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Quantum-enhanced t-stochastic neighbor embedding for high-dimensional data visualization
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t-distributed stochastic neighbor embedding (t-SNE) is a nonlinear dimensionality reduction algorithm that
preserves local similarity by matching probability distributions between high- and low-dimensional spaces.
Owing to its ability to capture complex manifold structures, t-SNE has become a widely used technique for
high-dimensional data visualization. However, it still faces significant computational challenges when dealing
with large-scale datasets. In this paper, we present a quantum-enhanced t-SNE algorithm that achieves a quadratic
speedup with respect to the number of data samples. Specifically, three unitary operators are constructed using
quantum arithmetic and comparators to compute the probability distributions. By integrating them with the
Hadamard transform, the gradients of the Kullback-Leibler divergence can be efficiently computed. Moreover,
since a complete quantum procedure is provided, our method surpasses the performance of existing quantum

variants.

DOLI: 10.1103/w8b9-7zt9

I. INTRODUCTION

Dimensionality reduction is a fundamental task in ma-
chine learning that aims to represent high-dimensional data in
a lower-dimensional space while preserving essential struc-
tures and information [1]. It is commonly employed as
a preprocessing step to improve the efficiency of subse-
quent data analysis. In particular, by mapping data into a
low-dimensional (two- or three-dimensional) space, it facil-
itates visualization [2,3], enabling identification of trends
and patterns that are difficult to discern in the original
space. Among various dimensionality reduction methods, t-
distributed stochastic neighbor embedding (t-SNE) [4] is one
of the most widely used for data visualization. It seeks a
suitable low-dimensional representation by minimizing the
Kullback-Leibler (KL) divergence between the probability
distributions in the high- and low-dimensional spaces. Com-
pared to classical methods such as principal component
analysis and linear discriminant analysis, t-SNE is more
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effective in visualizing complex datasets. However, classical
t-SNE has a time complexity of O(N2D) for a dataset with
N samples of D dimensions. This quadratic dependence on
sample size makes it scale poorly to large datasets, posing a
significant limitation in the era of big data.

Quantum computing leverages the principles of superpo-
sition and entanglement in quantum mechanics to achieve
significant speedups for certain computational problems
[5-8]. These advancements have also motivated researchers
to explore the potential of quantum computing for more
efficient dimensionality reduction [9-13], including efforts
to accelerate t-SNE. In 2022, Kawase et al. [14] proposed
a parametrized t-SNE algorithm based on quantum neural
networks. In this approach, high-dimensional data are input
into a quantum neural network (i.e., the parametrized quan-
tum circuits, PQCs), and a low-dimensional representation is
obtained by measuring its output. Subsequently, they inves-
tigated another mapping approach [15], where the swap test
was employed to calculate the inner products between high-
dimensional data points, which are then incorporated into a
kernel function to obtain the low-dimensional embeddings.
While both approaches demonstrate the potential advantages
of quantum computing in specific steps of the t-SNE algo-
rithm, the overall time complexity is still largely influenced by
the remaining classical steps. As a result, these methods still
face challenges when applied to large-scale datasets. Inspired
by their valuable contributions, we further investigate how
quantum computing can accelerate t-SNE.
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In this paper, a quantum t-SNE algorithm with a time com-
plexity of O(NDpolylog(ND)) is proposed, which achieves a
speedup over its classical counterpart. As mentioned above,
the key to t-SNE is to minimize the KL divergence, which
requires efficient computation of its gradient. To achieve
this, we design three unitary operators and give a gradient
computation procedure. Specifically, the unitary operator Uj,
constructed based on quantum arithmetic and phase estima-
tion, is used to calculate the similarity between any two
samples. The other two operators, U, and U,, are designed
to compute the probability distributions of the high- and low-
dimensional data, respectively. The gradient vector required
for optimization is then calculated using these operators. In
contrast to previous work [16] that computes gradients using
the swap test, our approach employs quantum arithmetic and
the Hadamard transform to achieve a more precise extraction
of gradient components. Overall, a comprehensive analysis
shows that the proposed algorithm provides a fully quan-
tumized framework with explicit time complexity and error
bounds, while comparative studies with Barnes-Hut t-SNE
and existing quantum t-SNE approaches highlight its theoret-
ical advantages.

The remainder of this paper is organized as follows. In
Sec. II, a classical t-SNE algorithm and other related works
are reviewed. Section III presents the quantum algorithm for
t-SNE, followed by a detailed complexity analysis and com-
parison in Sec. I'V. Finally, conclusions are drawn in Sec. V.

II. RELATED WORK

In this section, we first give an overview of the classical
t-SNE with its main procedure and time complexity, and then
introduce the existing two quantum t-SNE methods [14,15].

Given a dataset with N samples {x,-}f": » Where x; =
(xi1, Xi2, - . ., xip)T € RP represents a column vector of di-
mensions D. The objective of t-SNE is to map these
data points into a low-dimensional space while maintaining
similarity between the points. The map is determined by
minimizing the KL divergence between the similarity-based
data distribution in the high-dimensional space and that in the
low-dimensional space. Suppose that the dataset mapped into
the low-dimensional space is denoted as {yi}?’: 1> Where y; =
its Yizs -5 Yia)T € R? (d « D) is the data after projection
of the ith original data x; into the d-dimensional space. It is
worth noting that the dimension of the low-dimensional space
is usually 2 or 3 for visualization. Specifically, the t-SNE
algorithm consists of the following steps:

(1) Calculate the similarity of the data points in high-
dimensional space. For the given dataset, calculate the
similarity between any two data points x; and x;,

C_x2
Sij = exp <——”xl il >, (1)

207

where o; is the Gaussian variance for data x;. The value of
o; is determined from the quantity called perplexity, Perp, =
2~ L piloapii which is a user-specified value (typically be-
tween 5 and 50), where p;; is the conditional probability
distribution defined by Eq. (3).

(2) Construct a probability distribution P in the high-
dimensional space. Compute probability distributions for
high-dimensional data

Pji + Pilj
Dij = %, (2)
where
exp ( _ Hxi_xj”2) s
202 ij
pjli = ' =~ 3

2
Zk;éi exXp ( - HXQTXZA”) §

is called the conditional probability distribution. Similarly,
Dilj = % Specifically, to avoid the disturbance of self-
similarity for x;, we set s;; = 0 ensuring that p;; = 0.

(3) Initialization: Initialize the low-dimensional data
randomly.

(4) Construct a probability distribution Q in the low-
dimensional space. Unlike the probability distribution for
high-dimensional data, the probability distribution for low-
dimensional data is determined by t-distribution with one
degree of freedom,

g = (L + lly; _yj'”z)fl
Ty —y DY

For convenience, denote #;; = (1 + [ly; —yj||2)’1, then g;; =

“

i L= ; =
P In the same way, we set #;; = 0 ensuring that g;; =

(5) Minimize the KL divergence
Dij
C=) KLE|0)=)_ Zp,»,-logzq—{. )
i j Y

i
The gradient of the cost function for y; is described as

aC

o, =4 (pij — @ip) ti 0, —¥;). (6)
! J

So, as for the kth (k=0,1,...,d — 1) element of y,, the

corresponding gradient of yj is

aC
o =43 (pij — i) tij Ok — Yji)- (N
! J

(6) Update the low-dimensional data according to the gra-
dient update rule

a
yl(l+1)=y,(l)_77 l=1723'7N7 (8)

3y ()’
where / =0, 1, 2, ... denotes the iteration number and n > 0
is the learning rate. Repeat steps 4 and 5 until / = L or the
function converges. Finally, we can visualize data by plotting
the resulting low-dimensional data.

As for the time consumption of the classical t-SNE algo-
rithm, it is mainly divided into two parts. One is to calculate
the similarity and probability distribution of high-dimensional
data points, and the other is to calculate the probability dis-
tribution of low-dimensional data points in each iteration of
the gradient descent optimization. Among them, the similar-
ity computation primarily involves calculating the Euclidean
distance, which has a complexity of O(D) [1]. Therefore,
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computing pairwise similarities and their corresponding prob-
ability distribution for N data points requires O(N>D) time.
Similarly, the time complexity of computing the probability
distribution of low-dimensional data points in each iteration
is O(N?d). Since d is usually set as 2 or 3, its impact can be
considered negligible. If only one iteration is considered, the
time complexity of the classical t-SNE is O(N?D). To mini-
mize the cost, we need to iteratively calculate the probability
distribution of low-dimensional data to update the gradient. If
the number of iterations is L, the total complexity of the t-SNE
algorithm is O(N*(D + L)) for a dataset with N samples [17].

It is well known that the high computational complexity
of t-SNE limits its performance when handling large-scale
high-dimensional data. To address this issue, van der Maaten
proposed the Barnes-Hut t-SNE algorithm [18,19]. By in-
troducing two key approximation techniques, namely, sparse
approximation of high-dimensional affinities and cluster-
based approximation of low-dimensional repulsive forces, the
algorithm reduces the computational complexity of each gra-
dient iteration to O(Nlog,N). Specifically, the original t-SNE
gradient [i.e., Eq. (6)] is decomposed into an attraction term
and a repulsion term, namely,

aC

al. = 4(Fattr

ay - Frep)

=4 Zpijlij(vi—){;)—ZQijlij(Yi—yj) ,
J J

where Fy and F, denote the attractive and repulsive force
contributions, respectively. When computing the attractive
term, Barnes-Hut t-SNE utilizes vantage-point trees [20] to
construct a nearest-neighbor structure in high-dimensional
space within O(Nlog,N) time. This results in a sparse simi-
larity matrix P, thereby avoiding the computational overhead
of evaluating high-dimensional similarity for all point pairs.
For the repulsive term, the algorithm constructs a Barnes-Hut
tree structure [21] in the low-dimensional embedding space,
such as a quadtree when the embedding dimension is two,
and employs the Barnes-Hut condition to determine whether
a group of distant points can be approximated by a single
centroid. In this manner, exact repulsive force computations
over all point pairs are avoided.

By leveraging these two approximation strategies, Barnes-
Hut t-SNE can handle larger datasets while maintaining
visualization quality. However, it also has two inherent lim-
itations. In particular, Barnes-Hut t-SNE does not provide
any error bounds [22]. Moreover, the size of the Barnes-Hut
tree grows exponentially with the embedding space dimen-
sion, which makes the method primarily practical for two- or
three-dimensional embedding spaces [18]. Therefore, to fur-
ther enhance t-SNE’s scalability and visualization efficiency
for large-scale data, researchers have attempted to integrate
the unique advantages of quantum computing into classical
algorithms.

Recently, Kawase et al. proposed two quantum t-SNE
algorithms: quantum parametric t-SNE and quantum kernel
t-SNE. In parametric t-SNE [14], parametrized quantum cir-
cuits with 6, similar to classical neural network, are designed

to generate a low-dimensional mapping of high-dimensional
data, i.e.,y; = f(x;|0). Then, p;;, g;; for all pairs and the cost
function C [i.e., Eq. (5)] are computed on a classical computer.
Finally, the parameters in PQCs are updated until C is min-
imized. Although this method achieved better visualization,
optimizing the design and parameters of the PQCs requires
multiple accesses to a quantum computer [15]. Moreover, it
also inevitably falls into barren plateaus and local optima [23],
which affects the optimization results.

In order to resolve these issues and realize quantum
data visualization, Kawase et al. proposed quantum ker-
nel t-SNE [15]. The kernel t-SNE maps x; to y; via y; =
Z’;]:_Ol ak(x;, x;), where K(x, %) is a kernel function. In the
quantum algorithm, the kernel is defined by the fidelity of
quantum states representing data, which is calculated by the
swap test circuit on a quantum computer. Then, the parameters
«; € R? are determined by minimizing the cost function C,
which is performed entirely on a classical computer.

In summary, these two approaches primarily apply quan-
tum computing to certain steps of t-SNE, but they do not fully
address the overall computational challenges of the algorithm.
As aresult, they still encounter limitations when dealing with
large-scale datasets. In the following, we propose a quantum
algorithm that achieves a more comprehensive quantization of
t-SNE, addressing these challenges more effectively.

III. A QUANTUM ALGORITHM FOR VISUALIZING

In this section, a quantum version of the t-SNE algorithm is
proposed. According to the analysis in Sec. I, it is necessary
to minimize the cost function shown in Eq. (5) to obtain the
data representation in low-dimensional space. That is, Eq. (7)
needs to be calculated. To accomplish this task, we design a
quantum algorithm with the following steps. First, we con-
struct the operator U; to calculate the similarity of any two
points. Then, the operators U, and U, are designed to calculate
the probability distribution of the high-dimensional data and
that of the low-dimensional data, p;; and ¢;;, respectively.
Finally, the gradient can be obtained with these operators. An
outline of our proposed algorithm is shown in Fig. 1, and its
specific quantum implementation is described in detail in the
following four sections.

In our algorithm, we assume that the classical data are
loaded to quantum settings via the following quantum oracles:

Ox = [)1k)|0) — [0} k) |xix ),
Oy : |i)1k}[0) — [d)[k) [yix),
Os : 1i)|0) — [i)]0i), (€))

where x;; (yi) means the kth element of the ith sample in the
dataset {x;} ,({y;}_.}) and o; represents the Gaussian vari-
ance corresponding to each sample. Without loss of generality,
we assume that each eigenvalue x; of the data point x; is
normalized to [0, 1] and represented using 4 bits of precision.
The oracles can be achieved via the quantum random access
memory (QRAM) [24-26], so that these three oracles can
access the elements of x;, y;, and o in times O(polylog(ND)),
O(polylog(Nd)), and O(polylogN), respectively.
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FIG. 1. The whole process of the proposed algorithm, where {x; € RP}Y | is the dataset, {y;(0) € R?}Y , is the initial low-dimensional data,

¢ is the precision, 7 is the learning rate, and 7 is the iteration number.

A. Construction of Uy

To obtain a low-dimensional representation of high-
dimensional data, t-SNE approximates the probability dis-
tribution of the data in high- and low-dimensional space.
Therefore, the first step in our quantum algorithm is to effi-
ciently compute the high-dimensional probability distribution
pij» which is based on pairwise similarities s;; between data
points. To achieve this, it is essential to construct the unitary
operator that implements

Us < 10)17)10) = 10)1)Isij)» (10)

as depicted in Fig. 2. More details can be expressed by the
following steps.

Step (1.1): Prepare the initial state [i);]j),|0®!°%2P);
|0®"y,4]0®")5, where the subscript numbers represent the index
of registers and /4 is the number of qubits required to store the
data information. Then, perform the Hadarnard gate on each
qubit in register 3 to yield |i);])2 Y by flk )3]0®7)4|0®H) 5.
After that, Oy is executed, respectively, on registers 1, 3, 4
and registers 2, 3, 5 to access the dataset to get

D—1
1
li)1l ) 22 k)alxie)alxji)s - (11
k=0 D
10) [

‘
‘
|
oo k| |-
=
=l

|
1
|
|
|
|
|
|
B
|
|
]
dND

FIG. 2. The quantum circuit of computing the similarity between
samples. QA denotes the quantum arithmetic, CMP is the compara-
tor, and exp(—x) stands for the exp(—x) gate.

Step (1.2): Quantum arithmetic [27] is performed on regis-
ters 4 and 5 to get the state

D-1
i) 117} 22 )31k )4 lXix
o VD

Step (1.3): Add one qubit and rotate it from [0)¢ to ¢ (xj —
xjk)|1>6 + \/1 — C%(X,‘k — x‘,-k)2|0)6 controlled on |x; — x.,'k>5,
where ¢; = (maxy |xj; —xjk|)’1. At this point, the system
state is denoted as |i){]7)2]¢i;)3—6, Where

— Xji)s- (12)

D—

l@ij)3- D k)3 lxik)alxie — xjx)s
p

._‘

® (1 (i — x| 1) + \/1 — e (xik — xjx)?|0)s).
Denote the process from step (1.1) to step (1.3) as A,
A D) 117)210)3-6 = D) 11))219ij)3-6

If we only consider the subsystem, i.e., registers 3—6, the
unitary operation is denoted as A;; and acts as follows:

Aij|0)3—6 = l@ij)3—6 = Sin@ij|§0i1j>3,6 + cos 9ij|¢?j>3,6-

2 2
_ [l —x; |

N2
It is easy to verify sin® 0i; = Lid ();')k ) . That

is, if we can estimate sin 0,_, successfully, we can derive
the Euclidean distance between samples x; and x;. Ac-
cording to quantum amplitude estimation, the operator Q =
—AR;_¢AR¢ can be defined, where the subscript denotes the
register on which R acts and R3_¢ = I — 2|0)3_¢(0]3—¢, R¢ =
I —2]0)6(0]¢. When considering its role in registers 3—6, it is
equivalent to Q;; = —A;;jR3_6A;;Rs.

Step (1.4): Add a multiqubit register |0); and perform
amplitude estimation [28,29] to yield

liY11)219i )36l 2 — x;11%)7. (13)

It is important to note that ||x; — x_,~||2 =0wheni=j.

Step (1.5): A multiqubit register |0)g is added, then O,
is performed on registers 1 and 8 to prepare a. After that,
quantum arithmetic [30] is performed on registers 7 and 8 to

023265-4



QUANTUM-ENHANCED t-STOCHASTIC NEIGHBOR ...

PHYSICAL REVIEW RESEARCH 8, 023265 (2026)

generate

lle; —x ;11

o 2
[ 117)210ij)3—6lllxi —x;117)7 2072

> . (14
8

Finally, perform the inverse operators on registers 3—7 and
discard these registers; the state becomes

Cx 12
llx; —x;l > (15)
8

1011702 207

Clearly, the similarity s;; can be calculated based on the data
in register 8. Note that it is necessary to ensure s; = 0 when
i = j to eliminate the influence of self-similarity.

Step (1.6): Append an auxiliary particle |0), and perform
the comparator [31] to judge whether i and j are equal. The
state becomes

o e —x5012
|l)1|J)2‘— 18ij)as (16)
2‘71'2 8 !

where §;; is the Kronecker delta, defined as 6;; = 1 if i = j,
and §;; = 0 otherwise.

Step (1.7): Perform the exp(—x) gate (with details given
in Appendix) controlled on |3;;),. Specifically, when §;; = 0,
perform the exp gate; otherwise, no operation is performed.
The system state becomes

|2} 117)21si7)810)a
11)117)210)8[1)a,

i+,
i=J. (17)

where s;; = exp (—%). Obviously, the data stored in reg-
ister 8 represent the similarities between samples, and s; = 0
fori = j.

Finally, perform the inverse operator of step (1.6) and
discard the auxiliary particle. The final state of the system is
described as [i)1])2]si;)s-

It is worth noting that the above process primarily applies
to classical data. To extend the method to quantum data,
we adopt the strategy introduced in Refs. [14,15], where the
Euclidean distance in the similarity metric is replaced by a
fidelity-based distance between quantum states, namely,

llei —xj1% = 1= F(ya), 1¥,)),

where [¢;) is a set of quantum data and F(|v;), |¥;)) =
|(¢,-|1//‘,~)|2 is the fidelity of |;) and [v;). Then, according
to the method proposed in Ref. [32], the fidelity between all
quantum state pairs can be estimated in parallel by combining
the swap test with amplitude estimation. Consequently, this
enables the transformation

[)1)10) = [ — F (), [¥;)).

Afterward, by appending a multiqubit register |0) and ap-
plying the operator O, and quantum arithmetic, we obtain a
quantum state analogous to that in Eq. (15). Subsequently,
executing the operations in steps (1.6) and (1.7) enables us
to evaluate the similarity among quantum data.

B. Construction of U,

In this step, we build the unitary operator U, to calcu-
late the probability distribution of the high-dimensional data,

= - e B
I, 7] z ! — 1,
1 I !
[ > > ' *
|1‘)27%t- U,H = ~ : ! i),
L Us+ l |
10y, A+— | ——
| U | |
| s Ust| |
10}y 7~A—— Ut ——
P! N !
10}y ~—+—1 -
1 : — I 7
10} ; T Ipi),
1

FIG. 3. The circuit for calculating the probability distribution of
high-dimensional data, where U is the circuit shown in Fig. 2, Uy, is
described as steps (2.1)—(2.3), and SWAP is used to exchange the data
in registers 1 and 2.

which acts as

Up = 1D)1)10) = [0)7)|pij)- (18)

A sketch of the quantum circuit for this operator is given in
Fig. 3 and the specific operation is described below.

To calculate p;;, it is necessary to encode the value s;. =
letol s;j as a quantum state. This requires the implementation
of the operator

Uss 2 1D)10) — [i)]si.). 19)

Here, we first give the implementation of Uk, .

Step (2.1): Prepare the initial state as |i);]0)2|0)3]0)5]0)4.
Apply the Hadamard gate on each qubit of regis-
ter 2, followed by the unitary operation U; to obtain

i 32720 S lid2lsihal0)sl0)a.
Step (2.2): Rotate [0), to ,/5ij|1)p + /1 — 5i;]0), con-

trolled on [s;;)3. The state becomes

N—1
1
li)1 Y —=li)alsida(/5511)s + /T = 5;10)5)[0)a.  (20)
=0 VN

Step (2.3): Estimate the value of s;. using the following two
methods.

(1) The first one is based on the assumption of QRAM. Ac-
cording to Eq. (20), for the ith sample, measuring the auxiliary
qubit in the computational basis {|0), |1)}, the probability of

obtaining the outcome |1) is P;; = # = sﬁ From this,

s;. fori =0,..., N — 1 can be estimated in the preprocessing
stage and stored in QRAM. Subsequently, s;. can be retrieved
from QRAM into the register |0)4.

(2) The second approach employs amplitude estimation.
Let B be the unitary operation that generates the state in
Eq. (20), i.e., Bli)1|0)23,5 = li)114i)2.3.6, Where [pi)23 =

N—1
sin6;|¢!)2.3.5 + cos 6;|¢%)2 3.5, and sin §; = ¥ Zf; Rl
this implies s;. = N x sin” 6;. Therefore, s;. can be gained
via parallel amplitude estimation, and the operator is Uy =
—BR, 3 ,BRy.

We can obtain the quantum state

. Clearly,

N—-1
1
li)1 Y —=lidalsijda(/si11)s + /T = 5;;10)p)lsi)a. (21)
j=0 VN
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1) N

17,

|| [y =), /

| Step 3.1 Distance estimation |

FIG. 4. The circuit for unitary operator U,. The circuit diagram on the left side of the figure is used to estimate distance |ly; —y;

d=2.

Perform the inverse processes of steps (2.1) and (2.2), and
discard registers 2, 3, b, giving the state |i);|s;.)4. That is, we
have achieved the unitary operation U .

Step (2.4): Initialize the state as [i)1]7)2]0)3]0)4|0)5]|0)s,
and then perform the operator Us and swap, ,Ugswap, , to
prepare [s;;) and |sj;), respectively. Here, swap, , means to
exchange the contents of registers 1 and 2. Next, Uy, are
performed to prepare |s;.) and |s;.). The system state becomes

[ 11 7)21si5)3ls:)als5i)s]s.)6. (22)

Step (2.5): Perform quantum arithmetic [30]. First, quan-
tum division is performed on registers 3 and 4 and registers 5
and 6, respectively, and then the data in registers 4 and 6 are
added together. After that, the quantum state becomes

[ 11 )215:;)318:)alsi)51pij)6s (23)

s,,

where p;; = S’f ). Finally, perform the inverse opera-

G-
21v
tions of step (2. 4) with the registers 3-5 rolling back to the

initial state and discarded. The final state is

1) 117)21pij)e- (24)

That is, we have achieved the unitary operation U),.

C. Construction of U,

The key of the t-SNE algorithm is to make the prob-
ability distribution g;; of the data in the low-dimensional
space approach to the probability distribution p;; of the high-
dimensional data. In this section, we will construct the unitary
operator U, that achieves

Uy = 1DI)10) = 1017 gi)) (25)

as depicted in Fig. 4. The specific operation is described
below.

Step (3.1): Estimate Euclidean distances in low-
dimensional data. Unlike high-dimensional data, the
dimensions of low-dimensional data are 2 or 3, which
can be easily estimated using quantum addition and
multiplication operations [33]. As shown in Fig. 4, as
long as the low-dimensional data are accessed via Oy, it is

| U | pon
'i>l7L—'_| g 1 . IL liyy
5 | I
ﬂ' g | . !
17, g 1 —j),
[ e [
LI a | Uel
|0>57L_:_ s < | :
I
I [
0, 74 L ms
I
[0} ———F—
v T ______
10, |qu>7
U,

I? for

not difficult to obtain the quantum state

11120 ly; = ¥;1%)s. (26)

Step (3.2): Add an ancilla qubit |0)., and perform the
comparator [31] to generate the state

)12 ly; = 317518 27

where §;; is the Kronecker delta. Then, perform quantum ad-
dition controlled by §;; to obtain #;;. Specifically, if the ancilla
qubit is |0)., add the data in register 5 by 1; otherwise, leave
it unchanged. That is, the state becomes

1 117)211 4+ 1y = ¥,11P)5100e, i 5 j,

11)117)210)5[1)e, i=J (28)

Step (3.3): Append a multiqubit register |0)¢ and perform
controlled quantum arithmetic to obtain #;;. When §;; =0,
quantum arithmetic [34] is performed in registers 5 and 6;
otherwise, no operation is applied. Then, the state becomes

117211+ 1y; = y;1%)510)cltij)e. L%,

11)117)210)511)¢|0)6, =] (29)
Then, the inverse operators of steps (3.1) and (3.2) are per-
formed to get |7)1]j)2ti;)6-

Steps (3.1)—(3.3) amount to an unitary operation that acts
as

U 2 10)117)210)6 = [D)11/)21t)6.- (30)

Step (3.4): Prepare the state as Z” Zol117)21t)610) g
with the operator U,, and then rotate [0)g to /Bijl1)a +

/1 —110)4. The state becomes

= Z li)i1i2lti)e(/Eij1 1 + T = £11000). (1)

le

Then, measure the ancillary qubit to yield |1),4; the proba-
N—1
bility is % Namely, by this step we can estimate 7' =
vaj_zlo t;; for the subsequent calculation.
Step (3.5): Prepare the state as |i){]j)2|t;)310)4 with the

operator U,, and then perform quantum arithmetic [30] on
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FIG. 5. Compute the gradient. U,, U,, and U, are the unitary
operators designed in Secs. III B and III C, respectively.

registers 3 and 4, which yields the quantum state

[ 117)218)31Gi5) 45 (32)

where g;; =;;/T is the probability distribution of the data
in low-dimensional space. Finally, perform U,T to roll back
register 3 as |0) and discard it to obtain the state as Eq. (25).
In other words, the operation U, has been successfully imple-
mented.

D. Computation of gradients

After calculating the probability distributions for the high-
and low-dimensional data, we will give the procedure for
calculating the gradient. It is worth noting that in order
to determine the next direction of optimization for low-
dimensional data, we need to know the sign of each gradient
component. To achieve this, we utilize the technique of am-
plitude product sign determination [35], which is summarized
in the following lemma.

Lemma 1 (Amplitude product sign determination [35]).
Given a normalized single-qubit state |&) = a|0) + b|1),
where a > 0, ab # 0 and a®> 4+ b? = 1. There is a procedure
to determine the sign of b with a probability greater than or
equal to 1 — 7 using %((% + b]_z) copies of |£).

The full steps to calculate the gradient are shown in Fig. 5.
In the following, we provide a detailed description.

Step (4.1): Prepare the state |i); Z, 0 f|J>2|0>3 |0)4]0)s,
and then perform the unitary operators U,, U,, and U; to
generate

f Z |i)21pi)31ij)altis)s. (33)

Step (4.2): Append additional multiqubit registers
|k)6|0)7]0)s, where k=0,...,d —1 1is the index of
dimension d. Then, perform Oy on registers 2, 6, and 7
to get |yjx)7. Finally, quantum arithmetic [36] is performed

on register 7 to obtain the quantum state
N-1

1
>lﬁ ]Z:; [/)21pij)3lqgij)altij)s|k)elyi — yik)710)s.  (34)

Step (4.3): Perform quantum addition and multiplication
[33] to obtain the quantum state

N—-1

| l|k \/—le 2|p11)3|%1)4|t11)5|y1k _yjk>7|rzjk>8 (35)

Obviously, € =

where Tijk = (Pij o

4 Z j ri k-
Step (4.4): Add an auxiliary qubit |0)9 and rotate it to
czr,]kll o+ vV1—c3 2 .10)o controlled on register 8, where
= (max;j |r; ]k|) Then undoing the processes of steps
(4.1)—(4.3) makes the registers 3-5, 7, and 8 return to their
initial states and discards them. We obtain the following state:

— gip)tii(Vik — Yjk)-

N-1

1
li)11k)e fZO|j>z(c2r,-,-k|1>9+,/ — c3r2,10%).  (36)

Step (4.5): Perform the gate H®'°#V on register 2 to derive

N—1IN-1

( 1)/*1
ZZ

/o;o

® (carijelg + (/1 = 377, 10)o). (37

For any i and k, measure register 2 to get [0),
with probability P(O) where N, = (Z?]:_o] cariji ) +

(Z,j:_o 1 —c3r jk) . Then, the final state of the last register

18

NZ’

Zczr,,k|19+2 3200 | (39

At this time, measure the last register to get |1)9; the prob-
N—1 2

ability is P(1) = =0
the absolute value of the gradient is obtained, i.e., |avk| _

|4 Zj Tijkl = 4@ x /P(1). Furthermore, from Eq. (38), we
observe that the amplitude of |0)g is strictly positive. That is,
the sign of the amplitude of |1)g (i.e., the sign of the gradient)
can be inferred by the sign of the product of these amplitudes.
Therefore, according to Lemma 1, the sign of the gradient can
be estimated.

In conclusion, the proposed approach can implement the
key steps of t-SNE on a quantum computer, yielding a
low-dimensional mapping that preserves the essential charac-
teristics of the original data through optimization. To illustrate
the advantages of our proposed method, a detailed time com-
plexity analysis will be given in Sec. IV.

. Obviously, an approximation of

IV. COMPLEXITY ANALYSIS

In this section, we present a detailed analysis of the pro-
posed algorithm. First, each component of the algorithm is
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FIG. 6. The circuit of f(x) = exp(—x).

analyzed to derive the overall time complexity. Then, a com-
parative analysis is conducted against the classical t-SNE
algorithm and two existing quantum approaches. The results
demonstrate the advantages of our method in several aspects.

A. Analysis for each step of the proposed algorithm

The first step is to evaluate the time complexity of the
operator Uy. In step (1.1), the complexity is O(polylog(ND))
that comes from preparing the required data by Hadamard
gates and Ox. Here, assume that O(h) qubits are sufficient
to accurately encode (xjx — xjr), and the time complexi-
ties of quantum arithmetic [36] and controlled rotation [37]
are O(poly (h)). Moreover, when the precision of quantum
arithmetic is eh =27", the time complexity of step (1.2)
is 0(p01y10g ) Then we consider the complexity of step
(1.4). Accordlng to Ref. [34], the time complexity of the
amplitude estimation is related to the Grover operator Q;;
and the accuracy €,. Specifically, the complexity of building
the Grover operator Q;; consists mainly of steps (1.1)—(1.3),
namely, O(polylog(ND) + poly (h)). Let €, be the error in
estimating the amplitude. Since the controlled operator Q;;
needs to perform 1/¢, times, the complexity of step (1.4) will
be O(w ). The error in estimating the Euclidean
distance is

Allx: — x:1? = Tl — e — x|
[|x; xj” = ||lx; -xj” [|x; xj” |
- - 2
= [l — x;11% = llxi — 2112 + [l — x;01% — llx; — x;117]

D .~ Ly~ —
= ?(Sln2 Qij — sin? 9,’]) + Z (X — )Cjk)2
1 k

- Z(xik — )’
k

D . o -
< z| sin 2¢;; (0;; — 0;)| + Z |G — Xj)2

k
2
— (g — X)) |
D
< 2 + 2Dy, (39
1
where Ax means the error of *, and ||x; — )cj||2 and ||x; — )cj||2

denote the estimates of [lx; — x; |* obtained via amplitude es-
timation and quantum arithmetic, respectively. ¢;; between 6;;

and 6;; and the third equation follow from Lagrangian median
theorem.

In step (1.5), the complexity of performing O, is
O(polylog N), the time complexity of quantum arithmetic is
O(poly (h)), and the time complexity of the inverse operation
is the same as in steps (1.1)—(1.4). The comparator in step
(1.6) and its inverse operation are executed in O(polylog N).
In step (1.7), based on the analysis in Ref. [36] and the
quantum circuit for the exp gate shown in Fig. 6, the time
complexity of the exp gate can be determined as O(poly h).
Then, we analyze that the error in calculating s;; is

llx; — x;012
201'2

2
X Allx; — x|

Asij = |$ij — sijl

llx; — x;112 <
=lexp| ———=—=— | —exp| -

201'2

| exp(—§;j)| x )

i

<! Dt (40)
X X | €4 €n |,
201%11n C% "

where &;; between HX’;G ?HZ and HX’;G ?Hz, and o, denotes the
minimum value among all {oi}.

Therefore, the total time complexity to construct Uy is
O(W). To ensure that the overall error in
computing ”s,~_,~ is bounded by € (i.e., As;j =€), and if
the error introduced by amplitude estimation and quan-

2 2
tum arithmetic are €/2, we can get €, = “2%¢ = O(¢/D)

2
and ¢, = ‘g*l‘:‘;‘e = O(e/D). In this case, the cost of quan-

tum arithmetic and controlled rotation is O(poly(h)) =
O(polylog(D/¢€)). Consequently, the time complexity of the
unitary operation to calculate the similarity between samples
is O( D(polylog(ND)+polylog(D/e)) ).

The second €step is to analyze the time complexity of

preparing the state |p;;). As described in the above analysis,
D(polylog(ND)+poly(h)) ).

the time complexity of step (2.1) is O(
The time complexity of the controlled rotation in step (2.2) is
O(h). In step (2.3), there are two manners to compute |s;.).
In the first approach, assuming that the measurement error
is € (ie., zlv|zj Sij — 2_; 8ijl = €, 3_; Sij is obtained by the
measurement), then O(1 /62) measurements are required to
obtain the classical data. So, we can load the data |s;.) into
the quantum state in the following step within time O(logN).
The second is to use the amplitude estimation. Similarly to
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the previous analysis of step (1.4), the time complexity of
this step is primarily determined by the time required to pre-
pare the quantum state given in Eq. (20). Let the precision
of estimating 6; be € (i.e., |@,~ — 0| =€, 9,- is obtained by
phase estimation), then the time complexity of this step is
o2 (p"lyk’g(}: Dyipoly) ) Regardless of which method is used,
the error of s;. can be calculated:

A%ﬂl\,x X/E—Z%
J J

1 ~ ~ ~
:NX Zsij—Zsij -+ ZS,‘J'—ZSU
J J J J

1 . A ~
< N X N}st@i x (0; — 9,)‘ + ; |S,‘j — Sij
1
gNX(NG%—NG):ZG. 41)

Then, we get that the time of U, is O(D(pOIylog(z?HpOly(h))).
Therefore, the time complexity of step (2.4) is the time to
perform U, and Uy, . In step (2.5), the time for quantum arith-
metic is less than step (2.4), which can be ignored. Finally, we

know that the time complexity of the unitary operator U, is

O( D(polylog(N?Hpoly(h)) )
- .
Here, we analyze the error of estimating p;;. According to

the error propagation theorem [38], the error of p;; can be
calculated by

1
Apij ~ ﬁ\/(Apj\i)z + (Api;)?

1
< ﬁ(APm + Apyj), (42)

where Apjj; can be gained via

T, As;j As;.
s (B 29)

i Sij S;.
AS," Si 'AS,‘.
_ Ty, tyTe (43)
2
Si. S

Similarly, we can obtain the error of Ap; ;. From Eq. (1), we
know s;; € (0, 1], i # j and s; = 0. For the sake of analysis,
we introduce a parameter §; € (0, 1] such that

1
WZ“‘”?‘S“ Vie{0,...,N—1},
T

which characterizes a lower bound on the average similarity
between x; and the remaining data points. That is, s;, > (N —
1)8;. Combining with Egs. (41)—(43), we can get

€ L 2Ne
(N —=1), (N —1)5?

Apji <
and

€
Ap;i <Ol ————— ).
Pij ((N — 1)253>
Moreover, we can get that the relative error of p;; is O(e/dy),
independent of N.

The third step is to discuss the complexity of the unitary
operator U,. The main operations in step (3.1) are loading
the dataset {y; f]: _01 and performing quantum arithmetic, with
time complexities O(polylog (Nd)) and O(poly (h)), respec-
tively. The comparator in step (3.2) requires O(log N) time,
while the quantum arithmetic operations in steps (3.2), (3.3),
and (3.5) are executed in time O(poly (h)). Step (3.4) is
used to obtain T = Ziv j—=10 1;j, if the measurement error is €,
that is, AI% =€, then O(1 /62) measurements are required.
Consequently, the overall time complexity of computing the
probability distribution of the low-dimensional data via U, is
O(W). Then, we analyze the error of g;;. Simi-
larly, we introduce the lower bound on the average similarity
between y; and the remaining data points 6, € (0, 1],

1
- ti; >4 ,
NN —1) Z} F=
thatis, T > N(N — 1)4;. Thus, the error of g;; satisfies

tii
Agi; = -1 x AT < — (44)

T2 SN = 1282
Then, we can get the relative error of g;; is O(¢/§;), which is
independent of V.

Finally, let us analyze the time complexity of computing
the gradient in one iteration of the quantum t-SNE algo-
rithm. As shown in Sec. IIID, the computational cost is
primarily dominated by step (4.1), which involves executing
U, and U,. From the preceding analysis, this step requires
O(D(p(’lylog(]:?)ﬂ(’l}'(h))). Since there are Nd gradient compo-
nents, the time complexity of computing the gradient in one
iteration becomes O(Y2 (pOIylog(ZD 4poly) ) The correspond-
ing error in calculating the gradient satisfies

A=4D Fi— Y rin
j j

<4 1 — ripd
J

=4 |G — yitijl x (Apij + Agiy)
J

<4) (Apij+ Agyy)
J

<o = Ly 45)
X — —
SOV -1 \82 0 82))

where the second-to-last equation is because of |(yi —
vi)tijl < 1. Combining the relative error of p;; and ¢;;, we
can conclude that the relative error of the gradient is also
independent of N.

The time complexity of each step is summarized in
Table I. Notably, the initialization of the low-dimensional
data requires O(Nd) time, which matches that of the classical
algorithm. Furthermore, since the structure of QRAM does
not change with specific data, the time required to update a
memory of y; is O(log,(Nd)) [39]. That is, the time required
to update y in each iteration is O(Ndlog,(Nd)). In summary,
the time complexity of our algorithm in each iteration is
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TABLE I. The time complexity of each step of the whole algorithm in one iteration.

Classical t-SNE Proposed quantum t-SNE

Function Corresponding step
Calculation of s;; Step 1
Calculation of p;; Step 2
Initialization Step 3
Calculation of g;; Step 4
Calculation of gradient Step 5

Total

O(N2D) o( D(polylog<1\/€D>+p01y(h)) )
O(NZD) o( D(po]ylog(l\:§>>+poly(h)) )
O(Nd) O(Nd)
O(N2d) o( polylog(N€c12)+p01y(h))
O(N*d) O(FPeRRE IR )
O(NZD) O(ND(polylog(l\;D)-%—poly(h)))

€

O(ND(pOlylog(ZDHpO]Y(h))). In particular, € is a parameter that
trades off speedup and precision. From the above analysis, the
amplitude estimation precision controls the relative error of
the gradient, rather than an absolute error that shrinks with N.
When the parameter satisfies € ~' = polylog(ND) [8,13], the
expected time complexity reduces to O(ND polylog(ND)).

In the above analysis, we consider the general case. Here,
ds and §, are introduced as lower bounds on the average sim-
ilarity in the high-dimensional and low-dimensional spaces,
respectively. When applying the classical t-SNE algorithm
in practice, the perplexity is usually set between 5 and 50.
Under this setting, the high-dimensional similarity distribu-
tion is highly localized, meaning that each data point only
has a constant number of significant neighbors. As a result,
> j8ij s typically O(1), which implies that §; may scale
as O(1/N). Similarly, in the low-dimensional embedding, to
achieve a successful visualization, §; may also decrease as N
increases. In such cases, the relative error bounds O(e/§;) and
O(e/4,) indicate that the required precision € may scale with
O(1/N) to maintain a desired approximation accuracy. This
dependence may affect the overall computational advantage in
practice. This phenomenon reflects the intrinsic locality con-
straint imposed by t-SNE and highlights how such structural
properties influence the performance of the proposed quantum
algorithm.

B. Comparison and discussion

To highlight the advantages of our proposed algorithm, we
compare it with the classical t-SNE, Barnes-Hut t-SNE, and
existing quantum methods. First, compared to the classical
algorithm with time complexity O(N2D), the proposed al-
gorithm has a quadratic speedup with respect to the number
of samples N. As shown in Table I, the time complexity of
each quantum subroutine in our framework is superior to that
of its classical counterpart. In particular, steps 1, 2, and 4
achieve exponential improvements in terms of the number of
samples. More importantly, each step designed in this paper
can be applied as a subroutine to other problems, resulting in
algorithmic speedup.

Furthermore, we compare our method with the Barnes-
Hut variant [18,19], as shown in Table II. As described
in Sec. II, Barnes-Hut t-SNE reduces the computational
cost of gradient evaluation to O(Nlog,N) by approximating
both high-dimensional affinities and low-dimensional repul-
sive forces. In contrast, our method designs three unitary
operators and leverages quantum parallelism to accelerate
the gradient evaluation, achieving an overall complexity of
O(ND(pOlylog(gD)’Lpo'}'(h))). Hence, these two approaches im-
prove the efficiency of t-SNE through fundamentally different
mechanisms. Owing to its reliance on the approximation strat-
egy, Barnes-Hut t-SNE does not provide explicit error bounds
[22], and is primarily practical for two- or three-dimensional
embeddings [18]. In contrast, our algorithm, similar to the
original classical t-SNE, does not rely on such approximations
and is therefore free from these limitations.

Finally, we compare the proposed algorithm with two
quantum t-SNE approaches [14,15] in terms of degree of
quantization, main techniques, time complexity, and the capa-
bility of processing quantum data, as summarized in Table III.
As discussed in Sec. II, one of the previous methods em-
ploys parametrized quantum circuits to construct a variational
model, while the other uses the swap test to evaluate sam-
ple similarities. In both cases, quantization is only partially
achieved, being limited to either data initialization or fidelity
estimation. In contrast, our method designs unitary operators
Us, Uy, U, to realize additional steps, resulting in a more
complete quantum framework and efficient gradient compu-
tation. In terms of time complexity, both the quantum t-SNE
with PQC and the quantum kernel t-SNE do not achieve
a quantum speedup due to their limited quantization scope,
while our approach demonstrates a potential acceleration.
Moreover, both quantum t-SNE methods can be applied to
handle quantum data. However, their primary computational
processes still rely on classical computers, particularly the
calculation of high-dimensional similarities. That is, the quan-
tum advantage is limited. In contrast, our algorithm not only
supports quantum data processing, but also leverages quantum
parallelism to accelerate the core computational tasks.

TABLE II. Comparison between Barnes-Hut t-SNE and the proposed quantum t-SNE.

Barnes-Hut t-SNE [18]

Proposed quantum t-SNE

Time complexity
Error bounds No
Low-dimensional space 2or3

O(Nlog,N)

0( ND(polylog(?;DH—po]y(h)) )

O(e)
Any dimension (typically 2 or 3)
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TABLE III. The comparison of our method and existing quantum t-SNE algorithms.

Parametric t-SNE with QNN [14]

Quantum kernel t-SNE [15]

Proposed quantum t-SNE

Quantization steps Initialization of data (step 3)

Calculation of data state fidelity

Other steps (steps 1, 2, 4, and 5)

Main techniques Parametrized quantum circuits Swap test Uy, Uy, Uy, quantum arithmetic
Time complexity O(N’D) O(N’D) O(ND polylog(ND))
Process quantum data Yes Yes Yes

In short, the advantages of our proposed scheme is evident DATA AVAILABILITY

in Tables I-III. Compared to the classical algorithms and two
previous quantum approaches, the present method achieves
quadratic acceleration.

V. CONCLUSION

In this study, we present a quantum t-SNE algorithm
with a time complexity of O(ND polylog(ND)), quadrati-
cally improving the dependence on N over the classical and
existing quantum methods. Our algorithm aims at the core
task of t-SNE, i.e., calculating the gradient of KL divergence
between the high- and low-dimensional data probability dis-
tributions. To do this, three unitary operators Uy, U, and U,
are constructed. These operators enable efficient computation
of sample similarities and probability distributions, signif-
icantly improving overall algorithmic efficiency. Moreover,
the proposed subroutines are modular and can be applied
to other quantum machine learning frameworks. For in-
stance, integrating these procedures into quantum parametric
t-SNE or quantum kernel t-SNE [14,15] could potentially
lead to more efficient hybrid schemes. We anticipate that
this algorithm will inspire further developments in quantum
machine learning. Furthermore, implementing our quantum
algorithm with real-world datasets is a promising direction
for future research. We also note that in practical t-SNE
settings, the locality induced by fixed perplexity may re-
duce the potential quantum advantage. Addressing such
locality effects remains an important direction for future
research.
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APPENDIX: QUANTUM CIRCUIT OF exp(—x)

Given x€[0,1) with its binary
X =Xx1xp---X;, the exp gate computes
f(x) = exp(—x). Specifically,

1) 10%)]0%") 1= x| exp(—x)) [Wancilla)

presentation
the function

(AD)

> |x)| exp(—x))|0%"). (A2)

The conversion of formula (A1) can be implemented using
the quantum circuit shown in Fig. 6, while the conversion of
formula (A2) can be achieved by performing the correspond-
ing inverse operation at the appropriate position. Inspired by
the method proposed by Cong et al. [10], the quantum circuit
diagram of exp(—x) can be constructed. The Taylor series of
exp(—x) at around x = 0 is

_ )C2 .X3 (—1)”)("
e R Tk T
-1 n+1,.n+1
(n+ 1)

According to Taylor’s theorem [40], the reminder term for

. . . (n+1)(§)
the nth term in the expansion is J:,H_l)! X"t where & € (0, x).

So, in Eq. (A3), the reminder term (error) is % and is ob-

viously bounded by O(2~") for n = O(h/log,h). In addition,
a circuit of f(x) can be constructed by the QFT Multiply-
Adder (QMA) gate proposed in Ref. [36]. The specific circuit
is shown in Fig. 6. The IT, in the figure is the QMA
gate, realizing the following transformation I'I,jnlaﬂb)lc) =
la)|b)|c £ ab), where m and n denote the number of digits
of a and b, respectively. Moreover, it can be decomposed
into the form H,ﬂ;,n =I®I®k QFTT)njin(I ® I ® QFT),
njin|a)|b)QFT|c) = |a)|b)QFT|c £ ab). Therefore, the com-
plexity of the exp gate is (poly &) one- or two-qubit gates for
accuracy 27"
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