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Higher-order topological parity anomaly and half-integer quantum Hall effect
in high-dimensional synthetic lattices
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Recent advances in constructing synthetic dimension provide a powerful tool for exploring exotic topological
states of matter in high dimensions. Here, we report that the parity anomaly and associated half-integer quantized
Hall conductance, arising in 2j 4+ 1 (space-time) dimensions with a single or odd number of Dirac cones, can
be realized by the boundary states of nth-order topological insulators in (2 j+n)-dimensional synthetic lattices.
We establish a general bulk-boundary correspondence by integrating the nested Wilson loop theory with the
time-reversal polarization at highly symmetric momenta; a set of Z, topological invariants are extracted, which
determines the number and location of higher-order-boundary Dirac cones that are protected by time-reversal
and reflection symmetries. We develop a general construction procedure for Hamiltonians supporting such
higher-order topological parity anomaly. Moreover, we propose an experimental implementation scheme based
on photonic synthetic dimensions and provide a method for probing the associated half-integer Hall conductance
by the transmission spectra. Our work offers the realization and characterization of parity anomaly in general
high-dimensional higher-order topological insulators and opens an avenue for exploring fundamental physics

and possible photonic device applications enabled by manipulating Dirac cones.

DOLI: 10.1103/vtqw-7yjf

I. INTRODUCTION

Dimension is a fundamental concept in physics and crit-
ically determines the topological characteristics of quantum
systems [1,2], and higher-dimensional systems may host more
exotic topological phases beyond lower-dimensional analogs.
This profound influence becomes particularly evident when
one contrasts the two-dimensional (2D) topological insulator
(TD [3,4] exhibiting integer Hall effect, with the three-
dimensional (3D) TI [5] possessing single Dirac cone on
each 2D boundary that could cause half-integer quantized
Hall conductance under time-reversal symmetry-breaking
perturbations—a manifestation of the parity anomaly in quan-
tum field theory [6—12]. Because of this, the 3D TI also serves
as axion insulator [13-16] and has garnered significant at-
tention. Generally, parity anomaly and associated half-integer
Hall response may emerge in any 2j-dimensional systems
with single or odd number of Dirac cones [7,8]. Recent
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advances in constructing synthetic dimensions utilizing
atomic or photonic internal degrees of freedom [17-42] pro-
vide the possibility of studying more general parity anomaly
and other exotic topological phases [such as four-dimensional
(4D) quantum Hall effect [43-50], five-dimensional (5D)
Weyl surfaces [51,52], and tensor and Yang monopoles
[53-56], among others [57,58]] in dimensions beyond three.
Meanwhile, the exploration of topological states of
matter has extended to higher-order systems supporting
boundary states on corners or hinges with unconven-
tional bulk-boundary correspondence [59-62]. In general,
a d-dimensional nth-order TI can host (d — n)-dimensional
boundary modes. To date, despite extensive theoretical and
experimental investigations [63-93], most research on higher-
order TIs has revolved around the boundary modes on
one-dimensional hinge and zero-dimensional corner in 3D
and 2D systems, leaving higher-dimensional generalizations
underexplored due to the reliance on additional dimensions
exceeding the capabilities of solid-state materials. Recent
studies showed that d-dimensional nth-order topological in-
sulators can be constructed by stacking lower-dimensional
ordinary TIs in extra dimensions [86], where the topolog-
ical classification and characterization can be reduced to
(d — n+ 1)-dimensional ordinary TIs. Generally, high-
dimensional higher-order topological insulators cannot be
universally reduced to such simple stacking. Therefore,
the following fundamental questions arise: Whether the
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parity anomaly—manifested as a 2 j-dimensional Dirac cone
and half-integer Hall response—occurs in more general
higher-dimensional higher-order TIs? If so, what is the
bulk-boundary correspondence and how to realize it experi-
mentally?

In this article, we address these important questions by
utilizing synthetic lattices. We first take a 4D lattice model
as an example and demonstrate that the 2D parity anomaly
can be realized by the boundary states of the system in
the second-order topological phase. Each corner can host
a single Dirac cone that contributes half-integer Hall con-
ductance under time-reversal breaking corner perturbations,
as confirmed by layer-resolved Chern numbers. Then, we
establish a general bulk-boundary correspondence by inno-
vatively integrating the nested Wilson loop theory with the
time-reversal polarization at highly symmetric momenta and
develop a construction procedure for general d-dimensional
nth-order topological Hamiltonians supporting general parity
anomaly. While the nested Wilson loop method has succeeded
in characterizing certain higher-order topological insulators
(e.g., d-dimensional dth-order TIs), its generalization remains
to be explored. Based on the combination of nested Wil-
son loop theory and the time-reversal polarization at highly
symmetric momenta, we introduce a set of Z, topological
invariants that determine the number of Dirac cones on the
corresponding corner and their positions in momentum space.
Such topological characterization is applicable to any systems
with time-reversal and reflection symmetric bulk. Finally, we
propose experimental realization schemes based on coupled
cavity arrays with photonic internal degrees of freedom [e.g.,
orbital angular momentum (OAM), frequency, etc.] as addi-
tional synthetic dimensions, we suggest that the half-integer
Hall conductance can be measured by the transmission spectra
that capture the mode density and allow the extraction of
layer-resolved Chern numbers via the Streda formula.

II. THE MODEL

We first consider a 4D eight-band lattice model with Bloch
Hamiltonian:

H(K) = Aso(sink,I'; + sink,I"y + sink,I'3 + sink,,T'4)
+(my + 2t, cos k, + 2t, cos ky)I's
~+(my + 2t, cos k, + 2t,, cos k, )[g, €))]

where I'; are the Dirac matrices satisfying Clifford algebra
{I';, 'y} = 26;;. For our eight-band model with three Paulis,
the Dirac matrices read (different choices are equivalent)
{(Ty—7) = (0;7;8y, Oy, 0,T;8y, 0, Ty, Oy, 0Ty, 0,T;5;)},  Wwith
0, Tj,8; (j = x,y, z) the Pauli matrices representing different
(pseudo)spins or sublattice sites. The first line on the
right-hand side of Eq. (1) can be viewed as the spin-orbit
coupling, while the last two lines as kinetic energy. Here,
we consider isotropic tunneling #, =t, =t =t, =t for
simplicity and set 2t = 1 as the energy unit. The eigenenergies
are E(k) = £V Zj h.,-(k)2, with 4;(k) the coefficient of I';
in the Hamiltonian, each of the two bands has fourfold
degeneracy, and the band gap closes only at the nine points on
the m;-my plane with m; = 0, &2 and m, = 0, £2. Note that
these gap closing points are obtained by solving hj(k) =0
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FIG. 1. Schematic of 4D second-order topological insulator for
the model equation (1), with open (periodic) boundary condition
along y, w (x, z). The topology of gapped bulk is responsible for
the gapless Dirac cone at each corner; time-reversal breaking per-
turbation can lead to a corner gap and half-integer quantized Hall
conductance.

for all j, that is, Agosink; = O for the spin-orbit coupling
term, leading to solutions independent of Ago. Without loss of
generality, we will set Ao = 1 in the following. Our model

preserves time-reversal symmetry TH(K)T' = H(—k),
with T =s5,K (K is the complex conjugation), and
reflection  symmetry M;H(K)M; = H(—k;, kj+;), with
M,=s,, M,=o1s, M,=5s,, and M, =r1.s,. For

isotropic tunneling, the model also has C, rotational
symmetries in the x-y and z-w planes with C;” = HT;FZ and

zow __ [=T3D . .
C;" = =/ as well as a combined rotational symmetry

C " H (ky, ky, ko, ki CP™ )™ = H(—kyy —kyp, ke, ky)
when m; = my, with C,;>*" = L _5‘5“ L :%” FS:/%FG
for my = —my). We want to emphasize that the reflection
and time-reversal symmetries are crucial for the emergence
of corner Dirac cones and the corresponding topological
characterization. In addition, we note that our model cannot
be considered as stacking of 3D TIs along the fourth
dimension, which goes beyond previous study in Ref. [86].

We find the model defines a 4D second-order topo-
logical insulator with massless Dirac cones formed by
topological corner modes, one for each corner, leading to
higher-order topological parity anomaly. To show this, we
consider open-boundary (period-boundary) conditions along
y and w (x and z) directions, as shown in Fig. 1. The
corner modes can be obtained by assuming the ansartz
[68794] |\chorner> X Zy,w)o(Kl)y(Kz)”y, w> ® |%‘> and SOlVing
the eigenequation H|Wcomer) = Ecomer|Weorner), With |§) the
spin state. For the corner around y, w = 0, the two solu-
tions read |§) = {|t 1 M)ows, [T 1 {)ows), With k) = —m; —
cosk,, kp = —my — cos k,. Within the subspace spanned by
the two corner modes, the effective Hamiltonian can be writ-
ten as

(similarly

Heormer (kx, kz) = s, sink, + Sy sin kz, 2)

which forms a Dirac cone in the x-z space as illustrated in
Fig. 1. Similar results can be obtained for other three corners;
the numerical band structure is shown in Fig. 2(a), where the
gapped bulk corresponds to the gray bands, while the corner
Dirac cones are given by the colored bands with color bar
showing the populations on the four corner sites. These cor-
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FIG. 2. (a) Bulk (gray) and corner (colored) bands of the model
equation (1) with boundary condition shown in Fig. 1. Color bar
shows the populations on the four corner sites. (b) Energy bands at
k, = m with additional mass term Hy = —Ms, on the four corner
sites. Dashed lines represent the gapless corner modes in panel (a).
(c) Phase diagram in the m,-m, plane, with N the normal phase
and T; the topological phases. (d) Layer-resolved Chern number
with half-quantized corner contribution. We set m; = m, = 1.5 with
system size N, = N,, = 10, N, = N, = 36 in panels (a), (b), and (d)
and M = 0.4 in panels (b) and (d).

ner Dirac cones are protected by reflection and time-reversal
symmetries.

The above corner modes (around y, w = 0) require that
lk1], [k2| < 1, so the existence and momentum position of
the Dirac cone depend on my, m,. In particular, the corner
Dirac cone exists and the system is topological in the region
|my], |[my| < 2, and is trivial otherwise. The Dirac cone is
located at k, = w(0) for positive (negative) m;, along with
k, = w(0) for positive (negative) my, and thus the system
has four topological phases as shown in Fig. 2(b). Recall
that the bulk gap closes only at certain points in the m-m;
plane. Thus, instead of the bulk bands, the edge spectra (states
located on x = 0 and z = 0 edges) close the gap across the
phase boundary and lead to the phase transition of the corner
modes, a typical phenomenon for higher-order TIs [59-62].

By adding T'-breaking perturbation mass term (analogous
to gauge-invariant regularization process in quantum field
theory), the parity symmetry (i.e., reflection with respect to
the Dirac point) is also broken, leading to half-integer Hall
conductivity [6-11]. We introduce the mass term by a Zee-
man field Hy; = —Ms, applied on the four corner sites in
the y-w space (all sites in the x-z space), it opens a gap in
the corner Dirac cone as shown in Fig. 2(c). Then, each cor-
ner contributes 1/2-quantized Hall current j, = %%EZ along
x in the presence of the gradient field E; along z, a typi-
cal consequence of parity anomaly, as illustrated in Fig. 1.
This is verified by calculating the layer-resolved Chern num-
ber [95,96] C(y, w) = 5= [ dk.dk. Tr[%, k. ok, k. (¥, w)], with
Q. k. and p i (v, w) the non-Abelian Berry connection and
local density-of-state matrix of the occupied bands Supple-
mental Material [94]. We can see that the Hall conductance
of each corner state is half-quantized, as shown in Fig. 2(d).
The total Chern number is always quantized to integers. We

(a) ky =0 (b) ky=m
0.2
0.05
€w 01— = €y 01— =
w ~-~—~~~_y/"’/ w —— =
-0.05 - i
7 0.2
0.1 +— —= — —_—
2n k; T 0 n kg 2n 2n k. T 0 T ks 2n
(© Ky (d) Fuw
iy T E
B LA TN
Mﬂ' 7T
[ T:(0011) ke ULy T:(0101)
GG ~" ~
Vi~ T:(0001) & Uy T:(1;001)

FIG. 3. (a), (b) The Wannier-band structures &, x with k, =0
and k, = m, respectively. m; = m, = 1.5. (c), (d) The parity of
the Wannier-band basis (i.e., eigenvalue of the reflection operator)
n°»(G) and n®(G), respectively, for Wannier sector ¢ € (0, 1/2).
The time-reversal polarizations vi (G, G.) and v (Gy, G,), as well
as topological invariants vCx ¥ and Uy, are also shown for both the
normal and topological ph;ases.

have C = 2 and —2 in phases 7 4 and T 3, respectively (since
their Dirac cone chiralities are different). It is worth noticing
that the sign of the mass and the direction of the Hall current
can be controlled independently for each corner. For general
open boundaries along directions g, ¢», the above results of
the corner Dirac cones and half-integer Hall effect of corner
state also apply if ¢; € (x,y) and ¢, € (z, w) Supplemental
Material [94].

III. BULK-BOUNDARY CORRESPONDENCE

To show the topological originating of the corner parity
anomaly, we combine the nested Wilson loop method [59,60]
with the time-reversal polarization (a Z, invariant characteriz-
ing topological insulator) [97,98], which give rise to a series
of Z, topological invariants determining the number of Dirac
cones and their locations. For the 4D lattice model of Eq. (1),
we introduce the 4D Wilson loop operator

2
Wyx = Pexp |:—i/ Aw(k)dkw:|, 3)
0

where A, (K) = i{uy k|0, [mx) is the non-Abelian Berry
connection and |u,, k) is the mth occupied Bloch band satis-
fyll’lg H(k)lumk> = Em(k)|umk> with (un,k|um,k> = 8n,m~ Pis
the path-ordering operator. The Wilson loop operator leads
to the Wannier Hamiltonian Hy, (k) = —i/27 InW,, x, with
Hy, (K)|ew,jk) = €w,jkl€w,jk) and j the Wannier-band in-
dex. ey, j k) satisfies (g, jklew, jk) =0j; and &, jk obeys
the identification &, jx = &y, jk mod 1. Due to the reflection
symmetry, the Wannier bands appear in ¢ pairs, or locked at
the symmetric values 0, 1/2, and gapped Wannier bands can
carry topological invariants Supplemental Material [94].

The typical Wannier bands in the topological phase are
shown in Figs. 3(a) and 3(b), with a gap at ¢ = 0. We will
focus on the Wannier sector with ¢; € (0, 1/2) with two de-
generate Wanner bands and define the Wannier-band basis
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|pjw(k)) = Zm"‘°1[|8w ik Imltm ), with Noo. the number of
occupied energy bands and (¢; ,,(K)|¢; , (K)) = 6; ;# [59]. In
the presence of reflection symmetry, |¢; ., (G)) satisfies

—iMMM:1$;.,(G)) = 0" (G)l¢;w(G)), “

where G refers to the time-reversal invariant momenta (i.e.,
Gy,y,; = 0, ). Within each Wannier sector, the Wannier-band
basis forms time-reversal pairs and shares the same eigen-
value n°» = £1 Supplemental Material [94] of the reflection
symmetry. There are eight n°*’s corresponding to the eight G
momenta (since k,, is integrated out), as shown in Figs. 3(c)
and 3(d). Now we define the nested time-reversal polarization
viv(Gy, G) along the y direction through

[] @) ©)

G,=0,7

(-1 )V;f”" (Gx.Gy) _

here ‘“nested” means it is based on the Wannier-band

basis. Notice that n°»(G) is associated with the Pfaf-
fian n°»(G) = Pf[S°»(G)]/+/Det[S¢»(G)] with skew ma-

trix Sj.,wj(G) = (¢;,w(G)IT|¢;(G)) under transverse gauge
choice [97]. Similarly, we can calculate the Wannier bands
along y and obtain the nested time-reversal polarization
vy (Gy, G,) along w. Finally, we arrive at the Z, topological
invariant
&y
V5% =15 (Gr, GV (G, Go). (©)
vwa =1 or 0 indicates the existence or absence of a Dirac
cone at k, = Gy, k, = G, for each corner of the y-w space
with open boundaries Supplemental Material [94]. It is wor-
thy to note that these topological invariants are well defined
as long as the system preserves time-reversal and reflection
symmetries.
There are four independent Z, topological invariants
83), v?jf), vi v;fw, and the even-odd property of the to-
tal Dirac cones at each corner is characterized by v)‘,?},al =
ZG 6. v?,;’GZ mod 2. Similarly to 3D TIs [5], here we use

(v tolal ’ v (074

Dy = o V). it = 1 implies the realization
of h1gher order topological parity anomaly with odd number
of Dirac cones at each corner, while vyw, v%, Vﬁf encode
the location information of the Dirac cones. For example,
Uy = (0;0, 0, 0) in the trivial phase and ¥y, = (1;0,0, 1) in
the topological 7 phase, as shown in Fig. 3. Across the phase
boundary, the Wannier-band gap closes and reopens, leading
to the change of topological invariants. It is straightforward
to obtain the topological invariants V,,,, for open boundaries
along different directions.

Vv

IV. GENERALIZATION

We now explore the possibility of generalizing our
results and provide a general procedure for constructing d-
dimensional nth-order topological insulators, which host (d —
n)-dimensional Dirac cone as topological boundary modes.
First, we need to generate d + n Dirac matrices. Using p =
[4+2=11 Paulis, we can construct the Dirac matrix set [P =

(o] ) (p)’ » re-1), with T = {ngl)’ Gy(l)’ O,Z(l)}, s0
(P) — i

ey My e .

re ={r, | } contains at least d + n elements

Then, we divide the d dimensions X = {x, ..., x;} into n

set X = {Xj, ..., X,}; each set X; contains d; > 0 dimensions
with ), d; = d. The general Hamiltonian reads

Zsmkf‘ +Z mj+Zcosk; Cjva. (D)

leX;

H(k) =

The system is topological in the regime |m;| < d;, supporting
(d — n)-dimensional Dirac cone at the intersection corner un-
der open boundaries of g1, ..., g, with g; € X; Supplemental
Material [94]. When (d — n) is even (odd), the system realizes
a general higher-order topological parity (chiral) anomaly.
With proper mass term to open corner gaps, anomalous Hall
conductivity—characterized by (d — n)/2th Chern number—
arises Supplemental Material [94].

It is straightforward to extend our bulk-boundary cor-
respondence to the general case of higher-order topolog-
ical parity anomaly. The nested time-reversal polarization

vq/' along ¢g; can be calculated using the Wannier-band
basis after evaluating the nested Wilson loops along
=(q1,...,qj- l,qﬁl,q,,) the Z, topological invariants

then read vy,..4 ]_[ vq . We have 2¢7"Z, invariants associ-
ated with the symmetrlc momenta in the d — n dimensions.
In fact, our topological characterization relies solely on
time-reversal and reflection symmetries (with C; symmetry
nonessential), making it applicable to any models preserving
these symmetries, including 3D second-order hinge states [64]
and higher-order chiral anomaly with odd (d —n). In the
Supplemental Material [94], we have considered another 4D
model and a six-dimensional model, respectively, and demon-
strated the existence of second-order parity anomaly and
bulk-boundary correspondence.

V. EXPERIMENTAL CONSIDERATION

It is possible to implement the lattice model [Eq. (1)] using
synthetic lattices in atomic, electric circuit, or photonic sys-
tems [29,70]. Here, we focus on the realization with photonic
systems due to their unlimited internal degrees of freedom
[29-31] (e.g., orbital angular momentum and frequency). We
employ a 2D coupled cavity array in real space, together
with two synthetic dimensions based on frequency and/or
OAM to simulate the 4D lattice (photons with different OAM
and frequencies can resonate simultaneously inside the main
cavity [32]), as shown in Fig. 4(a). The (pseudo)spin states
can be realized by two polarization modes (o), clockwise
and counterclockwise modes (7), and two subcavities (s).
The spin-orbit coupling and kinetic tunneling can be real-
ized by properly designed auxiliary coupling cavities. For
example, the tunneling phase can be controlled by the length
imbalance of the two arms in the coupling cavity [25], so
polarization-dependent phase leads to the o,-type coupling.
Polarization-flip (o,-type) coupling can be realized by in-
serting a A/4-wave plate into the coupling cavity. For the
clockwise-counterclockwise modes and subcavities, the cou-
pling can be realized similarly [34], combining together one
can obtain couplings for all I'; matrices (note that o, = io,0).
Furthermore, multisynthetic dimensions can be realized using
solely OAM or frequency, enabled by long-range tunnelings
[26,28]. Therefore, photonic synthetic lattices not only enable
the realization of our 4D model with high feasibility but also
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FIG. 4. (a) Experimental implementation of our model equa-
tion (1) based on 2D coupled cavity array with two additional
synthetic dimensions. (b), (¢) Numerical simulation of the mode
density through photon transmission for different B,;; the slopes
(marked by the digits) represent the corresponding Chern num-
ber. Ap, = Z‘,o,wo[,o(yo, wo, By;) — p(yo, wo, 0)] is the total mode-
density derivation (diamonds); similarly for the corner mode-density
derivation (hearts) A p., except the summation is taken over a single
corner region. The insets show the extracted layer-resolved Chern
number. The mass term is applied on one corner in panel (b) and four
corners in panel (c). Other parameters are m; = m, = 1.5, M = 0.4,
and y = 0.01.

provide a suitable platform for exploring physics in even
higher dimensions.

To probe the parity anomaly, we propose to measure the
anomalous half-integer Hall conductivity in the presence of
mass term Hy. The properties of the total Hamiltonian are
fully captured by the photonic transmission operator [25,32]
Ty, r (@) = <r0|w:H”ij Ir;), where r = (x,y,z, w,a) is the
site-spin index and y is the photonic decay rate. We fix the
input index (x;j, z;) and measure the total intensity transmis-
sion to sites (o, wo), that is, Ty, (@) = 3 o | Tr,r (@),

with 1y = (X, Zo, &%) and 1 = (yi, wj, ;). It can be shown

that ff)oo Tyow, (@)dw >~ wy p(yo, w,) for y smaller compared
to the bandwidth and band gap Supplemental Material [94],
where p(y,, w,) is the mode density of all occupied bands.
Next, we introduce a weak gauge field in the x-z space (it can
be implemented by controlling the tunneling phase [32]) and
examine the variation of p(y,, w,); the layer-resolved Chern
number can be obtained according to the Streda formula [99]
C(yo, Wo) = 271% (which can be generalized to higher
dimensions), with Bx; the corresponding weak magnetic field
Supplemental Material [94]. Shown in Figs. 4(b) and 4(c) are
our numerical simulations with mass term on only one corner
and on all four corners, respectively. The former leads to
1/2-quantized total Chern number mainly distributed around
the corresponding corner, while the latter lead to a total Chern
number C = 2 with each corner contributing 1/2.

VI. CONCLUSION AND DISCUSSION

In conclusion, we have studied the realization, char-
acterization, and detection of general parity anomaly and
half-integer Hall response in high-dimensional higher-order
topological insulators. Using the 4D second-order topological
insulator as an example, we demonstrate that parity anomaly
emerges at each corner hosting a single Dirac cone. We estab-
lish a general bulk-boundary correspondence by integrating
nested Wilson loop theory with time-reversal polarization,
leading to a set of Z, topological invariants that determine
the number and momentum-space positions of Dirac cones
at the corresponding corners. These results can be extended
to the general case of d-dimensional nth-order topological
systems with time-reversal and reflection symmetric bulk,
which can be constructed following the developed procedure.
Furthermore, we propose an experimental realization based
on coupled cavity arrays, utilizing photonic internal degrees
of freedom as synthetic dimensions. The parity-anomaly-
induced half-integer Hall conductance can be measured using
transmission spectra, which directly reflect the mode density
and allow extracting layer-resolved Chern numbers via the
Streda formula.

Higher-order TIs with parity anomaly can be viewed
as a higher-order extension of the axion insulators; further
studies on how axion field is distributed in such systems
would be interesting. Also, our Hamiltonian construction
procedure and topological characterization are applicable
for higher-order chiral anomaly on odd-dimensional bound-
aries, where the mass term can induce the violation of
chiral current conversation [7,8]. Moreover, topological edge
states are very useful in robust energy and signal trans-
port, and general high-dimensional higher-order TIs may
increase the richness of transport properties and facilitate
wider transport manipulation capabilities in topological pho-
tonics [13,14,100]. Therefore, our work not only advances the
understanding of parity anomaly and topological phases, but
also paves the way for exploring high-dimensional higher-
order topological phenomena and their device applications in
photonics.

ACKNOWLEDGMENTS

We thank Jin-Shi Xu, Ming Gong, Xiang-Fa Zhou, Mu
Yang, and Ze-Di Cheng for useful discussions. This work
was supported by the Natural Science Foundation of China
(Grants No. 12474366, No. 12574544, and No. 11974334)
and Quantum Science and Technology-National Science and
Technology Major Project (Grant No. 2021ZD0301200).
X.-W.L. also acknowledges support from the USTC start-up
funding.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [105].

013293-5



WEL LUO, GUO, AND ZHOU

PHYSICAL REVIEW RESEARCH 8, 013293 (2026)

[1] M. Z. Hasan and C. L. Kane, Colloguium: Topological insula-
tors, Rev. Mod. Phys. 82, 3045 (2010).

[2] X.-L. Qi and S.-C. Zhang, Topological insulators and super-
conductors, Rev. Mod. Phys. 83, 1057 (2011).

[3] C. L. Kane and E. J. Mele, Z, topological order and the
quantum spin Hall effect, Phys. Rev. Lett. 95, 146802 (2005).

[4] F. D. M. Haldane, Model for a quantum Hall effect without
Landau levels: Condensed-matter realization of the “parity
anomaly”, Phys. Rev. Lett. 61, 2015 (1988).

[5] L. Fu, C. L. Kane, and E. J. Mele, Topological insulators in
three dimensions, Phys. Rev. Lett. 98, 106803 (2007).

[6] M. Mogi, et al., Experimental signature of the parity anomaly
in a semi-magnetic topological insulator, Nat. Phys. 18, 390
(2022).

[7]1 A. J. Niemi and G. W. Semenoff, Axial-anomaly-induced
fermion fractionization and effective gauge-theory actions
in odd-dimensional space-times, Phys. Rev. Lett. 51, 2077
(1983).

[8] A. N. Redlich, Gauge noninvariance and parity nonconserva-
tion of three-dimensional fermions, Phys. Rev. Lett. 52, 18
(1984).

[9] A. N. Redlich, Parity violation and gauge noninvariance of the
effective gauge field action in three dimensions, Phys. Rev. D
29,2366 (1984).

[10] R. Jackiw, Fractional charge and zero modes for planar sys-
tems in a magnetic field, Phys. Rev. D 29, 2375 (1984).

[11] J.-Y. Zou, B. Fu, H.-W. Wang, Z.-A. Hu, and S.-Q. Shen, Halt-
quantized Hall effect and power law decay of edge-current
distribution, Phys. Rev. B 105, L201106 (2022).

[12] G.-G. Liu, et al., Observation of an unpaired photonic Dirac
point, Nat. Commun. 11, 1873 (2020).

[13] G.-G. Liu, et al., Photonic axion insulator, Science 387, 162
(2025).

[14] H.-S. Lai, Y.-C. Zhou, Z.-Q. Sun, C. He, and Y.-F. Chen, Pho-
tonic axion insulator with non-coplanar chiral hinge transport,
Nat. Commun. 16, 10 (2025).

[15] D. Xiao, et al., Realization of the axion insulator state in quan-
tum anomalous Hall sandwich heterostructures, Phys. Rev.
Lett. 120, 056801 (2018).

[16] Y. Xu, Z. Song, Z. Wang, H. Weng, and X. Dai, Higher-order
topology of the axion insulator Euln, As,, Phys. Rev. Lett. 122,
256402 (2019).

[17] A. Celi, P. Massignan, J. Ruseckas, N. Goldman, I. B.
Spielman, G. Juzelitinas, and M. Lewenstein, Synthetic gauge
fields in synthetic dimensions, Phys. Rev. Lett. 112, 043001
(2014).

[18] M. Mancini, et al., Observation of chiral edge states with
neutral fermions in synthetic Hall ribbons, Science 349, 1510
(2015).

[19] B. K. Stuhl, er al., Visualizing edge states with an atomic
Bose gas in the quantum Hall regime, Science 349, 1514
(2015).

[20] S. K. Kanungo, J. D. Whalen, Y. Lu, M. Yuan, S. Dasgupta,
F. B. Dunning, K. R. A. Hazzard, and T. C. Killian, Realizing
topological edge states with Rydberg-atom synthetic dimen-
sions, Nat. Commun. 13, 972 (2022).

[21] C. Oliver, A. Smith, T. Easton, G. Salerno, V. Guarrera, N.
Goldman, G. Barontini, and H. M. Price, Bloch oscillations
along a synthetic dimension of atomic trap states, Phys. Rev.
Res. 5, 033001 (2023).

[22] Q. Liang, et al., Chiral dynamics of ultracold atoms under
a tunable SU(2) synthetic gauge field, Nat. Phys. 20, 1738
(2024).

[23] FE. A. An, E. J. Meier, and B. Gadway, Direct observation of
chiral currents and magnetic reflection in atomic flux lattices,
Sci. Adv. 3, 1602685 (2017).

[24] J. Deng, et al., Observing the quantum topology of light,
Science 378, 966 (2022).

[25] X.-W. Luo, X. Zhou, C.-E. Li, J.-S. Xu, G.-C. Guo, and
Z.-W. Zhou, Quantum simulation of 2D topological physics
in a 1D array of optical cavities, Nat. Commun. 6, 7704
(2015).

[26] S. Wang, X.-F. Zhou, G.-C. Guo, H. Pu, and Z.-W. Zhou,
Synthesizing arbitrary lattice models using a single degenerate
cavity, Phys. Rev. A 100, 043817 (2019).

[27] FE. Pellerin, R. Houvenaghel, W. A. Coish, I. Carusotto,
and P. St-Jean, Wave-function tomography of topological
dimer chains with long-range couplings, Phys. Rev. Lett. 132,
183802 (2024).

[28] D. Cheng, K. Wang, C. Roques-Carmes, E. Lustig, O. Y.
Long, H. Wang, and S. Fan, Non-Abelian lattice gauge fields
in photonic synthetic frequency dimensions, Nature (London)
637, 52 (2025).

[29] T. Ozawa and H. M. Price, Topological quantum matter in
synthetic dimensions, Nat. Rev. Phys. 1, 349 (2019).

[30] L. Yuan, Q. Lin, M. Xiao, and S. Fan, Synthetic dimension in
photonics, Optica 5, 1396 (2018).

[31] M. Yang, J.-S. Xu, C.-F. Li, and G.-C. Guo, Simulating
topological materials with photonic synthetic dimensions in
cavities, Quantum Front. 1, 10 (2022).

[32] L. Yuan, Q. Lin, A. Zhang, M. Xiao, X. Chen, and S. Fan, Pho-
tonic gauge potential in one cavity with synthetic frequency
and orbital angular momentum dimensions, Phys. Rev. Lett.
122, 083903 (2019).

[33] Z. Dong, X. Chen, A. Dutt, and L. Yuan, Topological dissi-
pative photonics and topological insulator lasers in synthetic
time-frequency dimensions, Laser Photonics Rev. 18, 2300354
(2024).

[34] A. Dutt, Q. Lin, L. Yuan, M. Minkov, M. Xiao, and S. Fan, A
single photonic cavity with two independent physical synthetic
dimensions, Science 367, 59 (2020).

[35] E. Lustig, S. Weimann, Y. Plotnik, Y. Lumer, M. A. Bandres,
A. Szameit, and M. Segev, Photonic topological insulator in
synthetic dimensions, Nature (London) 567, 356 (2019).

[36] N.R. A. Lee, M. Pechal, E. A. Wollack, P. Arrangoiz-Arriola,
Z. Wang, and A. H. Safavi-Naeni, Propagation of microwave
photons along a synthetic dimension, Phys. Rev. A 101,
053807 (2020).

[37] A. Balcytis, T. Ozawa, Y. Ota, S. Iwamoto, J. Maeda, and
T. Baba, Synthetic dimension band structures on a Si CMOS
photonic platform, Sci. Adv. 8, eabk0468 (2022).

[38] U. A Javid, R. Lopez-Rios, J. Ling, A. Graf, J. Staffa, and Q.
Lin, Chip-scale simulations in a quantum-correlated synthetic
space, Nat. Photon. 17, 883 (2023).

[39] A. Senanian, L. G. Wright, P. F. Wade, H. K. Doyle, and P. L.
McMahon, Programmable large-scale simulation of bosonic
transport in optical synthetic frequency lattices, Nat. Phys. 19,
1333 (2023).

[40] M. Yang, et al., Topological band structure via twisted photons
in a degenerate cavity, Nat. Commun. 13, 2040 (2022).

013293-6


https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1038/s41567-021-01490-y
https://doi.org/10.1103/PhysRevLett.51.2077
https://doi.org/10.1103/PhysRevLett.52.18
https://doi.org/10.1103/PhysRevD.29.2366
https://doi.org/10.1103/PhysRevD.29.2375
https://doi.org/10.1103/PhysRevB.105.L201106
https://doi.org/10.1038/s41467-020-15801-z
https://doi.org/10.1126/science.adr5234
https://doi.org/10.1038/s41467-024-55063-7
https://doi.org/10.1103/PhysRevLett.120.056801
https://doi.org/10.1103/PhysRevLett.122.256402
https://doi.org/10.1103/PhysRevLett.112.043001
https://doi.org/10.1126/science.aaa8736
https://doi.org/10.1126/science.aaa8515
https://doi.org/10.1038/s41467-022-28550-y
https://doi.org/10.1103/PhysRevResearch.5.033001
https://doi.org/10.1038/s41567-024-02644-4
https://doi.org/10.1126/sciadv.1602685
https://doi.org/10.1126/science.ade6219
https://doi.org/10.1038/ncomms8704
https://doi.org/10.1103/PhysRevA.100.043817
https://doi.org/10.1103/PhysRevLett.132.183802
https://doi.org/10.1038/s41586-024-08259-2
https://doi.org/10.1038/s42254-019-0045-3
https://doi.org/10.1364/OPTICA.5.001396
https://doi.org/10.1007/s44214-022-00015-9
https://doi.org/10.1103/PhysRevLett.122.083903
https://doi.org/10.1002/lpor.202300354
https://doi.org/10.1126/science.aaz3071
https://doi.org/10.1038/s41586-019-0943-7
https://doi.org/10.1103/PhysRevA.101.053807
https://doi.org/10.1126/sciadv.abk0468
https://doi.org/10.1038/s41566-023-01236-7
https://doi.org/10.1038/s41567-023-02075-7
https://doi.org/10.1038/s41467-022-29779-3

HIGHER-ORDER TOPOLOGICAL PARITY ANOMALY AND...

PHYSICAL REVIEW RESEARCH 8, 013293 (2026)

[41] Y.-W. Liao, et al., Realization of edge states along a synthetic
orbital angular momentum dimension, Photon. Res. 13, 87
(2025).

[42] Z.-A. Wang, et al., On-chip photonic simulating band struc-
tures toward arbitrary-range coupled frequency lattices, Phys.
Rev. Lett. 133, 233805 (2024).

[43] S.-C. Zhang and J. Hu, A four-dimensional generalization of
the quantum Hall effect, Science 294, 823 (2001).

[44] X.-L. Qi, T. L. Hughes, and S.-C. Zhang, Topological field
theory of time-reversal invariant insulators, Phys. Rev. B 78,
195424 (2008).

[45] H. M. Price, O. Zilberberg, T. Ozawa, 1. Carusotto, and N.
Goldman, Four-dimensional quantum Hall effect with ultra-
cold atoms, Phys. Rev. Lett. 115, 195303 (2015).

[46] J.-B. Bouhiron, A. Fabre, Q. Liu, Q. Redon, N. Mittal, T.
Satoor, R. Lopes, and S. Nascimbene, Realization of an atomic
quantum Hall system in four dimensions, Science 384, 223
(2024).

[47] Y. Peng and G. Refael, Topological energy conversion through
the bulk or the boundary of driven systems, Phys. Rev. B 97,
134303 (2018).

[48] T. Ozawa, H. M. Price, N. Goldman, O. Zilberberg, and 1.
Carusotto, Synthetic dimensions in integrated photonics: From
optical isolation to four-dimensional quantum Hall physics,
Phys. Rev. A 93, 043827 (2016).

[49] M. Lohse, C. Schweizer, H. M. Price, O. Zilberberg, and 1.
Bloch, Exploring 4D quantum Hall physics with a 2D topo-
logical charge pump, Nature (London) 553, 55 (2018).

[50] O. Zilberberg, S. Huang, J. Guglielmon, M. Wang, K. P.
Chen, Y. E. Kraus, and M. C. Rechtsman, Photonic topological
boundary pumping as a probe of 4D quantum Hall physics,
Nature (London) 553, 59 (2018).

[51] B. Lian and S.-C. Zhang, Weyl semimetal and topological
phase transition in five dimensions, Phys. Rev. B 95, 235106
(2017).

[52] S. Ma, Y. Bi, Q. Guo, B. Yang, O. You, J. Feng, H.-B. Sun,
and S. Zhang, Linked Weyl surfaces and Weyl arcs in photonic
metamaterials, Science 373, 572 (2021).

[53] X. Tan, et al., Experimental observation of tensor monopoles
with a superconducting qudit, Phys. Rev. Lett. 126, 017702
(2021).

[54] M. Chen, C. Li, G. Palumbo, Y.-Q. Zhu, N. Goldman, and
P. Cappellaro, A synthetic monopole source of Kalb-Ramond
field in diamond, Science 375, 1017 (2022).

[55] S. Ma, H. Jia, Y. Bi, S. Ning, F. Guan, H. Liu, C. Wang,
and S. Zhang, Gauge field induced chiral zero mode in five-
dimensional Yang monopole metamaterials, Phys. Rev. Lett.
130, 243801 (2023).

[56] S. Sugawa, F. Salces-Carcoba, A. R. Perry, Y. Yue, and 1. B.
Spielman, Second Chern number of a quantum-simulated non-
Abelian Yang monopole, Science 360, 1429 (2018).

[57] R. Chen, X.-X. Yi, and B. Zhou, Four-dimensional topological
Anderson insulator with an emergent second Chern number,
Phys. Rev. B 108, 085306 (2023).

[58] Y.-Q. Zhu, Z. Zheng, G. Palumbo, and Z. D. Wang, Topologi-
cal electromagnetic effects and higher second Chern numbers
in four-dimensional gapped phases, Phys. Rev. Lett. 129,
196602 (2022).

[59] W. A. Benalcazar, B. A. Bernevig, and T. L. Hughes, Quan-
tized electric multipole insulators, Science 357, 61 (2017).

[60] W. A. Benalcazar, B. A. Bernevig, and T. L. Hughes, Electric
multipole moments, topological multipole moment pumping,
and chiral hinge states in crystalline insulators, Phys. Rev. B
96, 245115 (2017).

[61] Y.-B. Yang, J.-H. Wang, K. Li, and Y. Xu, Higher-order topo-
logical phases in crystalline and non-crystalline systems: A
review, J. Phys.: Condens. Matter 36, 283002 (2024).

[62] B. Xie, H.-X. Wang, X. Zhang, P. Zhan, J.-H. Jiang, M. Lu,
and Y. Chen, Higher-order band topology, Nat. Rev. Phys. 3,
520 (2021).

[63] F. Zhang, C. L. Kane, and E. J. Mele, Surface state magneti-
zation and chiral edge states on topological insulators, Phys.
Rev. Lett. 110, 046404 (2013).

[64] F. Schindler, A. M. Cook, M. G. Vergniory, Z. Wang, S. S. P.
Parkin, B. A. Bernevig, and T. Neupert, Higher-order topolog-
ical insulators, Sci. Adv. 4, eaat0346 (2018).

[65] X.-W. Luo and C. Zhang, Higher-order topological corner
states induced by gain and loss, Phys. Rev. Lett. 123, 073601
(2019).

[66] Z. Song, Z. Fang, and C. Fang, (d — 2)-dimensional edge
states of rotation symmetry protected topological states, Phys.
Rev. Lett. 119, 246402 (2017).

[67] J. Langbehn, Y. Peng, L. Trifunovic, F. von Oppen, and P. W.
Brouwer, Reflection-symmetric second-order topological in-
sulators and superconductors, Phys. Rev. Lett. 119, 246401
(2017).

[68] F. K. Kunst, G. van Miert, and E. J. Bergholtz, Boundaries
of boundaries: A systematic approach to lattice models with
solvable boundary states of arbitrary codimension, Phys. Rev.
B 99, 085426 (2019).

[69] Z. Liu, Z. Qiao, Y. Gao, and Q. Niu, Interstate Berry curvature
of hinge state and its detection, Phys. Rev. Res. 6, L012005
(2024).

[70] W. Zhang, D. Zou, Q. Pei, W. He, J. Bao, H. Sun, and X.
Zhang, Experimental observation of higher-order topological
Anderson insulators, Phys. Rev. Lett. 126, 146802 (2021).

[71] K.-S. Lin, et al., Spin-resolved topology and partial axion
angles in three-dimensional insulators, Nat. Commun. 15, 550
(2024).

[72] G. Xu, X. Zhou, S. Yang, J. Wu, and C.-W. Qiu, Observation of
bulk quadrupole in topological heat transport, Nat. Commun.
14, 3252 (2023).

[73]1 J. Lee, J. Kwon, E. Lee, J. Park, S. Cha, K. Watanabe, T.
Taniguchi, M.-H. Jo, and H. Choi, Spinful hinge states in the
higher-order topological insulators WTe,, Nat. Commun. 14,
1801 (2023).

[74] C. W. Peterson, T. Li, W. A. Benalcazar, T. L. Hughes, and
G. Bahl, A fractional corner anomaly reveals higher-order
topology, Science 368, 1114 (2020).

[75] J. Fraxanet, A. Dauphin, M. Lewenstein, L. Barbiero, and D.
Gonzélez-Cuadra, Higher-order topological Peierls insulator
in a two-dimensional atom-cavity system, Phys. Rev. Lett.
131, 263001 (2023).

[76] S. A. A. Ghorashi, T. Li, and T. L. Hughes, Higher-order Weyl
semimetals, Phys. Rev. Lett. 125, 266804 (2020).

[77] M. d. S Hossain, et al., Quantum transport response of topo-
logical hinge modes, Nat. Phys. 20, 776 (2024).

[78] M. Ezawa, Topological switch between second-order topologi-
cal insulators and topological crystalline insulators, Phys. Rev.
Lett. 121, 116801 (2018).

013293-7


https://doi.org/10.1364/PRJ.533602
https://doi.org/10.1103/PhysRevLett.133.233805
https://doi.org/10.1126/science.294.5543.823
https://doi.org/10.1103/PhysRevB.78.195424
https://doi.org/10.1103/PhysRevLett.115.195303
https://doi.org/10.1126/science.adf8459
https://doi.org/10.1103/PhysRevB.97.134303
https://doi.org/10.1103/PhysRevA.93.043827
https://doi.org/10.1038/nature25000
https://doi.org/10.1038/nature25011
https://doi.org/10.1103/PhysRevB.95.235106
https://doi.org/10.1126/science.abi7803
https://doi.org/10.1103/PhysRevLett.126.017702
https://doi.org/10.1126/science.abe6437
https://doi.org/10.1103/PhysRevLett.130.243801
https://doi.org/10.1126/science.aam9031
https://doi.org/10.1103/PhysRevB.108.085306
https://doi.org/10.1103/PhysRevLett.129.196602
https://doi.org/10.1126/science.aah6442
https://doi.org/10.1103/PhysRevB.96.245115
https://doi.org/10.1088/1361-648X/ad3abd
https://doi.org/10.1038/s42254-021-00323-4
https://doi.org/10.1103/PhysRevLett.110.046404
https://doi.org/10.1126/sciadv.aat0346
https://doi.org/10.1103/PhysRevLett.123.073601
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1103/PhysRevLett.119.246401
https://doi.org/10.1103/PhysRevB.99.085426
https://doi.org/10.1103/PhysRevResearch.6.L012005
https://doi.org/10.1103/PhysRevLett.126.146802
https://doi.org/10.1038/s41467-024-44762-w
https://doi.org/10.1038/s41467-023-39117-w
https://doi.org/10.1038/s41467-023-37482-0
https://doi.org/10.1126/science.aba7604
https://doi.org/10.1103/PhysRevLett.131.263001
https://doi.org/10.1103/PhysRevLett.125.266804
https://doi.org/10.1038/s41567-024-02388-1
https://doi.org/10.1103/PhysRevLett.121.116801

WEL LUO, GUO, AND ZHOU

PHYSICAL REVIEW RESEARCH 8, 013293 (2026)

[79] L.-Y. Zheng and J. Christensen, Dirac hierarchy in acoustic
topological insulators, Phys. Rev. Lett. 127, 156401 (2021).

[80] M. D. S. Hossain, et al., A hybrid topological quantum state in
an elemental solid, Nature (London) 628, 527 (2024).

[81] X. Xiang, Y.-G. Peng, F. Gao, X. Wu, P. Wu, Z. Chen, X.
Ni, and X.-F. Zhu, Demonstration of acoustic higher-order
topological Stiefel-Whitney semimetal, Phys. Rev. Lett. 132,
197202 (2024).

[82] J.-H. Zhang, F. Mei, L. Xiao, and S. Jia, Dynamical detection
of topological spectral density, Phys. Rev. Lett. 132, 036603
(2024).

[83] X.-H. Wei, X.-W. Luo, M. Yang, Y.-W. Liao, J.-S. Xu, G.-C.
Guo, and Z.-W. Zhou, Tunable antichiral hinge state in pho-
tonic synthetic dimensions, Phys. Rev. A 112, 043526 (2025).

[84] A. Dutt, M. Minkov, I. A. D. Williamson, and S. Fan, Higher-
order topological insulators in synthetic dimensions, Light:
Sci. Appl. 9, 131 (2020).

[85] W. Zhang and X. Zhang, Quadrupole topological phases in the
zero-dimensional optical cavity, Europhys. Lett. 131, 24004
(2020).

[86] E. Khalaf, Higher-order topological insulators and supercon-
ductors protected by inversion symmetry, Phys. Rev. B 97,
205136 (2018).

[87] B. J. Wieder, Z. Wang, J. Cano, X. Dai, L.M. Schoop, B.
Bradlyn, and B.A. Bernevig, Strong and fragile topological
Dirac semimetals with higher-order Fermi arcs, Nat. Commun.
11, 627 (2020).

[88] F. Schindler, et al., Higher-order topology in bismuth, Nat.
Phys. 14, 918 (2018).

[89] R. Noguchi, et al., Evidence for a higher-order topological
insulator in a three-dimensional material built from van der
Waals stacking of bismuth-halide chains, Nat. Mater. 20, 473
(2021).

[90] N. Shumiya, et al., Evidence of a room-temperature quantum
spin Hall edge state in a higher-order topological insulator,
Nat. Mater. 21, 1111 (2022).

[91] W. Zhao, et al., Topological electronic structure and spin
texture of quasi-one-dimensional higher-order topological in-
sulator BiyBry, Nat. Commun. 14, 8089 (2023).

[92] J. S. Oh, et al., Ideal weak topological insulator and pro-
tected helical saddle points, Phys. Rev. B 108, L201104
(2023).

[93] Y. Liu, ef al., Gate-tunable transport in quasi-one-dimensional
a-Biyl, field effect transistors, Nano Lett. 22, 1151
(2022).

[94] See  Supplemental = Material at  http://link.aps.org/
supplemental/10.1103/vtqw-7yjf for more details about
the corner states, topological characterization, generalization,
and probing method, which includes Refs. [101-104].

[95] R. Bianco and R. Resta, Mapping topological order in coordi-
nate space, Phys. Rev. B 84, 241106 (2011).

[96] N. Varnava and D. Vanderbilt, Surfaces of axion insulators,
Phys. Rev. B 98, 245117 (2018).

[97] L. Fu and C. L. Kane, Time reversal polarization and a Z,
adiabatic spin pump, Phys. Rev. B 74, 195312 (2006).

[98] L. Fu and C. L. Kane, Topological insulators with inversion
symmetry, Phys. Rev. B 76, 045302 (2007).

[99] P. Streda, Theory of quantised Hall conductivity in two dimen-
sions, J. Phys. C: Solid State Phys. 15, L717 (1982).

[100] T. Ozawa, H. M. Price, A. Amo, N. Goldman, M. Hafezi, L.
Lu, M. C. Rechtsman, D. Schuster, J. Simon, O. Zilberberg,
and I. Carusotto, Topological photonics, Rev. Mod. Phys. 91,
015006 (2019).

[101] T. Fukui, Y. Hatsugai, and H. Suzuki, Chern numbers
in discretized Brillouin zone: Efficient method of comput-
ing (spin) Hall conductances, J. Phys. Soc. Jpn. 74, 1674
(2005).

[102] R. Yu, X. L. Qi, A. Bernevig, Z. Fang, and X. Dai, Equiva-
lent expression of Z, topological invariant for band insulators
using the non-Abelian Berry connection, Phys. Rev. B 84,
075119 (2011).

[103] J. Sykes and R. Barnett, Local topological markers in odd
dimensions, Phys. Rev. B 103, 155134 (2021).

[104] L. Yuan, A. Dutt, M. Qin, S. Fan, and X. Chen, Creating
locally interacting Hamiltonians in the synthetic frequency
dimension for photons, Photon. Res. 8, B8 (2020).

[105] Code for the simulation and data generation (2026), https://
github.com/weixianhao/hopa.

013293-8


https://doi.org/10.1103/PhysRevLett.127.156401
https://doi.org/10.1038/s41586-024-07203-8
https://doi.org/10.1103/PhysRevLett.132.197202
https://doi.org/10.1103/PhysRevLett.132.036603
https://doi.org/10.1103/w559-rdq6
https://doi.org/10.1038/s41377-020-0334-8
https://doi.org/10.1209/0295-5075/131/24004
https://doi.org/10.1103/PhysRevB.97.205136
https://doi.org/10.1038/s41467-020-14443-5
https://doi.org/10.1038/s41567-018-0224-7
https://doi.org/10.1038/s41563-020-00871-7
https://doi.org/10.1038/s41563-022-01304-3
https://doi.org/10.1038/s41467-023-43882-z
https://doi.org/10.1103/PhysRevB.108.L201104
https://doi.org/10.1021/acs.nanolett.1c04264
http://link.aps.org/supplemental/10.1103/vtqw-7yjf
https://doi.org/10.1103/PhysRevB.84.241106
https://doi.org/10.1103/PhysRevB.98.245117
https://doi.org/10.1103/PhysRevB.74.195312
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1088/0022-3719/15/22/005
https://doi.org/10.1103/RevModPhys.91.015006
https://doi.org/10.1143/JPSJ.74.1674
https://doi.org/10.1103/PhysRevB.84.075119
https://doi.org/10.1103/PhysRevB.103.155134
https://doi.org/10.1364/PRJ.396731
https://github.com/weixianhao/hopa

