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Space-time structured laser pulses feature an intensity peak that can travel at an arbitrary velocity while
maintaining a near-constant profile. These pulses can propagate in uniform media, where their frequencies are
correlated with continuous transverse wave vectors, or in structured media, such as a waveguide, where their
frequencies are correlated with discrete mode numbers. Here, we demonstrate the formation and propagation
of arbitrary-velocity laser pulses in a plasma waveguide where the intensity can be orders of magnitude
higher than in a solid-state waveguide. The flexibility to control the velocity of the peak intensity in a plasma
waveguide enables new configurations for plasma-based sources of radiation and energetic particles, including
THz generation, laser wakefield acceleration, and direct laser acceleration.
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I. INTRODUCTION

Space-time structuring of laser pulses has emerged as a
powerful approach to tailoring light-matter interactions. The
peak intensity of a space-time structured pulse can move inde-
pendently of the group velocity—along, against, or transverse
to the propagation direction—at any velocity, including those
exceeding the vacuum speed of light [1-18]. This flexibility
has enabled novel configurations of light-matter interactions
that have the potential to transform plasma-based applica-
tions [7,8,15,19-28], nonlinear optical processes [29-33], and
measurements of strong-field quantum electrodynamical phe-
nomena [34-36]. In a plasma, for instance, a laser pulse with
a controllable velocity intensity peak can be used to overcome
the limitations on the energy gained by electrons in a laser
wakefield accelerator [7,8,22,28], ensure near-uniform condi-
tions in a Raman amplifier [19,21,26], or control the emission
angle of high-power THz radiation [31-33].

Optical techniques for space-time structuring reshape the
amplitude, phase, or polarization of a laser pulse by impart-
ing correlations between their spatial and temporal degrees
of freedom. The resulting pulses can propagate through a
uniform medium [1-15], where the correlations are contin-
uous, or through a structured medium, like a waveguide
[16-18], where the correlations are discrete. To date, the
proposed applications for space-time structured pulses have
been limited to uniform media. While waveguides could
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offer a complementary approach, the high intensities required
for many applications would destroy a solid-state structure.
Plasma waveguides [37-45], on the other hand, can withstand
orders-of-magnitude higher intensities and are already used
to guide conventional pulses in several of the applications
envisioned for space-time structured laser pulses [46-54].
Here, we demonstrate the propagation of high-intensity,
arbitrary-velocity, space-time structured laser pulses in
plasma waveguides. Figure 1 illustrates the concept. A
laser pulse composed of discrete waveguide modes with
appropriately selected frequencies propagates through a pre-
formed plasma channel. Such a pulse can be prepared using
recently developed techniques for spatiotemporal control
[55-57] or by independently manipulating pulses from a mul-
tiplexed fiber laser [58]. The interference of the waveguide
modes produces an intensity peak that travels at a velocity
that is independent of the modal phase and group velocities.
When the ratios of the modal frequencies are rational, the
intensity peak recurs at regular intervals, creating a train of
arbitrary-velocity intensity peaks. This flexibility to control
the velocity of the peak intensity in a plasma waveguide offers
a new approach to high-intensity light-matter interactions that
rely on velocity matching or extended interaction lengths.
The remainder of this article begins with a model for the
propagation of a laser pulse in a plasma waveguide (Sec. II).
The model is general enough to describe the guiding of
a pulse with orbital angular momentum or vector vortex
structure, regardless of the waveguide profile. The dispersion
relation provided by the model is supplemented by a con-
straint that correlates the frequencies and wave numbers of
the modes composing the pulse (Sec. III). The constraint is
chosen to produce a pulse with a peak intensity that moves
independently of the group velocity at an arbitrary, specified
value. The specific case of arbitrary-velocity laser pulses in a
plasma waveguide with a parabolic density profile is analyzed
(Sec. 1V) and demonstrated with quasistatic particle-in-cell
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FIG. 1. A laser pulse composed of plasma-waveguide modes
with appropriately selected frequencies exhibits an arbitrary-velocity
intensity peak. In this example, the peak intensity travels backward
with respect to the phase and group velocities of the modes. When the
relative frequencies of the modes are commensurate (i.e., their ratios
are rational), the moving intensity peak recurs at a regular interval.

simulations (Sec. V). The article concludes with a summary
of the results and a discussion of future prospects (Sec. VI).

II. PLASMA WAVEGUIDES

Consider a laser pulse propagating in the positive Z di-
rection through a preformed plasma channel. The transverse
electric field of the pulse can be expressed as a superposition
of its frequency components

1 .
E(x,t) = E/e"“”E(x, w)dw +c.c., (1)

where the integral is over positive frequencies. The frequency
components evolve according to the wave equation

A %M 2
(8_z2+ L+Z> X, w) = 2 x, w), 2)
where wg(x) = e’n(x)/meey is the square of the plasma fre-
quency and n(x) is the electron density. The plasma channel
is assumed to be longitudinally uniform, cylindrically sym-
metric, and underdense, such that wp(x) = wp(r) K w, where
r = (x> + y*)!/? is the transverse distance from the z axis.

From the wave equation [Eq. (2)], one can derive the
refractive index ju(r,w) = [1 — wp(r)/@*]"/?. This expres-
sion shows that an electron density that increases with
radius results in a refractive index that decreases with ra-
dius. A refractive index that decreases with radius counteracts
diffraction by bending the “rays” of the pulse towards the
propagation axis (r = 0). If the change in the refractive in-
dex is large enough, the plasma channel acts as a waveguide
with bound states (i.e., eigenmodes) that remain transversely
confined to the channel.

The guided solutions to Eq. (2) are superpositions of these
modes:

E(x, @) = ) &gu(@)Ag(r)ee @, 3)
q,t

where g and ¢ are the radial and azimuthal mode numbers,
respectively, kg (w) is the wave number, and 6 = arctan (y/x)
is the azimuth. The coefficients

&y (@) = |age(@)|e @R () )

include the spectral amplitude |&,(w)|, spectral phase
®,¢(w), and polarization unit vector &,,(w) of each mode. The
radial functions satisfy

w3(r) — o3 1
[VE - "c—z""}Aqm) =~ Au(). )

gl

where wgo = w}%(O). The w’,f take discrete, positive-definite
scalar values, and the transverse width of each mode is o¢ wy.
The exact form of the A4 (r) and w,¢ depend on the profile of
the channel a)g(r). Combining Eqgs. (2), (3), and (5) provides
the modal dispersion relation

Wy =0 — 0l — — ©)

qt P02

gl
Thus, the wq_{1 contribute to the dispersion relation like a
transverse wave vector.

The phase and group velocities of each mode can be calcu-
lated from the modal dispersion relation. The phase velocities
Vg gt = w/kgye are faster than the vacuum speed of light (i.e.,
superluminal) and given by

-1/2
c? wzo
Vpogt = c<1 - -2 ) (7)

2,012 2
a)wq[ w

The group velocities vg 4¢ = dw/0ky, are slower than the vac-
uum speed of light (i.e., subluminal) and given by

) o\ 172
c @50
Vg.qt = c(l - - —") ) (8)

2 2
@ wqe w

The subluminal group velocities can limit or preclude laser-
plasma-based applications that rely on matching the velocity
of the peak intensity to some underlying process.

III. ARBITRARY-VELOCITY GUIDING

By appropriately selecting the frequency of each mode, a
guided laser pulse can exhibit an intensity peak that moves
independently of the modal group velocities vg 4¢. While each
mode must satisfy the dispersion relation [Eq. (6)], an addi-
tional constraint on the frequencies and mode numbers can be
imposed. In the specific case of interest here, this constraint
is chosen so that the superposition of modes travels at an
arbitrary group velocity v,.

To determine the constraint necessary for an arbitrary
group velocity v,, one can directly integrate dw/0kye = v, to
find w = v,kye + 1. The integration constant 7 is set by requir-
ing that w = wyy = (a)go + cz/w(z)0 + czkgo)l/2 when k, =
koo- The resulting constraint is

w = wop + Va(kge — koo). 9

Note that the integration constant can be set so that w = w,
when k¢ = kj; for any p and [ without affecting the arbitrary
group velocity. The lowest-order mode p = I = 0 is used here
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FIG. 2. To produce an arbitrary-velocity intensity peak in a
plasma waveguide, the frequency of each mode composing the laser
pulse must lie at the intersection of the modal dispersion relation
[Eq. (6)] and the constraint @ = wy + va(k,e — ko). (a) The intersec-
tions for v, = —c and £ = 0. (b) The intersections for v, = 1.05¢ and
£ = 0. An artificially small matched spot size wow/c = 7.5 is used
for this figure to make the intersection points more visible. The other
parameters are provided in Table I and are identical to those used in
the simulations.

because it provides a convenient reference frequency. For
notational brevity, woo, koo, Vg,00, and vg o9 Will be shortened
to wo, ko, Vg0, and vy hereafter.

The frequency and wave-number pairs that satisfy both the
dispersion relation and the constraint are determined by the
intersections of Egs. (6) and (9) (see Fig. 2). The frequencies
at which the curves intersect, denoted by wg, are found by in-
serting Eq. (9) into Eq. (6). This yields a quadratic equation in
o with the solutions

2 2 -2 12
W Ua(UgO_Ua)i[va(ng_va) o uWy }

:1—
wo C

2 — 2 (2 —v2)? (2 —v2)
(10)

where Wq;z = (c/a)o)z(wq_f — wyy)- The % corresponds to
the two possible intersections of a line [Eq. (9)] and a hyper-
bola [Eq. (6)]. Figure 2 shows an example of the intersections
for v, = —c and v, = 1.05¢. In both cases, the minus sign

TABLE 1. Laser pulse and plasma parameters used for the
figures and simulations. The parameters are motivated by com-
monly used laser systems and experimentally demonstrated plasma
channels. In the rightmost column, space, time, and density are
normalized to ¢/wo, 1/wo, and ne; = megowd /€. The vacuum wave-
length Ay = 27 c/wp.

Pulse parameters Value Normalized
Ao 1 um 2

wo 1.9 x 10' rad/s 1

ao 0.6 0.6

T 7.7 ps 15 000
Gmax 5 5
Plasma parameters Value Normalized
n(0) 1 x 10'%¢m™3 9.0 x 1074
w 15 um 94

in Eq. (10) corresponds to intersection points with positive
frequency and wave number.

The constraint that establishes the arbitrary group velocity
can be built into the electric field E through the frequency de-
pendence of the &, (w). More specifically, the &,¢(w) should
be sharply peaked around w = wg. In the simplest case, the
spectral amplitudes for each mode have the same sharply
peaked profile |& ¢ (w)| = @(w — wye); the spectral phases are
independent of frequency d,®P, = 0; and all modes share
a common, frequency-independent polarization &, (w) = X.
Upon applying these simplifications, substituting Eq. (3) into
Eq. (1), and Taylor expanding k,¢ (@) about w = wy, one finds
the transverse electric field of an arbitrary-velocity guided
pulse

1 .
E.(x, 1)~ Ee—zwo(t—z/v.»o) Z a(t — 2/Vg.q0)Age(r)
q,l

exp[—iQqe(t — 2/va) + €6 + iDye] +c.c.,
(1)

where Qg = wy — wp and a(t) = % [ a(w)e " dw.

The transverse electric field of the guided pulse features
three velocities. The phase fronts of the overall field travel
at the nominal phase velocity of the lowest-order mode vg.
The envelope of each mode composing the field « travels at
the group velocity of that mode vg 4. It is this velocity that
determines the speed of energy transport and ensures causality
is not violated when |v,| > c. Finally, and most importantly,
the phase terms o< Q4(f — z/v,) produce a time-dependent
interference pattern with an intensity peak that travels at v,.
The properties of this intensity peak depend on the specific
density profile of the plasma channel.

Before moving on to a specific profile, it is pertinent to
examine general features of the intersection frequencies wg.
First, when v, = 0, the intersection frequency of every mode
is the same—that is, w, = wy and Q4 = 0 [Fig. 3(a)]. With
Qg4 = 0, there is no interference between the modes and no
discernible moving intensity peak other than that of the overall
profiles a(t — z/vg 4¢). The modes must have distinct frequen-
cies to supply the bandwidth necessary for a finite-duration
intensity peak.

Second, the radical in Eq. (10) is negative for some values
of v,, which indicates that each mode has a range of velocities
that are prohibited. Upon setting the radical to zero, one finds
that the ranges of prohibited velocities are given by

Wl w2 \'?
q¢ g2.9¢
< 1+W_2<]_ 2 ) . (12)
qt

For typical parameters, W ,> < 1 and vy ¢ ~ c, such that the
right-hand side of Eq. (12) is very small. Thus, the prohibited
values of v, are limited to a small subluminal interval about
vy [see Fig. 3(a) inset].

Finally, when qu(va — vg0) 2|¢? — v} <K 1, both roots
in Eq. (10) reduce to the simpler “paraxial” form

L+ W2

Va

2
Pqt &. (13)
o 2(vy — ng)
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FIG. 3. (a) The frequencies of each mode needed to produce an
intensity peak traveling at a velocity v,. The inset shows the behavior
close to v, = ¢ and the small range of prohibited velocities [Eq. (12)].
(b) The relative frequency ratios needed to produce an intensity peak
traveling at v,. When the relative frequency ratios are integers, the
intensity peak recurs at a regular interval Tr. (c) The recurrence
period T as a function of v,.

This is generally a good approximation except for a small
range of v, values about vgy, which is largely prohibited
anyway [Eq. (12)]. In the special cases of v, = *£c, the ap-
proximate equality in Eq. (13) becomes an exact equality. The
paraxial form of wg, is useful for analyzing the interference
pattern and mode beating of the guided pulse for specific
electron density profiles. An explicit expression for Eq. (13)
in terms of physical parameters for the specific case of a
parabolic plasma channel can be found in Appendix A.

IV. PARABOLIC PLASMA CHANNEL

Two common techniques for creating plasma channels rely
on the hydrodynamic expansion of a laser-heated plasma. The
original technique employs long (100 ps) pulses where the
heating is dominated by inverse-bremsstrahlung [37]. A more
recent technique employs shorter pulses (ps) where the heat-
ing is dominated by the residual energy from above-threshold
photoionization [44,45]. In both cases, the hydrodynamic ex-
pansion produces a plasma with a locally parabolic transverse

profile. The parabolic profile remains relatively constant and
persists as plasma for ~10 ns before electron recombination
sets in. With the recent short-pulse technique, the recombi-
nation results in a neutral gas with a parabolic profile that
persists for ~100 ns. A typical arbitrary-velocity pulse would
be much shorter than 10 ns and could be injected into either
the initial plasma or the gas. In the latter case, the leading
edge of the pulse would re-ionize the gas and regenerate the
parabolic plasma channel.

The profile of a parabolic plasma channel can be parame-
terized as follows:

2
Wy (r) = wpy + %ﬂ, (14)

where w is the “matched” spot size. The corresponding A, (r)
and wq‘z2 are given by

NG 2
Age(r) = <Tr) Llf'(é)zxp( - %) (15)

Lz = 12(1 +2q + 1)), (16)
Wy, W

where Ll is a generalized Laguerre polynomial. This ex-
pression for w,_;” yields W_;* = (2¢/wow)*(2q + |€]). While
parabolic plasma channels allow for arbitrary-velocity inten-
sity peaks with any or multiple values of ¢, the remainder of
this work will focus on the case of £ = 0.

Figure 3(a) displays the intersection frequencies w,o for a
parabolic channel as a function of v, (see Table I for parame-
ters). The frequencies are spaced relatively closely except for
a narrow range of velocities about v, = c. The inset highlights
the behavior in this range. To the left of v, =c, the wy
curves terminate at the lower bounds of the prohibited ranges
[Eq. (12)]. To the right of v, = c, the curves continue rising as
they approach the subluminal upper bounds of the prohibited
ranges. The frequencies are identical at v, = 0.

A parabolic plasma channel has the noteworthy property
that the relative frequencies €2, are approximately harmonic.
This property results in recurrences of the moving inten-
sity peak at regular intervals. To illustrate the harmonicity,
Fig. 3(b) shows the ratios €2,0/£219. Over the range of ve-
locities where the paraxial approximation [Eq. (13)] is valid,
Q40/Q10 &~ q, whereas when v, = ¢, Q40/Q10 = g. Thus,
the relative frequencies are nearly harmonic everywhere ex-
cept for the small range of subluminal velocities about vg.

The recurrences and other properties of the moving inten-
sity peaks can be inferred from the on-axis intensity of the
guided pulse /. In the paraxial approximation,

I(z,t) =~ Ip(t — z/vg0)
Gmax 2

1+ ) expl—igQuo(t — 2/va) + i®ge]| . (17)
q=1

where Q19 = 4¢?v,/[(va — ve0)wow?] and & ~ (2Iy/ceo)'/?
has been used. Here, gmax denotes the maximum radial mode
number present in the initial laser pulse. For experimentally
realizable plasma channels with finite depth and width, gp,x
would be the lesser of (i) the highest radial mode number in
the pulse and (ii) the highest radial mode number supported by
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FIG. 4. Evolution of arbitrary-velocity pulses in a plasma waveguide for (a)—(c) v, = —c and (d)—(f) v, = 1.05¢c. (a,d) The on-axis (r = 0)
intensity as a function of the moving-frame coordinate £ = ¢ — z/c and propagation distance z. The dashed blue lines show the theoretical
predictions z = v,t = cv,&/(c — v,). At a fixed &, the intensity recurrences appear after every ~2.2 mm of propagation distance. (b), (c), (e),
and (f) Intensity profiles at the two propagation distances marked by the gray dashed lines in (a) and (d). The moving intensity peaks maintain
their spatiotemporal profile as they traverse the focal range L = [vgva/(vgo — v4)|T. Note that the use of & =t — z/c as the abscissa gives the

impression that the v, = —c intensity peak moves forward despite its negative velocity.

the channel [54,59]. The summation in Eq. (17) is a truncated
Fourier series. As a result, the intensity peak formed by the
interference of the waveguide modes recurs with a period
Tr =2mq/Qy or

Twow?

Va — Vg0
Tk = - RS -]
2c

Va

(18)

[see Fig. 3(c)]. The corresponding recurrence distance is Lg =
Tr/v,. The effective duration of the moving intensity peaks
roughly scales as

7'[6()011)2 Va — Vg0

Va

19)

4¢2 Gmax

The velocity dependence of the duration is consistent with the
spread in frequencies (i.e., the bandwidth) observed in Fig. 3.
With each additional mode, the bandwidth increases, leading
to the scaling T & 1/¢max-

The maximum distance L that an intensity peak can travel
is determined by its transit time through the entire laser pulse.
For an intensity profile [ (or ) of duration 7',

Vg0 Va

L= T. (20)

Vg0 — Va

Together with Eq. (18), this results in the velocity-independent
relation Tx/T = nwzvgo / (c*woL). Note that a recurrence

cannot occur if T < Tk, which can be used to isolate a single
moving intensity peak. The visibility or contrast of the moving
intensity peak can be quantified by the ratio 7 /T.

The prominence of recurrences and scaling of the ef-
fective duration t o ¢;;! depend on the specific profile of
the plasma channel a)f)(r). For instance, in a step-index
channel, the relative frequencies required for an arbitrary-
velocity intensity peak are not harmonic (see Appendix B).
The relative frequencies are, however, nearly commensu-
rate when ¢ = 0, i.e., their ratios are approximate rational
numbers. This results in a recurring intensity peak sur-
rounded by less-structured, lower-amplitude modulations. In
addition, quartic or higher-order radial perturbations to a
parabolic plasma channel introduce anharmonic corrections
to the relative frequencies. This causes the recurrences to
phase mix away over sufficiently long propagation distances
(see Appendix C).

V. SIMULATION RESULTS

The analysis above describes the construction and features
of arbitrary-velocity laser pulses in a plasma waveguide. This
analysis, however, is limited to linear propagation. Many of
the envisioned applications of arbitrary-velocity pulses re-
quire high intensities (>10'® W/cm?), where the response of
the plasma and its effect on the pulse depend nonlinearly on
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the amplitude of the pulse. In fact, the degree of nonlinearity
is quantified by the amplitude, or maximum normalized vec-
tor potential ap = 8.5 x 10’10)L0[ptm](IM[W/cm2])1/2, where
Ao = 2mc/wp and 1y is the maximum intensity.

To demonstrate the propagation of mildly nonlinear (ap =
0.6, Iyy =5 x 107 W/cm?) arbitrary-velocity pulses in a
plasma waveguide, simulations were conducted using the qua-
sistatic particle-in-cell code QPAD (see Table I for physical
parameters and Appendix D for details). QPAD models the
evolution of the plasma electrons in response to the pondero-
motive force of the laser pulse, as well as the electric and
magnetic fields generated by the resulting charge separation
[60,61]. The induced electron current, in turn, feeds back onto
the propagation of the pulse through the relativistic nonlinear-
ities and ponderomotive modifications to the electron density
profile. Two cases with disparate values of Tz and T were
simulated to illustrate contrasting regimes: one in which an
intensity peak traveled at v, = —c, opposite to the laser pulse,
and another in which intensity peaks traveled faster than the
vacuum speed of light at v, = 1.05c¢.

Figure 4 displays the simulation results for v, = —c (top)
and v, = 1.05¢ (bottom). In both cases, the intensity peaks
travel at the designed velocity v,, recur after the predicted
times T and propagation distances Lg, and have the expected
durations 7. The simulations use the moving-frame coordinate
& =t — z/c in place of ¢, such that the designed trajectories
are given by

c

Za =Vt — 1) =

2 ), @1
— v,
where £ is the temporal location of an intensity peak at z, = 0
[blue dashed lines in Figs. 4(a) and 4(d)]. Note that the use
of the moving-frame coordinate gives the impression that the
v, = —c intensity peak is moving forward despite its negative
velocity (0¢z, < O for both v, > 1 and v, < 0).

Figures 4(a) and 4(d) illustrate the dependence of the
recurrence time and distance on the velocity v,. For the sim-
ulated parameters, the v, = —c recurrence time is Tgx = 15
ps, which is nearly twice the duration of the entire pulse
T = 7.7 ps. As a result, only one intensity peak is visible in
& =t — z/c [Fig. 4(a)]. This contrasts the case of v, = 1.05¢
where the recurrence time 7gx = 380fs is much shorter than
the pulse duration and many peaks are visible in £ [Fig. 4(d)].
In the moving-frame coordinate system, the recurrence
distance is given by Lr = cIr|va/(va — vg0)| = nwowz/Zc.
Thus, both the v, = —c and v, = 1.05¢ peaks recur after
Lg = 2.2 mm.

Figures 4(b), 4(c), 4(e), and 4(f) show the radial profiles
of the v, = —c and v, = 1.05¢ pulses at the propagation dis-
tances indicated by the horizontal gray lines in Figs. 4(a) and
4(d). In agreement with Eq. (19), the effective duration t of
the v, = 1.05¢ peaks is 20x shorter than the effective duration
of the v, = —c peak. Figures 4(e) and 4(f) also show the effect
of the frequencies being slightly anharmonic due to deviations
from the paraxial approximation [Eq. (13)]. The intensity
peaks at the left and right edges of the pulse appear more
diffuse because the spatial modes composing the pulse have
slipped out of phase. Surprisingly, the principal features of
the arbitrary-velocity intensity peaks appear resistant to non-
linear propagation: simulations (not shown) with ag = 107*

produced nearly identical results to those presented in Fig. 4.
The intensity limit of this resistance will be a subject for future
study.

VI. CONCLUSIONS AND PROSPECTS

A high-intensity laser pulse propagating through a plasma
waveguide can exhibit an intensity peak that travels at an arbi-
trary velocity. The pulse is constructed by superposing modes
of the waveguide with appropriate frequencies. The peak
intensity can travel subluminally, superluminally, or backward
with respect to the phase and group velocities of the modes.
When the modal frequencies are commensurate (i.e., their
ratios are rational numbers), the intensity peak recurs at reg-
ular intervals. The construction, propagation, and properties
of these arbitrary-velocity pulses were analyzed theoretically
and demonstrated with quasistatic particle-in-cell simulations.

The simulations used laser pulse and plasma parameters
motivated by commonly used laser systems and experimen-
tally demonstrated plasma channels. A laser pulse composed
of spatial modes with different frequencies can be assembled
using recently developed techniques for spatiotemporal struc-
turing of laser pulses [55-57]. For instance, a broad bandwidth
pulse could be dispersed into several “pulselets” with differ-
ent central frequencies. Each pulselet could then be spatially
and spectrally structured using metasurface optics or a spa-
tial light modulator [55-57]. Alternatively, the multiplexed
pulses of a high-power fiber laser [58] could be independently
manipulated with these same optics before being coherently
combined. With recent advances in plasma optics [62], it
may also be possible to split different frequency bands of a
high-power laser pulse into distinct spatial modes using an
appropriately designed diffractive plasma element.

The realization of arbitrary-velocity laser pulses in a
plasma channel would offer new possibilities for laser-
plasma-based applications, including laser wakefield ac-
celeration [7,8,52], THz generation [47], and direct laser
acceleration [49]. In laser wakefield acceleration, for instance,
a laser pulse drives a large-amplitude plasma wave that can
trap and accelerate electrons to high energies. When driven
by conventional pulses, laser wakefield accelerators face a
limitation referred to as “dephasing,” where the high-energy
electrons outrun the accelerating phase of the plasma wave
and begin to decelerate. An arbitrary-velocity pulse with v, =
¢ can drive a plasma wave with a phase velocity equal to
¢, which prevents electrons from outrunning the accelerating
phase. The original concept, based on flying-focus pulses
[7,8], used an axiparabola [63] to create an extended focal
range in a uniform plasma. This introduces two challenges:
(1) the spot size of the pulse evolves along the focal range
and (ii) a large volume of plasma is needed to mitigate re-
fraction. An arbitrary-velocity pulse in a plasma waveguide
could overcome both of these challenges: the spot size would
be relatively fixed at w and the waveguide would require
a much smaller volume of plasma. In addition, a train of
arbitrary-velocity pulses with v, = ¢ and a recurrence period
Tk =27 /wyo (or integer multiples thereof) could mitigate
dephasing in multipulse laser wakefield acceleration [52,64].

The analysis and simulations presented here considered
longitudinally uniform plasma waveguides. Arbitrary-velocity
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pulses may also be created in a longitudinally structured
plasma waveguide or even remove the need for such a struc-
ture. A corrugated waveguide, in particular, would provide
additional control by allowing for luminal or subluminal
phase velocities vy < ¢ [43]. A guided laser pulse with both
vy = ¢ and v, = ¢ would overcome the “pulse length dephas-
ing” limitation on the energy gain in direct laser acceleration
of electrons [49]. One approach to high-power THz generation
in a plasma relies on matching the velocity of the source—
a ponderomotively driven current—to the phase velocity of
the THz radiation [47]. This is achieved in a corrugated
waveguide by matching the subluminal group velocity of a
conventional laser pulse to the subluminal phase velocity of
a THz mode in the waveguide. An arbitrary-velocity intensity
peak could instead drive a superluminal current with a velocity
matched to the usual superluminal phase velocity of THz,
obviating the corrugated structure.

The spatiotemporal profile of the moving intensity peaks
could be further structured by extending the analysis and
simulations beyond equal-amplitude modes with £ = 0. As
with a Fourier series, using modes with different amplitudes
would allow for temporal shaping of the intensity peaks. Fi-
nally, superposing modes with frequencies that also depend on
£ would enable guided light springs, arbitrary-velocity light
springs, or more intricate motion of the peak intensity in both
0 and z.
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APPENDIX A: PARAXIAL INTERSECTION
WAVELENGTHS

To recast Eq. (13) in a form that is more amenable to
experimental design, it is convenient to parametrize the profile
of a parabolic plasma channel as follows:

2
-
n(r) =ny + (R_d> no,

where ng is the on-axis electron density and Ry is the radius
at which n = 2ng. In terms of the matched spot size w, Rq =
(wreng)/?>w?, where r, is the classical electron radius. The
required vacuum wavelength for each mode is then

(2q + 1£]) Va (renO)l/z)\?)
2732 (v, — vg0) Ry

(AD)

Age R Ao — , (A2)

where Ag = 27 c/wyp.

APPENDIX B: STEP-INDEX PLASMA CHANNEL

While laser-heated plasmas typically form parabolic
plasma channels, some applications benefit from channels
with hollow or step function profiles [65-67]. The profile of a
step-index channel can be parameterized as follows:

0} r<R

2 p0 =
w2 (r) = { it R (B1)
Wy > K,

where R is the channel radius and for a hollow plasma channel
‘U;z;o = 0. The corresponding A, (r) are given by

J@(r/wqg) r < R7
Ap(r) =13 7 rw B2)
' %Ké(ﬁuqz) r>R,

where the J, are Bessel functions of the first kind, the
K, are modified Bessel functions of the second kind, and
uq’g2 = wq}z — (a)gl — wf)o) /c*. The wq}z are determined by all
possible solutions to

Jor 1 (R/wge) — wge Koy 1(R/uge)

Jo(R/wge) — uge Ke(Rjuge)

When A = (a)g1 - wgo)l/z(R/c) > 1, the wq_e2 can be approx-
imated as

1 a2 [ [A+e -2 402 1
—~ | ot (2q+|@|+§)2—(—2)-
w2, 4R |\ A+ e+ ] T

(B3)

(B4)

-2

In contrast to the parabolic plasma channel [Eq. (16)], the w ot

for a step-index channel depend nonlinearly on g and £.

An arbitrary-velocity intensity peak in a step-index plasma
channel will only exhibit recurrences when it is composed of
modes with £ = 0. This is because the relative frequencies
required for the moving intensity peak can only be commen-
surate if the 4¢% /7% term in Eq. (B4) vanishes. When £ = 0
and the paraxial approximation is valid,

Q0 29> +3q

L O L. B5
on 2p2+3p (BS)
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which is indeed rational. As a result, the moving inten-
sity peak exhibits recurrences with a period Tx = 27 (2¢* +

3q) /8240 or

-~ 86()()R2

Va — Vg0
R ™~ -

Va

, (B6)

c?

where A > 1 is assumed. Similary, the effective duration of
the intensity peak scales roughly as

4(,()()R2
T~
ncZ (zqrznax + 3‘]max)
While the step-index channel does allow for recurrences, the
nonharmonicity of the relative frequencies results in a primary
intensity peak surrounded by less-structured, lower-amplitude

peaks. Thus, the intensity contrast in a step-index channel is
worse than in a parabolic plasma channel.

Va — Vg0
Va

(B7)

APPENDIX C: QUARTIC PERTURBATION

This appendix examines how the modal dispersion relation
and intensity recurrences are modified when a predominantly
parabolic plasma channel is weakly quartic. With the inclu-
sion of a quartic perturbation, the profile of an otherwise
parabolic channel can be parameterized as follows:

4c? c?
a);(r)zw;o-i-vrz-i-wﬁ#, (ChH
where the dimensionless parameter @ <« 1 quantifies the
strength of the perturbation. The lowest-order correction to
the w}z, denoted by qu’f, is calculated using first-order
perturbation theory:
r*A2 (r)d*r
dw, = iﬁ—f e (C2)
6wt [A 2 (d?r
where the A, (r) are given by Eq. (15). Upon performing the
integral, one finds

w
-2
(quﬂZ

1
= m[qz + (14l + g + g(lfil + (e + z)].

(C3)

Substituting w,,> — w, + 8w, in Eq. (6) corrects the

modal dispersion relation to first order in the quartic pertur-
bation.

The presence of a quartic term in the channel profile
makes the relative frequencies slightly anharmonic, even if
the paraxial approximation is valid. For consistency with
Sec. IV, consider the case of £ = 0. To first order in the quartic

perturbation W, ;> = (2¢/ww)*[(2 + @ /16)q + (@ /16)¢%],
such that

Qq() ~ w

20 T3
The perturbation term in Eq. (C4) (i.e., the term o) makes
the ratio noninteger and the frequencies anharmonic. Over a
long-enough time, the perturbation will cause the recurrences
to phase-mix away. This occurs when two modes are w out
phase after a number of recurrence periods—that is, when
mod[(R240 — R10)Ny TR, 2] = 7, where N, is the number of
recurrence periods. Substituting in Eq. (C4) yields

16
o (® —q)
As an example, with ¢ =5 and @ = 1/5, the recurrences
would persist for N5 = 4 periods.

@ — 9. (C4)

N, = (C5)

APPENDIX D: SIMULATION DETAILS

The simulations presented in this work were performed
using QPAD [60,61]. QPAD is a quasistatic particle-in-cell code
that takes advantage of the large separation in timescales
between a laser period 27 /wo and plasma period 27 /w, or
laser pulse duration 7. The large separation allows for the
use of cycle-averaged equations of motion, where the plasma
electrons evolve in response to the ponderomotive force of
the laser pulse and the electrostatic fields that it drives. The
resulting electron current then feeds back onto the evolution of
the laser pulse. In the quasistatic approximation, the evolution
of the pulse can be reduced to the evolution of its envelope,
without the need to resolve the laser period. This provides
a large computational savings ~O(w;/w;, ¢*wj/wpw?) com-
pared to traditional particle-in-cell methods.

QPAD uses a moving frame and is discretized in the quasi-
three-dimensional geometry, which decomposes the fields of
the laser pulse and plasma into a truncated expansion of az-
imuthal modes. In the simulations presented here, the moving-
frame window was 10.3 ps x 96 um (12 288 x 8192 cells)
in & and r, respectively, and only the zeroth-order azimuthal
mode was used. The step in z (s in Ref. [60]) was 20 um. The
electrons were represented by 32 particles per cell. Their ini-
tial temperature was zero. The ions were modeled as a contin-
uous, immobile background, which ensures neutrality in un-
perturbed plasma. The longitudinal profile of the plasma had
an initial 80-um upramp but was otherwise uniform. The tem-
poral profile of the laser pulse consisted of a 1.8-ps rise, a 6.4-
ps plateau, and a 1.8-ps fall, yielding an intensity full width
at half maximum of 7.7 ps. The rise and fall were sixth-order
polynomials whose derivatives vanish at their end points.
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