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We present a single-orbital tight-binding model for the low-energy electronic states of the chiral one-
dimensional hybrid organic-inorganic lead halide perovskite (R/S-PEA)Pbl;. The model is constructed from a
single effective orbital on each of the four symmetry-related sites in the primitive unit cell and incorporates layer,
in-plane sublattice, and spin degrees of freedom. With separate parameter sets for the conduction and valence
bands, the effective Hamiltonian reproduces the overall band dispersions obtained from density-functional-
theory calculations and quantitatively captures the spin splittings near the band edges. It also captures the leading
spin-polarization patterns of the Bloch states, showing that the band-edge spin splitting and spin polarization are
encoded in a small number of symmetry-adapted spin-dependent hopping terms. We further analyze the acciden-
tal degeneracies of the effective Hamiltonian using screw eigenvalues and antiunitary operators. This analysis
separates accidental degeneracies originating from the restricted term content of the effective Hamiltonian from
degeneracies enforced by nonsymmorphic screw symmetries and time-reversal symmetry. The present model
provides a symmetry-transparent starting point for understanding the band-edge electronic structure of chiral

lead halide perovskites and for analyzing optical, spin, and transport responses in this class of materials.

DOLI: 10.1103/vw7v-y192

I. INTRODUCTION

Hybrid organic-inorganic perovskites provide a versatile
platform for controlling low-dimensional electronic struc-
tures through the choice of organic cations and the resulting
crystal symmetry [1,2]. In particular, chiral one-dimensional
(1D) lead halide perovskites have attracted attention be-
cause they combine low-dimensional inorganic conducting
frameworks, heavy elements with strong spin-orbit cou-
pling (SOC), and intrinsically chiral crystal structures [3].
The first chiral 1D organic-inorganic lead halide perovskite
to be reported was (S-PEA)PbBr;, where PEA denotes 1-
phenylethylamine, also referred to as methylbenzylamine
(MBA) [4]. Subsequent studies demonstrated chiroptical re-
sponses in related chiral lead iodide systems, including (R/S-
PEA)PbI;, (R/S-NEA)PbI3, and (R/S-CYHEA)PbI; [5-7].
Here, NEA and CYHEA denote 1-(1-naphthyl)ethylamine
and 1-cyclohexylethylamine, respectively. These develop-
ments established chiral lead halide perovskites as an
important class of chiral semiconductors in which the inor-
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ganic framework and chiral organic molecules cooperatively
determine the electronic and optical properties.

Recent studies have further revealed that the physi-
cal properties of chiral 1D lead halide perovskites are
highly sensitive to crystal symmetry and chain arrange-
ment. For example, (R/S-NEA)Pbl; has been reported to
crystallize in both polar and nonpolar space groups, result-
ing in markedly different electronic and optical responses
[3]. Density-functional-theory (DFT) band calculations have
shown that the conduction-band minimum and valence-band
maximum are mainly composed of Pb-6p and I-5p orbitals,
respectively, and that the combination of strong SOC and
inversion-symmetry breaking gives rise to characteristic spin-
split electronic structures near the band edges [8§—10]. These
findings indicate that the low-energy electronic structure near
the band edges plays a central role in determining the optical,
spin, and transport properties of chiral lead halide perovskites.

Despite these advances, a microscopic physical under-
standing of the low-energy electronic structure of chiral
organic-inorganic lead halide perovskites remains limited.
DFT calculations provide detailed information on the band
structure, orbital character, and spin polarization, but they
do not by themselves readily identify which low-energy
degrees of freedom, symmetry-allowed hopping processes,
and spin-dependent terms control these features. There-
fore, a symmetry-adapted effective Hamiltonian is desirable
for disentangling the relevant microscopic mechanisms and
for developing theories of optical, spin, and transport
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responses. Such a model should retain the essential low-
energy degrees of freedom near the band edges, respect the
space-group symmetry, and reproduce the characteristic fea-
tures of the DFT band structure. This is a nontrivial task
because the unit cell contains a relatively complex organic-
inorganic framework, and the effective hopping processes are
determined not only by geometric bond lengths but also by
orbital hybridization, the molecular environment, and down-
folding effects from higher-energy states. To our knowledge,
such a symmetry-adapted effective model has not yet been
established for chiral 1D hybrid organic-inorganic lead halide
perovskites.

In this work, we construct a single-orbital effective tight-
binding model for a chiral 1D organic-inorganic lead halide
perovskite using separate parameter sets for the conduction
and valence bands. The model is designed to describe the
low-energy electronic states near the band edges, rather than
to provide quantitative interpolation of the DFT band struc-
ture over a broad energy window. Using the layer, in-plane
sublattice, and spin degrees of freedom, we introduce spin-
independent and spin-dependent hopping terms consistent
with the space-group symmetry and time-reversal symmetry.
The resulting effective Hamiltonian reproduces the character-
istic band structure obtained from DFT calculations and gives
a quantitative description of the band dispersions near the
band edges. The model also captures the qualitative features
of the spin polarization of the Bloch states. These results
indicate that the band-edge spin splitting and spin polariza-
tion are encoded in a simple symmetry-adapted tight-binding
description.

The present model provides a transparent framework for
understanding the electronic states of chiral organic-inorganic
lead halide perovskites with complex crystal structures. First-
principles Wannier interpolation is generally more suitable for
quantitatively describing the band structure and related matrix
elements over a broad energy window. In contrast, the present
low-energy model identifies the essential symmetry-allowed
hopping processes that govern the band-edge electronic
structure. In particular, the model enables us to relate the
spin-dependent hopping terms to the band-edge spin splitting
and spin-polarization patterns, providing microscopic insight
into their origin. Its compact form also reduces the computa-
tional cost of evaluating physical quantities, such as optical
absorption and transport coefficients. This effective-model
approach complements DFT and Wannier-based methods as
a symmetry-guided framework for understanding the band-
edge electronic structure and for analyzing optoelectronic and
spintronic functionalities in chiral lead halide perovskites.

The paper is organized as follows. In Sec. II, we in-
troduce the symmetry-adapted effective tight-binding model
for the chiral organic-inorganic lead halide perovskite with
space group P2;2;2; (No. 19). We define the four-site ba-
sis, the layer and in-plane sublattice degrees of freedom,
and the spin-independent and spin-dependent hopping terms
of the effective Hamiltonian. In Sec. III, we compare the
band structures obtained from the effective tight-binding
model with those obtained from DFT calculations for the
conduction and valence bands. In Sec. IV, we analyze the
spin polarization of the corresponding Bloch states and
compare the results with those from DFT calculations. In
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FIG. 1. (a) Crystal structure of (R-PEA)PbI;. (b) Minimal four-
site lattice model with space group P2,2,2;, constructed from four
symmetry-related effective sites occupying the 4a Wyckoff position.
(c) Brillouin zone and high-symmetry lines. (d) Schematic illus-
tration of the hopping processes, including representative in-plane
hopping within the AB plane and interlayer hopping between the AB
and CD planes.

Sec. V, we separate accidental degeneracies of the effective
Hamiltonian from symmetry-enforced degeneracies by adding
additional spin-dependent terms. In Sec. VI, we analyze the
remaining band degeneracies using screw and antiunitary
operators along high-symmetry lines and at high-symmetry
points. Section VII is devoted to the conclusion.

II. MODEL

We focus on (R-PEA)PDI; as a representative chiral hybrid
1D organic-inorganic lead halide perovskite [5]. In this class
of materials, the electronic structure can be tuned by selecting
the chiral organic molecule, while the inorganic lead-iodide
framework is largely retained. As shown in Fig. 1(a), the
crystal structure consists of chiral 1D lead-iodide chains run-
ning along the a axis, arranged into inorganic layers separated
by chiral organic cations. In this work, we use the DFT re-
sults reported in Ref. [10] as a reference for the low-energy
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TABLE I. Lattice constants.

(@) Conduction bands Pb/IPDOS  C/H/N PDOS
T T T T T T T T T T T T T
2.8 i —C] Compound a(A) b(A) c(A)
S 27 H |
% 26 A N | (R-PEA)PbI; 8.0740 8.6460 20.862
5 2
2 25 A
L
2.4 - ) and the lattice constants used in this work are summarized
2.3 1 1 1 11 1 1 1 1 1 1 1 1 1 .
FXSYTrFZURTZO 20 40 60 00051015  inTablel
(b) Valence bands Pb/I PDOS C/H/N PDOS
T T 17T T T 1 . ] T T ] A. Lattice structure
<-0.1 1L 4 We consider a chiral 1D lead halide perovskite with the or-
G 4 thorhombic space group P2,2;2;. The primitive lattice vectors

>-0.2 3 1t .

Energ

FIG. 2. DFT energy bands and projected density of states
(PDOS) for (a) the conduction bands and (b) the valence bands,
plotted using the same DFT data as in Ref. [10].

electronic structure. DFT calculations show that this material
is an insulator with an energy gap of approximately 2.3 eV
[10], while the experimental energy gap has been estimated
to be 2.63eV [11]. The low-energy conduction and valence
bands considered here are dominated by Pb and I orbital
character, with a small contribution from the chiral organic
molecules, as shown in Fig. 2 [10]. The DFT energy bands
were obtained using the QUANTUM ESPRESSO (QE) package
[12,13]. The generalized-gradient approximation was em-
ployed for the exchange-correlation functional [14], together
with a uniform 8 x 8 x 8 k-point mesh for the self-consistent-
field loops. Further details of the DFT calculations can be
found in Ref. [10].

Informed by these DFT results, we construct an effective
single-orbital model for the low-energy conduction and va-
lence bands. The effective orbital represents a low-energy
degree of freedom mainly associated with the inorganic lead-
iodide framework, while the effects of the surrounding organic
molecules and higher-energy electronic states are absorbed
into the hopping parameters. The purpose of the effective
model is to reproduce the characteristic low-energy band
structure, spin splitting, and spin polarization obtained from
the DFT calculations and to identify how these features arise
from symmetry-allowed hopping processes.

In this section, we first introduce a minimal four-site lattice
model for the low-energy degrees of freedom. The model
consists of four symmetry-related effective sites, represent-
ing the local chiral building blocks of the hybrid perovskite
structure, occupying the 4a Wyckoff position of P2,2,2;
(No. 19), as illustrated in Fig. 1(b). We then specify the
symmetry operations, introduce localized basis states on the
four sites, and construct the corresponding symmetry-adapted
tight-binding model. After defining the Hamiltonian, we ana-
lyze the role of the spin-dependent hopping terms in the spin
splitting. The Brillouin zone and schematic illustration of hop-
ping processes are shown in Figs. 1(c) and 1(d), respectively,

are chosen as

a=ae,, b=be, c=ce, H

and the corresponding reciprocal lattice vectors are
2 2 2

a'=—e, b'=—e, c"'=—e, (2)
a c

where ey, e,, and e, are orthonormal unit vectors. The space

group P2,2,2, is generated by three twofold screw operations.

In Seitz notation, these operations are written as

.= a3 o),
5, = {culod 1), ®
.= [t 01},

where the translational parts are expressed in fractional co-
ordinates. As the relevant sites of the effective tight-binding
model, we introduce four symmetry-related effective sites in
the primitive unit cell, denoted by A, B, C, and D. These four
sites constitute a particular realization of the 4a Wyckoff posi-
tion of the space group P2,2;2,. Their fractional coordinates
are

(8. y8.28) = (3. §. 3)-
(p.yp.2p) = (5.3.0). 4

The corresponding real-space positions are

1 1 1
(.XA, yAa ZA) = (Za Z9 5)9

(xc.ye.z0) = (3. 3.0),

Tx = xxa + yxb + zxc, (5)
where X € {A, B, C, D}.

B. Symmetry-adapted tight-binding model

We construct a symmetry-adapted tight-binding model for
the low-energy electronic states near the band edges. We in-
troduce a single effective orbital on each of the four sites A,
B, C, and D in the unit cell. The resulting four-dimensional
site space is represented as a tensor product of layer and
in-plane sublattice spaces. We denote the Pauli matrices
acting in these two spaces by p; and o;, respectively, and
those acting in the spin space by s;, with i = 1, 2, 3, while
i = 0 denotes the identity matrix in each space. The Bloch
Hamiltonian is written in the tensor-product space of the layer,
sublattice, and spin spaces. Throughout this paper, numeri-
cal subscripts are used for Pauli matrices, whereas Cartesian
subscripts, such as x, y, and z, are used for spatial direc-
tions in wave-vector components and hopping parameters of
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spin-dependent terms. Products of matrices acting in different
internal spaces are understood as Kronecker products. For
example, p;o;s; denotes p; ® o; ® s;, where p;, o, and s
act in the layer, sublattice, and spin spaces, respectively. For
clarity, identity matrices such as py, 0, and s are kept explicit
in most expressions.

The Bloch basis is given by

1 .
ke, X,s) = — Y *®TR 4 1y, 5), (©6)
752

where k is a wave vector in the Brillouin zone, X €
{A, B, C, D} labels the four sites in the unit cell, s € {1, |}
labels the spin state in the s3 basis, and tx is the position of
site X in the unit cell. Here, N is the number of unit cells, and
R = ma + nb + pc is a Bravais lattice vector with m, n, p €
Z. This convention, in which the site position is included in
the Bloch phase, corresponds to the atomic gauge [15—17]. In
this gauge, a shift of the wave vector by a reciprocal lattice
vector produces site-dependent phase factors, which are taken
into account in the symmetry analysis in Sec. VL.

With this basis, the Bloch Hamiltonian is represented as
an 8 x 8 matrix acting on the layer, in-plane sublattice, and
spin spaces. The effective tight-binding Hamiltonian consists
of three terms,

H (k) = Ho(k) + Vi(k) + Vy k), )

where Hy(k) describes spin-independent hopping processes,
while V. (k) and V, (k) describe spin-dependent hopping pro-
cesses. These spin-dependent terms are associated with SOC.
The first term Hy(k) preserves inversion symmetry, while
Vi(k) and V,(k) break inversion symmetry and reflect the
chirality of the crystal. The distinction between right- and
left-handed crystals is encoded in the signs of the parameters
in V, (k) and V, (k).
The spin-independent part is given by

Ho(k) = ho(k)poooso + hi(k)poorso + ho(k)p1o1so,  (8)
where the matrix elements are given by
ho(k) =0 + 2110y cos ko + 21,1y cos IE_\,
+ 41,1 cos ky cos /Ey + 2t0.2) cos 2k, )

10) cos —=

20

ki
h(k) =2t — + 2t
1( ) (%,O)COS ) + (
+ 41(%’1) cos 5 cosk, + 4t(%‘2) cos > cos 2ky,
(10)
k, k
h,(k) = 4t, cos 3’ cos EZ (11)

Here, we use the dimensionless wave numbers &, = k,a, /Ey =
kyb, and k. = k.c. The hy(k) and h, (k) terms originate from
hopping processes within the same in-plane sublattice and
between different in-plane sublattices, respectively. The sub-
script of each hopping parameter denotes the corresponding
in-plane displacement in units of a and b. The h (k) term
couples the two layers and originates from interlayer hopping
processes.

The spin-dependent part consists of two terms, V, (k) and
V,(k), which involve s; and s, respectively. The first term is
given by

5 k.
Vi(k) = 21} sink, poogsy + 24, sin 2 PooisI. (12)

The two terms in V, (k) describe spin-dependent hopping pro-
cesses along the chiral chains. The second term is given by

- ke . -
Vy(k) = ZA;’ sin ky po00s2 + 44, cos ~ sin kypooisy.  (13)

These terms describe spin-dependent hopping processes be-
tween the chiral chains. The corresponding hopping processes
for AX and A% are schematically shown in Fig. 1(d).
The superscripts + and — distinguish terms that act with
the same and opposite signs, respectively, in the oy = %1
sublattice sectors. The A and A terms have the oy matrix
structure in the in-plane sublattice space and act with the
same sign on the sublattice-even and sublattice-odd sectors.
In contrast, the A and )L)T terms have the oy matrix struc-
ture and act with opposite signs on these two sectors. This
sublattice-sector dependence is essential for interpreting the
spin splitting and spin polarization near the band edges.

The symmetry constraints on the Hamiltonian are ex-
pressed in terms of the matrix representations of the screw and
time-reversal operations in the Bloch basis introduced above.
In the atomic gauge, the fractional translations associated with
the screw operations enter their matrix representations as k-
dependent phase factors. These phase factors are included in
the matrix representations of the screw operations, which are
written as

Sek) = e B2 5 (—is) ), (14)
Sy(k) = e B2 5 (—isy), (15)
S.(k) = e &2 ) (—is3). (16)

The Hamiltonian satisfies
Si(k)HK)[S:()] ™" = H(Cyik), )

where i = x,y, z, and Cy; denotes the twofold rotation about
the i axis. The time-reversal operation is represented by

O = poog(—isy)K, (18)

where K denotes complex conjugation. This operator satisfies
®?% = —1, and the Hamiltonian obeys

OH(k)®™ ! = H(—k). (19)

The effective Hamiltonian H (k) = Hy(k) + Vi (k) + V, (k)
satisfies these relations term by term and therefore respects
both the P2;2,2; space-group symmetry and time-reversal
symmetry.

C. Spin splitting along symmetry lines

We first analyze the spin-independent Hamiltonian Hy(k)
in Eq. (8) before discussing the spin splitting induced by V, (k)
and Vj (k). The matrices 0900s0, 000150, and p;o1So commute
with one another. Therefore, the eigenstates of Hy(k) can be
labeled by the eigenvalues u = +1 and v = 1 of p; and
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o1, respectively. Here, w labels the layer-even/odd sector and
v labels the sublattice-even/odd sector. The corresponding
eigenvalues of the spin-independent part are

E®) (k) = ho(k) + vhy (k) + pvh. k), (20)
with a twofold spin degeneracy. Thus, h;(k) separates the
sublattice-even and sublattice-odd sectors, while /4, (k) further
splits the layer-even and layer-odd sectors. Since A (k) in
Eq. (11) vanishes on the Brillouin-zone boundary planes IE), =
7 and k, = 7, the spin-independent model has an additional
degeneracy between the layer-even and layer-odd sectors on
these planes.

The spin-dependent terms in V, (k) and V) (k) lead to dif-
ferent spin-splitting patterns in the two sublattice sectors.
The A} and A;f terms are proportional to poogs; and 00(s2,
respectively. Because their sublattice part is oy, these terms
give the same spin splitting in the v =41 and v = —1
sectors. In contrast, the A, and A terms are proportional
to pooys; and pooys;, respectively. Because their sublattice
part is oy, the effective spin-dependent field changes sign
between the two sectors. As a result, the 1] and )»; terms
preserve the relative ordering of the two spin branches be-
tween the sublattice-even and sublattice-odd sectors, while the
Ay and A} terms reverse this ordering. This distinction gives
rise to qualitatively different spin-splitting patterns produced
by the sublattice-even and sublattice-odd spin-dependent
hopping terms.

This sublattice-sector dependence is reflected in the spin
splitting along the symmetry lines. Along the I'-X line, the
relevant spin-dependent terms are the s;-dependent terms in
V. (k). The Aj term is proportional to pyops; and produces
the same s; splitting in the v = 41 and v = —1 sectors. In
contrast, the A" term is proportional to pypoys; and produces
opposite s; splittings in the two sectors. Thus, the relative
magnitude and sign of A and A, determine the ordering of
the spin-resolved energy bands along I'-X. The same reason-
ing applies to the I'-Y line, where the relevant spin-dependent
terms are the sp-dependent terms in V, (k). The )»;“ term is
proportional to pgops; and produces the same s, splitting in
the v =41 and v = —1 sectors. In contrast, the k; term
is proportional to pyo;s, and produces opposite s, splittings
in the two sectors. Thus, the spin-polarization patterns along
I'-X and I"'-Y are understood from the same sublattice-sector
classification, with s; and s; as the relevant spin components,
respectively.

The effective Hamiltonian captures the overall band dis-
persion and the spin splitting. The weak k. dispersion is
controlled by the interlayer hopping term h,(k), and the
spin splitting is governed by the spin-dependent hopping pa-
rameters. Because the effective Hamiltonian retains only a
restricted set of symmetry-adapted terms designed to repro-
duce the overall band dispersion and the spin splitting near
the band edges, some accidental degeneracies remain along
high-symmetry lines and at high-symmetry points. These
degeneracies are not enforced by the P2,2,2; space-group
symmetry. Instead, they originate from the restricted term
content of the effective Hamiltonian. In Sec. V, we show
that these accidental degeneracies can be lifted by additional
symmetry-adapted spin-dependent terms.

TABLE II. Hopping parameters for the conduction- and valence-
band sectors. All parameters are given in units of eV.

Parameter Conduction bands Valence bands
£ 2.551 —0.312
t(%,o) 0.041 0.075
11.0) 0.012 0.008
t(%,()) —0.004 —0.021
to,1) —0.038 —0.044
10y 0.006 —0.021
ta,n 0.005 —0.004
10,2) —0.008 0.000
A 12 0.005 0.000
t, 0.002 0.002
Af 0.002 —0.005
AL —0.005 —0.001
A —0.001 0.001
AT —0.004 —0.002

III. ENERGY BAND STRUCTURE

Figure 3 compares the tight-binding band structures with
the DFT band structures for the conduction- and valence-
band sectors. The energy is measured relative to the highest
valence-band energy at the Y point. We first examine the
role of the spin-independent part Hy(k). With separate pa-
rameter sets for the conduction and valence bands, as listed
in Table II, Hy(k) reproduces the overall dispersion of the
corresponding DFT bands, as shown in Figs. 3(a) and 3(b).
This agreement shows that the spin-independent hopping
processes in Hy(k) capture the overall shape of the low-
energy band dispersion within the effective tight-binding
description.

The spin-dependent terms V, (k) and V, (k) are included
to reproduce the spin splittings near the band edges. These
terms split the energy bands without substantially changing
the overall dispersion obtained from Hy (k). The tight-binding
results quantitatively agree with the DFT results near the band
edges, reproducing both the energy dispersions and the spin
splittings, as shown in Figs. 3(c) and 3(d). Thus, the effective
Hamiltonian provides a reasonable low-energy description of
the conduction- and valence-band edges.

The fitted hopping parameters listed in Table II show
distinct trends between the conduction and valence bands.
For V,(k), the A term gives the main contribution in the
conduction bands, whereas the A term gives the main con-
tribution in the valence bands. The conduction-band edge lies
on the I'-X line, where the spin splitting is well described by
the nearest-neighbor spin-dependent hopping term along the
chiral chains, 21 sin % poo1s1. In contrast, the valence-band
edge lies on the S-Y line, where the spin splitting is sizable
away from the end points and strongly suppressed near the S
and Y points. This behavior is captured by the spin-dependent
hopping term 21} sin k. 000051, which vanishes at both end
points of the S-Y line. For V,(k), the Ay term gives the main
contribution in both the conduction and valence bands. The
role of this term will be discussed in connection with the
spin-polarization pattern in Sec. IV.
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FIG. 3. Comparison of the band structures obtained from the symmetry-adapted tight-binding model and from DFT calculations using QE.
Colored and gray curves denote the tight-binding (TB) and DFT results, respectively. Panels (a) and (b) show the conduction and valence bands
obtained from Hy(k). Panels (c) and (d) show the corresponding bands obtained from Hy (k) 4 V. (k) + V, (k).

Away from the band extrema, the tight-binding bands
also reproduce the overall trend of the DFT bands. Thus,
the effective Hamiltonian captures the target features of the
DFT results, namely, the overall band dispersion and the
spin splittings near the band edges. At the same time, some
quantitative deviations remain away from the band edges, as
expected for a simple low-energy model with a restricted set
of symmetry-adapted terms. Furthermore, the tight-binding
bands retain additional degeneracies along the I'-Z and U-R
lines, whereas the corresponding DFT bands are split along
these lines. These residual degeneracies are not required by
the P2,2,2; space-group symmetry and reflect the restricted
term content of the effective Hamiltonian.

IV. SPIN POLARIZATION

We next compare the spin polarization obtained from the
effective tight-binding Hamiltonian with that obtained from
the DFT calculations. In the presence of degeneracies, the spin
polarization is evaluated by averaging the spin operator over
the degenerate subspace. Along each high-symmetry line, we
show only the spin component that can remain finite after this
averaging procedure. Specifically, we plot s; on I'-X, S-Y, Z-
U, and R-T, s, on X-S, Y-I', U-R, and T-Z, and s3 on I"-Z. The
symmetry constraints determining which spin components
can remain finite after the averaging procedure are discussed
in Sec. VI using the corresponding screw operators. Figure 4
shows the resulting spin polarization on the energy bands
for the conduction and valence bands. For the tight-binding
model, the spin polarization is evaluated from the expectation

values of pgops;/2, and the DFT spin polarization is obtained
from the spin expectation values of the Kohn-Sham Bloch
states. In the plots, the colored markers are overlaid on the
energy bands, with the marker color representing the sign of
the spin expectation value and the marker size representing its
magnitude.

The tight-binding model qualitatively reproduces the
spin-polarization patterns obtained from DFT in both the
conduction and valence bands. Near the band edges, their
sign patterns are captured by the tight-binding model. Away
from the band edges, the DFT results show a tendency
toward suppressed spin polarization, and quantitative devi-
ations from the tight-binding results become more visible.
Thus, the model should be regarded as an effective de-
scription of the leading spin-polarization structure near
the band edges rather than as a fully quantitative de-
scription of the spin polarization over the energy range
considered here.

For the conduction bands, the tight-binding model repro-
duces the sign pattern of the DFT spin polarization for both
the s; and s, components, as shown in Fig. 4(a). Along the
lines where s; is plotted, the spin polarization follows the
pattern expected from the A term in V, (k). The spin polar-
ization changes sign between the two sublattice sectors. The
same type of sign pattern is seen for the s, component on
the corresponding lines, reflecting the role of the A term in
Vy (k). On the I'-Z line, the 53 component vanishes in the tight-
binding model because the effective Hamiltonian contains no
s3-dependent term, and the DFT results show negligible s3
polarization.
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FIG. 4. Spin polarization of the conduction and valence bands
obtained from the effective tight-binding Hamiltonian and from DFT.
The spin expectation values are plotted on the corresponding energy
bands. (a) Conduction bands. (b) Valence bands. For each panel, the
upper and lower plots show the TB and DFT results, respectively.

For the valence bands, the tight-binding model captures the
main qualitative features of the DFT spin-polarization pattern,
as shown in Fig. 4(b). The s, component shows a consistent
sign pattern between the tight-binding and DFT results on the
corresponding high-symmetry lines. This behavior reflects the

role of the A; term in V,(k), which is needed to reproduce the
ordering of the spin-polarized branches in the valence bands.
For the s; component, the band-edge spin polarization is
mainly described by the A term in V,(k), consistent with the
spin splitting along the S-Y line discussed above. Away from
the valence-band edge, however, the DFT spin polarization
tends to be suppressed, and the tight-binding model does not
reproduce its quantitative behavior.

The spin-polarization analysis shows that the effective
Hamiltonian captures the main spin components and branch-
dependent sign patterns near the conduction- and valence-
band edges. Within the effective model, simultaneous sign
reversal of AF and AT reverses the spin-polarization pattern,
corresponding to the opposite crystal chirality [10]. Quan-
titative differences remain, especially away from the band
edges, where the tight-binding model tends to overestimate
some spin-polarization amplitudes and does not reproduce all
details of the DFT spin polarization. These deviations reflect
the restricted set of spin-dependent hopping terms retained in
the effective Hamiltonian.

V. LIFTING ACCIDENTAL DEGENERACIES

In this section, we show that the accidental degeneracies
of the effective Hamiltonian can be removed by extending
the Hamiltonian with additional symmetry-adapted spin-
dependent terms. As shown in the previous sections, the
effective Hamiltonian captures the band-edge dispersion and
the leading spin splittings, but still retains degeneracies that
are not enforced by the P2;2,2; space-group symmetry
(No. 19). These accidental degeneracies originate from the
restricted set of symmetry-adapted terms retained in the ef-
fective Hamiltonian. The purpose of the extension introduced
below is not to further improve the quantitative fit to the
DFT bands, but to show that these accidental degeneracies
can be lifted while preserving the space-group symmetry and
time-reversal symmetry. By adding the additional terms, we
obtain an extended Hamiltonian in which accidental degenera-
cies are lifted and the corresponding band crossings become
anticrossings, leaving only the degeneracies enforced by non-
symmorphic screw symmetries and time-reversal symmetry.

The additional spin-dependent terms are given by

k, &
A Y i Ky z
Vik) = 4)»}, sin > cos 3/0101S2
k, . k.
+ 417 cos 3‘ sin 5”,0101S3

k, . k
+ 42 sin =2 sin = p 0253 [©2))
<TT 272
and

k k k
X i Kx y z
V2(k) =8, " sin > cos > cos 5,010’333
+ 425Y in 12—‘ cos ;pzozsl
i 2 2
+ ZA.ZF sin ]Eyp30'053

ke k& .
+ 817V sin 3 cos Ey sin 5‘p203s1. (22)
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FIG. 5. Band structure of the extended Hamiltonian. Solid and
dashed curves denote the results with and without the additional spin-
dependent terms, respectively.

These terms preserve both the P2,2,2; space-group symmetry
and time-reversal symmetry. They are introduced not as a
further quantitative fit to the DFT bands, but as a symmetry-
adapted extension used to lift accidental degeneracies of
the effective Hamiltonian. In the extended Hamiltonian, ac-
cidental degeneracies can be removed by the additional
spin-dependent terms. Degeneracies enforced by nonsymmor-
phic screw symmetries and time-reversal symmetry remain
protected. This distinction allows us to identify which band
crossings are symmetry protected and which become anti-
crossings under symmetry-adapted perturbations.

Figure 5 shows the band structure of the extended
Hamiltonian,

H(k) = Ho(k) + Vi(k) + Vy(k) + Vi(k) + Va (k). (23)

The solid curves show the energy bands obtained from the
extended Hamiltonian including V) (k) and V, (k). The dashed
curves show the results obtained by setting V;(k) = Va(k) =
0, while keeping all other parameters identical to those used
for the solid curves. The hopping parameters for the spin-
dependent terms are listed in Table III. They are not set to
improve the quantitative agreement with the DFT bands. In-
stead, their values are chosen to make the lifting of accidental
degeneracies and the formation of anticrossings clearly visi-
ble. For this demonstration, we focus on the conduction bands,
where the relevant degeneracy structure and the effects of the
additional terms can be seen clearly.

TABLE III. Parameters used to calculate the energy bands in
Fig. 5. The other parameters are the same as those used for the
conduction bands in Table II, except that z, = 0.004.

Vi(k), Vy (k) Vi(k) Va(k)

A 0002 AY  —0001 A —0.001
Ay —0006 A7 —0002 AT —0.006
A —0.002 AR —0001 A —0.003
Ay ~0.006 W20 —0.002

TABLE IV. Degeneracies at the high-symmetry points and along
the high-symmetry lines. d and g denote the degeneracies of the
effective Hamiltonian and the extended Hamiltonian, respectively.

Symmetry point Symmetry line

U
o

r-X
X-S
S-Y
Y-I'
r-z
Z-U
U-R
R-T
T-Z

BN S R S R S L " I e

d
2
2
4
4
4
4
4
4

H XN < X
RN R RND— PN~
PR RPR—— NN —

The role of the additional terms is summarized in Tables IV
and V. In Table IV, d denotes the degeneracy of the effective
Hamiltonian, while g denotes that of the extended Hamilto-
nian. The comparison between d and g shows that the effective
Hamiltonian contains additional degeneracies that are not
enforced by the P2,2,2, space-group symmetry or time-
reversal symmetry. After the additional terms are included,
the remaining degeneracies are consistent with those expected
from the standard representation theory of space groups with
time-reversal symmetry [18,19] and with band sticking in
nonsymmorphic crystals [20,21]. Table V gives the eigenval-
ues of the extended Hamiltonian at the high-symmetry points
and shows which additional parameters control the splittings
at each point.

The terms in V) (k) lift the accidental degeneracies at the
high-symmetry points, while the terms in V,(k) hybridize
accidentally crossing branches on the high-symmetry lines
and open gaps. At the same time, the degeneracies enforced
by nonsymmorphic screw symmetries and time-reversal
symmetry remain intact. Therefore, the extended Hamilto-
nian provides a convenient setting for separating accidental

TABLE V. Eigenvalues of the extended Hamiltonian at the high-
symmetry points, where n = £1 and ¢ = £1.

Symmetry point Eigenvalue

E, =" + Al +41,

EX =& 4+2n; + 4Cm
ES = &5+ 20,00 + (225Y) + (22)°
EY, = e 4y (AY +422))" + (4237)’

EZ, =" + AT +4007

BY =&+ 2000 + (02) + (22)]
ER, =5+ 20 +4608

2
E} =& + 1/ (AY)? + (4AR)

5 S N=< »» X =3

el = eo + 2[ta.0) + to.1y + 2101y + o]

e* =&y — 2[t0.0) — to,1) + 2ty — Ho.2)]

&5 = g9 — 21,0 + fo,) — 2ty — to]
Y

Al = 2[1(%10) +i30+ 2(%1) + z(%z))]
AT =201y 0+ 13,0y = 20040 — 1) )]
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degeneracies of the effective Hamiltonian from symmetry-
enforced degeneracies.

VI. SYMMETRY ANALYSIS

We analyze the remaining band degeneracies using the
matrix representations of the screw and time-reversal opera-
tions. The analysis is based on the algebra of these symmetry
operations and explains how the nonsymmorphic screw sym-
metries and time-reversal symmetry enforce the degeneracies
summarized in Table IV. Related analyses based on screw
eigenvalues for space group P2,2;2; (No. 19) have been dis-
cussed in Refs. [22-24]. We first classify the Bloch states on
high-symmetry lines by the eigenvalues of the corresponding
screw operators. We then combine the screw operations with
the time-reversal operation to identify the Kramers degenera-
cies on the high-symmetry lines and the fourfold degeneracies
at the high-symmetry points. The same symmetry framework
is also used to determine which spin components can remain
finite after averaging over a degenerate subspace.

We first construct the screw operators used to label the
Bloch states on the high-symmetry lines. In the Bloch basis
introduced in Sec. 11, a shift of the wave vector by a reciprocal
lattice vector G gives

k+G,X,s) = ¢k, X, s). (24)
We introduce the corresponding transformation
U(G) = diag(e'®™, ¢l (67 (160) g g). (25)
The Bloch Hamiltonian satisfies
H(k+G)=[UG)] ' HIU(G). (26)

We consider a wave vector ¢ on a high-symmetry line. For
the relevant screw operation on this line, the rotational part
satisfies

Chiq = q + Gs, 27

where i = x,, z, and Ggs is the reciprocal lattice vector as-
sociated with the high-symmetry line and screw operation
considered. Together with Egs. (17) and (26), this relation
leads to a unitary operator acting within the space of Bloch
states at q:

SH(q) := U(Gs)Si(q). (28)

The superscript L denotes the restriction to a high-symmetry
line. This operator satisfies

SH@H@[SH @] =H(g) (29)

on the corresponding high-symmetry line. The explicit ex-
pressions of S"(¢) are given in Table VI.

The eigenvalues of S-(g) can be obtained from the algebra
of the symmetry operations. Since (C»;)> = 1, the relation
Chiq = q + Gs gives

GiGs = —Gs. (30
The screw operator and the reciprocal-lattice shift satisfy
Si(k)U(G) = U(CriG)Si(k + G), (€2Y)

which expresses the consistency between applying the
reciprocal-lattice shift before and after the screw operation.

TABLE VI. Screw operators S-(g) and antiunitary operators
A(q) on the high-symmetry lines. The sign & characterizes the screw
sector of the degenerate partner, where § = +1 and £ = —1 denote
the same and opposite screw sectors, respectively.

Symmetry line SH(q) Alg) 3
r-xX Si(q) - -
X-S U(—a")S,(q) U(—a*)S(—q)® -1
S-Y U(—b")S.(q) U(=b")S,(—q)® -1
Y-I' Sy(q) - -
r-z S.(q) - -
Z-U U(—c*)S:(q) U(=c*)S.(—q)® -1
U-R U(—a* —c*)S,(q) U(—a*)S(—¢q)® +1
R-T U(=b"—c")S(q) U(=b)S(—q)0  +1
T-Z U(—c*)S,(q) U(=c*)S.(—q)® —1

Using these relations, the square of S"(¢) reduces to the
representation of the squared screw operation,

[SE@)] = Si(Cug)Si(g) = —e 1, (32)

where I denotes the 8 x 8 identity matrix. The minus sign
comes from the spin part of the twofold rotation. Equa-
tion (32) shows that the eigenvalues of SiL (g) can be written as
x ie719/2 with y = 1. The sign y labels the 4+ and — screw
sectors. The common phase factor i e7'%/2 does not affect the
distinction between these sectors. The screw symmetry pre-
vents hybridization between states in different screw sectors,
as shown in Fig. 5.

Kramers degeneracies on the high-symmetry lines are an-
alyzed using antiunitary operators. For each line where such
an operator exists, we consider a screw operation whose rota-
tional part maps —¢q to an equivalent wave vector,

Gj(—q) = q + Ga, (33)

where j = x,y, z, and G, is the reciprocal lattice vector as-
sociated with the high-symmetry line and screw operation
considered. Combining this screw operation with time rever-
sal gives an antiunitary operator acting within the space of
Bloch states at ¢,

Alg) :==U(GA)S;j(—q)0. (34)

For the operators listed in Table VI, one finds on the corre-
sponding high-symmetry lines

[A@) = —1 (35)
and

AQH @LA@) ™" = H(g). (36)

These relations enforce a Kramers degeneracy. High-
symmetry lines for which no such operator is present are
marked by “~" in Table VI.

On a high-symmetry line with a twofold degeneracy, the
degenerate partners can be classified according to whether
they belong to the same or opposite screw sectors. We denote
an eigenstate of H(q) in the screw sector x = %1 by |x, q),

SH@Ix,q) = xie |y, q). (37
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TABLE VII. Screw operators SF(Q) and antiunitary operators
AL (Q) at the high-symmetry points S, U, and T.

Symmetry

point SHQ) AL A

N U(=a)S,(Q) U(=b)S,(-@)0 U(-a*)S(—0)®
U U(=c)S:(Q) U(=a")S(=0)0 U(—c")S.(-0)O
T U(=e)5(Q) U=b)S,(-2)0 U(—¢)S.(-0)®

Since A(q) satisfies Egs. (35) and (36), the state A(q)|x, q) is
a degenerate partner of |x, g). To determine its screw sector,
it is useful to introduce the projector

Py (q) = (I — x9Sk (q)). (38)

Using the line-dependent matrix representations of S*(¢q) and
A(q) listed in Table VI, we determine & from

AP (@OIA@T" = Pey(q). (39)

The value of & for each high-symmetry line is given in
Table VI. For &£ = +1 and & = —1, A(g) maps a state to its
degenerate partner in the same and opposite screw sectors,
respectively.

At the high-symmetry points S, U, and T, the fourfold
degeneracy can be understood by applying the same screw-
sector decomposition at the end point of the corresponding
high-symmetry line. For each point, we use the screw operator
SF(q) on that line and evaluate it at ¢ = Q, where Q denotes
the wave vector of the high-symmetry point. The correspond-
ing projector P, (Q) is obtained from P, (q) by replacing ¢
with Q. For the matrix representations listed in Table VII, the
two antiunitary operators 4. (Q) and A_(Q) satisfy

[AL Q) = 1, (40)

and
AL QH @)A1 = H(Q), 41)
AL Q)P (DAL = P, (Q). (42)

Therefore, for an eigenstate |y, @), the four states |y, Q),
AL @)X, ), A-(Q)lx, ), and AL (Q)A-(Q)lx,Q) are
degenerate. The first two states belong to the screw sec-
tor x, while the last two belong to the screw sector —y.
Since the two screw sectors are orthogonal, these four states
are linearly independent, proving the fourfold degeneracy at
S,U,and T.

The same symmetry analysis also provides a simple cri-
terion for the spin components that can remain finite after
averaging over a degenerate subspace. The spin operator O} =

p000s;/2, with j =1, 2, 3, transforms under Sl.L(q) as
- 03, j=1,

SH@o Sk =1 43
F@OIS @] =1 o Gy @
The site-space part of S-(g) commutes with Oj, whereas
the spin part determines whether O} is even or odd under
SiL(q), as follows from {s;, s;} = 28;;50. Within a degener-
ate subspace invariant under S"(g), the averaged expectation
value of an operator that is odd under S"(¢g) must vanish.

Therefore, the averaged expectation value of O can remain
finite only for j =i, while it vanishes for j #i. At the
time-reversal-invariant high-symmetry points, the degenerate
subspace is also invariant under ®. Since all spin com-
ponents are odd under time reversal, @Oj@" = —Oji, the
averaged expectation value of O} vanishes for all j. This
criterion accounts for the line-dependent spin components
and their vanishing at the high-symmetry points, as shown
in Fig. 4.

VII. CONCLUSION

We have constructed a symmetry-adapted effective tight-
binding model for a chiral one-dimensional organic-inorganic
lead halide perovskite with space group P2,2,2; (No. 19).
The model is built from a single effective orbital on each of
the four relevant sites in the primitive unit cell. The resulting
four-dimensional site space is represented by layer and in-
plane sublattice degrees of freedom. Together with spin, these
degrees of freedom define an 8 x 8 effective Hamiltonian that
respects the P2,2,2, space-group symmetry and time-reversal
symmetry.

By fitting the hopping parameters separately for the
conduction and valence bands, the effective Hamiltonian re-
produces the overall band dispersions obtained from DFT
calculations. The spin-dependent hopping terms reproduce
the band-edge spin splittings and capture the leading spin-
polarization patterns found in the DFT results. These results
show that the band-edge electronic structure can be captured
by a restricted set of symmetry-adapted hopping terms.

‘We have also analyzed the degeneracies and band crossings
in terms of the screw symmetries of P2;2;2;. By adding
further symmetry-adapted spin-dependent terms, we sepa-
rated accidental degeneracies of the effective Hamiltonian
from degeneracies enforced by screw symmetries and time-
reversal symmetry. The screw-eigenvalue classification on
high-symmetry lines explains which crossing branches can
hybridize and form anticrossings, and which crossings remain
protected by screw symmetry. This analysis gives an explicit
matrix representation of the screw-sector classification and the
symmetry-enforced degeneracies.

The present model provides a low-energy microscopic
description for understanding how chiral crystal structure
and symmetry-adapted spin-dependent terms determine band-
edge electronic properties in chiral lead halide perovskites.
By resolving the distinct roles of the symmetry-adapted spin-
dependent terms, including the different contributions of the
A% and )L;—L terms to the band-edge spin splitting and spin-
polarization patterns, the model provides microscopic insight
into the origin of these features that cannot be directly
identified from the DFT band structure alone. The compact
and symmetry-transparent form of the effective Hamiltonian
provides a framework for systematically analyzing how mi-
croscopic hopping processes and spin-dependent terms con-
tribute to chirality-dependent responses. This effective-model
approach complements DFT and Wannier-based methods by
providing a tractable starting point for developing theories of
spin-dependent, optical, and transport responses in chiral lead
halide perovskites.
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TABLE VIII. Screw operations, site permutations, and matrix
representations in the site space.

Screw Site permutation Site-space matrix
Sy A< B, C<D L0011
A\ A< C,B<D £100
S, A<D B« C 0101

ACKNOWLEDGMENTS

This work was supported by JSPS KAKENHI (Grants No.
JP23K17659, No. JP25K00963, No. JP26K06985, and No.
JP26H00378), JST CREST (Grant No. JPMJCR23A1), and
Waseda University Grant for Special Research Projects (No.
2026C-668).

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

APPENDIX: SCREW OPERATIONS IN THE BLOCH BASIS

This Appendix derives the matrix representations of the
screw operations in the Bloch basis introduced in Sec. II. For
the screw operation S;, we denote its real-space translation
vector by ¢;. Under this operation, the position of site X is

mapped to a site equivalent, up to a Bravais lattice vector, to
one of the four sites in the unit cell,

Sittx = Cytx +t; =Lix + 1%/, (A1)

where X' is the site to which X is mapped by S; and L;x is a
Bravais lattice vector. The action on a localized basis state is

SilR + tx,5) = Y (—isi)ys|CuR + Lix + 1x,5'), (A2)

where —is; is the spin part of a twofold rotation about the i
axis. Substituting Eq. (A2) into the Bloch basis gives

Silk. X, 5) = e PN (i) |Gk, X', 5). (A3)

In deriving this expression, the shift by the Bravais vector
L;x is absorbed by relabeling the Bravais-lattice summation
variable. The site permutations and the corresponding matrix
representations in the site space are summarized in Table VIII.
The phase factors are given by

e Q) te _ pmith—h)/2 (A4)
e_i(CZyk)'ty — e_i(ky_kz)/z’ (A5)
e IOkt _ p—itke—k)/2 (A6)

Using the above equations and Table VIII, we obtain the
screw-operation matrices in Egs. (14)—(16).
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