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Spectral analysis of three-state quantum walks with general coin matrices
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Mathematical analysis of the spectral properties of the time-evolution operator in quantum walks is essential
for understanding key dynamical behaviors such as localization and long-term evolution. The inhomogeneous
three-state case, in particular, poses substantial analytical challenges due to its higher internal degrees of
freedom and the absence of translational invariance. We develop a general framework for the spectral analysis of
three-state quantum walks on the one-dimensional lattice with arbitrary time-evolution operators. Our approach
is based on a transfer-matrix formulation that reduces the infinite-dimensional eigenvalue problem to a tractable
system of two-dimensional recursions, enabling exact characterization of eigenstates. This framework applies
broadly to space-inhomogeneous models, including those with finite defects and two-phase structures. We
rigorously derive necessary and sufficient conditions for the existence of point spectrum, along with a complete
description of the corresponding eigenvalues and eigenstates, which are known to underlie quantum localization
phenomena. Furthermore, we give a complete spectral decomposition—discrete spectrum, flat-band eigenvalues
(of infinite multiplicity), and absolutely continuous spectrum—with explicit characterization of each component.
Using this method, we perform exact numerical analyses of the Fourier walk with spatial inhomogeneity,
revealing the emergence of localization despite its delocalized nature in the homogeneous case. Our results
provide mathematical tools and physical insights into the structure of quantum walks, offering a systematic path
for identifying and characterizing localized quantum states in complex quantum systems.
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I. INTRODUCTION

Quantum walks (QWs) are fundamental frameworks for
studying quantum dynamics. Despite their seemingly simple
formulation, QWs exhibit a wide range of intricate quantum
features, making them strikingly different from their classical
counterpart, the random walk. These features enable the sys-
tematic design and control of quantum systems and provide a
powerful framework for exploring various quantum phenom-
ena and applications. In particular, these applications include
the study of topological phases [1,2], the experimental realiza-
tion of physical phenomena in controllable quantum systems
[3–6], quantum-algorithm design and universal quantum com-
putation [7–10], and quantum transport phenomena, including
perfect state transfer and environment-assisted transfer in pho-
tosynthetic systems [11–13].

Our focus is on discrete-time QWs on a one-dimensional
integer lattice [14,15]. In this framework, the interplay be-
tween the coin operator and the shift operator governs the
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system’s evolution. Also, the walker’s position spans the en-
tire set of integers, resulting in an infinite-dimensional basis
for the position space. This formulation is essential for mod-
eling QWs on lattices where boundaries are either absent or
effectively negligible, allowing for the study of bulk properties
and phenomena such as localization [16–18].

A vital aspect of studying QWs is analyzing the spec-
tral properties of the time-evolution operator. This analysis
provides insights into the behavior and features of the walk,
thereby enhancing our understanding of the underlying dy-
namics [18–20]. A distinctive feature of infinite-dimensional
systems, unlike their finite-dimensional counterparts, is the
coexistence of continuous spectra and discrete eigenvalues,
which reflect different physical behaviors. This structure al-
lows for rigorous mathematical analysis [14,20]. Discrete
eigenvalues in infinite systems typically correspond to lo-
calized states and are key to understanding topological
phenomena in QWs. In topological phases, discrete eigen-
values within spectral gaps often indicate the presence of
topologically protected bound states, which arise due to the
bulk-edge correspondence [1,2]. Unlike extended bulk states,
these bound states remain robust under system variations as
long as the topological invariant remains unchanged. Addi-
tionally, QWs can exhibit dynamically induced topological
transitions, where spectral gaps close and reopen, signaling
a shift in the topological phase. Thus, the study of dis-
crete eigenvalues and continuous spectra in infinite QWs
provides deep insights into topologically protected phenom-
ena and phase transitions, revealing features akin to those in
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topological insulators and superconductors. A similar dis-
cussion arises in the context of quantum-algorithm speedup
[7–9,21]. In quantum-algorithm design, the key objective is to
determine how quickly the initial state evolves into the desired
state. QWs used for algorithms are typically defined on finite-
dimensional systems, and the speedup depends on the distinct
eigenvalues and the spectral gap separating them from the rest
of the spectrum [22–25]. A higher overlap between the initial
and desired states with an eigenstate of a distinct eigenvalue,
along with a large spectral gap, often enables faster transi-
tions. This is crucial for achieving quantum speedup and is
analogous to how strongly and quickly the QW localizes to
the desired state.

Thus, in this paper, we focus on a mathematically explicit
approach to analyze the (discrete) eigenvalues and eigenvec-
tors of the time-evolution operator. This rigorous analysis
provides deeper insights into the spectral structure of the
system and facilitates understanding of phenomena such as
localization and the long-term behavior of QWs. It is well
known that the occurrence of localization is equivalent to
the existence of eigenvalues of the time-evolution operator.
Moreover, a quantitative investigation of localization can be
conducted by deriving the time-averaged limit distribution us-
ing the eigenvalues and eigenvectors [18]. The transfer-matrix
method stands as a powerful tool for eigenvalue analysis and
has been applied to several types of QW models by the authors
[17,26], and even for nonunitary QWs [27]. Beyond identify-
ing discrete eigenvalues, this paper also reveals the structure
of the essential spectrum. This completes the spectral picture,
which is crucial for understanding the interplay between local-
ization, delocalization, and spectral degeneracy. In particular,
resolving the essential spectrum allows us to determine the
presence or absence of spectral gaps, which govern the ro-
bustness of localized modes. This level of spectral resolution
makes our analysis substantially more comprehensive than
previous studies.

In this article, we consider the spectral analysis of the
space-inhomogeneous three-state QWs on a one-dimensional
integer lattice. Unlike the standard two-state QW, which
has been extensively analyzed, the three-state QW exhibits
fundamentally different spectral properties, leading to richer
and more complex dynamics [28,29]. This distinction makes
three-state QWs particularly intriguing and has led to in-
tensive study in various articles across different contexts
[16,28,30–43]. We also specifically consider the two-phase
model with a finite number of defects, which encompasses
important and typical space-inhomogeneous models such as
the one-defect model and the two-phase model [17,44]. These
models have been studied extensively as they serve as cru-
cial examples in understanding the impact of inhomogeneity
on QWs and provide a rich landscape for investigating lo-
calization phenomena. Previous studies [26] have conducted
eigenvalue analysis for three-state QWs with a restricted
class of coin matrices, including Grover matrices. In contrast,
our work significantly broadens the scope by establishing a
general framework that applies to arbitrary unitary coin ma-
trices, demonstrating that precise eigenvalue characterization
is achievable well beyond previously studied cases. In contrast
to homogeneous two-state walks, the three-state model gener-
ically exhibits flat-band eigenvalues of infinite multiplicity,

which form part of the essential spectrum and correspond to
compactly supported modes originating from algebraic sym-
metries of the tail coins. Our transfer-matrix framework makes
this structure explicit: By analyzing the asymptotic transfer
matrices, we determine the absolutely continuous part of the
spectrum and distinguish it from flat-band (infinite multi-
plicity) contributions and defect-induced (finite multiplicity)
point spectra.

As the main theorem, we establish a necessary and
sufficient condition for the eigenvalue equation of the time-
evolution operator in three-state QWs with general coin
matrices, providing an explicit characterization of both the
eigenvalues and the corresponding eigenvectors. In addition,
we characterize the essential spectrum to obtain a full descrip-
tion of the spectral structure. However, calculating explicit
eigenvalues analytically for a general coin matrix remains
challenging due to the complexity of solving the associated
algebraic equations. Therefore, we rely on numerical calcula-
tions to demonstrate the practicality of our method. For our
numerical analysis, we focus on one-defect and two-phase
Fourier walks. The Fourier walk has been extensively studied
in the context of space-homogeneous models [45–47], where
the coin matrices are identical at all positions. Notably, unlike
the Grover walk, it has been proven that the Fourier walk
does not exhibit localization in the homogeneous case [47].
However, our numerical results show that the Fourier walk
exhibits localization in both the one-defect and two-phase
models.

The remainder of this paper is organized as follows. In
Sec. II, we define our three-state QWs with a self-loop on the
integer lattice, incorporating both the coin and shift operators.
After we explicitly define the concept of localization, we
introduce the transfer-matrix framework for a general coin
matrix and establish methods for addressing the eigenvalue
problem. In Sec. III A, we state our main results for the spec-
tral analysis of two-phase QWs with finite defects. Theorem 1
provides a necessary and sufficient condition for solving the
eigenvalue problem. Furthermore, Theorem 2 establishes the
complete spectral decomposition, providing a full classifica-
tion of discrete, flat-band eigenvalue with infinite multiplicity,
and absolutely continuous components of the spectrum. Sec-
tion IV focuses on the numerical analysis of the Fourier walk.
We include visual representations of the numerical results
for the eigenvalue equation and the probability distribution,
illustrating the occurrence of localization and the existence of
eigenvalues.

II. THREE-STATE QUANTUM WALK
AND TRANSFER MATRIX

A. Definition of three-state quantum walk

We define a three-state QW on the integer lattice Z. Let us
define the Hilbert space H as

H = �2(Z;C3) =
⎧⎨
⎩� : Z → C3

∣∣∣∣∣∣
∑
x∈Z

‖�(x)‖2
C3 < ∞

⎫⎬
⎭.
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Here, C denotes the set of complex numbers. The quantum
state � ∈ H is represented as

�(x) =
⎡
⎣ �1(x)

�2(x)
�3(x)

⎤
⎦.

Let {Cx}x∈Z∪{±∞} be a sequence of 3 × 3 unitary matrices,
which is given by

Cx =

⎡
⎢⎢⎣

a(1,1)
x a(1,2)

x a(1,3)
x

a(2,1)
x a(2,2)

x a(2,3)
x

a(3,1)
x a(3,2)

x a(3,3)
x

⎤
⎥⎥⎦.

When |a(1,3)
x |, |a(2,2)

x |, or |a(3,1)
x | equals 1, the coin matrix ef-

fectively reduces to a 2 × 2 matrix. For simplicity in later
discussions, we will ignore this case, assuming instead that
|a(1,3)

x |, |a(2,2)
x |, |a(3,1)

x | �= 1 for all positions x ∈ Z. How-
ever, this assumption does not significantly alter the main
arguments. The coin operator is then defined using the coin
matrices as

(C�)(x) = Cx�(x).

Next, we define a shift operator S that moves �1(x) to the left
and �3(x) to the right:

(S�)(x) =
⎡
⎣�1(x + 1)

�2(x)
�3(x − 1)

⎤
⎦.

Finally, the time evolution of the QW is determined by the
following unitary operator:

U = SC.

For an initial state �0 ∈ H(‖�0‖2
H = 1), the probability of

finding the walker at position x at time t ∈ Z�0 is defined as

μ
(�0 )
t (x) = ‖(Ut�0)(x)‖2

C3 ,

where Z�0 is the set of non-negative integers.
The QW is governed by a time-evolution operator U , and

understanding its eigenvalues is essential for exploring phe-
nomena such as localization, where the quantum walker tends
to remain confined to a particular region of the lattice. The
degree of localization of the walker is highly dependent on
the initial state, and it is quantified by the limit distribution,
which relies heavily on the overlap between the initial state
and the eigenstates of U [18].

We say that the QW exhibits localization if there ex-
ists a position x0 ∈ Z and an initial state �0 ∈ H satisfying
lim supt→∞ μ

(�0 )
t (x0) > 0. It is known that the QW exhibits

localization if and only if there exists an eigenvalue of U ; that
is, there exists λ ∈ [0, 2π ) and � ∈ H \ {0} such that

U� = eiλ�.

Let σp(U ) denote the set of eigenvalues of U . The set of
eigenvectors corresponding to eiλ ∈ σp(U ) is then denoted by
ker(U − eiλ) \ {0}.

B. Eigenvalue analysis

In the study of QWs on a one-dimensional lattice, the
transfer matrix is a crucial tool for analyzing the spectral

properties of the system. By using the transfer matrix Tx(λ),
we reduce the analysis of the infinite-dimensional Hilbert
space of the QW to examining the properties of a manageable
2 × 2 matrix, such as its determinant and trace. This reduc-
tion allows us to efficiently investigate the eigenvalues of the
time-evolution operator U and gain insights into the system’s
behavior without directly addressing the complexities of the
infinite-dimensional space.

This approach is particularly effective for studying local-
ization, as it enables us to identify conditions for eigenvalue
existence in a simplified manner. Moreover, the transfer ma-
trix not only determines the existence of eigenvalues but
also allows for the exact computation of both eigenvalues
and eigenvectors, providing a constructive and comprehensive
method for eigenvalue analysis.

1. Reducing the dimensionality

The eigenvalue equation for the QW is given by U� =
eiλ�, where � ∈ H is the eigenvector and eiλ is the eigenvalue
of U . To facilitate the analysis, this equation is transformed
into a system of linear equations that describe the relationship
between the components of the quantum state at different
lattice positions. The key feature of this model is that the shift
operator does not affect the second component of the quantum
state, allowing us to simplify the problem by reducing the
dimensionality to an equivalent two-state system.

The eigenvalue equation U� = eiλ� can be rewritten as
the following system of equations:

eiλ�1(x − 1) = a(1,1)
x �1(x) + a(1,2)

x �2(x) + a(1,3)
x �3(x),

eiλ�2(x) = a(2,1)
x �1(x) + a(2,2)

x �2(x) + a(2,3)
x �3(x),

eiλ�3(x + 1) = a(3,1)
x �1(x) + a(3,2)

x �2(x) + a(3,3)
x �3(x).

To simplify this system, we reformulate the equations by
isolating the dependence of �2(x) on �1(·) and �3(·). The
system now becomes the following:

eiλ�1(x − 1) = Ax(λ)�1(x) + Bx(λ)�3(x), (1)

eiλ�3(x + 1) = Cx(λ)�1(x) + Dx(λ)�3(x), (2)

�2(x) = a(2,1)
x �1(x) + a(2,3)

x �3(x)

eiλ − a(2,2)
x

, (3)

where

Ax(λ) = a(1,1)
x + a(1,2)

x a(2,1)
x

eiλ − a(2,2)
x

,

Bx(λ) = a(1,3)
x + a(1,2)

x a(2,3)
x

eiλ − a(2,2)
x

,

Cx(λ) = a(3,1)
x + a(3,2)

x a(2,1)
x

eiλ − a(2,2)
x

,

Dx(λ) = a(3,3)
x + a(3,2)

x a(2,3)
x

eiλ − a(2,2)
x

.

This reformulation highlights that �2(x) can be expressed
directly in terms of �1(x) and �3(x), while �1(x − 1) and
�3(x + 1) are determined by linear combinations of �1(x)
and �3(x). Thus, Eq. (3) is automatically satisfied, meaning
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that �2(x) is uniquely determined if �1(x) and �3(x) are
known. Thus, we can focus solely on conditions Eqs. (1) and
(2) for �1(x) and �3(x). Also, note that �2(x) does not affect
the square summability of � if Eq. (3) is satisfied. Therefore,
we can define a bijective map ι from {� ∈ H | � satisfies Eq.
(3)} to �2(Z;C2) by

(ι�)(x) =
[
�1(x − 1)

�3(x)

]
. (4)

Here, the inverse of ι is given as

(ι−1�̃ )(x) =
⎡
⎣ �̃1(x + 1)

Ex(λ)�̃1(x + 1) + Fx(λ)�̃2(x)
�̃2(x)

⎤
⎦

for �̃ ∈ �2(Z;C2), �̃(x) = [
�̃1(x)
�̃2(x)

]. We choose this defini-

tion of ι taking the elements of � diagonally to simplify the
discussion by expressing the recurrence relation between po-
sitions x and x + 1 using only the coin parameters at position x
(the transfer matrix introduced in the next subsection becomes
much simpler). Since we have this bijective map, we can
equivalently convert the eigenvalue problem for three-state
system on H to the two-state system on �2(Z;C2).

Lemma 1. For λ ∈ [0, 2π ), eiλ is an eigenvalue of U if and
only if there exists �̃ ∈ �2(Z;C2) such that

eiλ�̃1(x) = Ax(λ)�̃1(x + 1) + Bx(λ)�̃2(x), (5)

eiλ�̃2(x + 1) = Cx(λ)�̃1(x + 1) + Dx(λ)�̃2(x), (6)

and the corresponding eigenvector is given by ι−1�̃.

2. Transfer matrix on reduced space

From the previous subsection, we have reduced the eigen-
value problem for the three-state QW to a two-state system.
We will focus on Eqs. (5) and (6) for �̃ ∈ �2(Z;C2) to ana-
lyze the eigenvalue problem. The transfer matrix Tx(λ) is then
defined to encapsulate these relationships. It is a 2 × 2 matrix
that connects the �̃ ∈ �2(Z;C2) at position x to the state at
position x + 1. The elements of the transfer matrix are derived
from the components of the coin matrix, which are unitary
matrices that dictate the behavior of the QW at each position.
Equations (5) and (6) can then be expressed as following with
2 × 2 matrix Tx(λ), which we call transfer matrix:

�̃(x + 1) = Tx(λ)�̃(x).

The transfer matrix Tx(λ) is given by the following simplified
expression, derived from the unitarity of the coin matrix. A de-
tailed derivation is provided in Appendix A. When we define
ι in Eq. (4), we considered �1(x − 1) and �3(x) as the state
information, which significantly simplify the transfer matrix
for this model. This approach allows the transfer matrix to be
parametrized solely by the state information at site x:

Tx(λ) = 1

a(1,1)
x eiλ − ei�x a(3,3)

x

×
⎡
⎣ eiλ

(
eiλ − a(2,2)

x

) −a(1,3)
x eiλ − ei�x a(3,1)

x

a(3,1)
x eiλ + ei�x a(1,3)

x −ei�x
(
e−iλ − a(2,2)

x
)
⎤
⎦.

(7)

Here, ei�x is a determinant of the coin matrix det Cx. In
Proposition 1, we give the main statement for this subsec-
tion, where we convert the eigenvalue equation to a reduced
transfer-matrix equation. Note that when Ax(λ) = 0, which

also means a(1,1)
x eiλ = ei�x a(3,3)

x , we cannot construct a trans-
fer matrix. In this case, we must treat it separately. The
following proposition rewrites the statement of Lemma 1
using the transfer matrix. The proof of this proposition is
provided in Appendix A; there we show that Ax(λ) = 0 im-
plies Dx(λ) = 0. Thus, Eqs. (5) and (6) give the direct relation
�̃1(x) to �̃2(x) and �̃1(x + 1) to �̃2(x + 1) for Ax(λ) = 0
case, as detailed below.

Proposition 1. For λ ∈ [0, 2π ), eiλ is an eigenvalue of U if
and only if there exists �̃ ∈ �2(Z;C2) such that

(1) For x with Ax(λ) �= 0,

�̃(x + 1) = Tx(λ)�̃(x).

(2) For x with Ax(λ) = 0, there exists kx, k′
x ∈ C such that

�̃(x) = kxvx, �̃(x + 1) = k′
xwx,

where

vx :=
⎡
⎣a(3,3)

x a(3,2)
x

a(1,1)
x a(2,1)

x

⎤
⎦, wx :=

⎡
⎣a(1,1)

x a(1,2)
x

a(3,3)
x a(2,3)

x

⎤
⎦.

Then, the corresponding eigenvector is given by ι−1�̃.
This result allows us to convert the eigenvalue equa-

tion U� = eiλ� into a transfer-matrix equation. Now we
know that, to find the eigenvector � of U with eigenvalue
eiλ, we need to find a function �̃ : Z → C2 that satisfies
the condition in Proposition 1 and the square summability
condition

∑
x∈Z ‖�̃(x)‖2

C2 < ∞. In the next subsection, we
delve deeper into the properties of the transfer matrix, and we
will discuss the square summability of �̃ for the two-phase
model with finite defects, which gives us the main results of
this article.

III. SPECTRAL ANALYSIS FOR TWO-PHASE
QW WITH DEFECTS

In this section, we impose a condition essential for consid-
ering eigenvalue analysis with our method:

Cx =
⎧⎨
⎩

C∞, x ∈ [x+,∞),
Cx, x ∈ [x−, x+),
C−∞, x ∈ (−∞, x−),

where x+ � 0, x− < 0. This implies that the coin operator
is spatially homogeneous in the regions x � x+ and x < x−,
while allowing for arbitrary coin matrices in the finite interval
between x− and x+. We say the model with this condition as
two-phase QW with a finite number of defects. As a remark,
we can easily replace C±∞ with periodic coin matrices by
following the previous research [48]. However, we opt not
to explore this generalization, as it leads to notably more
complex notation.

A. Eigenvalue and eigenvector

We analyze the asymptotic behavior of �̃(x) as x → ±∞,
which is crucial for determining the square summability of �̃
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and, consequently, of �. For �̃(x) to be square summable,
it must decay as x → ±∞ ensuring the convergence of∑

x∈Z ‖�̃(x)‖2, when we can construct the transfer matrix
for x � x+ and x < x−. Since our model assumes the coin
matrix to be homogeneous in these regions, it is effective to
examine the spectral properties of the transfer matrix T±∞(λ).
The transfer matrix T±∞(λ) has advantageous properties for
such an analysis, most notably that the norm of its determinant
remains equal to 1 for any value of λ. This invariant determi-
nant simplifies the spectral analysis.

Lemma 2. For all λ ∈ [−π, π ) and x ∈ Z ∪ {±∞}, the
transfer matrix given by Eq. (7) satisfies

|det Tx(λ)| = 1.

The proof of this lemma is given in Appendix B 1. This
result confirms that the following two eigenvalues ζ+

x , ζ−
x of

the transfer matrix satisfy|ζ+
x ||ζ−

x | = 1 :

ζ±
x = tr(Tx ) ±

√
tr(Tx )2 − 4 det Tx

2
.

In this paper, we define the square root of the complex number
a = |a|eiθ , θ ∈ [0, 2π ) as

√
a = √|a|ei θ

2 . Consequently, we
designate ζ<

x as one of ζ±
x such that |ζ<

x | � 1, and ζ>
x such

that |ζ>
x | � 1. Additionally, we introduce |v>

x 〉 and |v<
x 〉 as

normalized eigenvectors of Tx corresponding to ζ>
x and ζ<

x ,
respectively. For �̃(x) to decay as x → ±∞, it is necessary
that both |ζ>

±∞| and |ζ<
±∞| are not equal to 1. We define the set

� as the set of λ for which this condition is satisfied:

� := {eiλ ∈ C | |ζ>
±∞| �= |ζ<

±∞|}.
The following lemma characterizes the set � in terms of the
trace of the transfer matrix.

Lemma 3.

� = {eiλ ∈ C | |tr(T±∞(λ))| > 2},
where the trace of the transfer matrix is given by

tr(Tx(λ)) = eiλ
(
eiλ − a(2,2)

x

) − ei�x
(
e−iλ − a(2,2)

x
)

a(1,1)
x eiλ − ei�x a(3,3)

x

.

The proof is given in Appendix B. This leads us to the
central result of this work, stated in the following theorem:

Theorem 1. For λ ∈ [0, 2π ), eiλ is an eigenvalue of U if
and only if there exists nonzero �̃ : Z → C2 such that Con-
ditions 1, 2, and 3 are all satisfied:

(1) Condition 1. For x ∈ [x−, x+),
(a) Case 1. Ax(λ) �= 0:

�̃(x + 1) = Tx(λ)�̃(x).

(b) Case 2. Ax(λ) = 0: There exists kx, k′
x ∈ C such

that

�̃(x) = kxvx, �̃(x + 1) = k′
xwx.

(2) Condition 2.
(a) Case 1. A∞(λ) �= 0: �̃(x+) = 0 or

|tr(T∞(λ))| > 2, T∞(λ)�̃(x+) = ζ<
∞�̃(x+).

(b) Case 2. A∞(λ) = 0: There exists kx+ ∈ C such that
�̃(x+) = kx+v∞, and for x > x+, there exists kx ∈ C such

that

�̃(x) =
{

kxv∞,
( a(3,3)

∞
a(1,1)

∞

)2 = a(1,2)
∞ a(2,1)

∞
a(3,2)

∞ a(2,3)
∞

,

0, otherwise.

Here, kx �= 0 only for finitely many x.
(3) Condition 3.

(a) Case 1. A−∞(λ) �= 0: �̃(x−) = 0 or

|tr(T−∞(λ))| > 2, T−∞(λ)�̃(x−) = ζ>
−∞�̃(x−).

(b) Case 2. A−∞(λ) = 0: There exists k′
x−−1 ∈ C, such

that �̃(x−) = k′
x−−1w−∞, and for x < x−, there exists kx ∈

C, such that

�̃(x) =
⎧⎨
⎩kxv−∞,

( a(3,3)
−∞

a(1,1)
−∞

)2 = a(1,2)
−∞ a(2,1)

−∞
a(3,2)

−∞ a(2,3)
−∞

0, otherwise.

Here, kx �= 0 only for finitely many x.
Furthermore, we have the following result on the multiplic-

ity of eigenvalues.
Proposition 2. The multiplicity of eiλ as an eigenvalue of

U is described as follows:
(1) dim ker(U − eiλ) = ∞ if and only if one of the follow-

ing holds:

A∞(λ) = 0,

(
a∞

33

a∞
11

)2

= a∞
12a∞

21

a∞
32a∞

23

,

A−∞(λ) = 0,

(
a−∞

33

a−∞
11

)2

= a−∞
12 a−∞

21

a−∞
32 a−∞

23

.

(2) If the condition of (1) does not hold, then the multiplic-
ity is finite and satisfies

dim ker(U − eiλ) � 1 + N (λ),

where N (λ) is the number of exceptional sites in the interval
[x−, x+):

N (λ) := |{x ∈ [x−, x+) : Ax(λ) = 0}|.
Equality holds exactly when, for every exceptional site x,
there exists an eigenstate for which the coefficients kx and k′

x
in Condition 1, Case 2 of Theorem 1 are both nonzero.

Proof. By Proposition 1, if Ax(λ) �= 0, then �̃ is uniquely
propagated by �̃(x + 1) = Tx(λ)�̃(x) and no new freedom
arises. If Ax(λ) = 0, the second case replaces this by �̃(x) =
kxux and �̃(x + 1) = k′

xwx, so each exceptional site can con-
tribute (at most) one extra degree of freedom, which is realized
exactly when an eigenvector exists with kx �= 0 and k′

x �= 0.
If an exceptional site occurs in a tail (A±∞(λ) = 0) and

the corresponding algebraic condition in (1) holds, then Theo-
rem 1 yields infinitely many linearly independent eigenvectors
from infinitely many choices of kx ∈ C, hence dim ker(U −
eiλ) = ∞. Otherwise, the only exceptional sites contribute to
the multiplicity lie in the finite defect region [x−, x+). Each
of the N (λ) exceptional sites can contribute at most one ad-
ditional independent choice, when an eigenvector exists with
kx �= 0 and k′

x �= 0, giving dim ker(U − eiλ) � 1 + N (λ). �
Let us define the set of eiλ ∈ C, where the transfer matrix

cannot be constructed at some position x:

�0 = {eiλ ∈ C | ∃x ∈ Z, Ax(λ) = 0}. (8)
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In practice, the case λ ∈ �0 can be considered sepa-
rately. To find eigenvalues for λ /∈ �0, we must check that
|tr(T±∞(λ))| > 2, and

T−∞(λ)�̃(x−) = ζ>
−∞�̃(x−),

T∞(λ)(T[x−,x+−1]�̃(x−)) = ζ<
∞(T[x−,x+−1]�̃(x−)),

where T[x,y] := Ty(λ) · · · Tx+1(λ)Tx(λ).
Thus, the theorem can be reformulated as the problem of

solving the equation χ (λ) = 0 for λ /∈ �0, as stated in the
following corollary.

Corollary 1. eiλ /∈ �0 is an eigenvalue of U , i.e., eiλ ∈
σp(U ), if and only if the following conditions are met:

|tr(T±∞(λ))| > 2,

χ (λ) := T[x−,x+]|v>
−∞〉 × |v<

∞〉 = 0.

Here, × denotes the cross product on C2 defined by
[x1 x2] × [y1 y2] = x1y2 − x2y1. Additionally, the multiplicity
of eiλ ∈ σp(U ) is 1 with a unique eigenvector ι−1�̃ (up to
global phase) given by

�̃(x) =

⎧⎪⎪⎨
⎪⎪⎩

(ζ<
∞)x−x+T[x−,x+−1]|v>

−∞〉, x+ � x,

T[x−,x−1]|v>
−∞〉, x ∈ (x−, x+),

(ζ>
−∞)x−x−|v>

−∞〉, x � x−.

As a remark, we note that the cross product in two di-
mensions is equivalent to the determinant. Thus, the condition
χ (λ) = 0 can be rewritten as

det[T[x−,x+]|v>
−∞〉, |v<

∞〉] = 0.

In the context of scattering theory, T[x−,x+]|v>
−∞〉 represents the

Jost solution propagated from −∞ to x+. Consequently, the
vanishing of this determinant implies that the Jost solutions
from +∞ and −∞ become linearly dependent at the spectral
parameter λ.

B. Essential spectrum

We now describe the spectrum of the unitary operator U ,
denoted by σ (U ), for the two-phase three-state quantum walk
with finitely many defects (including its continuous part).
By standard spectral theory, the spectrum admits the disjoint
decomposition:

σ (U ) = σdisc(U ) ∪̇ σess(U ), (9)

where σdisc(U ) is the discrete spectrum (the set of isolated
eigenvalues of finite multiplicity) and σess(U ) is the essential
spectrum; here, ∪̇ denotes a disjoint union, so that σess(U ) ∩
σdisc(U ) = ∅.

The essential spectrum is unchanged by finite defects and
is determined solely by the walk’s limiting behavior at ±∞.
Thus, for our two-phase QW with finite defects model, the
essential spectrum of the inhomogeneous walk U can be ex-
pressed in terms of the tail operators:

σess(U ) = σ (U−∞) ∪ σ (U+∞). (10)

Here, U−∞, U+∞ are homogeneous walks with constant coins
C−∞ and C+∞, respectively. For details, we refer to the gen-
eral results in Refs. [49,50].

Since the tail walks U±∞ are homogeneous (translation-
invariant), their spectra admit the standard fiber decomposi-
tion under the Fourier transform [29], so the continuous part
is purely absolutely continuous [49]. Moreover, any point
spectrum of a homogeneous walk can only come from a
k-independent (flat-band) eigenvalue of the fiber matrix, and
hence has infinite multiplicity. Consequently,

σ (U±∞) = σac(U±∞) ∪ σ∞
ess(U±∞), (11)

where σac(U±∞) is absolutely continuous and σ∞
ess(U±∞) con-

sists (if nonempty) of eigenvalues of infinite multiplicity. Our
transfer-matrix formalism captures σ∞

ess(U±∞) via Corollary 2,
which explicitly derives the corresponding eigenvalues and
shows that they arise only at the exceptional points �0 defined
in Eq. (8).

The absolutely continuous part can be derived using Weyl’s
criterion for the essential spectrum of U±∞ with nonexcep-
tional points λ /∈ �0. A value eiλ belongs to the essential
spectrum σess(U ) if and only if there exists a sequence of unit
vectors {�n}∞n=1 ⊂ H (a Weyl sequence) such that

(1) ‖�n‖ = 1 for all n,
(2) �n converges weakly to 0,
(3) ‖(U − eiλ)�n‖ → 0 as n → ∞.
Equivalently, for �̃n := ι�n ∈ �2(Z;C2), since ι is bijec-

tive, the condition is equivalent to the existence of a sequence
{�̃n}∞n=1 such that

(1) ‖�̃n‖ = 1 for all n,
(2) �̃n converges weakly to 0,
(3) ‖(ιU ι−1 − eiλ)�̃n‖ → 0 as n → ∞.
Here, note that the eigenvalue equation (ιU±∞ι−1 −

eiλ)�̃ = 0 is equivalent to the transfer matrix recurrence
�̃(x + 1) = T±∞(λ)�̃(x).

Also, since the walk has only finitely many defects, U is a
finite-rank (hence trace-class) perturbation of the tail operator
U±∞. Therefore, by the Kato-Rosenblum theorem (see, e.g.,
Refs. [51,52]), the absolutely continuous spectrum satisfies

σac(U ) = σac(U−∞) ∪ σac(U+∞).

Theorem 2. The spectrum of U can be decomposed as

σ (U ) = σdisc(U ) ∪ σ∞
ess(U ) ∪ σac(U ),

where
(1) Discrete spectrum (finite multiplicity):

σdisc(U ) = σp(U ) \ (σ∞
ess(U ) ∪ σac(U )

)
,

where σp(U ) is given in Theorem 1, and the multiplicity of
each eigenvalue is bounded by 1 + N (λ) (Proposition 2).

(2) Eigenvalues with infinite multiplicity:

σ∞
ess(U ) = σ∞

ess(U+∞) ∪ σ∞
ess(U−∞),

where

σ∞
ess(U±∞) =

{
eiλ

∣∣∣∣∣ A±∞(λ) = 0,

(
a±∞

33

a±∞
11

)2

= a±∞
12 a±∞

21

a±∞
32 a±∞

23

}
.

(3) Absolutely continuous spectrum:

σac(U ) = σac(U+∞) ∪ σac(U−∞),

where

σac(U±∞) = {eiλ | A±∞(λ) �= 0, |tr(T±∞(λ))| � 2}.
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Proof. The expression of σ∞
ess(U±∞) follows directly from

Corollary 2 applied to the tail operators U±∞. Also, Proposi-
tion 2 explicitly gives the expression for σ∞

ess(U ) and thus we
get σ∞

ess(U ) = σ∞
ess(U+∞) ∪ σ∞

ess(U−∞).
To determine the absolutely continuous spectrum of the

homogeneous tails U±∞, we restrict to the nonexceptional
regime A±∞(λ) �= 0, since A±∞(λ) = 0 only corresponds to
eigenvalues in σ∞

ess(U±∞). Moreover, if |tr(T±∞(λ))| > 2, then
every solution �̃(x) grows exponentially on one side, and
hence one cannot construct a Weyl sequence. Hence, we as-
sume |tr(T±∞(λ))| � 2 and A±∞(λ) �= 0. Then, T±∞(λ) has
an eigenvalue ζ±

±∞ with |ζ±
±∞| = 1, so there exists a non-

trivial solution �̃(x), which is uniformly bounded (‖�̃(x)‖
is bounded by some constant for all x) of the recurrence
�̃(x + 1) = T±∞(λ)�̃(x). Let χn be the indicator of the in-
terval {−n, . . . , n} and set �̃n := χn�̃

‖χn�̃‖ . Since �̃n fails to
solve the eigenvalue equation only near the two endpoints
of the interval, hence ‖(ιU±∞ι−1 − eiλ)�̃n‖ = O(n−1/2) → 0
as n → ∞. Therefore, {ι−1�̃n} is a Weyl sequence and eiλ ∈
σac(U±∞).

Finally, since Eqs. (10) and (11), the essential spectrum is
given by σ∞

ess(U ) ∪ σac(U ) and the discrete spectrum can be
characterized as σdisc(U ) = σp(U ) \ (σ∞

ess(U ) ∪ σac(U )) from
Eq. (9). �

Remark 1. Note that the above decomposition in The-
orem 2 does not rule out eigenvalues embedded in the
absolutely continuous band set, i.e., phases eiλ ∈ σp(U ) ∩
σac(U ).

Such embedded eigenvalues can be created by the finite
defect region when one tail is propagating at eiλ and an ad-
ditional degeneracy occurs at the defects (Ax(λ) = 0 at some
defect site), so that an exponentially decaying mode on one
side can be matched across the defect region to a propagating
mode on the other, producing an �2 eigenstate at a band
energy. Any embedded eigenvalues arising in this way have
finite multiplicity. In contrast, if one homogeneous tail has a
flat-band eigenvalue at eiλ while the other tail is propagating at
the same phase, then eiλ is an embedded eigenvalue of infinite
multiplicity. A complete characterization of the parameter
regimes producing embedded eigenvalues is left for future
work.

C. Example: homogeneous, one-defect, two-phase model

We will consider some simple models—homogeneous,
one-defect, and two-phase QWs—that have been extensively
studied, as examples to illustrate the main results.

1. Homogeneous model

Let us consider the simplest model where the coin matrices
are homogeneous on all position x ∈ Z. The coin matrix is
denoted as

Cx =
⎡
⎣a(1,1) a(1,2) a(1,3)

a(2,1) a(2,2) a(2,3)

a(3,1) a(3,2) a(3,3)

⎤
⎦.

In this setting, the eigenvalue problem becomes translation
invariant, where Fourier analysis can be applied directly, sig-
nificantly simplifies the analysis. The presence of a third

internal degree of freedom (due to the three coin states) results
in a more intricate spectral structure.

As a corollary of our main theorem, we can explicitly char-
acterize the eigenvalues and eigenvectors in this homogeneous
case. Notably, eigenvalues only arise when a specific algebraic
condition on the coin matrix entries is satisfied, indicating that
localization is a highly constrained phenomenon in homoge-
neous three-state QWs.

Corollary 2. The eigenvalue of the time evolution of ho-
mogeneous model is

σp(U ) =
{{

a(3,3)

a(1,1) ei�
}
, if

(
a(3,3)

a(1,1)

)2 = a(1,2)a(2,1)

a(3,2) a(2,3)
,

∅, otherwise,

and the corresponding eigenvectors are ι−1�̃, where �̃ satis-
fies that there exists kx ∈ C,

�̃(x) = kx

[
a(3,3)a(3,2)

a(1,1)a(2,1)

]
,

for all x ∈ Z. Here, kx �= 0 only for finitely many x.
Proof. From the main theorem, we can state that for λ ∈

[0, 2π ), eiλ �= a(3,3)

a(1,1) ei� (case A(λ) �= 0) is an eigenvalue of U if
and only if |tr(T (λ))| > 2 and there exists �̃ : Z → C2 \ {0}
such that

�̃(x) = T (λ)x�̃(0)

and

T (λ)�̃(0) = ζ<�̃(0) = ζ>�̃(0)

for �̃ to be exponentially decaying on both the left and the
right. However, since ζ< �= ζ>, �̃(0) = 0 and this yields �̃ =
0. Thus, only a(3,3)

a(1,1) ei� (case A(λ) = 0) could be an eigenvalue.

From the main theorem, eiλ = a(3,3)

a(1,1) ei� is an eigenvalue if and

only if ( a(3,3)

a(1,1)
)2 = a(1,2)a(2,1)

a(3,2)a(2,3)
and the corresponding eigenvector

becomes ι−1�̃ such that for each x ∈ Z, there exists kx ∈ Z
such that

�̃(x) = kx

[
a(3,3)a(3,2)

a(1,1)a(2,1)

]
.

�
This result confirms that localization does not generally oc-

cur in homogeneous three-state QWs unless specific algebraic
conditions are satisfied. Even when an eigenvalue exists, the
corresponding eigenstates are fundamentally different from
those obtained via the transfer-matrix method in the inhomo-
geneous case: They are not exponentially decaying but instead
are compactly supported (nonzero only at finitely many po-
sitions). This observation aligns with earlier findings in the
literature, such as those derived via Fourier analysis in Refs.
[29,53], and further motivates the study of inhomogeneous
models, where localization, characterized by exponentially
decaying eigenstates, emerges more generically.

2. One-defect model

The one-defect model introduces a localized perturbation
to an otherwise homogeneous QW. Specifically, the coin ma-
trix is modified at a single site, typically taken to be the origin

023201-7



KIUMI, AKAHORI, WATANABE, AND KONNO PHYSICAL REVIEW RESEARCH 8, 023201 (2026)

x = 0, while the coin is kept uniform elsewhere. This minimal
breaking of translational invariance is sufficient to drastically
alter the spectral and dynamical properties of the system. The
one-defect model is particularly important in the study of
QWs because it serves as a simple yet rich example of how
inhomogeneities lead to localization and bound states. The
one-defect model is defined such that C+∞ = C−∞ = C, and

Cx =
{

C0, x = 0,

C, x �= 0,

where we denote each element of C as

C =
⎡
⎣a(1,1) a(1,2) a(1,3)

a(2,1) a(2,2) a(2,3)

a(3,1) a(3,2) a(3,3)

⎤
⎦, ei� = det C.

Also, we write T±∞(λ) = T (λ), ζ<
±∞ = ζ<, and ζ>

±∞ = ζ>

for one-defect model. From a physical standpoint, it mimics
a quantum walker encountering a single scatterer or potential
barrier. It is also widely used in the context of quantum search
algorithms and quantum state transfer, where the defect plays
the role of a target or trap site. From our main theorem, we
can precisely characterize when localization occurs by iden-
tifying discrete eigenvalues of the time-evolution operator U .
These eigenvalues correspond to states that are exponentially
localized around the defect. The transfer-matrix formalism
developed in this paper enables us to reduce the problem
to verifying whether the matching conditions at the defect
site (involving T0(λ), T∞(λ), and their eigenvectors) admit a
normalizable solution.

Corollary 3. For λ ∈ [0, 2π ), eiλ is an eigenvalue of U if
and only if there exists �̃ : Z → C2 such that Conditions 1
and 2 are all satisfied.

(1) Condition 1.
(a) Case 1. A0(λ) �= 0:

�̃(1) = T0(λ)�̃(0).

(b) Case 2. A0(λ) = 0: ∃k1, k2 ∈ C,

�̃(0) = k1

⎡
⎣a(3,3)

0 a(3,2)
0

a(1,1)
0 a(2,1)

0

⎤
⎦, �̃(1) = k2

⎡
⎣a(1,1)

0 a(1,2)
0

a(3,3)
0 a(2,3)

0

⎤
⎦.

(2) Condition 2.
(a) Case 1. A(λ) �= 0: |tr(T∞(λ))| > 2 and

T (λ)�̃(1) = ζ<�̃(1),

T (λ)�̃(0) = ζ>�̃(0).

(b) Case 2. A(λ) = 0: ∃k1, k2 ∈ C,

�̃(0) = k1

[
a(1,1)a(1,2)

a(3,3)a(2,3)

]
, �̃(1) = k2

[
a(3,3)a(3,2)

a(1,1)a(2,1)

]
,

and for x �= 0, 1, there exists kx ∈ C such that

�̃(x) =

⎧⎪⎨
⎪⎩

kx

[
a(3,3)a(3,2)

a(1,1)a(2,1)

]
,

(
a(3,3)

a(1,1)

)2
= a(1,2)a(2,1)

a(3,2)a(2,3)
,

0, otherwise.

Here, kx �= 0 only for finitely many x.
This structure allows us to both numerically and ana-

lytically determine the presence of localized eigenstates. In

particular, the one-defect model admits two distinct types
of eigenstates, depending on the value of the eigenphase λ.
When Ax(λ) �= 0, the corresponding eigenstates exhibit ex-
ponential decay away from the defect site, representing true
localized states in the usual physical sense. On the other
hand, when Ax(λ) = 0, the eigenstates, if they exist, are
compactly supported, being nonzero only at a finite number
of positions. Thus, both exponentially decaying and finitely
supported eigenstates can arise in the one-defect model, de-
pending on the algebraic properties of the coin matrices
and the eigenvalue under consideration. This rich spectral
structure demonstrates how even a single defect can induce
localization in various forms and highlights the flexibility of
our transfer-matrix approach in capturing both behaviors.

3. Two-phase model

Finally, we consider the two-phase model, where the time
evolution differs between the left and right halves of the
lattice. That is, the coin matrix takes two distinct values de-
pending on whether x < 0 or x � 0. This model has been
widely studied in the context of quantum localization and
topological insulators, where phase boundaries can give rise
to localized edge states. The two-phase model is defined such
that C+∞ �= C−∞ and

Cx =
{

C+∞, x � 0,

C−∞, x < 0.

As a direct consequence of our main theorem, we obtain the
following spectral condition for the emergence of localized
modes at the interface between two distinct coin matrices.
Physically, this result captures how the abrupt change in coin
matrices across the origin gives rise to bound states localized
near the phase boundary—analogous to edge states in topo-
logical insulators. The corollary provides a precise criterion
for the existence of such localized eigenstates, which may
either decay exponentially or be confined to a finite region,
depending on the algebraic structure of the transfer matrices.

Corollary 4. For λ ∈ [0, 2π ), eiλ is an eigenvalue of U if
and only if there exists �̃ : Z → C2 such that Conditions 1
and 2 are satisfied.

(1) Condition 1.
(a) Case 1. A∞(λ) �= 0:

T∞(λ)�̃(0) = ζ<
∞�̃(0).

(b) Case 2. A∞(λ) = 0: There exists k ∈ C such that

�̃(0) = k

⎡
⎣a(3,3)

∞ a(3,2)
∞

a(1,1)
∞ a(2,1)

∞

⎤
⎦,

and for x > 0, there exists kx ∈ C such that

�̃(x) =

⎧⎪⎨
⎪⎩

kx

[
a(3,3)

∞ a(3,2)
∞

a(1,1)
∞ a(2,1)

∞

]
,

(
a(3,3)

∞
a(1,1)

∞

)2

= a(1,2)
∞ a(2,1)

∞
a(3,2)

∞ a(2,3)
∞

,

0, otherwise.

(2) Condition 2.
(a) Case 1. A−∞(λ) �= 0: |tr(T−∞(λ))| > 2:

T−∞(λ)�̃(0) = ζ>
−∞�̃(0).
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(b) Case 2. A−∞(λ) = 0: There exists k ∈ C, such that

�̃(0) = k

⎡
⎣a(1,1)

−∞ a(1,2)
−∞

a(3,3)
−∞ a(2,3)

−∞

⎤
⎦,

and for x < 0, there exists kx ∈ C, such that

�̃(x) =

⎧⎪⎪⎨
⎪⎪⎩

kx

⎡
⎣a(3,3)

−∞ a(3,2)
−∞

a(1,1)
−∞ a(2,1)

−∞

⎤
⎦,

(
a(3,3)

−∞
a(1,1)

−∞

)2

= a(1,2)
−∞ a(2,1)

−∞
a(3,2)

−∞ a(2,3)
−∞

,

0, otherwise.

This characterization reveals that, like the one-defect
model, the two-phase model also supports both exponentially
localized eigenstates and compactly supported eigenstates.
When both A+∞(λ) and A−∞(λ) are nonzero, the resulting
eigenstates decay exponentially toward x → ±∞, forming
physically localized edge states centered at the phase bound-
ary. In contrast, when either A±∞(λ) = 0, eigenstates—if they
exist—must be compactly supported and are confined to a
finite region. The coexistence of these two types of localized
modes underscores the versatility of the two-phase model
and illustrates the power of the transfer-matrix formalism in
capturing both spectral and spatial localization features.

IV. NUMERICAL ANALYSIS ON FOURIER WALK

In this section, we demonstrate how to numerically find
the eigenvalues of a three-state QW. In previous studies, the
eigenvalue analysis of the generalized Grover walk has been
conducted [26]. The Grover walk model exhibits a symmetry
that simplifies eigenvalue analysis significantly. In contrast,
this article focuses on the eigenvalue analysis of QWs with
general coin matrices, allowing us to numerically determine
the exact eigenvalues of non-Grover-type QWs.

To highlight the strength of our approach, we focus on the
Fourier walk, a canonical example of a three-state QW with
a non-Grover-type coin. The Fourier walk, which employs
the discrete Fourier matrix as its coin operator, has been
previously studied in this context [45–47]. Due to its lack
of symmetry, the Fourier walk presents greater challenges in
eigenvalue analysis compared to Grover-type walks. Never-
theless, our main theorem provides a systematic framework
for numerically determining eigenvalues even in such non-
symmetric cases.

The coin matrix used in the Fourier walk is the discrete
Fourier transform over Z3, defined by

F = 1√
3

⎡
⎣1 1 1

1 ω ω2

1 ω2 ω

⎤
⎦,

where ω = ei 2π
3 .

Unlike the Grover coin, the Fourier coin lacks symme-
try and has complex off-diagonal structure. This introduces
considerable challenges for spectral analysis, particularly in
detecting and classifying localized eigenstates.

Nonetheless, our main theorem offers a direct route for
numerically identifying exact eigenvalues even in the absence
of such simplifying structures. By reducing the eigenvalue
problem to a two-component recurrence and evaluating the

determinant condition associated with the composed transfer
matrix, we can effectively locate discrete eigenvalues. This
is particularly useful for analyzing spatially inhomogeneous
configurations, such as one-defect and two-phase Fourier
walks, where localization may occur.

A. One-defect model

We begin our numerical analysis with the one-defect
Fourier walk, a simple yet revealing example of how a lo-
calized perturbation can influence the spectral structure of a
three-state QW. In this model, the Fourier coin is applied uni-
formly across the lattice, except at the origin, where a phase
eiθ , θ ∈ (0, 2π ] is introduced. The coin operator is defined as

Cx =
{

eiθ F, x = 0,

F, x �= 0.

From direct computation using the structure of the Fourier
matrix, we identify the set of eigenphases λ that satisfy the
algebraic condition Ax(λ) = 0, which are

�0 = {ωe−iθ ei�, ωei�}.
These eigenphases correspond to cases where the transfer
matrix loses rank and special (compactly supported) solutions
could potentially exist. However, the following proposition
shows that no such nontrivial eigenstates actually arise for
these values.

Proposition 3. For a one-defect Fourier walk,

�0 ∩ σp(U ) = ∅.

Proof. From Corollary 3, we can state that eiλ = ωei� is
not eigenvalue of U since �̃(x) becomes 0 for all x ∈ Z. Also,

we prove that a(3,3)
0

a(1,1)
0

ei�0 is not eigenvalue of U by contradiction.

Assume that eiλ = a(3,3)
0

a(1,1)
0

ei�0 ∈ σp(U ), then we must have �̃ :

Z → C2 such that for some k1, k2 ∈ C:

�̃(0) = k1

[
ω2

1

]
, �̃(1) = k2

[
ω

1

]

and

T �̃(0) = ζ<�̃(0) and T �̃(1) = ζ>�̃(1).

However, by direct calculation, we obtain that such �̃ does
not exists other than 0. �

This proposition confirms that the special points in �0

do not contribute to the point spectrum of the one-defect
model. Consequently, our numerical search for eigenvalues
can be restricted to eiλ /∈ �0, where the full machinery of the
transfer-matrix formalism applies.

In Fig. 1, we plot the function χ (λ) for several values of
the defect phase θ . The zeros of χ (λ) indicate the presence of
eigenvalues. Figure 2 presents the corresponding probability
distributions for the localized states, clearly demonstrating
localization around the defect site. These results show how
tuning the phase at a single site can control the emergence or
disappearance of localized modes.
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FIG. 1. The plot of |χ (λ)| from Corollary 1 for different values of θ in the one-defect Fourier walk. Only values of χ (λ) for λ ∈ � are
plotted, and the red line indicates λ ∈ �0. By Corollary 1, we see that λ is an eigenvalue when |χ (λ)| = 0. Numerically, we can confirm that
panel (a) has three, panel (b) has four, and panels (c) and (d) each have six eigenvalues of U causing localization.

B. Two-phase model

Next, we analyze the two-phase Fourier walk; the coin
matrix differs between the left and right halves of the lat-
tice, introducing a discontinuity at the origin that mimics a
phase boundary. Such models are of significant interest in the
study of topological phases, where localized edge states are
expected to emerge at the interface between different quantum
“phases.” Here, we consider two-phase Fourier walk defined
by the coin operator, where we apply a relative phase that
distinguishes the two regions eiθ , θ ∈ (0, 2π ] for x � 0:

Cx =
{

F, x < 0,

eiθ F, x � 0.

As in the one-defect case, we first identify the set �0 of
exceptional eigenphases at which the transfer matrix loses
rank:

�0 = {ωei�, ωeiθ ei�}.

These values potentially allow compactly supported eigen-
states, depending on whether certain algebraic conditions are
met. However, as shown in the following proposition, neither
of these eigenphases actually contributes to the point spec-
trum. The following proposition can be proved similarly to
Proposition 3 by investigating Corollary 4.

Proposition 4. For a two-phase Fourier walk,

�0 ∩ σp(U ) = ∅.

This result simplifies the numerical task of locating eigen-
values in the two-phase model: We need only consider eiλ /∈
�0, where exponentially localized solutions may exist and be
captured by our transfer-matrix framework.

In Fig. 3, we plot the determinant function χ (λ) for several
values of the phase parameter θ . The zeros of χ (λ) indicate
the existence of discrete eigenvalues. Figure 4 displays the
probability distributions corresponding to these eigenphases,
revealing localized states centered at the phase boundary.
These results vividly demonstrate how a simple phase jump
across the origin can give rise to spatially localized eigen-
modes, analogous to edge states in topological systems. The
ability of our method to detect and characterize such states in
a non-Grover setting underscores its generality and practical
power.

V. CONCLUSION AND DISCUSSION

In this paper, we developed a general transfer-matrix
method for analyzing the spectral properties of space-
inhomogeneous three-state quantum walks on the integer
lattice with general coin matrices. This extends previous re-
sults [26], which were limited to specific classes such as
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FIG. 2. Probability distribution μ
(�0 )
t (x) for the one-defect Fourier walk with different values of θ at time 100 with initial state �0(0) =

[ 1√
3
, i√

3
, 1√

3
]
t

and �0(x) = 0 for x �= 0. All of panels (a)–(d) have a peak around the origin, which indicates localization. The result shown in
Fig. 1 corresponds to these localization.

Grover-type coins, to a broader class of models including
non-Grover-type coins like the Fourier matrix. Furthermore,
we explicitly characterized the essential spectrum, identifying
both the flat-band eigenvalues with infinite multiplicity and
the absolutely continuous spectrum. This completes the full
spectral classification of the model. Our approach reduces
the eigenvalue problem of the original three-state QW to a
tractable two-component recurrence relation, enabling an ex-
plicit characterization of eigenvalues and eigenstates through
a 2 × 2 transfer-matrix formalism. We derived a necessary and
sufficient condition for the eigenvalue problem in the case of
two-phase QWs with a finite number of defects, providing a
mathematical characterization and enabling a precise analysis
of localization phenomena in these systems.

As a concrete application of our framework, we numer-
ically analyzed the Fourier walk—a three-state QW with a
coin matrix not amenable to earlier analytic techniques—
under one-defect and two-phase settings. Despite the fact that
the homogeneous Fourier walk is known to be delocalized,
our results confirm that both the one-defect and two-phase
modifications induce localization. We verified the existence
of discrete eigenvalues via plots of the function χ (λ) and
demonstrated localization through the time evolution of the
probability distribution.

These results not only provide insights into the spectral
theory of three-state QWs but also highlight the effectiveness
of our method in studying localization beyond symmetric

models such as the Grover walk. Our framework is partic-
ularly relevant for exploring quantum transport phenomena,
topological phases, and the stability of localized states under
perturbations.

A. Physical implications

Our transfer-matrix framework provides a complementary
and rigorous method for analyzing the spectrum of three-state
quantum walks. In particular, the eigenvalue conditions estab-
lished in Theorem 1 allow for a precise characterization of
localized states induced by defects or phase boundaries, while
the resulting three-way spectral decomposition offers a clear
physical interpretation of the dynamics generated by general
three-state coins:

(1) Discrete eigenvalues in σdisc(U ) correspond to genuine
defect or edge modes that decay exponentially away from the
inhomogeneous region. Any initial state with nonzero overlap
on such eigenvectors exhibits persistent localization near the
defect, as confirmed numerically in Sec. IV.

(2) Flat-band points in σ∞
ess(U ) arise from special sym-

metries of the tail coins and support massively degenerate,
compactly supported states. These modes are spatially local-
ized but form part of the essential spectrum due to their infinite
multiplicity.

(3) The absolutely continuous part σac(U ) corresponds
to extended states. For initial conditions overlapping only
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FIG. 3. The plot of |χ (λ)| from Corollary 1 for different values of θ in the two-phase Fourier walk. Only values of χ (λ) for λ ∈ � are
plotted, and the red line indicates λ ∈ �0. By Corollary 1, we see that λ is an eigenvalue when |χ (λ)| = 0. Numerically, we can confirm that
panel (a) has no eigenvalue, panel (b) has one, panel (c) has two, and panel (d) has three eigenvalues of U causing localization.

with this part, the walk exhibits ballistic spreading and
delocalization.

Altogether, the transfer-matrix approach not only pin-
points the eigenvalues and their associated eigenstates, but
also integrates them into a unified spectral picture in which
extended bands, possible flat bands, and defect-induced lo-
calized modes coexist. This structure explains the diverse
localization and spreading phenomena observed in space-
inhomogeneous three-state quantum walks and highlights the
utility of spectral methods for their analysis.

B. Connections to topological phases and quantum algorithms

From a physical perspective, the exponentially local-
ized eigenstates that appear at boundaries between different
asymptotic coins can be naturally interpreted as edge states
in the language of topological quantum walks [1,2]. In par-
ticular, in models where the bulk time-evolution operators
admit a topological classification, the transfer-matrix method
detects discrete eigenvalues in quasienergy gaps as elements
of σdisc(U ) in Theorem 2; these eigenvalues correspond to the
gap states associated with bulk-edge correspondence. On a
more fundamental level, it would be an interesting direction
to explore the relationship between the spectral structure ana-
lyzed in this study and the index theorems [54]. Specifically,

clarifying whether the number of solutions to χ (λ) = 0 cor-
responds to a certain Fredholm index would provide a more
rigorous mathematical foundation for the bulk-edge corre-
spondence in three-state models. Moreover, the structure of
the flat-band sector carries additional physical significance:
Gapped flat bands are relatively easy to isolate and can support
strongly correlated or Mott phase, whereas gapless flat bands
may give rise to critical or semimetal-like behavior and are
associated with unconventional transport phenomena [55]. A
systematic derivation of the relevant bulk invariants for gen-
eral three-state walks is left for future study.

Quantum walks also provide a powerful framework for
designing search algorithms on graphs and lattices, and more
generally, preparing target states with high probability. A key
insight is that the success probability and time-to-solution
of quantum walk search depend critically on the spectral
properties of the underlying walk operator. For instance, lack-
adaisical quantum walks [56–60] where additional self-loops
are introduced at each vertex have been widely studied as
an effective mechanism to improve search efficiency on both
regular lattices and more general graphs. Reference [9] also
showed that by introducing an interpolated walk—a modifi-
cation that effectively adds a self-loop like stay transition to
the underlying chain—one can construct a general framework
for quantum-walk search algorithms on arbitrary graphs. In
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FIG. 4. Probability distribution μ
(�0 )
t (x) for the two-phase Fourier walk with different values of θ at time 100 with initial state �0(0) =

[ 1√
3
, i√

3
, 1√

3
]
t

and �0(x) = 0 for x �= 0. All of panels (a)–(d) have a peak around the origin, which indicates localization. The result shown in
Fig. 3 corresponds to these localization.

these models, the presence of self-loops modifies the coin
operator and hence the spectral gap, directly influencing the
algorithmic speedup.

The connection between quantum singular value trans-
formation (QSVT)—a general framework for quantum
algorithms—and split-step quantum walks used to probe
topological phases has recently been explored in Ref. [21].
Because QSVT is fundamentally about shaping and control-
ling the spectrum of embedded operators within a unitary
evolution, it is natural to speculate that similar spectral princi-
ples may underlie both algorithmic speedups and topological
phenomena. In particular, introducing suitable symmetries or
structured coins in our three-state model may enrich its spec-
tral landscape in ways reminiscent of topological quantum
walks. Establishing a unified viewpoint that bridges topolog-
ical phases and quantum speedup via the spectral analysis of
quantum walks therefore presents an intriguing direction for
future research.

C. Limitation and future works

While our analysis covers a broad class of space-
inhomogeneous three-state quantum walks, it still has im-
portant limitations. In this work, we restrict attention to
walks that are asymptotically homogeneous on both sides
(two-phase tails) with only finitely many defects in between.
This setting already includes many standard models such
as finite-defect and two-phase interfaces, but it does not

encompass completely general inhomogeneous coins with ar-
bitrarily long-range or disordered variations.

A natural direction for future work is to extend the
transfer-matrix formalism beyond the two-phase setting. One
promising avenue is to treat walks periodic tails by directly ap-
plying techniques in Ref. [48]. An even richer generalization
is to incorporate random or quasiperiodic inhomogeneities,
where the spectral properties can be governed by Lyapunov
exponents and ergodic cocycle theory, following approaches
used in studies of localization and fractality in inhomogeneous
quantum walks [61], and in recent works on Anderson local-
ization for quasiperiodic CMV matrices and quantum walks
[62,63].

Moreover, it opens up possibilities for extending similar
spectral analyses to multistate QWs involving many particles
[64–66], as well as to higher-dimensional QWs [67,68]. A
future work could be to extend our framework to multiparticle,
multistate QWs and to higher-dimensional lattices. For a two-
dimensional grid [67] that remains translationally invariant
along one axis but not the other, we can apply a Fourier
transform in the invariant direction, reducing the problem to
an effective four-state walk on a one-dimensional lattice with
two self-loops. This reduction lets us deploy our transfer-
matrix formalism unchanged, opening the door to rigorous,
analytic treatment of two-dimensional QWs, precisely the
regime where rich localization phenomena, nontrivial topo-
logical phases, and scalable quantum-algorithmic applications
are expected to emerge.
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We expect that this research will provide a foundational
basis for the rigorous spectral analysis of the broader and
more complex quantum-walk models outlined above, ulti-
mately contributing to a comprehensive mathematical theory
of inhomogeneous quantum walks.
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APPENDIX A: PROOF OF PROPOSITION 1

In this Appendix, we provide a detailed derivation of the
transfer matrix. The transfer matrix plays a key role in sim-
plifying the study of the QW’s eigenvalue equation U� =
eiλ�, allowing us to reduce the problem to a 2 × 2 matrix
that encapsulates the relationships between components of the
quantum state across different lattice sites. The transfer matrix
Tx(λ) is defined such that it relates �̃ ∈ �2(Z;C2) at adjacent
positions x and x + 1 through the following conditions:

eiλ�̃1(x) = Ax(λ)�̃1(x + 1) + Bx(λ)�̃2(x), (A1)

eiλ�̃2(x + 1) = Cx(λ)�̃1(x + 1) + Dx(λ)�̃2(x), (A2)

where

Ax(λ) = a(1,1)
x + a(1,2)

x a(2,1)
x

eiλ − a(2,2)
x

, Bx(λ) = a(1,3)
x + a(1,2)

x a(2,3)
x

eiλ − a(2,2)
x

,

Cx(λ) = a(3,1)
x + a(3,2)

x a(2,1)
x

eiλ − a(2,2)
x

, Dx(λ) = a(3,3)
x + a(3,2)

x a(2,3)
x

eiλ − a(2,2)
x

,

so that ι−1�̃ ∈ H satisfies the eigenvalue equa-
tion U (ι−1�̃ ) = eiλ(ι−1�̃ ). Then, the transfer matrix is
derived by the reformulation of Eqs. (A1) and (A2) as

�̃(x + 1) = Tx(λ)�̃(x),

where the transfer matrix Tx(λ) is given by

1

Ax(λ)

[
eiλ −Bx(λ)

Cx(λ) −e−iλ(Bx(λ)Cx(λ) − Ax(λ)Dx(λ))

]
.

From this expression, the transfer matrix can be constructed
only if Ax(λ) �= 0, and we will discuss this case later in this
section. Recall that the coin matrix Cx is a 3 × 3 unitary
matrices, which is written as follows:

Cx =

⎡
⎢⎢⎣

a(1,1)
x a(1,2)

x a(1,3)
x

a(2,1)
x a(2,2)

x a(2,3)
x

a(3,1)
x a(3,2)

x a(3,3)
x

⎤
⎥⎥⎦.

The unitarity of the coin matrix implies that the conjugate
transpose is equal to the inverse of Cx. Therefore, we can write

Cx = ei�x

⎡
⎢⎢⎢⎣

det C(1,1)
x −det C(1,2)

x det C(1,3)
x

−det C(2,1)
x det C(2,2)

x −det C(2,3)
x

det C(3,1)
x −det C(3,2)

x det C(3,3)
x

⎤
⎥⎥⎥⎦,

where ei�x = det Cx and C(i, j)
x denote the 2 × 2 submatrix

obtained by excluding the ith row and jth column of Cx.
Using the above expression, we can simplify each component
of the transfer matrix as

Ax(λ) = a(1,1)
x eiλ − ei�x a(3,3)

x

eiλ − a(2,2)
x

,

Bx(λ) = a(1,3)
x eiλ + ei�x a(3,1)

x

eiλ − a(2,2)
x

,

Cx(λ) = a(3,1)
x eiλ + ei�x a(1,3)

x

eiλ − a(2,2)
x

,

Dx(λ) = a(3,3)
x eiλ − ei�x a(1,1)

x

eiλ − a(2,2)
x

,

and we can further calculate

Ax(λ)Dx(λ) − Bx(λ)Cx(λ)

= det C(2,2)
x eiλ − ei�x

eiλ − a(2,2)
x

= −ei(λ+�x ) e−iλ − a(2,2)
x

eiλ − a(2,2)
x

.

Hence, we can simplify the expression of the transfer matrix
as

Tx(λ) = 1

a(1,1)
x eiλ − ei�x a(3,3)

x

×
⎡
⎣ eiλ

(
eiλ − a(2,2)

x

) −a(1,3)
x eiλ − ei�x a(3,1)

x

a(3,1)
x eiλ + ei�x a(1,3)

x −ei�x
(
e−iλ − a(2,2)

x
)
⎤
⎦.

Nextly, we assume Ax(λ) = 0 where we cannot construct the
transfer matrix. First, we state the following lemma.

Lemma A1. For all λ ∈ (0, 2π ], we have

Ax(λ) = 0 ⇐⇒ Dx(λ) = 0.

Proof. We assume that Ax(λ) = 0, which means

ei(λ−�x ) = a(3,3)
x

a(1,1)
x

and
∣∣a(3,3)

x

∣∣ = ∣∣a(1,1)
x

∣∣.
Then, we can easily calculate that

Dx(λ) =
∣∣a(3,3)

x

∣∣2 − ∣∣a(1,1)
x

∣∣2
a(3,3)

x − a(1,1)
x a(2,2)

x e−i�x

= 0.

023201-14



SPECTRAL ANALYSIS OF THREE-STATE QUANTUM … PHYSICAL REVIEW RESEARCH 8, 023201 (2026)

Similarly, Dx(λ) = 0 implies

ei(λ−�x ) = a(1,1)
x

a(3,3)
x

and
∣∣a(1,1)

x

∣∣ = ∣∣a(3,3)
x

∣∣
and Ax(λ) = 0. �

Assume Ax(λ) = 0. By our previous lemma, this implies

Dx(λ) = 0. Given this, we have eiλ = ei�x a(3,3)
x

a(1,1)
x

= ei�x a(1,1)
x

a(3,3)
x

and

�̃1(x) = e−iλBx(λ)�̃2(x),

�̃1(x + 1) = eiλC−1
x (λ)�̃2(x + 1),

where

Bx(λ) = a(1,3)
x a(3,3)

x + a(1,1)
x a(3,1)

x

a(3,3)
x − e−i�x a(1,1)

x a(2,2)
x

= ei�x
a(3,2)

x

a(2,1)
x

,

Cx(λ) = a(3,1)
x a(3,3)

x + a(1,1)
x a(1,3)

x

a(3,3)
x − a(1,1)

x a(2,2)
x e−i�x

= ei�x
a(2,3)

x

a(1,2)
x

.

Therefore, we can further calculate the equations:

a(1,1)
x a(2,1)

x �̃1(x) = a(3,3)
x a(3,2)

x �̃2(x),

a(3,3)
x a(2,3)

x �̃1(x + 1) = a(1,1)
x a(1,2)

x �̃2(x + 1),

and the statement is proved.

APPENDIX B: PROOF OF MAIN RESULTS

This Appendix is dedicated to the proof of the main results
presented in this paper.

Theorem 1 and its corollaries, which establish the nec-
essary and sufficient conditions for the eigenvalue problem,
and they can be directly proved by following the discussion
in Section III A to consider the square summability of �̃ in
Proposition 1. Lemmas 2 and 3 are the core properties of
the transfer matrix, which are essential for the proof of the
main theorem. The proof of these propositions is provided in
Appendixes B 1 and B 2, respectively.

1. Proof of Lemma 2

Proof. By direct calculation, we have∣∣a(1,1)
x eiλ − ei�x a(3,3)

x

∣∣2
= ∣∣a(3,3)

x eiλ − ei�x a(1,1)
x

∣∣2
= ∣∣a(1,1)

x

∣∣2 + ∣∣a(3,3)
x

∣∣2 − 2Re
(
a(1,1)

x a(3,3)
x ei(λ−�x )

)
.

Therefore,∣∣∣∣Ax(λ)

Dx(λ)

∣∣∣∣
2

=
∣∣a(1,1)

x eiλ − ei�x a(3,3)
x

∣∣2∣∣a(3,3)
x eiλ − ei�x a(1,1)

x

∣∣2 = 1,

which implies

| det Tx(λ)| =
∣∣∣∣Ax(λ)

Dx(λ)

∣∣∣∣ = 1.

�
2. Proof of Lemma 3

Proof. To begin, we establish that

tr(T±∞) = det(T±∞)tr(T±∞). (B1)

The trace and determinant of the transfer matrix can be
calculated as

tr(T±∞) = eiλ
(
eiλ − a(2,2)

x

) − ei�x
(
e−iλ − a(2,2)

x
)

a(1,1)
x eiλ − ei�x a(3,3)

x

,

det(Tx(λ)) = Dx(λ)

Ax(λ)
.

The trace can be rewritten using Ax(λ) and Dx(λ) as

tr(T±∞) = eiλ

Ax(λ)
+ e−iλ

Dx(λ)
.

Since |Ax(λ)| = |Dx(λ)| by a previous proposition, it fol-
lows directly that tr(T±∞) = det(T±∞)tr(T±∞) holds.

Now, we proceed to the main statement. To find the neces-
sary and sufficient condition for |ζ+

±∞| �= |ζ−
±∞|, we consider

the case where

|ζ+
±∞| = |ζ−

±∞|,
which is equivalent to

Re(tr(T±∞)
√

tr(T±∞)2 − 4 det(T±∞)) = 0. (B2)

Assuming tr(T±∞) �= 0, by Eq. (B1), we have

det(T±∞) = tr(T±∞)

tr(T±∞)
.

Substituting this into Eq. (B2) gives

tr(T±∞)
√

tr(T±∞)2 − 4 det(T±∞)

=
√

|tr(T±∞)|2(|tr(T±∞)|2 − 4). (B3)

Thus, the condition |tr(T±∞)|2 − 4 � 0 is necessary and
sufficient for Eq. (B2) to hold, meaning |ζ+

±∞| = |ζ−
±∞|. If

tr(T±∞) = 0, it is clear that |ζ+
±∞| = |ζ−

±∞| holds as well, with
|tr(T±∞)|2 − 4 = −4 � 0.

By concluding the above discussions, we have proved
|ζ+

±∞| �= |ζ−
±∞| if and only if |tr(T±∞)|2 − 4 > 0. �
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