Jr =0.6Jy
—— No NNC, Jr = 0.8,
—— No NNC, Jr =1.2J

—
ot

=
o

Transmission rate T~

o
ot

—0.10 —0.05 0.00 0.05 0.10

Frequency w/Jy

FIG. 12. Influence of the number-non-conserving (NNC) terms
from the Majorana nature of the system. Dashed curves show the
transmission with all interactions included, while solid curves ex-
clude the number-non-conserving terms (NNC, as marked in the
figure). The absence of NNC terms significantly alters the trans-
mission near w = 0, deviating it from unity and thereby obstructing
the attainment of the half-quantized thermal conductance. The other
parameters are the same as in Fig. 11.

Different from the results with these terms (dashed curves),
eliminating these terms (solid curves) drives the transmission
near w = 0 significantly away from one and consequently
prevents the thermal conductance from achieving the half-
quantized value. This contrast highlights the fundamental role
of Majorana fermions in sustaining the observed transport
characteristics.

APPENDIX H: INFLUENCE OF THE MAJORANA
FERMIONS

In the previous Appendix, we showed numerically that
the zero-energy Majorana fermions play an important role in
the appearance of the half-quantized thermal conductance. In
this Appendix, we try to explain this theoretically by using a
simplified toy model: only consider the transmission through
the two Majorana states. In this case, we can always write the
I'L/R matrix as

e ')
(@) T2 (o)
According to Egs. (D2) and (D20), we have
M (o) =% (@) =T _(-). (H2)

Therefore, we have I'{ (w0 — 0) =T%, _,(w — 0) being
real,and I'Y _;(w — 0) = r*s (o —0). Then, for the trans-
mission thrf)ugh the Majorana fermions, the Green’s function
can be written as

1

o 0 T @)+ TR @)
(0 w):l:l 5

G (w) = (H3)
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With these parameters and I'" = I'® =T" in our model, the
transmission rate around w = 0 can be obtained as

Tr[GR ()R (0)GA ()T (w)]
2(Tf 4T (@ = 2T 1)+ 1 F(T 21 [* 4 0?))
T + T3 Qe =211 1) + (I + o)’
(H4)

For normal cases, ie., I'jy #|['1 -], we can get
Tr[GR(0)T'®(0)GA(0)I"*(0)] = 2 and then we have

d
B~ / et - e
T

de T
A / —€drf(e)VT = —VT. (HS5)
2 6
From the definition of thermal conductance Jo = —« VT, we
can obtain that « /T = 7 /6, which is quantized instead of half
quantized.

Nevertheless, for our system with |I'y | = || =
IT_y 1] =|T'21,—1| due to the particle-hole symmetry [i.e.,
|Vk"f j| =|VZ_ j| in Eq. (D20)], there are exceptions. The
Green’s function G*/4(w = 0) does not exist because I'“/%(0)
has zero eigenvalues and its inverse matrix does not exist.
However, for w # 0, the inverse matrix still exists, and we can
find that in this case lim,,_,¢ Tr[GR ()[R (0)GA (@) (w)] =
lim,,_,o 4I‘%1 / (4F%1 + w) = 1 instead of 2, which corresponds
to half the quantized thermal conductance.

APPENDIX I: EVALUATING TOPOLOGY IN SMALL
SYSTEMS WITH TWISTED BOUNDARY CONDITIONS

In this Appendix, we discuss how twisted boundary con-
ditions can be used to compute the topological invariant in
finite-size systems [66,67]. For a finite system with Hamilto-
nian H, we introduce twisted boundary conditions:

H(x+Ly,y) = €*H(x,y), an

H(x,y+Ly)=e"H(x,y), (12)

where L, and L, are the system lengths in the x and y direc-
tions, respectively. The Hamiltonian then becomes a function
of the twist angles, denoted by H (6,, 6,), with the correspond-
ing eigenstates determined by

H (6x, 6,)¢(0y, 0y)) = E(6y, 0,)|9(Ox, 0))). a3)

The parameters 6,, 6, € [0,27) define a closed two-
dimensional space. As long as the ground state ¢ is
nondegenerate and smooth in the (6., 6,) space, the Berry
curvature can be defined as
060 >> (14)
00,

d¢o
F(Ox,0y)=1i
(6, 6y) l<< 26,
If the ground-state band Ey(0,, 6y) is gapped from the ex-
citation state band, the many-body Chern number of this
finite-size system can be defined as

o) {10
36, |\ a6,

1
v—_

2w 2w
= do, do,F(6,,6,). 15
), fo v F (O, Oy) (&)

Quasi-conduct. |k,/T|/(7/6)

4 5 6 7 8
z-bonds along x

FIG. 13. Spatial distribution of the reservoir-induced energy cur-
rent. Spatial distribution of the additional energy current induced by
the coupling to the reservoirs, shown as a quasithermal conductance.
The data are obtained by fixing y = L,/4 and evaluating the energy
current flowing through the z bonds as a function of the distance
x from the open boundary of the system. The current is strongly
localized near the boundary and gradually decays into the bulk. This
behavior indicates that the heat transport is dominated by chiral edge
modes. The other parameters are the same as in Fig. 3(c).

This twisted boundary condition approach does not rely on the
specific system size and therefore enables accurate evaluation
of the topological invariant even in small finite systems.

To further verify the topological property of the system
with reservoirs, we analyze the spatial distribution of the
reservoir-induced local energy current. The Hamiltonian can
be formally written as H = ﬁ Zi’j A;jcicj, where iA;; /4 rep-
resents the energy density on the bond connecting sites i and ;.
Then, the local energy density operator at site i is naturally de-
fined as H; = i—' > j Ajjcic;. From the continuity equation for
energy conservation, d; (H;) = i{[H, H;]) = Zj (Jj-i), the en-
ergy current operator from site i to j is obtained.

Since time-reversal symmetry is explicitly broken in the
chiral spin liquid with periodic boundary conditions, the edge
modes propagate unidirectionally, which already gives rise to
an intrinsic equilibrium energy circulation along the boundary
even in the absence of reservoirs. This circulating edge current
does not correspond to net heat transport between reservoirs.
To isolate the transport contribution relevant for thermal con-
duction, we therefore subtract this equilibrium background
and focus on the additional nonequilibrium energy current
induced by coupling to the reservoirs.

Figure 13 shows the resulting spatial distribution of the
energy current flowing along z bonds, plotted as a quasither-
mal conductance, defined as the local edge energy current
normalized by the reservoir temperature bias. This quantity
characterizes the spatial structure of the reservoir-induced
edge response, rather than the net reservoir-to-reservoir ther-
mal conductance. In a finite geometry with periodic boundary
conditions, part of the injected energy can circulate along
the boundary without directly contributing to inter-reservoir
transport, and is therefore naturally captured by such a local
probe. Specifically, we fix a representative cut at y = L, /4
and evaluate the energy current carried by the z bonds as a
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FIG. 14. Influence of larger L,. (a)—(d) Transmission spectrum
for Ly, = 16 (red curve) and L, = 80 (blue curve) under different &
and Jr. In the gap region, dense peaks corresponding to the chiral
edge states appear when L, is large. The orange curve is the nor-
malized energy distribution difference |w[ng(w, 7)) — np(w, T,)1|/C,
where np is the Fermi distribution and C is a normal factor for
visualization. (e), (f) Thermal conductance under varying J; and A,
respectively. Increasing L, helps the thermal-conductance approach
the half-quantized value (the black dashed line).

function of the distance x from the open boundary. The current
is strongly concentrated near the boundary and exhibits a clear
decay trend into the bulk.

This pronounced boundary localization provides direct
real-space evidence that the heat transport is predominantly
carried by the chiral edge modes. We emphasize that the
enhanced magnitude of the local edge current reflects the

presence of circulating boundary energy flow in a finite ge-
ometry, and does not imply multiple transport channels. These
observations are fully consistent with the bulk-boundary cor-
respondence expected for a chiral spin liquid.

APPENDIX J: THERMAL CONDUCTANCE
IN LARGE SYSTEM

Our investigation mainly focuses on systems with fewer
lattice sites along the y direction, where the half-quantized
thermal conductance is primarily achieved through the
finite-size-effect-induced transmission peaks/plateau at the
Majorana zero modes. While these small systems like 16
unit cells along the y direction, i.e., L, =16, can reach
half-quantized conductance, they require extremely low tem-
peratures and differ from the conventional understanding that
associates half-quantized conductance with chiral edge states.
To further investigate this issue, we examine systems with
larger y-direction lattice sizes, as shown in Fig. 14.

Panels (a)—(d) of Fig. 14 compare the transmission spectra
at different magnetic fields & and coupling strength Jr values
for two cases: one with a smaller lattice size (L, = 16, red
curve) and one with a larger lattice size (L, = 80, blue curve).
The transmission peaks correspond to the eigenstates, with
the transmission valleys between adjacent energy levels. For
higher temperatures, the excitations are more broadly dis-
tributed, as demonstrated by the energy distribution difference
used in Eq. (9) |w[np(w, T;) — np(w, T,)]|/C shown in the
orange curve. Here, C is a normal factor for visualization in
the figure. Notably, a significant portion of the excitations
lies within the transmission valleys. Since achieving half-
quantized thermal conductance requires unit transmission at
the relevant excitation energies, the system cannot achieve
half-quantized conductance due to these valleys of the trans-
mission spectrum.

However, when J; approaches the optimal value
[Figs. 14(b) and 14(c)], these valleys can be suppressed,
leading to an increase in thermal conductance. As the lattice
size increases, more transmission peaks emerge, filling in the
valleys as shown in Figs. 14(a) and 14(d), which enhance the
conductance. This trend is confirmed in Figs. 14(e) and 14(f),
where the thermal conductance for L, = 16 (red curve) and
L, = 80 (blue curve) is plotted against Jr and £, respectively.
The results show a clear increase in thermal conductance as
the lattice size increases. We infer that, as the lattice size
approaches infinity, the finite-size effects vanish, and the
system transitions back to the traditional understanding of
half-quantized thermal conductance coming from the chiral
edge states.
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