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Emergence of magnetic excitations in one-dimensional quantum mixtures under confinement
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We obtain an exact solution for the spectral function for one-dimensional Bose-Bose and Fermi-Fermi
mixtures with strong repulsive interactions, valid in arbitrary confining potentials and at all frequency scales.
For the case of harmonic confinement, we show that, on top of the ladder structure of the density excitations
imposed by the external confinement, spin excitations emerge as sideband peaks, with dispersion related to the
one of ferromagnetic or antiferromagnetic spin chains and a width fundamentally larger for fermionic mixtures
than for bosonic ones, as determined by the different symmetry of spin-excited states. The observation of spin
excitation branches can provide a univocal probe of interaction-induced magnetism in ultracold atoms.
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I. INTRODUCTION

The understanding of the dynamics of strongly interacting
quantum particles with internal degrees of freedom remains an
open challenge, due to the higher complexity of their many-
body wave function as compared to the single-component
case. Quantum mixtures offer the possibility to investigate
novel phases of matter, which may display pairing, mag-
netism, and nontrivial particle-exchange symmetries [1–4].
Experiments with ultracold atomic gases provide an ideal plat-
form where interactions, dimensionality, and geometry can be
easily tuned [5,6].

Strong correlation effects and quantum fluctuations are
enhanced in low dimensions. In one dimension (1D), strong
repulsions forbid two particles, regardless of their spin, to
occupy the same position in space, leading to fermionization.
This Tonks-Girardeau (TG) regime, originally predicted for
single-component bosons [7,8], has been generalized to mix-
tures of both fermions and bosons [9,10]. The TG regime,
experimentally achieved with ultracold atoms [11–15], has
attracted considerable interest from a theoretical point of
view [16–18], as its many-body wave function is exactly
solvable, leading to exact expressions for correlation func-
tions. Static correlations, such as the one-body density matrix
and the momentum distribution [19–22], or higher-order
correlators [23,24], display the emergence of universal fea-
tures induced by interactions, at both short and large scales
[25–27].
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The dynamical correlation functions contain detailed in-
formation on the excitation spectrum, which is broad even
at zero temperature due to interaction effects. We focus on
the spectral function A(k, ω), describing the response of the
system upon adding or subtracting to it a particle with mo-
mentum h̄k and energy h̄ω [Fig. 1(a)]. The spectral function
can be measured using photoemission spectroscopy in ultra-
cold atomic systems [28–30]. For bosons, a high-resolution
spectral function has been obtained by the exact TG solution
[31–33]. For a two-component mixture at strong repulsive
interactions, spin and orbital degrees of freedom decouple
[10,34,35], and the system may be viewed as a gas of spinless
hard-core particles, with intra- and intercomponent ordering
fixed by an emergent Heisenberg spin chain [see Fig. 1(b)].
Correspondingly, its excitation spectrum is characterized by
two types of low-energy excitations: charge (i.e., total density)
and spin excitations. Nonlinear Luttinger liquid theory pre-
dicts the spectral structure and power-law singularities around
each of those excitation branches in homogeneous systems
[36–39]. Solutions for inhomogeneous systems at strong in-
teractions were restricted so far to the spin-incoherent regime
[40], which addressed energy scales much larger and did not
resolve individual spin excitations.

In this work, we derive an exact solution for the spec-
tral function for confined quantum mixtures at all frequency
scales, allowing us to access the low-energy, spin-coherent
regime of experimental relevance, containing a wealth of in-
formation on the symmetries of the spin excitations. Starting
from this theoretical foundation, we present how the two types
of excitations coexist in strongly repulsive 1D Bose-Bose
(BB) and Fermi-Fermi (FF) mixtures trapped in a harmonic
potential. We show how the excitation branches are dictated
by the allowed symmetries of the initial and final states
and highlight remarkable differences among the BB and FF
mixtures.

2643-1564/2026/8(3)/033370(11) 033370-1 Published by the American Physical Society

https://orcid.org/0000-0003-1271-672X
https://orcid.org/0000-0001-7025-5306
https://orcid.org/0000-0003-3531-8759
https://orcid.org/0000-0002-2973-6877
https://ror.org/0081fs513
https://ror.org/03cqe8w59
https://ror.org/0081fs513
https://ror.org/00822yn93
https://ror.org/019tgvf94
https://ror.org/02feahw73
https://ror.org/042cesy50
https://ror.org/055khg266
https://ror.org/02rx3b187
https://ror.org/02feahw73
https://ror.org/02mc6qk71
https://crossmark.crossref.org/dialog/?doi=10.1103/w68q-n78h&domain=pdf&date_stamp=2026-09-28
https://doi.org/10.1103/w68q-n78h
https://creativecommons.org/licenses/by/4.0/


CAPUZZI, VIGNOLO, MINGUZZI, AND MUSOLINO PHYSICAL REVIEW RESEARCH 8, 033370 (2026)

FIG. 1. (a) Sketch of the excitation processes in A(k, ω).
(b) Sketch of the mapping of the trapped continuous system on a
spin chain. (c) Ground- and excited-state energy manifolds for N = 4
two-component bosons trapped in a harmonic potential as a function
of the inverse interaction strength (1/g > 0). The splitting at finite
interactions is related to the spin degeneracy and the corresponding
Hamiltonian can be mapped to a single or coupled spin chain, as
illustrated by the sketches inside the figure. The energies at 1/g = 0
are the Fermi energies of the corresponding noninteracting system
of fermions trapped in the same external potential, whose excitations
are illustrated on the right.

II. MODEL

We consider a 1D SU(2) equally balanced two-component
mixture of N particles with mass m, pseudospin σ = ↑,↓,
described by the field operator �̂σ (x), confined by the external
potential V (x) and interacting via repulsive contact interac-
tions of strength g at zero temperature. The Hamiltonian is
given by

Ĥ =
∑

σ=↑,↓

∫
dx�̂†

σ (x)

[
− h̄2

2m

∂2

∂x2
+ V (x)

]
�̂σ (x)

+ g

2

∑
σ,σ ′

∫
dxdy�̂†

σ (x)�̂†
σ ′ (y)δ(x − y)�̂σ ′ (y)�̂σ (x),

(1)

where V (x) = mω2
0x2/2 is an external harmonic confinement

with characteristic length aho = √
h̄/(mω0).

In the strongly repulsive limit g → ∞, the many-body
wave function �n(x1, σ1, . . . , xN , σN ) of the multicompo-
nent mixture can be constructed exactly using a generalized
TG ansatz decoupling orbital and spin degrees of freedom
[9,10] as

�n(x1, σ1, . . . , xN , σN )

= 1√
N!

∑
P∈SN

(±)PP̂(ϕ(n)(x1, . . . , xN )〈Id|χ (n)〉), (2)

where the sum runs over the permutations P ∈ SN sym-
metry group of N elements, the orbital wave function
ϕ(n)(x1, . . . , xN ) = √

N!θP(x1, . . . , xN )� (n)
F (x1, . . . , xN ), with

θP(x1, . . . , xN ) = 1 if xP(1) < xP(2) < · · · < xP(N ) and zero
otherwise, �

(n)
F (x1, . . . , xN ) = det[φn j (xi )]/

√
N! is the Slater

determinant with energy E (n)
F (N ) = h̄ω0

∑N
j=1(n j + 1/2) =

h̄ω0(N2/2 + n), and is composed by the single-particle
orbitals φn j (x), solution of the one-body Schroedinger equa-
tion in the potential V (x). |χ (n)〉 is the spin state, described
by an inhomogeneous spin-chain Hamiltonian, as illustrated
in Figs. 1(b) and 1(c),

Ĥs = E (n)
F 1̂ ±

N−1∑
i=1

2J (n)
i

(
�Si · �Si+1 ∓ β

4

)
, (3)

where �Si = (S(x)
i , S(y)

i , S(z)
i ) are the spin operators and the top

signs and β = 1 (bottom signs and β = 3) are for fermions
(bosons). Notice that spin inhomogeneity is crucial for the
energy scales we are considering, while it was not taken into
account in Ref. [40], which focused on much higher scales.
Excited free-fermion many-body states may be p-fold degen-
erate in energy, e.g., the second-excited state in Fig. 1(c). In
this case, we use Hamiltonian of p coupled spin chains [41]
with Hilbert space dimension M = pN!/(N↑!N↓!):

Ĥ (cc)
s = E (n)

F 1̂ ±
N−1∑
i=1

p∑
〈a,b〉,a,b=1

2J (na,nb)
i

(
�S(a)

i · �S(b)
i+1 ∓ β

4

)
,

(4)

to obtain |χ (n1 ) · · · χ (np )〉, where n1 · · · np are the quantum
numbers of the degenerate many-body fermionic states and
〈a, b〉 indicate that a and b are neighboring chains. The hop-
ping coefficients J (na,nb)

i are

J (na,nb)
i = N!h̄4

m2g

∫
x1<···<xN

dx1 · · · dxNδ(xi − xi+1)

× ∂
[
�

(na )
F

]∗

∂xi

∂�
(nb)
F

∂xi
. (5)

The coefficients J (n)
i of Eq. (3) are obtained by taking

na = nb in Eq. (5). For each free-fermion energy level, the
coupled spin-chain Hamiltonian (4) is solved by exact nu-
merical diagonalization, which provides the spin eigenvalues
and eigenvectors needed for the calculation of the spectral
function.

III. SPECTRAL FUNCTION FOR MULTICOMPONENT
SYSTEMS

The spectral function of a many-body system contains
information about the accessible energy states and their dis-
tribution in momentum space and is defined as the imaginary
part of the Fourier transform of the retarded Green’s function
[42], i.e., for the σ component,

Aσ (k, ω) = − 1

π
Im

[
GR

σ (k, ω)
]
, (6)

where GR
σ (k, ω) = ∫

dteiωt
∫

dxdye−ik(x−y)GR
σ (x, t, y, t ′)

is the Fourier transform of the retarded Green’s
function, GR

σ (x, t, y, t ′) = θ (t − t ′)(G>
σ (x, t, y, t ′) −

G<
σ (x, t, y, t ′)) in terms of the lesser (G<

σ (x, t, y, t ′) =
−i(∓)〈0|�̂†

σ (y, t ′)�̂σ (x, t )|0〉) and greater (G>
σ (x, t, y, t ′) =

−i〈0|�̂σ (x, t )�̂†
σ (y, t ′)|0〉) ones, with −(+) for fermions

(bosons), and �̂σ (x, t ) = eiĤt �̂σ (x)e−iĤt . As illustrated
schematically in Fig. 1(b), the lesser (greater) Green’s
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FIG. 2. Top panels: Spectral function of bosonic and fermionic gases in harmonic potential, in the k-ω plane. (a) N = 10 Tonks-Girardeau
bosons. (b) N = 5 + 5 strongly repulsive BB mixture (g = 100h̄ω0 aho). (c) N = 5 spinless, noninteracting fermions. (d) N = 5 + 5 strongly
repulsive FF mixture (g = 100h̄ω0 aho). The dashed lines in panels (b) and (d) are the theoretical prediction for ferromagnetic (antiferromag-
netic) spin chains for bosonic (fermionic) mixtures, respectively. Bottom panels: Cuts of Aσ (k, ω) at fixed k values (kaho = 0 top and kaho = 4
bottom), indicated by the arrows in panels (b) and (d). The Young diagrams indicate the symmetry of the excited states. The zero of the
frequency is set to μ0 = E (0)

F (N ) − E (0)
F (N − 1) = h̄ω0(N − 1

2 ), chemical potential of the mapped Fermi gas.

function contains information about the process of removing
(adding) a particle to the system and contributes for energies
h̄ω < μ (h̄ω > μ), with μ the chemical potential.

Following the notation of Refs. [43,44], we express the
lesser and greater Green’s functions as a sum over form fac-
tors, F (n1,n2 )

σ (x, t ) = 〈n1|eiĤt �̂σ (x)e−iĤt |n2〉, with n1 and n2

sets of quantum numbers, namely,

∓iG<
σ (x, t, y, t ′) =

∑
n

[
F (n,0)

σ (y, t ′)
]∗

F (n,0)
σ (x, t ), (7)

iG>
σ (x, t, y, t ′) =

∑
m

F (0,m)
σ (x, t )

[
F (0,m)

σ (y, t ′)
]∗

, (8)

where n and m collect the indices for the complete set of the
excited states with N − 1 and N + 1 particles, respectively,
and 0 indicates the ground state. Using Eq. (2), similarly to
the one-body density matrix [21], the form factors in Eqs. (7)
and (8) can be factorized into a spatial and spin part, yielding

F (n,0)
σ (x, t ) =

N∑
j=1

(±1)1+ jg(1, j)
< (n|x, t )η(1, j)

< (n|σ, t ), (9)

F (0,m)
σ (x, t ) =

N+1∑
j=1

(±1)1+ jg(1, j)
> (m|x, t )η(1, j)

> (m|σ, t ), (10)

where both spatial and spin parts quantify the overlap be-
tween the ground state of N particles and the excited state of
N − 1 particles, for the lesser component, and N + 1 particles
for the greater component. The expressions for g(1, j)

≶ (m|x, t )

and η
(1, j)
≶ are given in Appendixes A, B, and C. Equations

(9) and (10) generalize to the confined and continuous case
the result obtained on a uniform lattice in Refs. [45,46]
and constitute our main result, enabling the calculation of
the spectral function for trapped mixtures. Notice that our

expressions in the equal-time limit reduce to the known ex-
pressions for the one-body-density matrix derived in Ref. [21]
(see Appendix D). For any confinement, each spectral peak is
the sum of an orbital (charge) and a spin contribution; hence,
spin excitations appear as sidebands of the charge modes, with
the boson/fermion statistics selecting distinct spin symme-
tries. Instead, the energy scales and degeneracies are set by
the specific trap, taken below to be harmonic.

IV. SPECTRA FOR BOSONIC AND FERMIONIC
MIXTURES IN HARMONIC TRAP

Here, we illustrate our method by calculating the ex-
act spectral function for N = 10 two-component bosons
and fermions trapped in a harmonic potential. We analyze
first the spectral functions for single-component systems,
either bosons in the TG limit g → ∞ or noninteracting
fermions, shown in panels (a) and (c) of Fig. 2, respec-
tively. In both cases, spectral peaks are located at energies
multiples of h̄ω0. For noninteracting fermions, this read-
ily follows from the analytical expression of the spectral
function A(k, ω) = ∑

ni
δ(ω − εni )|pni (k)|2, with pn(k) =∫

dxeikxφn(x) the Fourier transform of the single-particle
orbital, showing that it has spectral peaks at the harmonic-
oscillator energies εni = h̄ω0(ni + 1/2). The momentum
weights |pni (k)|2 determine the size and multiplicity of the
peaks (see also Ref. [47] for fermions in optical lattices). Also
for TG bosons, excitation energies are the same as the one of
free fermions. These correspond to phonon (also called holons
[37]) modes, discretized due to the harmonic confinement
[48], thus highlighting the collective nature of excitations in
1D interacting systems. As compared to free fermions, TG
bosons have a much smaller momentum spread, similarly to

033370-3



CAPUZZI, VIGNOLO, MINGUZZI, AND MUSOLINO PHYSICAL REVIEW RESEARCH 8, 033370 (2026)

what happens in the momentum distribution, to which the
spectral function is related.

The discretized phonon modes, with energy multiples of
h̄ω0, are also visible in the spectral function for strongly
interacting multicomponent mixtures [shown in panels (b) and
(d) of Fig. 2]. On top of such charge excitations, these spectra
clearly show the emergence of additional dispersive branches,
which we associate with spin excitations (spinons): This is
confirmed both by the overall shape of the dispersion and by
the analysis of the number of spectral peaks. We first notice
that the bending of the spectral function in Figs. 2(b) and 2(d)
follows the energy dispersion of the low-energy excitations
of a uniform ferromagnetic or antiferromagnetic spin chain,
respectively, indicated by the dashed lines.

Specifically, for BB mixtures, the observed spin dispersion
in Fig. 2(b) agrees well with

h̄ωFM(k) = ε
(0)
FM(N + 1) − ε

(0)
FM(N ) + 2J (n)

c [cos(k/nmax) − 1],
(11)

where ε
(0)
FM(N ) = −2

∑N−1
i=1 J (n)

i is the ground-state energy of
the ferromagnetic spin Hamiltonian (3) associated with the
corresponding energy manifold and the last term is the disper-
sion of the lowest-energy excitations of a ferromagnet, which
are spin waves induced by flipping a single spin with respect to
the ground state [49], and the hopping J (n)

c is the one evaluated
at the center of the trap. Notice that since the spins are attached
to the particles that move in real space [38], the physical
momentum k is related to the wave number Q of the spin-
chain excitation according to k = Qnmax, with nmax = kF /π

the density at the center of the trap. The above expression (11)
well describes the two lowest-energy spin excitation branches
of bosons of Fig. 2 occurring for h̄ω > μ, while for the higher
branches the dispersion is not available analytically since it
involves coupled spin chains. For FF mixtures, the observed
spin dispersions in Fig. 2(d) are in excellent agreement with
the two spin excitation branches ω∓

AFM(k) expected for ener-
gies above and below μ, respectively,

h̄ω∓
AFM(k) = ±

[
ε

(0)
AFM(N ) − ε

(0)
AFM(N ∓ 1)

− πJ (n)
c sin

∣∣∣∣ k

nmax
− π

2

∣∣∣∣
]
, (12)

where ε
(0)
AFM(N ) = −2ln2

∑N−1
i=1 J (n)

i is the ground-state en-
ergy of the antiferromagnetic spin chain (3) [50,51] associated
with the corresponding energy manifold, and the last term is
the des Cloizeaux and Pearson excitation energy of an antifer-
romagnet [52], with hopping J (n)

c . We notice that for fermions
the wave number is shifted by π/2, because the fermionic
excitations occur around the Fermi momentum of each spin
component kF,σ = kF /2 [46,53,54]. Finally, we observe that
the lesser and greater contributions to the spectral function are
nonzero in alternating momentum regions, consistently with
the predictions of the nonlinear Luttinger liquid theory [55].

Remarkably, both for BB and for FF mixtures the agree-
ment of the calculated spin spectral lines with Eqs. (11) and
(12) is excellent even in the presence of the harmonic trap:
This is due to the fact that the largest contribution to the
spectral function is given by the high-density region at the
center of the trap, where the density varies only slightly.

We proceed next to demonstrate that the multiplicity of the
spectral peaks is fully understood by analyzing the allowed
spin excitations. The spin Hamiltonian (4) is SU(2) symmetric
and its eigenstates have definite symmetry under particle ex-
change, as characterized by Young diagrams, which we denote
as (a, b, c, . . .) indicating the number of boxes in each line of
the diagram. By looking at the symmetry of the initial state
and the one obtained upon adding or subtracting one particle
to the system, we explain the number of peaks observed in the
spectral function for a given spin band shown in Figs. 2(e)–
2(f). For the BB mixture, the ferromagnetic ground state has
total spin quantum number S = N/2 [56,57], and Sz = 0 in
the equally balanced case we are considering. The Young
diagram corresponding to this state is the fully symmetric
one, given by a single line with N boxes (N). For h̄ω < μ,
the lower-energy branches correspond to excited states with
(N − 1) symmetry, S = (N − 1)/2 and Sz = ±1/2, which are
nondegenerate, yielding a single peak in Fig. 2(e) for h̄ω < μ.
Instead, for h̄ω > μ, we have two possible symmetries of the
excited state: the line diagram (N + 1) that has dimension 1
and the angle diagram (N, 1) that has dimension N with S =
(N + 1)/2 and S = (N − 1)/2, respectively. This multiplicity
emerges in the spectral cuts of Fig. 2(e) for h̄ω > μ, where we
observe in total N + 1 peaks in a given spin excitation band,
with the lowest-energy one given by the line diagram.

For the FF mixture, the antiferromagnetic ground state
has S = 0 and Sz = 0 [58] and (2, 2, . . . , 2) symmetry. This
means that, during the process of particle removal (parti-
cle addition), we can only obtain the (2, 2, . . . , 1) diagram
[(2, 2, . . . , 2, 1) diagram] with dimension D− (D+), where
D± = 2(N ± 1)!/(((N − 1 ± 1)/2)!((N + 3 ± 1)/2)!) corre-
sponding in both cases to S = 1/2 and Sz = ±1/2. This leads,
for N = 10, to 42 peaks for the first branch at h̄ω < μ and
to 132 peaks for the one at h̄ω > μ, as shown in Fig. 2(f).
For higher branches stemming from degenerate excited-
state manifolds, the number of peaks of the spin band are
multiplied by p.

Finally, we estimate the width of the bosonic and fermionic
nth spin excitation bands for arbitrary N by making an
ansatz on the corresponding spin excited states [59,60] (see
Appendix E). For the BB mixture, spin excitations occur only
at h̄ω > μ and both highest- and lowest-energy excitations are
associated with highly symmetric states (see again Fig. 2),
yielding �ω

(n)
B ∼ 4J (n)

c /h̄. For the FF mixture, all spin ex-
citations are associated with a more antisymmetric diagram
and their highest- and lowest-excited states scale differently
with N , leading to �ω

(n)
F ∼ (N − 2 ± 1)J (n)

c /h̄, with +(−)
referring to energies larger (smaller) than μ. Using the co-
efficient J ∝ n3 [35], and that at the center of the trap nmax �√

2N/(πaho) for the first excited branches, we predict at N �
1 that �ω

(1st)
B ∝ (N + 1)3/2, �ω

(1st)
F± ∝ (N ± 1)5/2. In Fig. 3,

we show that our estimate works very well for the spectra
obtained by the exact solution, already for small particle num-
bers. Finally, we remark that the mean distance between two
consecutive peaks δω(n) = �ω(n)/N (n)

peaks scales as δω
(1st)
B ∝√

N and δω
(1st)
F± ∝ N42−(N+1) for bosons and fermions at large

N ; hence, it will be experimentally easier to resolve the indi-
vidual spin excitations with a BB mixture rather than with a
FF one.
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FIG. 3. Energy widths �ω
(1st)
B,F± of the lowest spin excitation

bands of bosonic (B) and fermionic (F ) mixtures in a harmonic trap,
where in the latter case +(−) refer to excitations with energies above
(below) μ, respectively, as functions of particle number N , from the
exact spectral function (symbols) and large-N analytical predictions
(dashed lines).

V. CONCLUSIONS

By exploiting separation of spin and orbital degrees of free-
dom at strong coupling, we have obtained an exact expression
for the spectral function of strongly repulsive binary quan-
tum mixtures confined by arbitrary external potential allowing
for high-precision many-body calculations. In the case of
Bose-Bose and Fermi-Fermi equally balanced mixtures under
harmonic confinement, we find that spin excitations clearly
emerge in the spectral function on top of each quantized
phonon mode determined by the harmonic potential. This
provides a clear indication on how to access and probe spin
excitations in experiments with ultracold atoms. Moreover, we
have demonstrated that each spin excitation branch has a dis-
persion that closely follows the one of uniform ferromagnetic
and antiferromagnetic spin chains, thereby yielding a univocal
signature of the emergence interaction-induced magnetism in
such systems. Finally, we highlight that a peculiarity of the
harmonic confinement is that, at high energy, excitations with
different orbital quantum numbers may contribute to the same
excitation branch. This effect, which we have described using
a mapping to coupled spin chains, paves the way to the study
of spin excitations in quasi-1D systems.

Our formalism holds for generic external confinement and
allows one to explore how the trap shape controls the spin
spectrum: For example, in an anharmonic trap the harmonic-
level degeneracy that produces the coupled chains will be
lifted, while a box trap will give homogeneous couplings
and dispersions closer to the uniform thermodynamic limit.
Finally, let us underline that in the few-body regime (N � 10)
the spin peaks are individually resolvable for both species—
merging only for fermions at larger N , where the bandwidth
stays visible—so the predictions are testable in deterministi-
cally prepared, tunable few-atom experiments [15,61,62].

ACKNOWLEDGMENTS

We thank F. Hébert and M. Albert for valuable discussions.
We acknowledge financial support from the ANR-21-CE47-
0009 Quantum-SOPHA project, from the ANR-23-PETQ-
0001 Dyn1D under the title of France 2030, and from the
CNRS International Research Project COQSYS.

FIG. 4. Schematic representation of the subsets in Eq. (B6). The
starting ordered set of indices {2, . . . , N} is represented by the hori-
zontal line. When we apply the permutation Q, the indices l ∈ [2, j]
go to the subset L, instead the indices r ∈ [ j + 1, N] go to the subset
R. The subset L contains two disjoint subsets, L1 and L2, such that if
Q(l ) ∈ L1 if Q′′(Q(l )) = Q(l ) and all the remaining indices belong
to L2.
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APPENDIX A: DETAILED EXPRESSIONS
OF FORM FACTORS

We provide here the full expressions for the orbital and
spin part of the form factors, i.e., g(1, j)

< , g(1, j)
> , and η

(1, j)
< , η

(1, j)
>

entering Eqs. (9) and (10). They directly follow from the
definition of lesser and greater Green’s functions [Eqs. (7) and
(8)]. The orbital parts of the form factors are given by

g(1, j)
< (n|x, t ) = (N − 1)!

∫
x2<···x j<x<x j+1<···<xN

d �XN−1

× [
�

(n)
F ( �XN−1, t )

]∗
�

(0)
F (x, �XN−1, t ), (A1)

g(1, j)
> (m|x, t ) = N!

∫
x2<···x j<x<x j+1<···<xN+1

d �XN

× [
�

(m)
F (x, �XN , t )

]∗
�

(0)
F ( �XN , t ), (A2)

with �XN = {xi | xi �= x} sets of N position coordinates, and the
spin parts by

η(1, j)
< (n|σ, t ) =

∑
�σN−1

〈χ (n)(t )|�σN−1〉〈σ, �σN−1|P̂(1,..., j)|χ (0)(t )〉

=
∑

P∈�N−1

[
a(n)

P (t )
]∗

a(0)
P(1..., j)

(t )δσ,σ1 , (A3)

η(1, j)
> (m|σ, t ) =

∑
�σN

〈χ (m)(t )|P̂( j,...,1)|σ, �σN 〉〈�σN |χ (0)(t )〉

=
∑

P∈�N +1

[
a(m)

P( j...,1)
(t )

]∗
a(0)

P (t )δσ,σ1 , (A4)

with �σN = {σi | σi �= σ } sets of N spins, which are at-
tached to the position coordinates {x1, . . . , xN }. The pair
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of indices (1, j) in Eqs. (A1)–(A4) represents a fixed or-
dering of the particles, as indicated by the integration
ranges in the spatial parts and by the cycle (anticy-
cle) P(1,..., j) (P( j,...,1) = P†

(1,..., j)), i.e., 1 → 2 → · · · → j −
1 → j → 1 ( j → j − 1 → · · · → 2 → 1 → j). Above, we
have used that |χ (n)(t )〉 = e−iHst |χ (n)(0)〉 and �F ( �X , t ) =

det[φ j (x�, t )] with the time-evolved single-particle orbitals
φ j (x�, t ) = e−iε j tφ j (x�, 0). In the case of degenerate free-
fermion excited states, we use instead |χ (n1 ) . . . χ (np)(t )〉 =
e−iH (cc)

s t |χ (n1 ) . . . χ (np)(0)〉 and the linearity of the multichain
states allows us to compute the values of corresponding g<

and g> and η< and η> as simple summations.

APPENDIX B: LESSER GREEN’s FUNCTION: SPATIAL PART OF FORM FACTORS

In this Appendix, we derive a compact form to calculate Eq. (A1) by following similar steps used in Ref. [21] to derive
the one-body density matrix. The first simplification comes from the fact that the integrand in Eq. (A1) is symmetric under
permutations of x2, . . . , x j and x j+1, . . . , xN , and therefore we obtain

g(1, j)
< (n|x, t ) = (N − 1)!

( j − 1)!(N − j)!

N∑
i=1

(±1)i+1φ0i (x, t )
∫

x2,...,x j<x<x j+1,...,xN

d �XN−1
[
�

(n)
F ( �XN−1, t )

]∗
�

({0k |0k �=0i})
F ( �XN−1, t ), (B1)

where we have removed the row dependent on x in the Slater determinant of N particles, which means that if 0k are
the quantum numbers associated with the ground state, we have to remove the one equal to i, as indicated in the sub-
script of the wave function. The Slater determinant can be rewritten using the Leibniz representation, i.e., �F ( �XN−1, t ) =
(1/

√
(N − 1)!)

∑
Q(−1)Q

∏N
i=2 φQ(i)(xi, t ) and Eq. (B1) becomes

g(1, j)
< (n|x, t ) = 1

( j − 1)!(N − j)!

N∑
i=1

(−1)i+1φ0i (x, t )
∫

x2,...,x j<x<x j+1,...,xN

d �XN−1

∑
Q,Q′∈SN−1

(−1)Q+Q′

×
(

N∏
l=2

[φQ(nl )(xl , t )]∗
)(

N∏
k=2

φQ′(0k �=0i )(xk, t )

)
, (B2)

where in the last product of single-particle orbitals, for each i, we need to relabel the quantum numbers related to the ground
state, such that {01, . . . , 0i−1, 0i+1, . . . , 0N } → {02, . . . , 0N }.

Following Ref. [21], we introduce the 1D integrals

Ai, j (x, t ) =
∫ x

−∞
dz[φi(z, t )]∗φ j (z, t ) = δi, j − Bi, j (x, t ), (B3)

with, due to the orthogonality relation between single-particle orbitals,

Bi, j (x, t ) =
∫ ∞

x
dz[φi(z, t )]∗φ j (z, t ) = e−i(ε j−εi )t

∫ ∞

x
dz[φi(z, 0)]∗φ j (z, 0), (B4)

where εi is the energy level corresponding to the orbital φi(x). We therefore rewrite Eq. (B2) as follows:

g(1, j)
< (n|x, t ) = 1

( j − 1)!(N − j)!

N∑
i=1

(−1)i+1φ0i (x, t )
∑

Q,Q′∈SN−1

(−1)Q+Q′
AQ(n2 ),Q′(02 )(x, t ) · · · AQ(n j ),Q′(0 j )(x, t )

× BQ(n j+1 ),Q′(0 j+1 )(x, t ) · · · BQ(nN ),Q′(0N )(x, t ), (B5)

with nj � n2 and {02, . . . , 0N } �= 0i. We then introduce the permutation Q′′ such that Q′ = Q′′ ◦ Q and the left and right disjoint
subsets of indices, L = {Q(2), . . . , Q( j)} and R = {Q( j + 1), . . . , Q(N )}, as sketched in Fig. 4. We substitute the sum over Q
with a sum over L + R and therefore Eq. (B5) becomes

g(1, j)
< (n|x, t ) =

N∑
i=1

(−1)i+1φ0i (x, t )
∑
Q′′

(−1)Q′′ ∑
L+R=N−1

∏
l∈L

Anl ,0Q′′ (l )
(x, t )

∏
r∈R

Bnr ,0Q′′ (r)
(x, t ), (B6)

where we have multiplied the result by ( j − 1)!(N − j)! because the sum over L + R contains ( j − 1)!(N − j)! and the ordering
among As and Bs is not important [21]. The notation N − 1 indicates the ordered set {2, . . . , N}.

The goal is now to rewrite the product of As in terms of Bs in order to obtain a determinant as final expression. We therefore
rewrite the product of As in terms of Bs using the following relation [21]:∏

l∈L

Anl ,0Q′′ (l )
(x, t ) =

∑
L1+L2=L

(−1)|L1|+|L| ∏
l∈L2

Bnl ,0Q′′ (l )
(x, t ), (B7)

where |L| indicates the cardinality of the subset L, which has been decomposed into the disjoint subsets L1 and L2. The
elements of L1 are such that they are mapped onto themselves by Q′′ (if l ∈ L1, then Q′′(l ) = l). Importantly, the sum over
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L1 + L2 = L guarantees that the size of the index space remains intact for each element. For example, if L has three elements,
{Q(2), Q(3), Q(4)}, all three indices will be present for each element of the product, as indices of the Bs (∈ L2) or δs (∈ L1).

Using Eq. (B7), Eq. (B6) becomes

g(1, j)
< (n|x, t ) =

N∑
i=1

(−1)i+1φ0i (x, t )
∑

Q′′∈SN−1

(−1)Q′′ ∑
L1+V =N−1

(−1)|L1|+|L| ∏
v∈V

Bnv ,0Q′′ (v)
(x, t ), (B8)

where we have rewritten L = L1 + L2 with L1 ∩ L2 = ∅ and introduced the subset V = L2 + R, which therefore allows us to
write together the two products of B integrals. Finally, we want to switch the two sums in order to obtain a Leibniz representation
of a determinant using the relation [21]

∑
Q′′∈SN−1

∑
L1+V =N−1

· · · =
∑

L1+V =N−1

∑
P∈SV

(|V |
|R|

)
· · · , (B9)

where, since we swapped the sums, the constraint on the elements of L1 has to be taken into account in the sum of the
permutations that are only the ones that do not include the indices l ∈ {Q(2), . . . , Q( j)} such that Q′′(l ) = l , namely, they
belong to V . The binomial coefficient in Eq. (B9) counts the number of different decompositions of V in terms of L2 and R.
Therefore, Eq. (B8) becomes

g(1, j)
< (n|x, t ) =

N∑
i=1

(−1)i+1φ0i (x, t )
∑

L1+V =N−1

(−1)|L|+|L1|
(|V |

|R|
) ∑

P∈SV

(−1)P
∏
v∈V

Bnv ,0P(v) (x, t ), (B10)

where we can identify the Leibniz representation of a determinant, but we have to properly define the matrix. For this purpose,
we replace the sums over subsets with sums over certain indices.

The sum over L1 + V = N − 1 means that we need to sum over all the possible indices, which are in total N − 1. However,
to keep into account the indices that belong to L1, we introduce the matrix

Cnv ,0P(v) (x, t ) =
{
δnv ,0P(v) , if P(v) = v,

Bnv ,0P(v) (x, t ), otherwise.
(B11)

To rewrite the sum over L1 + V = N − 1, we introduce the index d = |V |, namely, the cardinality of V , which also fixes the
cardinality of L1. Indeed, we know that |R| = N − j and |L| = j − 1, then L1 = N − 1 − R − L2 = N − 1 − V and, therefore,
|L1| = N − 1 − d . The index d can assume the values N − j, . . . , N − 1, because the cardinality of V is given by |L2| + |R| =
|L2| + N − j + 1 with 0 � |L2| � |L| = j − 2. Once we sum over d , we need to take into account all the possible ordered sets,
(p1, . . . , pd ), with size d , which can contain all the indices {2, . . . , N} and, consequently, we have to sum over the elements of
these sets. Therefore, Eq. (B10) becomes

g(1, j)
< (n|x, t ) = (−1) j+1

N∑
i=1

(−1)i+1φ0i (x, t )
N−1∑

d=N− j

(−1)N−1−d

(
d

N − j

) ∑
p∈P(d,N−1−d )

det
[(

Cnk ,0l

)
k,l �=i∈p

]
, (B12)

where P(d, N − 1 − d ) includes the ordered sets (p1, . . . , pd ) and (q1, . . . , qN−1−d ), which are part of V and L1, respectively.
This means that the indices nk, 0l of the C matrix are chosen in both the sets and when l ∈ (q1, . . . , qN−1−d ), the matrix element
is a δnk ,0l . For all the rest, the matrix element is a Bnk ,0l .

Finally, inserting Eq. (B12) into Eq. (9), the single-component lesser Green’s function is given by

∓iG<
σ (x, t, y, t ′) =

∑
n

N∑
i, j=1

(∓1)i+ j[η(1, j)
< (n|σ, t ′)]∗η(1,i)

< (n|σ, t )
N∑

a,b=1

(−1)a+bφ∗
0b

(y, t )φ0a (x, t )

×
N−1∑

d=N−i

N−1∑
e=N− j

(−1)d+e

(
d

N − i

)(
e

N − j

)

×
∑

p∈P(d,N−1−d )

∑
q∈P(e,N−1−e)

det
[(

C0v ,nu

)
u,v �=a∈p(y, t ′)

]
det

[(
Cnl ,0m

)
l,m �=b∈q(x, t )

]
, (B13)

where the minus (plus) sign of (∓1)i+ j is for fermions (bosons). We notice that the size of the two matrices is different if
i �= j (to remember, d and e are the sizes of two different index subsets: the first one made of R(i) = {Q(i + 1), . . . , Q(N )} and
L(i)

2 ∈ L(i) = {Q(1), . . . , Q(i)}, and the second of R( j) = {Q( j + 1), . . . , Q(N )} and L( j)
2 ∈ L( j) = {Q(1), . . . , Q( j)}. Therefore,

we cannot write the product of the two determinants as a determinant of the product of two matrices except in the case i = j, as
instead it is possible in Refs. [31,40].
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APPENDIX C: GREATER GREEN’S FUNCTION: SPATIAL PART OF FORM FACTORS

In this Appendix, we derive a compact form to calculate Eq. (A2) as done in Appendix B. We write the determinant in Leibniz
representation and remove a line from the (N + 1) × (N + 1) matrix, such that

g(1, j)
> (m|x, t ) = 1

( j − 1)!(N − j + 1)!

N+1∑
i=1

(−1)i+1φ∗
mi

(x, t )

×
∫

x2,...,x j<x<x j+1,...,xN+1

d �XN

∑
Q,Q′∈SN

(−1)Q+Q′
(

N+1∏
l=2

φQ(ml )(xl , t )

)(
N+1∏
k=2

φQ′(0k �=i )(xk �=i, t )

)
, (C1)

where we have divided by the total possible permutations in the two intervals: [2, j] and [ j + 1, N + 1]. Using Eqs. (B3) and
(B4), we obtain

g(1, j)
> (m|x, t ) = 1

( j − 1)!(N − j + 1)!

N+1∑
i=1

(−1)i+1φ∗
mi

(x, t )
∑

Q,Q′∈SN

(−1)Q+Q′
AQ(m2 ),Q′(02 )(x, t ) · · · AQ(mj ),Q′(0 j )(x, t )

× BQ(mj+1 ),Q′(0 j+1 )(x, t ) · · · BQ(mN+1 ),Q′(0N+1 )(x, t ), (C2)

with {m2, . . . , mN+1} �= mi. In the next step, we introduce the permutation Q′′ such that Q′ = Q′′ ◦ Q and the subsets L = L1 + L2

(same as for the lesser Green’s function) with cardinality |L| = j − 1 and R̄ = {Q( j + 1), . . . , Q(N + 1)}, which contains an
additional element with respect to R. Therefore, Eq. (C2) becomes

g(1, j)
> (m|x, t ) =

N+1∑
i=1

(−1)i+1φ∗
mi

(x, t )
∑
Q′′

(−1)Q′′ ∑
L+R̄=N

∏
l∈L

Aml ,0Q′′ (l )
(x, t )

∏
r∈R̄

Bmr ,0Q′′ (r)
(x, t ), (C3)

where we have multiplied the result by ( j − 1)!(N − j + 1)! because the sum over L + R̄ contains ( j − 1)!(N − j + 1)! and the
ordering among As and Bs is not important [21].

Using Eq. (B7), Eq. (C3) becomes

g(1, j)
> (m|x, t ) =

N+1∑
i=1

(−1)i+1φ∗
mi

(x, t )
∑

L1+V̄ =N

(−1)|L|+|L1|
(|V̄ |

|R̄|
) ∑

P∈SV̄

(−1)P
∏
v∈V̄

Bmv ,0P(v) (x, t ), (C4)

where we have introduced the new subset V̄ = L2 + R̄ and swapped the two sums using Eq. (B9). We finally introduce the index
d = |V̄ |, which can assume the values N − j + 1, . . . , N , because d = |L2| + |R̄| = |L2| + N − j + 1 with 0 � |L2| � |L| =
j − 1 and Eq. (C4) becomes

g(1, j)
> (m|x, t ) = (−1) j

N+1∑
i=1

(−1)i+1φ∗
mi

(x, t )
N∑

d=N− j+1

(−1)N+1−d

(
d

N − j + 1

) ∑
p∈P(d,N−d )

det
[(

Cmk ,0q

)
k �=i,q∈p

]
, (C5)

where we have introduced the matrix C, as defined in Eq. (B11), and P(d, N − d ) includes the ordered sets (p1, . . . , pd ) and
(q1, . . . , qN−d ), which are part of V̄ and L1, respectively.

Finally, inserting Eq. (C5) into Eq. (10), the σ -component greater Green’s function is given by

iG>
σ (x, t, y, t ′) =

∑
m

N+1∑
i, j=1

(∓1)i+ j[η(1,i)
> (m|σ, t )]∗η(1, j)

> (m|σ, t ′)
N+1∑

a,b=1

(−1)a+bφ∗
ma

(x, t )φmb (y, t ′)

×
N∑

d=N−i+1

N∑
e=N− j+1

(−1)d+e

(
d

N − i + 1

)(
e

N − j + 1

)

×
∑

p∈P(d,N−d )

∑
q∈P(e,N−e)

det
[(

C0v ,mu

)
v,u �=a∈p

]
det

[(
Cml ,0s

)
s,l �=b∈q

]
, (C6)

where the minus (plus) sign of (∓1)i+ j is for fermions (bosons).

APPENDIX D: RELATION WITH THE ONE-BODY DENSITY MATRIX

In this Appendix, we show that the expression that we derived for the lesser Green’s function is consistent with the one for
the one-body density matrix of Ref. [21]. Indeed, by definition, the lesser Green’s function at equal times corresponds to the
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one-body density matrix [42], namely,

∓iG<
σ (x, t, y, t ) = ρ (1)

σ (x, y, t ) =
N∑

i, j=1

(±1)i+ jρ (i, j)(x, y, t )c(i, j)
σ (t ).

Using Eq. (7) at t = t ′ and the fact that∑
n

〈 �YN−1, �τN−1|e−iĤt |n〉〈n|eiĤt | �XN−1, �σN−1〉 = δ�σN−1,�τN−1δ( �XN−1 − �YN−1), (D1)

due to the completeness relation of the energy eigenstates |n〉, the spin part of the one-body density matrix, using the notation of
Ref. [4], is given by

c(i, j)
σ (t ) =

∑
nσ

[η(1,i)
< (nσ |σ, t )]∗η(1, j)

< (nσ |σ, t )

=
∑
nσ

∑
�σN−1

∑
�τN−1

〈χ (0)(t )|P−1
(1,...,i)|σ, �τN−1〉〈�τN−1|χ (n)(t )〉〈χ (n)(t )|�σN−1〉〈σ, �σN−1|P̂(1,..., j)|χ (0)(t )〉

=
∑
�σN−1

〈χ (0)(t )|σ, �σN−1〉〈σ, �σN−1|P̂(i,..., j)|χ (0)(t )〉 (D2)

and the spatial part for x < x′

ρ (i, j)(x, y, t ) =
∑
nX

[g(1,i)
< (nX |x, t )]∗g(1, j)

< (nX |x, t )

= N!
∫

x2<···xi−1<x<xi+1<···<x j−1<y<x j<···<xN

d �XN−1
[
�

(0)
F (y, �XN−1, t )

]∗
�

(0)
F (x, �XN−1, t ), (D3)

where we have factorized the indices n = nX ⊗ nσ without loss of generality.

APPENDIX E: SPIN BANDWIDTH

Here, we detail the procedure we have used in order to
estimate the spin bandwidths �ω

(n)
B,F shown in Fig. 3. For

each band, we have estimated the maximum and the minimum
values of the excitation energy to order 1/g, by calculating
the relevant spin-chain energies as follows. For bosons, as
already pointed out in the main text, there is no spin dispersion
in the lower-energy branches h̄ω < μ, but it is observed in
the upper-energy branches h̄ω > μ. There, in each branch,
the spectral peaks can be associated with either one of the
following two spin symmetries: the fully symmetric configu-
ration (N + 1) and the slightly less symmetric one (N, 1). The
highest spin-chain energy is brought from the most symmetric
diagram and its value is on the order of εmax

B = 2NJ (n)
c /h̄,

corresponding to N symmetric exchanges of N + 1 identi-
cal bosons. The smallest spin-chain energy is brought by
the highest-energy state in the N-degenerate manifold of the
symmetry sector (N, 1). An upper bound can be obtained by
assuming that in such a state the energy is as if N − 2 identical
bosons contribute (i.e., the vertical column with two boxes
does not contribute), leading to εmin

B = 2(N − 2)J (n)
c /h̄. We

have verified this assumption through the exact diagonaliza-
tion of the spin-chain Hamiltonian. The above estimate allows
us to obtain for the bosonic upper-energy spin bandwidths
�ω

(n)
B = εmax

B − εmin
B � 4J (n)

c /h̄.
The evaluation of bandwidth of the fermionic mixture is

less straightforward, because of the mixed symmetry of the
Young diagram (2, 2, . . . , 1) involved in both the lower (h̄ω <

μ) and upper (h̄ω > μ) branches of the spectrum, the only

difference being the number of two-box lines between the
two cases: N/2 − 1 for the lower-energy branches and N/2
for the upper-energy ones. We start from the observation that
in a homogeneous system with periodic boundary conditions,
the energy of the spin state depends on an orbital quantum
number that determines the total momentum of the mixture on
the ring [60]. For such mixed-symmetry diagrams, the orbital
quantum number selects particular spin-state configurations.
The highest spin-chain energy comes from the Néel config-
uration |↑ ↓↑↓ . . . ↑〉 and its value is εmax

F− = (N − 2)J (n)
c /h̄

for the lower-energy branches and εmax
F+ = NJ (n)

c /h̄ for the
upper-energy ones corresponding to N − 1 (N + 1) symmet-
ric exchanges of distinguishable spins. The lowest spin-chain
energy can be estimated using a domain-wall configuration
|↑ ↑ · · · ↑↓ · · · ↓↓〉 and thus is of the order [63] εmin

F =
J (n)

c /h̄, which does not depend on N . The different scaling
of εmax

F∓ and εmin
F with particle number is the crucial point at

the basis of the fact that fermionic mixtures have a larger spin
bandwidth than bosonic ones. Indeed, for the bandwidth of
the lower-/upper- energy spin branches of the fermionic spec-
trum, we find that �ω

(n)
F = εmax

F∓ − εmin
F � (N − 1 ∓ 2)J (n)

c /h̄.
We finally notice that the above calculations are approximate
estimates since for systems in an external trap neither Néel
nor domain-wall spin configurations are eigenstates of the
spin chain Hamiltonian. We have however verified that, even
in the presence of the harmonic confinement, these two spin
configurations bring the main contribution to the eigenstates
corresponding to the highest and smallest spin excitation en-
ergy, respectively.
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