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Spin-to-orbital angular momentum conversion in non-Hermitian photonic graphene
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Optical beams with orbital angular momentum (OAM) have numerous potential applications, but the means
used for their generation often lack crucial on-demand control. In this work, we present a mechanism of convert-
ing spin angular momentum (SAM) to OAM in a nonstructured beam. The conversion occurs through spin-orbit
coupling in a reconfigurable photonic honeycomb lattice with staggering implemented by electromagnetically
induced transparency in an atomic vapor cell. The spin-orbit coupling allows to outcouple the OAM signal from a
particular band in a given valley determined by the chirality of light or the lattice staggering, providing a nonzero
Berry curvature for generating OAM. The dependence of the output OAM on the chirality of the input beam is
the first control knob. The staggering works as a second control knob, flipping the sign of OAM for the fixed
chirality. The demonstrated conversion between SAM and OAM is important for optical communications. Our
results can be extended to other implementations of paraxial photonic graphene.

DOI: 10.1103/w2qs-lqqt

I. INTRODUCTION

The quest for efficient information transfer makes scien-
tists look for new degrees of freedom. In photonics, the orbital
angular momentum (OAM) of light beams [1–4] and individ-
ual or entangled photons [5] is now seen as a very promising
candidate [6] for data encoding thanks to its unbounded nature
[7]. Entanglement has recently been demonstrated for the
OAM degree of freedom [8]. Nonzero OAM beams are also
intensively applied to create tractor beams [9] and holographic
optical tweezers [10,11].

Various techniques are currently used for OAM generation
and control in coherent light beams [12], with the shaping
of paraxial beams by spatial light modulator being the most
widespread and well-established technique [2,13]. Berry cur-
vature can be exploited for the generation of OAM from
topological interfaces in quantum Hall regime [14] because
of its inherent relation to angular momentum [15]. Other
topological structures are also used [16,17]. Conversion of
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the photonic spin angular momentum (SAM), also known
as chirality or circular polarization degree, to OAM [18]
relies on complex architectures of metasurfaces [19], q, J,
and other wave plates [20–22], or spin-orbit coupling (SOC)
in sophisticated semiconductor microstructures [23]. Berry
curvature associated with SOC is also employed to realize
SAM to OAM conversion [20,24,25]. Though the methods are
numerous, the on-demand control of the conversion is rarely
achieved (see Ref. [26] for an example).

All mentioned systems with SAM to OAM conversion
have SOC as a common component, but not every type
of SOC is able to produce this conversion. In general,
photonic SOC can have various forms producing fascinating
effects, such as the spin-Hall effect of light [27] or optical
spin-Hall effect [28], but with an important common feature:
It is always related to the transverse nature of the light
waves [29]. Any spatial inhomogeneity allowing to define
the transverse-electric (TE) and transverse-magnetic (TM)
directions necessarily gives rise to a TE-TM SOC. So, every
photonic lattice naturally possesses it.

Photonic graphene based on electromagnetically induced
transparency (EIT) has recently emerged as a versatile re-
configurable platform with suitable SOC allowing OAM
generation [30–32]. Other types of photonic graphene are also
actively studied [33,34]. The valleys of the photonic graphene
are characterized by Berry curvature [35]. The generation
of an OAM quantum, that is, an optical singularity called
a quantum vortex, requires exciting a given valley (Dirac
point) of the Brillouin zone of photonic graphene, but with
a structured beam covering only A or B sites of the unit cell
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[30,36]. Changing the sign of the generated OAM requires
either switching the excited valley from K to K ′ (changing the
incident direction of the probe beam) or switching the type of
the excited sites (A to B) by rotating the lattice, which in both
cases is a macroscopic modification. An additional tunability
can be provided by staggering, namely, the energy difference
(gap) between the A and B sites of the unit cell. Staggered
photonic graphene allows to generate OAM either by exciting
a given valley with a spatially homogeneous probe, which
requires a fine tuning of energy to the upper or lower band
in the valley, or by switching the valley, which again are
macroscopic modifications of the excitation. Finally, all de-
scribed regimes show OAM generation, but not SAM to OAM
conversion.

In this work, we demonstrate experimentally SAM to OAM
conversion of a nonstructured probe beam in a staggered
photonic graphene and its control by the staggering without
modifying the excitation scheme. We derive theoretically the
SOC term in non-Hermitian staggered photonic graphene and
explain how it provides the polarization conversion of the
OAM signal, which accumulates thanks to Berry curvature.
This mechanism of SAM to OAM conversion can be real-
ized in other paraxial implementations of photonic graphene
[33,34,37,38] and can open large possibilities for applications
in OAM generation for optical manipulation [9,10,39] and
microscopy [40,41], and in classical and quantum communi-
cations [21,42], including integrated photonic devices [43].

II. METHODS

A. Experimental scheme

We create a staggered honeycomb photonic potential under
the EIT regime in a Rb vapor cell. The potential varies in the
x-y plane, while it is translationally invariant along the z axis
inside the cell. Figure 1(a) shows the experimental setup. The
honeycomb photonic lattice is created by the interference of
three coupling laser beams [blue arrows in Fig. 1(a)]. Interfer-
ometric fringes of two extra coupling beams [green color in
Figs. 1(a) and 1(b)] cover one set of lattice sites to introduce
the staggering by modifying the refractive index. We explore
the dynamics of the system near the K point by sending a
probe beam [red arrow in Fig. 1(a)]. Since we are interested in
studying SAM to OAM conversion, the probe beam is always
circularly polarized (right or left) in our experiments. The
probe experiences effective susceptibility depending on the
parameters of coupling beams (see below), creating the lattice
and staggering [Fig. 1(b)]. Despite all coupling beams being
vertically polarized, the effective susceptibility is created for
both linear polarization components of the probe. The suscep-
tibility χ (x, y) is approximately five times stronger [31] for
the cross-polarized component Ex of the probe than for the
copolarized one Ey. After passing through the Rb cell, only
the cross-polarized component of the probe Ex is selected by
the polarizing beam splitter (PBS) [Fig. 1(a)]. If the OAM of
the transmitted probe is nonzero, one can observe a density
dip corresponding to a phase singularity (OAM quantum) just
after the PBS [Fig. 1(c)]. By interfering the output probe with
a reference beam originating from the same laser source, we
observe interference fringes with a dislocation [Fig. 1(d)].
The dislocation marks the vortex position and allows us to
determine the sign of the generated OAM.

FIG. 1. Photonic graphene in a Rb cell: scheme of the ex-
periment and detection of OAM. (a) Experimental setup. Three
coupling beams Ec1, E′

c1, E′′
c1 (blue arrows) with an angle of ∼1.2◦

between each two of them form a hexagonal interference pattern;
two additional coupling beams Ec2, E′

c2 (green arrows) create one-
dimensional (1D) interference fringes. While passing through Rb
vapor cell with the EIT configuration, these five coupling beams
induce a staggered honeycomb photonic potential for the probe beam
E1 (red arrow). A PBS cube filters out y-polarized coupling beams,
and only the x component of the probe beam is detected by the CCD
(charge-coupled device) camera. Inset: Atomic energy-level struc-
ture; δ1 (δc1, δc2) is the frequency detuning of the field E1 (Ec1, Ec2).
(b) The schematic of the formed honeycomb photonic lattice with
staggering due to the 1D interference fringes (green lines) covering
the A sublattice (blue dots). (c) Observed output probe beam with
a circular-polarized input. (d) The interference between the output
probe in panel (c) and the reference beam Eref.

The Gaussian probe beam E1 (with a diameter of
∼0.5 mm) is derived from an external-cavity diode laser
(ECDL1), and its polarization is set as either left or right cir-
cular by a quarter wave plate [λ/4 in Fig. 1(a)]. The reference
beam Eref is also from same ECDL1. The two-dimensional
(2D) hexagonal coupling field (with a period of ∼43.8 μm)
is established by interfering three Gaussian beams Ec1, E ′

c1,
and E ′′

c1 (with their powers being 6.9, 7.4, and 9.6 mW) from
ECDL2, while the 1D coupling field corresponds to the inter-
ference fringes of Gaussian Ec2 and E ′

c2 (with their powers
being 4.6 and 6.3 mW) from ECDL3. The five y-polarized
coupling beams possess the same diameter of ∼1 mm. The
two coupling fields are combined by a beam splitter and then
are sent into the vapor cell. The Rb vapor cell with a length
of 5 cm is heated to ∼74 ◦C to provide an atomic density
of N ≈ 1012 cm−3. The wavelength of all the involved laser
beams is around 795 nm.

Both 1D periodic coupling field and hexagonal coupling
field generate EIT windows on the probe field. The suscepti-
bility experienced by the probe field E1 is given as

χ = iN |μ31|2
h̄ε0

× 1

(�31 − iδ1) + |�2|2
�32−i(δ1−δc1 ) + |�3|2

�32−i(δ1−δc2 )

,

(1)
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FIG. 2. OAM control by SAM: experiment and theory. Top row
(a)–(c): left-circular probe; bottom row (d)–(f): right-circular probe.
The staggering is positive: � > 0. (a), (d) Interference pattern (ex-
periment). (b), (e) Electric-field phase extracted from panels (a) and
(d) and exhibiting opposite vortices marked by black arrows (exper-
iment). (c), (f) Electric-field phase (theory).

in which N , h̄, and ε0 are the atomic density, the reduced
Planck constant, and the vacuum dielectric constant, respec-
tively; δi is the frequency detuning of field E i (i=1, c1 and
c2); μ31 and �31 are the dipole moment and decay rate, re-
spectively, between the energy levels |3〉 and |1〉 connected by
the probe beam [see the inset in Fig. 1(a)].

B. Data treatment

To extract the phase from the interference pattern, we first
apply a 2D Fourier transform to the measured pattern. We
then select one of the two maxima corresponding to the period
of intereference and filter out everything else. The remaining
maximum is then shifted to k = 0 and Fourier transformed
back to real space, after which the phase of the resulting
complex function is plotted [44].

C. Numerical simulations

We solve the time-dependent equation with the 12 × 12
Hamiltonian H12 defined in Appendix C numerically, by first
evaluating each of the matrix elements forming the matrix
H12 numerically based on Eq. (1) for χ (this involves finding
the eigenstates A, B, and C of the potential described by χ ),
and then by calculating the time evolution using the fourth-
order Runge-Kutta method with the Graphics Processing Unit
acceleration.

III. RESULTS

In the following, we first present the experimental results
demonstrating SAM to OAM conversion and its control, and
then discuss the mechanism behind these effects. Figure 2
shows the SAM to OAM conversion for different circular
polarization (SAM) of the probe beam. The top row of the
figure shows the results for a left-circular probe, while the
bottom row corresponds to a right-circular probe. Experimen-
tally measured interference images demonstrate the resulting

0
1

-1

y/
w

0-1 1x/w

0
1

-1

y/
w

0-1 1x/w 0-1 1x/w

(a) (b) (c)

(d)

(b)

(e) (f)

��

�

0

�>
0

�<
0

FIG. 3. OAM control by staggering: experiment and theory. The
incident probe beam is left-circularly polarized. Top row (a)–(c):
positive staggering; bottom row (d)–(f): negative staggering. (a),
(d) Interference pattern (experiment). (b), (e) Electric-field phase
extracted from panels (a) and (d) and exhibiting opposite vortices
marked by black arrows (experiment). (c), (f) Electric-field phase
(theory).

OAM l = +1 [panel (a), one vortex] and l = −1 [panel (d),
one antivortex]. This is confirmed by the spatial distribution of
the phase [panels (b) and (e)] extracted from the experimen-
tally measured interference (see Sec. II). The positions of the
vortices are marked with circles.

Figure 3 demonstrates the OAM control by the lattice
staggering. As in Fig. 2, we present experimentally measured
interference patterns [panels (a) and (d)] and extracted phase
[panels (b) and (e)]. For a positive staggering, the output OAM
is l = +1 (top row), whereas for a negative staggering, the
output OAM is l = −1 (bottom row).

The results of experiments in both configurations [45] are
summarized in Table I. In both cases (Figs. 2 and 3), the
resulting nonzero OAM is ensured by the SOC present in
photonic graphene as we will now prove theoretically.

The probe beam has a dominant wave vector component k0

along the z axis of the system. Its behavior in the transverse
plane can be described in the paraxial approximation by the
Schrödinger equation, with time t = z/c, mass m = h̄k0/c,
and potential U = −h̄ck0χ/2, with χ being the electric sus-
ceptibility and c being the speed of light. The variation kz

of the wave vector component along the z axis plays the
role of energy. The presence of two polarizations requires a
spinor Schrödinger equation with two components, which are
uncoupled in the zeroth order but coupled in the second order
of the small parameter a/l (a is the lattice constant and l

TABLE I. SAM to OAM conversion and OAM control by the
lattice staggering.

��������������SAM
Stagg.�

+1 −1

+1 +1 −1
−1 −1 +1
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is the cell size). The paraxial equations for the second-order
components accounting for the SOC read (see Appendix B)

2i
∂E (2)

x

∂ζ
≈ −∂2E (2)

x

∂ξ 2
− ∂2E (2)

x

∂η2
− χ̃xE (2)

x − ∂2

∂ξ∂η

(
χ̃yE (0)

y

)
,

(2a)

2i
∂E (2)

y

∂ζ
≈ −∂2E (2)

y

∂ξ 2
− ∂2E (2)

y

∂η2
− χ̃yE (2)

y − ∂2

∂ξ∂η

(
χ̃xE (0)

x

)
,

(2b)

where the rescaled coordinates are ξ = x/a, η = y/a, and
ζ = z/l; χx and χy are the x and y components of the diagonal
susceptibility tensor χ , respectively. As shown recently [31],
the TE-TM SOC of light, sometimes called the form bire-
fringence [46], in the EIT configuration leads to the presence
of second-order derivative SOC terms in the linear polariza-
tion basis. They include mixed first-order derivatives of both
susceptibility and field gradients (transverse wave vectors),
contrary to the TE-TM field in cavities, which contains only
second-order ones in field gradients (or wave vectors). This
coupling was already shown to mix the s and p bands of the
photonic graphene with consequent OAM generation from
linearly polarized probe [31]. However, the realization of
SAM to OAM conversion due to this term has not been shown
so far.

The strength of the s-p band mixing by the SOC depends
on the proximity of these bands. To enhance it, we reduce the
strength of the potential of photonic graphene. This potential
becomes weak compared to the recoil energy (max(|U |) �
h̄2π2/2ma2, where a is the lattice period). In this case, the
nearly free particle approximation [47] is much more suit-
able than the tight-binding one. We use three slowly varying
components A, B, and C (centered on A and B sites and
the hexagon center, respectively; see Fig. 6). They describe
the three lowest bands strongly mixed at the Dirac point:
the two branches of the s band and one of the branches of
the p band, see Appendix. We take into account two linear
projections of polarization (x and y) and two leading or-
ders (zeroth and second), and thus we construct a 12 × 12
Hamiltonian H12 for slowly varying envelopes, from which
we show below a 4 × 4 subspace [48] for the states of interest
F (2),C

x , F (0),A
y , F (0),B

y , F (0),C
y (see Appendixes C–E):

H4 =

⎛
⎜⎜⎜⎝

−iγxC it −it 0
−it � − iγyA δ(qx + iqy) δ(qx − iqy)

it δ(qx − iqy) −� − iγyB δ(qx + iqy)

0 δ(qx + iqy) δ(qx − iqy) EC − iγyC

⎞
⎟⎟⎟⎠,

(3)

where δ is the coefficient of the Dirac-like terms coupling
pairs of modes, q = (qx, qy) is the wave vector counted from
the K point, � is the staggering (difference of the average
potential energy of the states A and B), γx/y,A/B/C are the decay
rates, and t are the SOC coefficients (which depend on �)
responsible for the conversion between x and y polarizations.
The Hamiltonian (3) includes three y-polarized bands (the
bottom-right block) with Dirac-like couplings, each exhibiting
a winding, which can give rise to OAM generation [30,36]

thanks to the Berry curvature of the 2D massive Dirac Hamil-
tonian associated with a nonzero angular momentum [15,49].
It represents the most well-known example of a nontrivial val-
ley [50]; in particular, this Berry curvature is also responsible
for optical selection rules (spin-valley locking) in 2D materi-
als [51,52]. The associated Berry-Pancharatnam phase [53,54]
plays the role of the azimuthally dependent phase required
for OAM generation, as confirmed by multiple experiments
[55–58]. They are spin-orbit coupled (the antidiagonal blocks)
to a single x-polarized band (the top-left block), where the
observations of the probe evolution are performed. The ad-
vantage of this simplified model is that it allows to understand
qualitatively the role of the mechanisms involved in the SAM
to OAM conversion.

First, let us consider the circular polarization (SAM) of the
beam as a control knob, that is, SAM to OAM conversion in
Fig. 2. The Gaussian probe exhibits zero OAM in all three
components (A, B, C). Due to the difference in the decay
rates (i.e., the non-Hermiticity) γA/B � γC , which occurs be-
cause the absorption is stronger at the hexagon corners, the
C component quickly becomes dominant (in both x and y,
but we first focus on the longer-living y component). The
Dirac couplings δ create opposite OAM quanta in A and B
components out of the zero-OAM C component. This is the
first key effect of non-Hermiticity. The SOC terms t couple
these A and B components to the C component of the other
polarization. The OAM quanta generated in F (0),A

y , F (0),B
y are

converted into F (2),C
x by the SOC terms. The x polarization

(where the observations are made) decays faster than the
y polarization (γx � γy), so the second-order signal F (2),C

x
becomes comparable with the zeroth-order F (0),C

x due to the
significant decay of the latter. This is the second key ef-
fect of non-Hermiticity. Due to the opposite signs of the
SOC terms, one SOC-transferred OAM quantum in F (2),C

x
interferes constructively with the zero-OAM signal in F (0),C

x ,
while the other interferes destructively, resulting in a single
vortex (antivortex) in the detection. It is the destructive in-
terference that favors the observation of the vortex, so this
is the key effect of the SOC. Additional results for longer
evolution times are shown in Fig. 7. Flipping the SAM of the
probe changes the relative phase between x and y projections
and therefore flips the condition for destructive interference.
The simulation results are shown in Figs. 2(c) and 2(f) for
left- and right-circularly polarized probes, respectively. The
change in the SAM of the probe switches the detected OAM
from l = +1 [Fig. 2(c)] to l = −1 [Fig. 2(f)]. The simulation
perfectly captures the SAM to OAM conversion observed in
the experiment [Figs. 2(b) and 2(e)]. A small discrepancy
between experimental and simulated vortex positions is due
to the approximations used in the theoretical derivations.

Second, we consider the case of staggering � as a control
knob. One crucial feature of the Hamiltonian equation (3) is
the linear dependence of the SOC terms t on the staggering
via the mixed derivatives of the type ∂xχx,y∂yEx,y [see Eq. (2)
and Appendixes C–E]. The staggering induces a variation of
χ , and the flipping of the staggering inverts the sign of the
SOC terms t . The conditions for constructive and destructive
interference are therefore inverted, and so is the sign of the
detected OAM quantum. We would like to underline that
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the total angular momentum of the optical beam, being a
sum of orbital and spin angular momenta, is not conserved
due to the angular momentum exchange with the lattice. The
results of the numerical simulation are shown in Figs. 3(c) and
3(f) for positive and negative staggering �, respectively. The
initial circularly polarized probe shows, after detection in x
polarization, OAM l = +1 for positive staggering and OAM
l = −1 for negative staggering. Once again, the simulation is
in full correspondence with the OAM generation observed in
the experiment [Figs. 3(b) and 3(e)]. The use of staggering
allows to invert the output OAM for right or left input SAM
(see Table I).

We have presented an approach for SAM to OAM conver-
sion from an unstructured beam based on a photonic graphene
lattice. Our experiment is based on EIT in Rb vapor cell.
Its essential ingredients are the nonzero Berry curvature of
graphene bands at the Dirac point, the non-Hermiticity, and
the photonic SOC. The resulting OAM sign can be flipped by
the circular polarization of the incident beam (SAM) or by the
lattice staggering, providing efficient and controllable SAM to
OAM conversion.

This work underlines the significant interplay of two in-
gredients common for both control regimes of SAM to OAM
conversion. First, the pairs of y-polarized modes form Dirac
Hamiltonians. The link of the Dirac Hamiltonian to the for-
mation of OAM quanta (vortex and antivortex for different
bands) was reported and understood quite recently [15,30,36].
Here, it also involves the non-Hermiticity responsible for the
formation of two opposite OAM quanta in two modes from
the initial signal with zero OAM. Second, the SOC provides a
selective transfer of one of these quanta to the polarization in
which the detection is performed.

It is important to stress that this method is not limited to
a particular implementation of photonic graphene. While our
implementation with lattice generated by optical beams has
the advantage of versatility and reconfigurability, other meth-
ods of engineering optical potential can also be used, such as
nonlinear crystals [36,59,60], or liquids [61], as well as pre-
fabricated structures like coupled waveguides [33,46,62,63],
or liquid crystals [64,65]. In all these systems, the SOC can
play an important role for OAM generation and information
encoding. Our work is of interest for the communities study-
ing non-Hermiticity [66] and PT symmetry [67] in photonics
and beyond [68]. Our method provides the information con-
version between probe SAM or lattice staggering and the
OAM, which is particularly promising for applications in op-
tical communications and computing.
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APPENDIX A: STRUCTURE OF THE PHOTONIC
POTENTIAL

The photonic potential V is created by two sets of Y-
polarized coupling lasers as described in Sec. II. The potential
Vx for X polarization is simply equal to −χx as we demon-
strate in the next Appendix; therefore, we will use the terms
“susceptibility” and “potential” interchangeably. When two
sets of lasers are used, the first set creates a honeycomb
(photonic graphene) potential [Figs. 4(a) and 4(d)] while the
second creates a staggering potential [Figs. 4(b) and 4(e)]
(1D interference fringes). When combined, they give rise to
a staggered honeycomb potential [Figs. 4(c) and 4(f)]. The
staggering magnitude and sign can be controlled by frequency
detuning δc2 of the Ec2 and Ec2′ lasers [see Eq. (3)]. In
Fig. 4, we show an example of a single staggering value. The
staggering is created for both real [Fig. 4(c)] and imaginary
[Fig. 4(f)] parts of the resulting potential. The potential for
the Y polarization aligned along the coupling lasers polar-
ization is approximately 5 times smaller for the real part
Re[χy] ≈ 0.2Re[χx] and 10 times smaller for the imaginary
part Im[χy] ≈ 0.1Im[χx] in correspondence with our previous
experiments [31].

APPENDIX B: PARAXIAL APPROXIMATION OF THE
WAVE EQUATION WITH PHOTONIC SPIN-ORBIT

COUPLING

The wave equation for electromagnetic waves in inhomo-
geneous dielectric media can be written as

−�E + ∇(∇, E) = −1 + χ

c2

∂2E
∂t2

, (B1)

where E is the electric field, χ is the electric susceptibility
tensor, c is the speed of light in vacuum, t is time, � and ∇
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are the Laplacian and nabla operators, respectively, acting in
three-dimensional space {x, y, z}.

The dynamics of the light beam passing along the z axis
through the atomic vapor cell in the EIT regime is well de-
scribed in the paraxial approximation [69]:

E(x, y, z) = Ẽ(x, y, z)eik0z−iωt , (B2)
∣∣∣∣∣
∂2Ẽ
∂z2

∣∣∣∣∣ �
∣∣∣∣∣k0

∂Ẽ
∂z

∣∣∣∣∣ � k2
0 , (B3)

where k0 = ω/c is the wave vector along z axis and ω is the
wave frequency. We can introduce characteristic lengths in
(x, y) plane as w and along z axis as l = k0w

2. Then, the
paraxial approximation is described by the small parameter
f = w/l , which is ∼10−2 in our case. We can also introduce
dimensionless coordinates ξ = x/w, η = y/w, and ζ = z/l .
We notice that the potentials χx,y are on the order of 10−4;
therefore, the potentials can be rescaled as χ̃x,y = χx,y/ f 2.
Finally, using all these notations, Eq. (B1) can be rewritten
as the following system of equations:

f
∂2Ey

∂ξ∂η
+ i

∂Ez

∂ξ
+ f 2 ∂2Ez

∂ξ∂ζ
− f

∂2Ex

∂η2
− f 3 ∂2Ex

∂ζ 2
− 2i f

∂Ex

∂ζ

= f χ̃xEx, (B4a)

f
∂2Ex

∂ξ∂η
+ i

∂Ez

∂η
+ f 2 ∂2Ez

∂η∂ζ
− f

∂2Ey

∂ξ 2
− f 3 ∂2Ey

∂ζ 2
− 2i f

∂Ey

∂ζ

= f χ̃yEy, (B4b)

f 2 ∂2Ex

∂ξ∂ζ
+ i

∂Ex

∂ξ
+ f 2 ∂2Ey

∂η∂ζ
+ i

∂Ey

∂η
− f

∂2Ez

∂ξ 2
− f

∂2Ez

∂η2

= f −1Ez. (B4c)

Now, we can write a series expansion of the fields with
respect to the small parameter f . It turns out that the Ex,y

fields contain only even terms of the decomposition, while Ez

contains only odd terms:

Ex,y = E (0)
x,y + f 2E (2)

x,y + · · ·, (B5a)

Ez = f E (1)
z + f 3E (3)

z + · · ·. (B5b)

Zero-order ( f 0) and first-order ( f 1) terms in Eq. (B4) provide
us with a typical system of equations describing dynamics of
zero-order fields E (0)

x,y in the paraxial approximation:

2i
∂E (0)

x

∂ζ
= −∂2E (0)

x

∂ξ 2
− ∂2E (0)

x

∂η2
− χ̃xE (0)

x , (B6a)

2i
∂E (0)

y

∂ζ
= −∂2E (0)

y

∂ξ 2
− ∂2E (0)

y

∂η2
− χ̃yE (0)

y . (B6b)

Equation (B6) is a Schrödinger-like equation with the time
coordinate replaced by the real space coordinate ζ . The first
and second terms on the right-hand side of Eq. (B6) stand for
kinetic energy, while the third term is the photonic potential
induced by coupling beams (see Appendix A). As one can
see, these equations do not involve spin-orbit coupling terms
and two polarizations evolve independently. Therefore, these
equations are not enough to explain the SAM to OAM con-
version controlled by the excitation polarization (Fig. 2). So,
we have to go to the next order to include the polarization

FIG. 5. Dispersion of “lower-energy” states of Eq. (B6) along kξ

[panels (a) and (c)] and kη [panels (b) and (d)]; upper row (a), (b):
real part of kζ ; lower row (c), (d): imaginary part of kζ ; red (blue)
color corresponds to the X (Y) polarization; dashed black line shows
a point in k space for which we plot eigenmodes in Fig. 6.

coupling. f 2 and f 3 terms of Eq. (B4) give us the dynamics of
the second-order fields E (2)

x,y :

2i
∂E (2)

x

∂ζ
= −∂2E (2)

x

∂ξ 2
− ∂2E (2)

x

∂η2
− χ̃xE (2)

x + Sxx
[
χ̃x, E (0)

x

]

+ Sxy
[
χ̃yE (0)

y

]
, (B7a)

2i
∂E (2)

y

∂ζ
= −∂2E (2)

y

∂ξ 2
− ∂2E (2)

y

∂η2
− χ̃yE (2)

y + Syy
[
χ̃y, E (0)

y

]

+ Syx
[
χ̃xE (0)

x

]
. (B7b)

As one can see, the dynamics of the second-order field com-
ponents is similar to the one in Eq. (B6) with the addition of
contribution from the zeroth order through Sαβ functionals.
Since we expect that the SOC plays the central role in the
SAM to OAM conversion, we keep only cross-polarized terms
Sxy[g] = Syx[g] = − ∂2g

∂ξ∂η
.

APPENDIX C: SPECTRUM OF THE SYSTEM

It is possible now to straightforwardly solve Eqs. (B6)
and (B7) for dynamics. These simulations can reproduce the
experimental results but are not strongly helpful for under-
standing the mechanism behind the SAM to OAM conversion.
Therefore, we would like to apply slowly varying envelope
approximation (SVEA) to Eqs. (B6) and (B7) in order to build
a simpler model, from both simulation and analysis points of
view.

We first find the eigenmodes and dispersion of Eq. (B6).
We perform our analysis in the vicinity of the K point to
match the excitation conditions of the experiment. Dispersion
of several “lower-energy” bands (actually, lower kζ , since the
role of time is played by the spatial coordinate ζ ) is shown
in Fig. 5. Contrary to the case of honeycomb lattice in the
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FIG. 6. Three “lower-energy” eigenmodes in X polarization near
the K point of the Brillouin zone: (a)–(c) real space normalized
density and (d)–(f) real space phase; columns are arranged in order
of increasing kζ (see black dashed line in Fig. 5): (left) A state,
(middle) B state, and (right) C state; white dashed lines indicate the
honeycomb lattice cell.

tight-binding approximation, where the set of lower-energy
states is formed by two eigenmodes, localized on A and B
sites, respectively, here the potential is weak, and another ex-
treme is achieved, namely, nearly free particle approximation.
In this case, an additional eigenmode localized on the center
(C) of the hexagon is “energetically” close to the A and B
states [47]. The A, B, and C eigenmodes for X polarization
are shown in Fig. 6. Since potentials have different strengths
for two polarizations, there are in total six “lower-energy”
eigenmodes, which we take into account in the following. The
structure of eigenmodes in Y polarization is very similar to
the one shown for X polarization. We expect that all important
dynamics is happening between these six states.

APPENDIX D: SLOWLY VARYING ENVELOPE
APPROXIMATION

Now, we can decompose both zeroth- and second-order
fields on the basis of “lower-energy” states U Z

x,y (Z =
{A, B,C}) with slowly varying envelopes F (0,2),Z

x,y :

E (0,2)
x,y (ξ, η, ζ ) =

∑
Z

F (0,2),Z
x,y (ξ, η, ζ )U Z

x,y(ξ, η). (D1)

In total, there are 12 slowly varying envelopes F =
{F (0,2),Z

x,y , Z = A, B,C} that define the dimensionality for the
“Hamiltonian” matrix based on Eqs. (B6) and (B7):

2i
∂F

∂ζ
= Ĥ12F, Ĥ12 = K̂ + P̂ + Ŝ, (D2)

where K̂ is the kinetic energy matrix, P̂ is the potential matrix,
and Ŝ is the SOC matrix. Their nonzero matrix elements are
defined as

Kαα,ZZ ′ = U Z ′
α

∗
(

− ∂2

∂ξ 2
− ∂2

∂η2

)
U Z

α , (D3a)

Pαα,ZZ = −U Z
α

∗
χ̃αU Z

α , (D3b)

Sαᾱ,ZZ ′ = U Z ′
ᾱ

∗
Sᾱα

[
χ̃αU Z

α

]

= −U Z ′
ᾱ

∗ ∂2

∂ξ∂η
χ̃αU Z

α , (D3c)

where ᾱ stands for an orthogonal to α in-plane coordinate
(e.g., if α = x, then ᾱ = y).

APPENDIX E: SYSTEM DYNAMICS

The exact kinetic energy matrix in Eq. (D3) can be well ap-
proximated by a block diagonal matrix K̂ = diag(4 × {K̂0}),
where all four 3 × 3 blocks K̂0 (one block per field component
E (0,2)

x,y ) are identical and equal:

K̂0 = δ

⎛
⎝ 0 kξ + ikη kξ − ikη

kξ − ikη 0 kξ + ikη

kξ + ikη kξ − ikη 0

⎞
⎠. (E1)

The small parameter δ, basically, defines the slow space co-
ordinates as (ξ ′, η′) = (ξ, η)/δ. It is worth noting that these
kinetic energy blocks are identical for both polarizations since
the leading order of the nearly free particle approximation is
potential independent. As one can see, all three basis states
of the matrix K̂0 enter symmetrically in the matrix (up to the
winding sign of coupling term). Each pair forms a Dirac-like
Hamiltonian. Therefore, if a single eigenmode U Z

α is excited,
the vortices of different signs appear in two other eigenmodes
(this is the conical refraction [30]). However, if two eigen-
modes are excited equally, they create two vortices of opposite
signs in the third eigenmode that cancel each other. A simi-
lar situation happens when all three eigenmodes are excited
equally.

In our experiment, we excite the system with a broad Gaus-
sian beam. This excitation corresponds to a symmetric linear
superposition of all three eigenmodes, which we use as an
initial state E (0)

α (ζ = 0) = 1√
3

∑
Z U Z

α . Therefore, the kinetic
energy term in Eq. (E1) itself is not enough to create vortices
in any polarization. Here, the imaginary part of the potential
χx,y becomes important. A, B, and C states have different
decays, with the C state being most long-living between the
three. Therefore, after some “time” of evolution (at some
distance ζ ), the C mode becomes more populated than the
A and B modes, and the situation becomes equivalent to the
excitation of the kinetic energy Hamiltonian in Eq. (E1) with
a single C component. As a result, two vortices of different
signs are created in A and B eigenmodes, one for each eigen-
mode.

Everything described above happens in the zeroth order of
a single Y polarization, namely, E (0)

y . However, the detection is
performed in X polarization, and the detected signal consists
of the sum of zeroth- and second-order field components [see
Eq. (B5)]. Again, the C state is the most long-living in X
polarization as well, and, therefore, the components F (0,2),C

x
make the principal contribution in the detection. Zeroth-order
component in X (F (0),C

x ) evolves similarly to the correspond-
ing component in Y (F (0),C

y ); namely, it does not have a vortex,
as described above. However, it shows a quicker decay with
respect to F (0),C

y because of a bigger imaginary potential in
X [see Figs. 5(c) and 5(d)]. Second-order component in X
(F (2),C

x ) is formed fully due to the spin-orbit coupling term
Ŝ transferring two vortices of opposite signs from F (0),A

y and
F (0),B

y , respectively. Consequently, the “lifetime” of F (2),C
x

component is defined by the “lifetime” of Y polarization,
which is significantly bigger than the one for X. As a result,
despite the definition of the orders in Eq. (B5), because of
the non-Hermitian nature of the potential, zeroth order in X
(F (0),C

x ) decays faster than second order in X (F (2),C
x ), and at
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(a) (b) (c) (d)

0

-�

�

t

FIG. 7. Consecutive phase images of the center of the probe
beam: (a) t = τ/2, (b) t = τ , (c) t = 1.75τ , and (d) t = 2.75τ . Black
arrows indicate the vortex rotation direction. Blue arrow shows the
direction of the time evolution.

some moment of “time” they become comparable. According
to our simulations, the length of vapor cell corresponds to this
characteristic “time” (characteristic length along ζ ). There-
fore, the total (detected) signal is the result of the interference
of the constant-phase field F (0),C

x and the vortex-antivortex
field F (2),C

x .
One of these two vortices interferes constructively with

F (0),C
x , while another interferes destructively. Whether the

interference is constructive or destructive is defined by the
structure of spin-orbit coupling matrix elements Syx,AC and
Syx,BC . These matrix elements are staggering-dependent [since
χ̃α enters Eq. (D3c)]. That is why by controlling stagger-
ing, we can “choose” which vortex interferes constructively
(Fig. 3).

The result of interference also depends on the initial phase
difference between X and Y polarizations, in other words,
on the chirality of the excitation beam. This is so because
of the phase of F (0),C

x controlled by the initial phase in X
polarization and phase of F (2),C

x controlled by the initial phase

in Y polarization. Therefore, inverting the circular polarization
allows us to “choose” which vortex interferes constructively
(Fig. 2).

The duration of the “time” evolution of the system is
controlled by the length of the vapor cell. In reduced units,
it also depends on other parameters of the system, such as
the detunings of the pump and probe lasers controlling the
susceptibility, and the size of the probe beam, controlling the
caracteristic evolution time [30]. In our current experiments,
the parameters were chosen to optimize the observation of
phase singularity in the output signal. However, for longer
evolution times the output evolves in a more complicated
way. In numerical simulations, we observe the increase of
the OAM of the beam (one vortex appears and moves to the
center of the beam), followed by the decrease of the OAM
(an antivortex joins the vortex in the center of the beam). This
has been discussed for conical diffraction [56]. The behavior
becomes more complex in the non-Hermitian case, but the
main qualitative features can still be observed, as we show
in Fig. 7. We define τ as the moment where the OAM is
maximal (a single vortex is closest to the center of the beam),
which approximately corresponds to the conditions of the
experiment in the article. We only show the central part of
the beam, where the intensity is sufficiently high. Outside, the
intensity is low and the phase is random (numerical noise).
Figure 7(a) shows a moment when time is sufficiently small
t = τ/2, and the vortex, approaching from infinity, did not
appear yet in the field of view (no OAM). Figure 7(b) shows
the moment of highest OAM. Figure 7(c) shows that an an-
tivortex appears in the field of view for t = 1.75τ , and finally
the vortex and antivortex are close to each other for t = 2.75τ .
Their contributions to the OAM compensate each other, and
therefore the total OAM is close to zero.
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