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Giant heat flux effect in nonchiral transmission lines
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We develop a theory of heat transport in nonchiral transmission lines (TLs) of quantum Hall edge channels
coupled to Ohmic contacts that accounts for a dynamical accumulation of charge in the reservoirs. As a conse-
quence, heat transport is driven by charge fluctuations in the heat Coulomb blockade regime. This framework
challenges conventional paradigms by revealing a giant heat flux effect—a significant amplification in heat
transport arising from nontrivial fluctuation-dissipation relations. Through a Langevin-based approach, we derive
the effective noise power in the chiral currents, which underlies this enhanced heat flux. Our findings predict clear
experimental signatures unique to nonchiral TLs, as well as provide insights into finite-frequency effects, show-
ing crossovers to more conventional diffusive behavior. This work offers a perspective on feedback mechanisms
in quasi-one-dimensional heat transport with implications for dissipation control in low-dimensional quantum
systems.
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I. INTRODUCTION

A key problem in quantum Hall (QH) physics is under-
standing how disorder and interactions in QH edge states can
disrupt charge and energy transport, potentially challenging
the robustness of quantized electrical [1] and thermal [2–4]
conductance. Recent experimental studies on mesoscopic QH
circuits probe these properties by injecting and detecting
charge and heat currents [5–9].

An essential component of mesoscopic QH circuits is the
Ohmic contact (OC), a floating metallic granule coupled to
one-dimensional ballistic QH edge channels at various filling
factors [10–12]. It serves as a probe for electrical and thermal
properties [12–17], while also introducing Coulomb interac-
tions between the edge states, characterized by an energy scale
determined by the granule’s charging energy EC [18–21].
At low temperatures where T/EC � 1, the Coulomb barrier
inhibits charge and heat transport in classical systems [22]
and acts as a bandpass filter in quantum systems. This leads
to exciting phenomena such as dynamical renormalization of
charge [23,24] and heat transport [25,26], electron state tele-
portation [27,28], Luttinger liquid behavior [29,30], tunable
multichannel Kondo effects [31,32], charge fractionalization
[33–36], and Coulomb-mediated heat drag [37].

A series of chirally connected Ohmic contacts configured
in a transmission line (TL) effectively modeled by floating, in-
teracting reservoirs [38] can be an effective model of disorder
in QH edges due to QH puddle formation [39,40]. This setup
enables theoretical studies that yield experimentally verifiable
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predictions, including models explaining how equilibrium is
reached in disordered edge states [41], demonstrating that
energy transport remains quantized despite dissipation, and
offering insights into more exotic phenomena such as “neg-
ative heat drag” [38,42].

Originally proposed to resolve the “missing heat” paradox
[5,38,42,43], the chiral TL framework focuses on the inter-
acting regime where the OC charging energy is significant.
Unexpectedly, it revealed unconventional physics, including a
set of “magic” Lorenz numbers [44], edge states that carry
excess heat beyond the quantum limit [45], and behaviors
closely linked to fractional statistics, resembling anyonic ex-
citations [34]. In Ref. [45], we demonstrated that introducing
a feedback loop breaks local chirality, enabling charge fluctu-
ations to create correlated states through a backaction effect,
causing all of these exotic phenomena.

In this paper, our motivation is twofold: First, we extend
the study of heat transport to globally nonchiral systems, a
natural progression from previous work focused on chiral
quantum Hall edge channels, expecting similar exotic physics.
Specifically, we investigate a nonchiral TL composed of a
series of OCs, as shown in Fig. 1, under four boundary condi-
tions (BCs): open, closed, periodic, and hybrid configurations
[Figs. 1(b)–1(e)]. Second, we contrast our approach with ex-
isting studies on nonchiral transmission lines, predominantly
in the context of fractional QH states [46–51]. Unlike prior
work, we explicitly incorporate the dynamical accumulation
of charges Qn(t ) in reservoirs [∂t Qn(t ) �= 0]—a critical aspect
neglected in most models, which typically focus on zero-
frequency correlation functions. However, we stress that in
general these effects cannot be neglected, as their relevance
depends on the probed energy scales T/EC and τthT , where
the Thouless time τth will be discussed below.

Our setup offers another key advantage over other dif-
fusive systems: the ability to individually probe the chiral
current components in the TL. This can be achieved, for
instance, through capacitive coupling or an attached quantum
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FIG. 1. Schematic of a nonchiral transmission line compris-
ing N = 3 floating Ohmic contacts (green) connected to chiral
one-dimensional quantum Hall edge channels (red arrows) at the
boundary of a quantum Hall bulk with filling factor ν = 1 (light
blue). The edge channels can extend from large metallic contacts
(yellow) located at the left and right ends of the TL. The TL can
be configured with various boundary conditions [panels (b)–(e)],
including both open- and closed-system boundaries. Fluctuations in
the edge channels induce charge fluctuations in the OC located at
position n in the TL, denoted as �Qn. These fluctuations generate
charge current fluctuations δIL/R

n in the outgoing channels to the
left and right of each OC. For closed-system boundary conditions
[panels (d) and (e)], there is an additional constraint that total charge
is conserved, meaning

∑
n �Qn(t ) = 0 at all times. For illustration,

panel (a) shows N = 3 OCs in the case of a fully open setup [panel
(b)]. The orange dot schematically indicates a measurement of the
chiral current component, here δIR

n+1, using an adjacent quantum dot
(QD) or quantum point contact (QPC).

point contact, enabling precise exploration of fluctuation and
response mechanisms. Our key results are (1) a nontrivial
fluctuation-dissipation relation (FDR) in which noise power
is proportional to the current response function of a specific
current source, revealed by individual probing of chiral cur-
rents; (2) a giant heat flux in open systems that greatly exceeds
the equilibrium quantum of heat flux Jq = (π/12)T 2; and (3)
nontrivial electrical and thermal tunneling conductances that
modify the Lorenz number, providing a distinctive signature
for observing these altered edge states.

II. SOLVING THE TRANSMISSION LINE EQUATION

We consider the TL schematically illustrated in Fig. 1. The
conservation of the OC charge Qn(t ) at position n leads to
Kirchhoff’s current law, relating the rate of change of Qn(t )
to incoming currents IL

n+1(t ) and IR
n−1(t ), and outgoing edge

currents IL
n (t ) and IR

n (t ). This yields the TL equation:

dQn(t )

dt
= IL

n+1(t ) + IR
n−1(t ) − IL

n (t ) − IR
n (t ). (1)

From now on, we define the units such that h̄ = kB = e =
1. The output charge current fluctuates due to two sources:
the fluctuating OC electrical potential �Vn(t ) ≡ �Qn(t )/C
with a finite capacitance C and neutral current fluctuations
represented by the Langevin source, δIσ,c

n (t ), arising from

thermally induced uncertainty in the OC occupation:

δIσ
n (t ) = �Qn(t )

τC
+ δIσ,c

n (t ), σ = L,R , (2)

where τC ≡ RqC is the single-channel RC time constant, Rq ≡
2π is the resistance quantum, and C is the total capacitance.
This time constant governs OC charge fluctuations and relates
to the charging energy EC ≡ 1/(2C) = π/τC .

In this section, we focus on the heat Coulomb blockade
(HCB) regime, where the charging energy EC significantly ex-
ceeds the OC temperature T � EC , or equivalently, τCT � 1.
By definition, fluctuations vanish on average: 〈δIσ,c

n (t )〉 = 0
and 〈�Qn(t )〉 = 0. Inserting the Langevin equation (2) into
Kirchhoff’s law (1) leads to a second-order inhomogeneous
difference equation, which can be solved using a discrete
Green’s function [52–54]:

�Qn(ω) =
N∑

m=1

Gn,m(ω)sm(ω), (3)

where sm(ω) = δIL,c
m+1(ω) − δIL,c

m (ω) + δIR,c
m−1(ω) − δIR,c

m (ω).
We can compute charge current fluctuations at each point
n in the TL by substituting the formal solution (3) into the
Langevin equation (2).

III. DISCRETE GREEN’S FUNCTION TECHNIQUES

The discrete Green’s functions depend on the imposed
boundary conditions [configurations (b)–(e) in Fig. 1] and, in
the HCB regime (τCT � 1), satisfy the equation [55]

2Gn,m − Gn+1,m − Gn−1,m = δnm. (4)

The Green’s functions can be computed in three main ways.
The first method relies on a spectral decomposition in terms
of the eigenvalues λk and eigenvectors φn,k of the finite-
difference operator [52,53]:

Gn,m(0) =
N∑

k=1

1

λk
φn,kφm,k . (5)

A complete list of eigenvalues and eigenvectors for various
boundary conditions is provided in the Appendices.

Alternatively, the Green’s function can be expressed as a
product of two homogeneous solutions to the finite-difference
equation, similar to methods used for partial differential equa-
tions. As shown in Ref. [54], the Green’s function takes the
form

Gn,m(0) ∼ u1,nu2,m, (6)

where up,n satisfies the homogeneous equation 2up,n −
up,n+1 − up,n−1 = 0. The homogeneous solutions are constant
or linear, indicating that Gn,m(0) must be a constant, linear, or
quadratic function of n and m.

Finally, the Green’s function can be directly computed
by recursively applying the defining equation (B2), as de-
tailed in the Appendices. For example, under the open-system
boundary condition [configuration (b) in Fig. 1], the Green’s
function is

Gn,m(0) = n(N + 1 − m)

N + 1
, n � m, (7)
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with n ↔ m for n � m. As expected, this result is a product
of two linear functions in n and m.

IV. FLUCTUATION-DISSIPATION RELATION OF CHIRAL
CURRENTS IN A NONCHIRAL SYSTEM

The formal solution of the equations of motion (1) and (2),
expressed via the discrete Green’s function (3), allows us to
compute current-current correlation functions in the transmis-
sion line: 〈δIσ

n (ω)δIσ ′
m (ω′)〉 ≡ 2πδ(ω + ω′)Sσσ ′

nm (ω), where
Sσσ ′

nm (ω) represents the noise power. Assuming fast relaxation
in the OCs [56], the Langevin sources can be modeled by
local thermal equilibrium noise power: 〈δIσ,c

n (ω)δIσ ′,c
m (ω′)〉 ≡

2πδσσ ′δnmδ(ω + ω′)Sc
n(ω), with source noise given by

Sc
n(ω) = ω/Rq

1 − e−ω/Tn
. (8)

For this article, we assume uniform temperature across all
OCs, Tn = T , leading to Sc

n(ω) = Sc(ω), independent of n.
The nonequilibrium expression for the noise power is com-
puted in the Appendices. In equilibrium, Sσσ ′

nm (ω) is given by

Sσσ ′
nm (ω) = S(ω)(δnmδσσ ′ + Gn,m+s(σ ′ )(ω) + Gm,n+s(σ )(−ω)),

(9)

where the sign of chirality is s(L/R) = ±1.
In the case of the autocorrelation function Sσσ

nn (ω) where
the chirality and measurement positions are identical, the
noise power exhibits a modified Fluctuation-Dissipation Re-
lation. This establishes a linear relationship between the
current-current correlation function and the real part of the
charge fluctuation response, as described by the Green’s func-
tion:

Sσσ
nn (ω) = Sc(ω)(1 + 2 Re[Gn,n+s(σ )(ω)]). (10)

This result is significant because, in typical diffusive sys-
tems or Luttinger liquids, only nonchiral currents can be
measured, corresponding to the net current across a cross sec-
tion, e.g., δIn = δIR

n − δIL
n+1. In contrast, chiral QH edge states

enable direct probing of chiral current components, leading
to a nontrivial response. Our key finding is that the equilib-
rium FDR for chiral currents in a nonchiral system is highly
sensitive to the response function of charge fluctuations. We
will discuss physical observables in which this unusual noise
power Sσσ

nn (ω) plays a critical role, acting as a smoking gun
for detecting the influence of finite OC charging energy.

V. HEAT FLUX AND THE HEAT COULOMB
BLOCKADE REGIME

The heat flux Jσ
n (N ) carried by the chiral edge state with

chirality σ at a given position n in a TL of length N is related
to the noise power (10) as follows [38]:

Jσ
n (N ) = Rq

4π

∫ ∞

−∞
dω

[
Sσσ

nn (ω) − lim
T →0

Sσσ
nn (ω)

]
, (11)

where the noise power Sσσ
nn is given by Eq. (10), and

limT →0 Sσσ
nn (ω) represents the subtraction of vacuum fluctu-

ations. In the heat Coulomb blockade regime, characterized
by τCT � 1, the heat flux can be evaluated as

Jσ
n (N ) = (1 + 2Gn,n+s(σ )(0))Jq, (12)

TABLE I. Summary of findings in the heat Coulomb blockade
regime τCT � 1, in the low-temperature limit τthT � 1, for different
boundary conditions, including the heat flux Jσ

n and Lorenz number
Lσ

n (N ), assuming the TL consists of N OCs and current fluctuations
are measured at position n. For the semiclosed boundary condition,
it is assumed that the closed loop is to the right of the system n = N ;
a closed loop to the left can be computed by symmetry n ↔ N − n.

Open Semiclosed Closed Periodic
Observable BC BC BC BC

Jσ
n /Jq 1 + 2 n(N−n)

N+1 2n + σ
2+(N−6)N+12(n− N

2 )
2

12N
5+N2

6N

Lσ
n (N )/L0

3(N+1+2Nn−2n2 )
3−2n2+N (3+2n)

3(2n+σ )
2+2n+σ

3(1+6n2−3N−6nN+2N2 )
1+6n2+9N−6nN+2N2

3(N2+5)
N (N+12)+5

where Jq = πT 2/12 is the quantum of equilibrium heat flux.
The heat flux depends on the boundary conditions imposed on
the system, a summary of which can be found in Table I. For
the TL in configuration (b), the heat flux is given by

Jσ
n (N )/Jq = 1 + 2

n(N − n)

N + 1
, (13)

as shown in Fig. 1. Most notably, for long TLs (N → ∞)
the heat flux is strongly enhanced, leading to a what we call
“giant” heat flux effect.

VI. FINITE-FREQUENCY EFFECT

To put the “giant” nature of this effect into perspective, the
heat flux (13) for open boundary conditions diverges linearly
with system size for n ∼ �N/2
. For a large number of nodes,
the giant heat flux effect is ultimately constrained by the
Thouless time τth = N2τC , which sets the timescale where the
finite-difference description of the system breaks down (e.g.,
for momenta above the inverse system size) [57].

Our analysis so far assumes both the heat blockade
regime, τCT � 1, and the condition τthT � 1, which im-
poses a stringent requirement, but allows us to neglect the
frequency dependence of the response function. Beyond
this regime, the finite-frequency behavior shows a uni-
versal, boundary condition-independent temperature depen-
dence limN→∞ Jσ

N/2/Jq = 3ζ (3/2)/(
√

2π3/2)(τCT )−1/2, sum-
marized in Fig. 2. Analogous arguments apply to the other
boundary conditions listed in Table I.

VII. ELECTRONIC CORRELATION FUNCTION AND
LORENZ NUMBERS

The observation that charge fluctuations can lead to a
nonquantized heat flux, Jσ

n (N ) �= Jq, even in an equilibrium
system, was discussed in Ref. [45]. Let us consider an edge
state subject to these additional charge fluctuations, connected
to a quantum point contact. Measuring the electrical and ther-
mal tunneling conductances allows us to extract a nontrivial,
sometimes referred to as “magic,” Lorenz number [44,45],
signifying a deviation from the Wiedemann-Franz law, which
typically predicts a universal value L0 = π2/3 for the ratio of
electrical to thermal conductance.

In a transmission line with N nodes, where current fluctu-
ations are probed at position n with chirality σ , the modified
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FIG. 2. Log-log plot of the heat flux at the TL center (n = �N/2
)
for open boundary conditions, as a function of the dimensionless
product τCT . Results were obtained by numerically integrating the
heat flux (11) for different node counts N, accounting for the
full frequency dependence of the Green’s function. In the high-
temperature regime (τCT � 1, red region), the heat flux reaches
the quantum heat flux limit. In the heat Coulomb blockade regime
(τCT � 1, green region), two distinct subregimes emerge based on
the Thouless time τth: (1) For τthT � 1 (blue-green region), we re-
cover boundary-condition-sensitive flux values given by Eq. (13); (2)
For τthT � 1 (orange-green region), a universal slope of Jσ

N/2/Jq �
3ζ (3/2)/(

√
2π 3/2)(τCT )−1/2 ≈ 0.9952(τCT )−1/2 appears, to which

the heat flux converges as N → ∞. The red dashed line represents
the exact heat flux in the limit N → ∞. Explicit details of all the
computations can be found in the Appendices.

Wiedemann-Franz law is expressed as

Lσ
n (N )/L0 = 3 − 6

3 + 2Gn,n+s(σ )(0)
, (14)

where L0 is the Lorenz number. This ratio reaches its max-
imum value (away from TL boundaries) of 3 in the regime
τthT � 1, with a crossover to 1 in the high-temperature
regime τCT � 1, even as N → ∞.

For the example of open-system boundary conditions [con-
figuration (b)], the Lorenz number is given by

Lσ
n (N )/L0 = 3(N + 1 + 2Nn − 2n2)

3 − 2n2 + N (3 + 2n)
. (15)

This result can be considered a smoking gun signature of cor-
related states. In Ref. [45], tunneling to the correlated states
was assumed to be equivalent to tunneling directly to the OC
metal, where the “standard” P(E ) theory [58] was applied.
However, in the current scenario, nonzero cross-correlations,
〈δIσ,c

n (t )�Qn(t )〉 �= 0, exist between the Langevin source and
charge fluctuations. This suggests that the present findings
are not fully captured by standard P(E ) approaches, as the
assumption of a free fermion moving in an electrical envi-
ronment breaks down due to the presence of these additional
cross-correlations. These correlations allow us to distinguish

between tunneling to the chiral connecting edge state and
tunneling directly to the OC, where such cross-correlations
are absent.

VIII. SUMMARY AND OUTLOOK

We have developed a theory of heat transport in nonchiral
transmission lines formed by quantum Hall edge chan-
nels coupled to Ohmic contacts, where heat transport is
significantly enhanced by charge fluctuations in the heat
Coulomb blockade regime. This results in a “giant heat
flux effect”—a substantial amplification due to nontrivial
fluctuation-dissipation relations. Using a Langevin approach,
we derive effective (non)equilibrium noise power of the chiral
current components and give clear experimental signatures to
unique nonchiral TL behaviors, providing a testable frame-
work.

This work opens several avenues: (1) extending the model
to fractional QH edge states, which could probe strongly
interacting, disordered systems with diverse edge reconstruc-
tions; (2) deriving nonequilibrium properties and examining
modifications to Fourier’s law; (3) applying this frame-
work to two-dimensional (2D) TL lattices to study bulk and
edge effects in disordered 2D metals; (4) exploring 2D ran-
dom networks where Ohmic contacts may alter percolation
physics and localization; and (5) examining TLs with finite-
transparency QPCs, which would reveal more intricate Kondo
physics compared to two site models currently investigated.
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APPENDIX A: PROOF OF THE GENERALIZED
FLUCTUATION-DISSIPATION THEOREM

In this section, we prove the generalized Fluctuation-
Dissipation Theorem starting from the most general current-
current correlation function and define the noise power,
respectively:〈

δIσ
n (ω)δIσ ′

m (ω′)
〉 ≡ 2πδ(ω + ω′)Sσσ ′

nm (ω). (A1)

Using the Langevin equation and formal solution of the charge
fluctuations in terms of the Green’s function, we can evaluate
the noise power Sσσ ′

nm (ω) as follows:

Sσσ ′
nm (ω) = (δnmδσσ ′ + Gm,n+s(σ )(−ω) − Gm,n(−ω))Sc,σ

n (ω) + (Gn,m+s(σ ′ )(ω) − Gn,m(ω))Sc,σ ′
m (ω)

+
∑

n′,α=L/R

Gn,n′ (ω)
[
Gm,n′ (−ω)

(
Sc,α

n′−s(α)(ω) + Sc,α
n′ (ω)

) − Gm,n′+s(α)(−ω)Sc,α
n′ (ω) − Gm,n′−s(α)(−ω)Sc,α

n′−s(α)(ω)
]
. (A2)
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TABLE II. Eigenvalues, Eigenfunctions, and Green’s function Gn,m(0) for various boundary conditions.

Boundary Condition Eigenvalue λk Eigenfunction φn,k Green’s function Gn,m(0)

Open 4 sin2
(

πk
2(N+1)

) √
2

N+1 sin
(

nπk
N+1

) n(N+1−m)
N+1 , n � m or m(N+1−n)

N+1 , n � m

Semiopen 4 sin2
(

π (k− 1
2 )

2N+1

) √
2

N+ 1
2

sin
( nπ (2k−1)

2N+1

)
min(n, m)

Closed 4 sin2
(

π (k−1)
2N

) √
2
N cos

(
(n− 1

2 )π (k−1)
N

)
1+3(m−1)m+3(n−1)n+3N−6mN+2N2

6N

Periodic 4 sin2
(

πk
N

) √
1
N exp

(
i 2πnk

N

) N2−1+6(m−n)2

12N − |m − n|

We assume that each OC is in local thermal equilib-
rium; i.e., the Langevin source correlation functions are given
by 〈δIc,σ

n (ω)δIc,σ ′
m (ω′)〉 = 2πδnmδσσ ′δ(ω + ω′)Sc,σ

n (ω), where
Sc,σ

n (ω) is the equilibrium noise power Sc,σ
n (ω) = (ω/Rq)(1 −

exp(−ω/Tn))−1 that depends on the local equilibrium tem-
perature Tn of the OC at position n. In a global equilibrium
scenario, where all temperatures of the OCs are the same, i.e.,
Tn = T and Sc,σ

n (ω) = Sc(ω), the noise power (A2) simplifies,
using the defining equation of the Green’s function [Eq. ((7)
from the main text, to

Sσσ
nn (ω) = Sc(ω)(1 + 2Re[Gn,n+s(σ )(ω)]), (A3)

Sσσ ′
nm (ω) = Sc(ω)(Gn,m+s(σ ′ )(ω) + Gm,n+s(σ )(−ω)), (A4)

for the auto and cross noise power (n �= m), respectively. The
equilibrium noise powers are linear in the Green’s function,
as expected for a Fluctuation-Dissipation relation. Note that
the unsymmetrized noise power (A2) is not necessarily real;
however, when computing observables such as the heat flux,
only the symmetric and thus real part of the noise power
contributes.

APPENDIX B: METHODS TO COMPUTE
THE GREEN’S FUNCTION

Various methods exist to compute the finite-difference
Green’s function. We will outline the different methods used
throughout this paper, depending on which were the most
feasible in each context. This Appendix is based on ap-
proaches presented in Refs. [52–54]. Table II summarizes all
the Green’s functions subject to various boundary conditions.

1. Spectral decomposition

Using the Langevin and Kirchhoff equations from the main
text and considering the heat Coulomb blockade regime, we
set τC → 0 and obtain the equation of motion for the charge
fluctuations:

2�Qn − �Qn+1 − �Qn−1 = sn(ω), (B1)

where sn(ω) = δIL,c
n+1(ω) − δIL,c

n (ω) + δIR,c
n−1(ω) − δIR,c

n (ω).
Paralleling the Green’s function method for partial differential
equations, this leads to a defining equation for the Green’s
function:

2Gn,m − Gn+1,m − Gn−1,m = δnm. (B2)

The left-hand side can be viewed as the action of a linear oper-
ator Lnp = 2δnp − δn+1,p − δn−1,p + Bnp, subject to boundary

conditions Bnp, acting on the Green’s function such that
LnpGp,m = δnm. For this operator, we can define eigenvalues
λk and eigenvectors φn,k through Lnpφp,k = λkφn,k . Note that
Lnp can be viewed as an N × N matrix. Any Green’s function
with λk �= 0 may then be expressed as

Gn,m =
N∑

k=1

1

λk
φn,kφm,k, (B3)

which can be verified by the action of Lnp on Gp,m.

Generalized Green’s function

For closed- and periodic-system boundary conditions, the
net charge in the TL is conserved, implying that the total
change in charge across all sites is zero, i.e.,

∑
n �Qn = 0.

This conservation leads to one of the eigenvalues of the system
being zero, λk̃ = 0, which results in an ill-defined Green’s
function. To address this, we define a modified Green’s func-
tion by excluding the problematic eigenvalue:

Gn,m =
∑
k �=k̃

1

λk
φn,kφm,k . (B4)

This yields a revised equation for the modified Green’s func-
tion:

LnpGp,m = δnm − φn,k̃φ
∗
m,k̃, (B5)

where φn,k̃ represents the homogeneous solution to the equa-
tion Lnpφn,k̃ = 0, associated with the zero eigenvalue. For
both periodic- and closed-system boundary conditions, we
have φn,k̃ = N−1/2, leading to the following equation for the
Green’s function:

LnpGp,m = δnm − 1

N
. (B6)

2. Explicit solution of the Green’s functions

a. Open/Dirichlet boundary conditions

For the case of open-system boundary conditions �Q0 =
�QN+1 = 0, we can solve the recursion relation directly as
follows. Let us assume we are in the low-temperature regime
τthT � 1, for which the defining equation of the Green’s
function reads

2Gn,m − Gn+1,m − Gn−1,m = δnm. (B7)

Considering the case n < m and rearranging this equa-
tion gives

Gn,m − Gn−1,m = Gn−1,m − Gn−2,m = · · · = G1,m, (B8)
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since due to the Dirichlet boundary condition G0,m = 0. This
means that the ansatz Gn,m = nG1,m solves Eq. (B8) up to a
constant factor. We can write another type of equation using
the symmetry of n and m:

G1,m − G1,m+1 = G1,m+1 − G1,m+2 = · · · = −G1,N , (B9)

which is solved by the ansatz G1,m = c(N + 1 − m), which
allows us to write

Gn,m = cn(N + 1 − m) for n � m. (B10)

Due to the left-right symmetry of the problem, we have

Gn,m = cm(N + 1 − n) for n � m. (B11)

The coefficient c can be determined from the equation

2Gn,m − Gn+1,m − Gn−1,m = 1, (B12)

which gives c = 1/(N + 1), with the final solution

Gn,m = n(N + 1 − m)

N + 1
for n � m, (B13)

which allows to compute the nontrivial identity that follows
immediately from the spectral decomposition (B3) with λk

and φn,k found in Table II for the open-system case:

Gn,m = 1

N + 1

N∑
k=1

sin
(

knπ
N+1

)
sin

(
kmπ
N+1

)
1 − cos

(
kπ

N+1

)
= n(N + 1 − m)

N + 1
for n � m. (B14)

b. Periodic boundary conditions

For the case of periodic boundary conditions �Q1 = �QN ,
we solve the recursion relation directly, following Ref. [53].
Let us assume we are in the heat Coulomb blockade regime
τCT � 1, for which the defining equation of the Green’s
function reads

Ga+1 − Ga = Ga − Ga−1 + 1

N
− δa0, (B15)

where Ga ≡ Gn,m, with a = |m − n| indicating that the
Green’s function depends only on the absolute value of the
difference of the positions due to the periodicity of the system.
The term 1/N appears because we consider the generalized
Green’s function as discussed above. Let us assume a �= 0 in
equation of motion (B15), which yields after repeated appli-
cation

Ga+1 − Ga = Ga − Ga−1 + 1

N

= Ga−1 − Ga−2 + 2

N

= G1 − G0 + a

N

= 1 − N

2N
+ a

N
, (B16)

where the first term in the last equality can be obtained from
the equation of motion (B15) setting a = 0 and noting that

G−1
!= G1. Similar to before, we find the Green’s function Ga

from the recursive application (B16) as

Ga = Ga−1 + 1 − N

2N
+ a − 1

N

= Ga−2 + 2
1 − N

2N
+ a − 1

N
+ a − 2

N

= G0 + a
1 − N

2N
+ 1

N

a−1∑
k=1

k

= G0 − a

2
+ a2

2N
. (B17)

Note that the TL with periodic boundary conditions is a closed
system, which means that the total fluctuations of charge is
conserved

∑
n �Qn(t ) = 0 for all times t . This implies that

the row sum of the Green’s function is given by
∑N−1

a=0 Ga =
0, from which we can compute G0 = (N + 1)(N − 1)/(12N ).
This yields the Green’s function

Gn,m = N2 − 1 + 6(m − n)2

12N
− |m − n|

2
, (B18)

and allows us to compute the identity

Gn,m = 1

N

N∑
k=1

ei 2π
N (m−n)k

4 sin2
(

πk
N

)
= N2 − 1 + 6(m − n)2

12N
− |m − n|

2
. (B19)

c. Closed boundary conditions

For the case of closed-system boundary conditions �Q0 =
�Q1 and �QN = �QN+1, we solve the recursion relation
directly as follows. Let us assume we are in the heat Coulomb
blockade regime τCT � 1, for which the defining equation of
the Green’s function reads

Gn,m+1 − Gn,m = Gn,m − Gn,m−1 + 1

N
− δnm. (B20)

For n < m, we obtain by successive lowering

Gn,m+1 − Gn,m = Gn,m − Gn,m−1 + 1

N

= · · ·

= Gn,n+1 − Gn,n + m − n − 1

N
. (B21)

Next, we can use the equation of motion at n = m:

Gn,n+1 − Gn,n = Gn,n − Gn,n−1 + 1

N
− 1, (B22)

which now allows us to lower the index m further until we
hit the left boundary condition by inserting in Eq. (B21), and
successive lowering n > m, we obtain

Gn,m+1 − Gn,m = Gn,n − Gn,n−1 + 1

N
− 1 + m − n − 1

N

= Gn,1 − Gn,0︸ ︷︷ ︸
=0

+ n

N
+ m − n − N

N

= m − N

N
, (B23)
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where the difference of Green’s function vanishes due to the
boundary condition �Q0 = �Q1. The identity for the differ-
ence of the Green’s functions (B23) allows us to write

Gn,m = Gn,m−1 + (m − 1) − N

N

= Gn,m−2 + (m − 2) − N

N
+ (m − 1) − N

N

= Gn,n +
m−1∑
k=n

k

N
− 1

= Gn,n + (m − n)

(
m − 1 + n

2N
− 1

)
, (B24)

where the only unknown Gn,n still needs to be determined. It
can most easily be determined by solving the sum

Gn,n = 1

2N

N−1∑
k=1

cot2

(
kπ

2N

)

− 2

N

N−1∑
k=1

sin
(

kπ
N (n − 1)

)
sin

(
kπ
N n

)
4 sin2

(
kπ
2N

) , (B25)

which arises from the spectral decomposition of Gn,m, and
using the result that was obtained earlier for the Dirichlet
Green’s function (B14), we obtain

Gn,n = (2N − 1)(N − 1)

6N
− (n − 1)(N − n)

N
, (B26)

and thus the full expression is

Gn,m = (2N − 1)(N − 1)

6N
− (n − 1)(N − n)

N

+ (m − n)

(
m − 1 + n

2N
− 1

)

= 1 + 3(m − 1)m + 3(n − 1)n + 3N − 6mN + 2N2

6N
,

(B27)

which yields the summation identity

Gn,m = 2

N

N∑
k=1

cos
(

πk
N

(
n − 1

2

))
cos

(
πk
N

(
m − 1

2

))
4 sin2

(
πk
2N

)
= 1 + 3(m − 1)m + 3(n − 1)n + 3N − 6mN + 2N2

6N
.

(B28)

d. Semiopen boundary conditions

For the semiopen boundary condition, we revert to a differ-
ent method and start directly from the spectral decomposition
Gn,m(0) = ∑N

k=1 λ−1
k φn,kφm,k with the eigenvalues and eigen-

vectors given by Table II:

Gn,m =
N∑

k=1

sin
(

πn
2N+1 (2k − 1)

)
sin

(
πm

2N+1 (2k − 1)
)

(2N + 1) sin2
(

π
2

2k−1
2N+1

) . (B29)

We extend the summation to 2N + 1 by doubling the sum,
which allows us to rewrite the Green’s function in the

following way:

Gn,m =
2N+1∑
k=1

1 + cos θk

2N + 1
Un−1(cos θk )Um−1(cos θk ), (B30)

where Un(cos θk ) = sin((n + 1)π 2k−1
2N+1 )/ sin(π 2k−1

2N+1 ), with
θk = 2k−1

2n+1π are Chebyshev polynomials of the second
kind. Using the identity Un+1(cos θk ) = 2 cos θkUn(cos θk ) −
Un−1(cos θk ) and the orthogonality of Chebyshev polynomials
of the second kind,

1

2N + 1

2N+1∑
k=1

Un(cos θk )Um(cos θk )

=
{

0, m − n is odd,

1 + min(n, m), m − n is even.
(B31)

Note that 1 + min(n, m) = min(n + 1, m + 1) and
(1/2)(min(n, m − 1) + min(n, m + 1)) = min(n, m) leads to
the simple form of the Green’s function given by

Gn,m = min(n, m), (B32)

and especially establishes the identity

Gn,m =
N∑

k=1

sin
(

πn
2N+1 (2k − 1)

)
sin

(
πm

2N+1 (2k − 1)
)

(2N + 1) sin2
(

π
2

2k−1
2N+1

)
= min(n, m). (B33)

APPENDIX C: GREEN’S FUNCTION AT FINITE
FREQUENCIES (OPEN-SYSTEM BOUNDARY

CONDITIONS)

We now consider open boundary conditions [configuration
(b) in Fig. 1] and extend the recursion approach to compute
the Green’s function at finite frequencies. The defining equa-
tion for the Green’s function is

(2 − iωτC )Gn,m(ω) − Gn+1,m(ω) − Gn−1,m(ω) = δnm. (C1)

We introduce the mapping r + (1/r) = 2 − iωτC . For n � m,
this gives the recursion

Gn+1,m(ω) − rGn,m(ω) = 1

r
(Gn,m(ω) − rGn−1,m(ω))

= G1,m(ω)

rn
. (C2)

For general n � m, we obtain

Gn,m(ω) = G1,m(ω)

rn−1

r2n − 1

r2 − 1
. (C3)

Similarly, for n � m, the recursion relation becomes

G1,m(ω) − rG1,m−1(ω) = r(G1,m+1(ω) − rG1,m(ω))

= −rN+2−mG1,N (ω), (C4)

which leads to the ansatz

G1,m(ω) = c(r2 − 1)(1 − r−2(N+1−m) )r−1−m. (C5)
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Thus, for n � m, the Green’s function becomes

Gn,m(ω) = c(1 − r−2(N+1−m) )(r2n − 1)r−(n+m). (C6)

Due to symmetry, for n � m, we have

Gn,m(ω) = c(1 − r−2(N+1−n) )(r2m − 1)r−(n+m). (C7)

To determine the coefficient c, we use the condition(
r + 1

r

)
Gn,n(ω) − Gn+1,n(ω) − Gn−1,n(ω) = 1, (C8)

which gives c = r/((r2 − 1)(1 − r−2(N+1))). Finally, we ob-
tain the Green’s function for n � m:

Gn,m(ω) = (rn − r−n)(rN+1−m − r−(N+1−m) )

(r − r−1)(rN+1 − r−(N+1))
. (C9)

In the heat Coulomb blockade regime (r → 1), the Green’s
function simplifies to Eq. (B13). The equilibrium noise power,
as given by Eq. (A3), incorporates the Green’s function (C9),
where r satisfies a quadratic equation with two possible
branches:

r1/2 = 1 − i
ωτC

2
±

√
−iωτC − ω2τ 2

C

4
, (C10)

as r is determined by the roots of this equation. However, after
taking the real part of the Green’s function, the result becomes

independent of the branch choice. The heat integral, Eq. (11),
then takes the form

Jσ
n − Jq =

∫ ∞

−∞

dω

2π
Re

[
(rn − r−n)(rN−n − r−(N−n) )

(r − r−1)(rN+1 − r−(N+1))

]
× (

Sσ
n (ω) − ωθ (ω)

)
, (C11)

which produces the blue curves shown in Fig. 2. In the bulk of
the transmission line, at n = �N/2
, the Green’s function (C9)
that enters the heat integral simplifies to

G N
2 , N

2 +1(ω)
N→∞= r

r−1 − r
. (C12)

Replacing this simplified Green’s function into the heat in-
tegral (C11) yields the red dashed line shown in Fig. 2. To
determine the prefactor of the asymptote for τCT → 0, we

expand Eq. (C12), yielding G N
2 , N

2 +1(ω)
N→∞� (2|ω|τCT )−1/2,

which results in the asymptotic heat flux:

Jσ
n /Jq � 1√

τCT

∫ ∞

−∞

dω

4π

1√
2|ω|

(
Sσ

n (ω) − ωθ (ω)
)

= 3ζ
(

3
2

)
√

2π3/2

1√
τCT

, (C13)

where ζ (x) is the Riemann zeta function and
3ζ (3/2)/(

√
2π3/2) ≈ 0.995 215.
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