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Nonlinear correlations underlie linear response and causality
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The inference of causal relationships among observed variables is a pivotal, long-standing problem in the
scientific community. An intuitive method for quantifying these causal links involves examining the response of
one variable to perturbations in another. The fluctuation-dissipation theorem elegantly connects this response to
the correlation functions of the unperturbed system, thereby bridging the concepts of causality and correlation.
However, this relationship becomes intricate in nonlinear systems, where knowledge of the invariant measure is
required but elusive, especially in high-dimensional spaces. In this study, we establish a link between generalized
correlation functions with the response function. This connection provides an alternative method for computing
the inference of causal interactions, even when the invariant measure is unknown. We validate our theoretical
framework by applying it to several nonlinear systems, showing convergence and consistency for increasing
number of measured observables and samples. Finally, we discuss a significant interplay between the resulting
causal network and the relevant timescales of the system.
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Introduction. Inference of causal relations between mea-
sured quantities is a central and old open problem in science.
The network of causal links between available degrees of
freedom is essential to build effective models of reality. As
the old adage goes “correlations do not imply causation,”
however, a proper use of statistical information can go a long
way in predicting causal relationships. For example, in their
seminal work Wiener [1] and Granger [2] proposed that Y
is causally related to X if the forecasting of X based on
its previous values increases when the information of Y is
added. Another promising concept was proposed by Liang
and Kleeman [3] and later refined in Refs. [4–7]. The au-
thors defined the information flow between different degrees
of freedom in the context of stochastic dynamical systems.
An alternative approach, also based on forecasting, is rooted
in the embedding theory of dynamical systems pioneered by
Takens [8]. Despite the fact that both approaches have intrinsic
limitations, they have been massively adopted in virtually
all fields of science [9–12]. There is, however, another pos-
sible definition of causality commonly accepted in physics.
We say that X is causally related to Y if a small perturba-
tion on the latter has a significant effect on the former. The
quantity that measures this effect is commonly referred to as
the response function RY →X (t ). While estimating causation
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via intervention is certainly a good idea, practical limitations
often hinder our ability to clearly perturb certain degrees of
freedom and observe the system’s response. This issue can be
bypassed thanks to fluctuation-dissipation theorem [13] that
relates the response to generalized correlation functions of the
unperturbed system. Building on this concept, Baldovin et al.
[14] have proposed to measure causality as time integral of
RY →X (t ) to account for potential time-lagged causal effects.
When the system is linear, the response is proportional to the
standard cross-correlation functions between all possible pairs
of degrees of freedom (see also Refs. [15–17]). For general
nonlinear systems, the fluctuation-dissipation theorem can
still be applied but requires the knowledge of the functional
form of the invariant probability density functions ps(x) [13],
which is nontrivial to estimate for high-dimensional prob-
lems. In this Letter, we apply the Koopman formalism [18,19]
and show that by lifting the system to higher dimensions,
introducing extra degrees of freedom, a simple and general
relationship between response and correlations among the
extended set of variables can be recovered, analogous to what
occurs in linear systems, providing a handy framework for
inferring causal interactions among the system’s variables.
The connections between Koopman theory and response func-
tions have recently been studied in several ways, including the
following works [20–23].

We begin by establishing a relation between the corre-
lations computed in the Koopman operator basis and the
response function. We first apply our findings to an instructive
nonlinear example where the high-dimensional lifting can
be carried out analytically. We test our approach on various
dynamical systems and we explore the convergence and con-
straints for increasing dimensionality. Finally, utilizing the
computed R(t ) we use our results to infer causality as pro-
posed in Ref. [14].
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Koopman operator and generalized linear response. In the
following, we will consider the generic stochastic Markovian
dynamical systems of the form

dX = a(X)dt + b(X)dW, (1)

where X ∈ RN is an N-dimensional stochastic process, a(x) ∈
RN is the drift term, and b(X) ∈ RN×S is the diffusion term,
while dW ∈ RS are independent Wiener noise sources [24].
We also assume natural boundary conditions on a domain D.
For these systems, the Koopman operator K governs the time
evolution of observables f :

Kt f (X0) = E [ f (Xt )|X0], (2)

where E indicates the expectation value, conditioned to X(t =
0) = X0. Note that for systems like Eq. (1), the associ-
ated infinitesimal generator L f = limt→0(Kt f − f )/t is the
backward Kolmogorov operator [19,25] whose eigenvalues
λn dictate the relevant timescales of the dynamics and are
also involved in the first passage time problem [26]. Since
it is in general difficult to find the eigenfunctions Lφn(x) =
λnφn(x), we can resort to a pseudospectral approach [27]
that in the Koopman formalism is typically referred to as
Extended Dynamic Mode Decomposition [28]. Consider a set
of d observables, or basis functions, ψ(x) = {ψk (x)}d

k=1 that
ideally span a subspace containing the state of the system at all
times. We choose the basis to be orthogonal, and normalized,
with respect to the inner product defined by the measure w(x),
i.e.,

∫
D ψi(x)ψ j (x)w(x)dx = δi j . Then, the matrix K(t ) =

eLt , where Lnm = ∫
D ψn(x)Lψm(x)dx, approximates the ac-

tion of the Koopman operator, i.e.,

E [ψ(Xt )|X0] ≈ K(t )ψ(X0). (3)

While for d → ∞ convergence is guaranteed and L be-
comes isospectral to L, in practical application controlling
spectral pollution due to finite d is still an open problem,
which we will not address here [29,30]. Notably, if we chose
as basis function the eigenfunctions of L, Knm(t ) = eλntδnm. In
the following, we will define the matrix α that relates physical
degree of freedom with the observables by the best fit of x by
ψ, i.e., x ≈ αψ(x). Then, expected values can be expressed as
follows:

E [Xt |X0] ≈ αK(t )ψ(X0). (4)

Here, we will treat ψ as independent degrees of freedom,
which we will refer to as virtual to distinguish them from
the physical degree of freedom x, similarly to the auxiliary
response field introduced in statistical physics [31]. For the
response function, we follow Ref. [14] and we will indicate
with {·}p the system perturbed in the initial condition. The
virtual response seen on the physical variable x j due to a
perturbation in the virtual variable ψi(X0) → ψi(X0) + ε is
defined as follows:

R̃ψi→x j (t ) = lim
ε→0

〈Xj (t )〉p − 〈Xj (t )〉
ε

, (5)

where the brackets include the average with respect to the
distribution of the initial conditions [32]. From Eq. (4) follows
the relation of the virtual response to the Koopman matrix:

R̃ψi→x j (t ) ≈ [αK(t )] ji. (6)

Clearly, Eq. (6) cannot be used in practice because there is
no way to perturb such virtual degrees of freedom without
changing X(t ); however, as we will show, this perturbation
is not needed. In the same way, we can look at the effect of
perturbing xi(0) → xi(0) + ε, and finally uncover the relation
between the standard response function and Eq. (6):

Rxi→x j (t ) ≈
d∑

m=1

〈
∂ψm(x)

∂xi

∣∣∣∣∣
X0

〉
R̃ψm→x j (t ). (7)

The expansion in the dimensionality of the system, by includ-
ing the virtual degrees of freedom, has a linearizing effect,
which is also the major appeal of the Koopman formal-
ism [33]. In turn, this suggests that we can relate the virtual
response to correlations of the unperturbed system. In fact,
applying α to Eq. (4) and using Eq. (6), we find

E [Xt |X0]ψ(X0)T ≈ R̃ψ→x(t )ψ(X0)ψ(X0)T .

By averaging over the initial condition, we find a
fluctuation-dissipation-type relation:

R̃ψ→x(t ) ≈ Cxψ (t )Cψψ (0)−1, (8)

where C f g(t ) = 〈 f (Xt )g(X0)T 〉 are covariance matrices in
case of null averages. It is worth noting that Eq. (8) does not
stand on the semigroup condition, providing an autonomous
estimate of K(t ) for every time point, which enhances the
robustness of the method by mitigating error propagation.
Finally, Eq. (8) can be used to find the relation between the
linear response of the system and unperturbed correlations
with respect to virtual degrees of freedom, one of the main
results of this Letter:

R(t ) ≈ Cxψ (t )Cψψ (0)−1 〈∇ψ〉 , (9)

where 〈∇ψ〉i j = 〈 ∂ψi (x)
∂x j

|X0〉 and Ri j = Rxj→xi . Notably the
proportionality of the linear response of systems like Eq. (1)
to nonstandard correlations can be inferred starting from the
fact that under rather general assumption [13],

Rxi→x j (t ) = −
〈

X ( j)
t

∂ ln[ps(x)]

∂x(i)

∣∣∣∣∣
X0

〉
. (10)

In the case in which the considered invariant subspace
contains the functions ∇ ln[ps(x)] (i.e., ∃ β; ∇ ln[ps(x)] ≈
ψ(x)βT ), we can rewrite Eq. (10) as

R(t ) ≈ Cxψ (t )βT . (11)

Contrary to Eq. (9), where we need the stationary expectation
values of the virtual degree of freedom that can be sampled
via Monte Carlo methods, to apply Eq. (10) the knowledge
of functional form of ps(x) is required, which is not always
easy to get especially for high-dimensional systems. The re-
lation between Eqs. (9) and (11) is more clear if we chose
as weight of the inner product the stationary distribution, i.e.,
w(x) = ps(x). Then, in this case, the normalization condition
implies that Cψψ (0) = I is the identity matrix, while from the
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definition of β and integration by parts it follows that

βi j = −
∫
D

ψi(x)
∂ j ps(x)

ps(x)
w(x)dx

=
∫
D

∂ψi(x)

∂x j
ps(x)dx = 〈∇ψ〉i j .

Hence, Eqs. (11) and (9) are, in this case, equivalent.
Linear response in nonlinear systems. For a system with

linear drift and constant diffusion, i.e., a multidimensional
Ornstein-Uhlenbeck process [24], the choice ψk (x) = xk is
sufficient to fully capture the response. In fact, in this case, the
stationary distribution ps(x) is Gaussian, and from Eq. (10), it
follows that R(t ) = Cxx(t )Cxx(0)−1. Recently, in Ref. [14],
it has been shown that the fluctuation-dissipation formula for
linear systems can sometimes yield satisfactory results even
in the context of nonlinear dynamics. This is possible only
when the stationary distribution is well approximated by a
Gaussian for the reasons mentioned above. On the other hand,
our result (9) is the natural generalization that applies for
more broad cases paying the cost of extending “virtually”
the dimensionality of the systems. In the Koopman literature,
the proposed generalization parallels the extension of the Dy-
namic Mode Decomposition in Ref. [28]. We note, however,
that analogous conclusions can be achieved without invoking
the Koopman formalism at all. To do so, we can use a gen-
eralization of the regression theorem, an important result of
stochastic calculus [24] that has found several applications in
quantum mechanics [34]. The theorem is generally presented
for stochastic systems with linear drift and constant diffusion,
but it can be generalized also to multiplicative noise as long
as the drift component remains linear. For a d-dimensional
process X such that

dX = AXdt + b(X)dW,

one can show that independently of the specific choice of
b(X), the time-dependent evolution of the vector of observ-
ables m(t ) = {E [Xi,t |X0]}d

i=1 is simply given by

m(t ) = eAt m(0). (12)

Now we go back to the general system (1) and suppose we
have found a collection of virtual degrees of freedom, i.e.,
functions Zn = f (X), such that the extended system with X̃ =
(X · · · Z) has an approximately linear drift:

dX̃ ≈ AX̃dt + b(X̃)dW.

By applying the regression theorem (12), the time-dependent
expectation values follow from which relation (8) can be ob-
tained and used to finally derive the response functions of the
true degrees of freedom.

We begin with an instructive example in which incorpo-
rating a broader set of observables is crucial for accurately
estimating the correct linear response. This example is par-
ticularly valuable as it allows for analytical calculations.
Specifically, we consider the following nonlinear stochastic
differential equation:

dX = GxXdt + σxdWx,

dY = GyYdt + GyxX 	 X + σydWy (13)

where 	 indicates the element-wise product. We have two
coupled systems, where the term GyxX 	 X introduces non-
linear interactions between the variables. When considering
the case in which Gx is a diagonal matrix, this system can
be transformed into a linear one by introducing a new set of
observables defined as Z = X 	 X, leading to the following
evolution:

dZ = 2GxZdt + σ 2
x dt + 2σxX 	 dWx,

dX = GxXdt + σxdWx,

dY = GyYdt + GyxZ + σydWy. (14)

Thanks to the regression theorem (12), these systems admit
an exact finite-size Koopman matrix, i.e., K(t ) = eAt , where
A is the matrix of the linear drift in Eq. (14). Then using
Eq. (7), we can derive analytically the exact response function
of Eq. (13). We analyze the agreement of Eq. (9) with the exact
linear response curves for two sets of observables: (1) Hermite
functions up to order 1, referred to as H1; and (2) Hermite
functions up to order 2, referred to as H2, and compare both
also to the response function sampled by perturbing the initial
conditions, i.e., using definition (5) and referred to as sampled
response. In Fig. 1(a), an example comparison between these
three cases and the exact response function is shown. The
average error [see Fig. 1(b)] associated with H2 scales with
the number of realizations in the same way as the sampled
response, while H1 is order of magnitude worse. This happens
because the stationary distribution ps(x) is asymmetric; thus, a
linear approximation, implicit in H1, will not work. However,
we note that the increase of the standard deviation σy in
Eq. (1) mitigates the influence of X on Y , thereby reducing
the asymmetry of its distribution and leading the system to
behave more linearly. This effect is clearly shown plotting the
average error versus σy [Fig. 1(c)], with the accuracy of H1 ap-
proaching that of the sampled response as σy increases.From a
computational standpoint, Eq. (9) has been evaluated using a
pseudoinverse operation for enhanced efficiency. Specifically,
let V(t ) represent the matrix whose columns correspond to the
system variables at time t , with rows reflecting their values
across different realizations of noise, and similarly, let P(t ) be
the corresponding matrix for the set of functions ψ , then the
virtual response can be estimated as follows:

R̃ψ→x(t ) = [V(t )PT (0)][P(0)PT (0)]−1 = V(t )P†(0),

where {·}† denotes the pseudoinverse operation. For the ex-
ample we have used so far, a basis of functions containing
polynomials up to the second order is sufficient to achieve
perfect agreement between Eq. (9) and the exact response
function. Clearly, this is not true in general. We selected three
prototypical stochastic systems in two dimensions (x, y) and
computed the response of variable x to a perturbation of y,
i.e., Ry→x(t ). We considered a gradient system with four stable
states [35]:

dX = −∂XV (X,Y )dt + σdWx,

dY = −∂Y V (X,Y )dt + σdWy, (15)

with V (x, y) = (x − 1)2 + (y − 0.5)2 + 0.1xy. For a case
with nonpolynomial drift, a network of two interacting neural
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FIG. 1. (a) Various estimations of the response function in relation to the perturbing variable y3 for a six-dimensional example system as
described in Eq. (13). The solid line represents the ground truth, while the individual points denote the definitions of perturbation and the
fluctuation correlation formula presented in Eq. (9), specifically for the first-order H1 and second-order H2 Hermite polynomial observables.
Averages over 106 experiment realizations for system parameters σx = 0.1 and σy = 0.025. (b), (c) The average reconstruction error of response
curves across all dimensions and time steps, estimated using root-mean-square error, for the same system depicted in panel (a). Curves are
estimated by perturbation limit and from Eq. (9) using observables ψk (x) = xk , named Hx , and Hermite basis functions H1 and H2. This
analysis considers, respectively, (b) varying numbers of process realizations (σy = 0.0) and (c) different levels of noise σy (106 experiments).
The shaded ribbon area illustrates the standard deviation resulting from ten complete analysis repetitions. The time resolution is set at dt = 0.01
and perturbation amplitude ε = 0.01, with the stochastic Heun method for integration.

populations is given by

dX = [tanh(J11X + J12Y ) − X ]dt + σdWx,

dY = [tanh(J21X + J22Y ) − Y ]dt + σdWy,
(16)

and finally, a Stuart-Landau stochastic oscillator is given as
follows:

dX = [−a
(
X 2 + Y 2

)
(bY + X ) + aX − Y ]dt + σdWx,

dY = [−a
(
X 2 + Y 2

)
(bX + Y ) + aY + X ]dt + σdWy. (17)

Despite the qualitative differences in the stationary distri-
butions of the three systems (see Fig. 2), augmenting the

function library with second-order polynomials (H2) yielded
no improvement over the linear case (H1) for any of them.
At the same time, however, including polynomials of order
3 (H3) allows us to fully capture the response function for
all cases. Notably, this approach yields significantly fewer
terms than methods based on spectral estimation [22]. The
reason behind this behavior can be promptly understood
for systems like Eq. (15). In fact, for gradient systems,
the generalized Fluctuation-Dissipation (F.D.) theorem (10)
gives us

Ry→x(t ) = 2〈X (t )∂Y V (X0,Y0)〉/σ 2.

0.0
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H1
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FIG. 2. In the top row, we show the stationary distribution for system (15) in panel (a), system (16) in panel (b), and system (17) in panel
(c). In the bottom row, the response functions (in black) are computed from the time-dependent solution of the Fokker-Planck equation, while
the scatter points represent the result of Eq. (9) for different basis functions H1, H2, and H3, as shown in Fig. 1. The parameters are α = 0.1,
a = 1, b = −0.3, J11 = 0.9, J12 = 0.5, J21 = 0.3, J22 = 0.6, and σ = 0.3.
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FIG. 3. (a) Weight coefficients βn = βn,2 (where 1 and 2 are the
indexes for variables x and y, respectively) for the Stuart-Landau
system (17). Dominant terms (highlighted in red) were selected as
basis functions for the response function estimation. (b) Comparison
between the estimated response function (derived from the reduced
basis) and the exact analytical result.

In our case, ∂yV (x, y) = αx + (y2 − 1/2)y, which shows that
the response is fully predicted once we consider the simple
basis {x, y, y3}. However, finding a good basis is generally a
nontrivial problem. In the following section, we will address
the problem of selecting the dictionary ψn(x) in a principled
way for general stochastic systems.

Principled selection of the dictionary of basis functions. We
will occasionally use Einstein notation for the sums involved.
Equation (9) suggests us a way to estimate the optimal base
from empirical data. For all the two-dimensional systems
considered above, the response of a variable x due to a per-
turbation of y is approximated by

Ry→x(t ) ≈ 〈Xψn( 
X0)〉βn,2.

We defined

βn, j = [Cψψ (0)−1]nk〈∂ jψk ( 
X0)〉,
where (∂x, ∂y) = (∂1, ∂2). All the integrals involved in the
weights β are with respect to the stationary distribution, thus
can be generally computed empirically. As in all spectral
approaches β tells us the most relevant “modes” in the ex-
pansion, it allows us to optimally tune the dictionary of basis
function ψ (
x). A concrete example is shown in Fig. 3, where
we computed βn,2 with the usual basis of Hermite polynomi-
als for the stationary state of Stuart-Landau system (17). As
shown in Fig. 3(a), the only functions with a nonnegligible β

are

ψ (x, y) = {H1(x), H1(y), H1(x)H2(y),

H2(x)H1(y), H3(x), H3(y)}.
As expected, using this reduced base, we get an excellent
agreement in the response function [see Fig. 3(b)]. The
optimal choice of functions in general is the one that di-
agonalizes the matrix Cψψ (0), or in other terms we should
find a set of functions that is orthogonal with respect to
the stationary measure dμ = P(x)dx. This is an old idea
that dates back to the theory of polynomial chaos first in-
troduced by Wiener and subsequent formal results such as
the Kosambi-Karhunen-Loève theorem [36]. Even though the
core concepts remained the same, these spectral expansion
approaches, under the large umbrella of the Koopman for-
malism, have found recently renovated interest thanks to the

widespread computational power and the development of a
powerful machine-learning algorithm [35]. We note, however,
that typically in all these cases the focus is on learning a
large set of approximated eigenfunctions and eigenvalues of
the Koopman operator from empirical measurements, which
is undoubtedly challenging especially for high-dimensional
systems. In this work, however, we are interested only in
specific response functions. For example, we have seen that
for system (17) a basis of just five elements predicts perfectly
Ry→x(t ), but clearly, by no means this small dictionary is
sufficient to represent a large collection of the true eigen-
functions of the Koopman operator. So far, we have avoided
questions related to optimal size of the dictionary of ψ (x). A
first reasonable step that allows us to find a sparse dictionary
is to compute β from a large set of functions and sort the
most relevant elements with respect to the entries of |βn|. We
need, however, some guiding principle to properly truncate
this sorted dictionary. It is possible to derive several analyti-
cal constraints that can guide this selection and optimization
of the dictionary. In fact, by comparing our expression (9)
with the F.D. theorem (10), we find the central consistency
relation:

βψ (x) ≈ −∇ ln(ps(x)). (18)

By multiplying by an arbitrary function f (x) and integrating
with respect to the invariant measure, we arrive at the empiri-
cally testable relation

β〈ψ (x) f (x)〉 ≈ 〈∇ f (x)〉 (19)

that can be used as an error estimation for the optimal choice
of the basis. The arbitrary function f (x) can be tailored to
specific problem at hand. Notably, for the specific case f (x) =
ψ (x), Eq. (19) translates to

Cψψ (0)β ≈ 〈∇ψ〉.
The error

δi = ‖Cψψ (0)βi − 〈∂iψ〉‖ (20)

is minimized by the linear regression β = Cψψ (0)−1〈∇ψ〉,
which consistently is also the definition of β based on Eq. (9).

We can find further constraints introducing the primitives
of the dictionary with respect to the jth variable �n, j (x), i.e.,

d�n, j (x)

dx j
= ψn(x).

Finally, we obtain the following approximation from Eq. (18):∑
n

βn, j〈�n, j (x)〉 ≈ −
∫

ps(x)ln[ps(x)]dx. (21)

The right-hand side is the Shannon entropy S of the station-
ary measure. Thus, the proper choice of basis function must
minimize also the error on the entropy:

S j =
∑

n

βn, j〈�n, j (x)〉 ≈ S.

Albeit estimating the stationary entropy from empirical mea-
sures is in general a challenging problem [37], several
numerical approaches have been proposed in the recent
years [38]. As a proof of concept, we will use the gradient
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FIG. 4. (a) Normalized residual error for variables x and y in the
gradient system (15), plotted against dictionary size. (b) Estimated
entropy from Eq. (21) as a function of dictionary size. The dashed
black line denotes the exact theoretical entropy computed from the
stationary distribution.

system (15) for which the stationary distribution, hence the
entropy S, is known analytically. As we increase the size
of the dictionary, we see in Fig. 4(a) that the residual error
increases, due to the increasing numerical error in the corre-
lation matrix inversion. For this reason, it is difficult to use
this constraint alone as stop criteria for the convergence of the
response. On the contrary, the estimated entropy for both x and
y quickly saturates close to the exact value when the cubic
terms are introduced in the basis dictionary in accordance
with the observation we made in the previous section. Even
if we do not have in general access to the true value of S, the
constraints (21) apply for all degrees of freedom; thus, it must
hold in general that

Si − S j ≈ 0. (22)

We tested this idea for the challenging case of the Lorenz sys-
tem with additional uncorrelated white noise, as in Ref. [16]:

dX = [σ (Y − X )]dt +
√

2εdWx,

dY = [X (ρ − Z ) − Y ]dt +
√

2εdWy,

dZ = [XY − βZ]dt +
√

2εdWz,

(23)

with the parameters of the standard chaotic case (σ, ρ, β =
10, 28, 8/3) and noise ε = 8.0 [39]. With the aim of repro-
ducing the response function Ry→x(t ), we sampled Cψψ (0)
and 〈∇ψ〉 using a large basis of function with polynomials
up to order 11. Sorting the resulting β by absolute value
we observe in Fig. 5(a), we see a sort of continuum of β

that makes it difficult to select an a priori threshold for the
dictionary size. The distance from the exact response function,
obtained by perturbing the dynamics, and the one estimated
using our approach quickly drop as more and more elements
are included in the dictionary [see Fig. 5(b)]. At the same time,
however, we see that after a plateau adding more elements in
the dictionary results in larger errors in the response estimate.
Also, in this case, the residual error alone [Fig. 5(c)] is not
enough to decide when to stop because it increases on average
with the dictionary size. On the other hand, the difference in
entropy estimations gives very clear signals [see Fig. 5(d)],
especially when there are too many elements of the dictionary.
To show this, we selected three different sizes, i.e., n = 63
(red), n = 256 (green), and n = 293 (blue), which correspond,
respectively, to two local minima and a local maximum of
|Sx − Sy|. Convergence in the response is already found at
n = 63 [see Fig. 5(e)], as correctly signaled. This also applies
for the much larger basis of n = 256. On the contrary, for the

FIG. 5. (a) Sorted absolute values of coefficients |βn| for the stochastic Lorenz system. We are considering here only the weights of the
response of the perturbation of y to x. If we indicate 1, 2, and 3 as the indexes for variables x, y, and z, respectively, βn in figure would be in
matrix notation βn,2. (b) Relative error between exact response and n-element dictionary estimates. (c) Residual error response approximations.
(d) Difference between estimated entropy values as in Eq. (22). (e) Comparison of exact response (black curve) and approximated responses
(colored scatter points) across three dictionary sizes.
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FIG. 6. (a) Top: Synaptic matrix for the ten-dimensional example system described in Eq. (26). Here, the parameter G scales the connection
strengths, thereby modulating the system’s nonlinearity. Bottom: The corresponding directed graph, where red arrows indicate connections with
negative weights. (b) Response curves following perturbations to the first node (x1) for two different levels of nonlinearity. Solid lines show the
estimates obtained via the perturbative approach, while scatter points represent the estimates from Eq. (9) using observables from the Hermite
basis functions H1, H2, and H3. Estimated causality matrices (top panels) and their associated graphs (bottom panels) for parameter values
G = 0.2 (c) and G = 1.2 (d). In the graphs, red edges denote negative causal dependences, and the transparency of each edge reflects the
intensity of the causal connection. The system is simulated for 5000 steps, the time resolution is set at dt = 0.01 and perturbation amplitude
ε = 0.01, with the stochastic Heun method for integration.

case n = 293, where the entropy difference is maximal, the
error in the response function estimate is also large. In con-
clusion, while more work still needs to be done to verify the
usefulness of these constraints for other systems, we observe
that the convergence of the self-consistent error on the entropy
|Sx − Sy| follows the convergence of the error on the response.
As such, it might be used as a proxy for the latter to establish
criteria for avoiding spectral pollution.

All our observations, including the self-consistent con-
straints that can guide the dictionary optimization, open the
door to an effective way to empirically estimate causality
between different degrees of freedom from empirical mea-
surement of unperturbed stochastic systems, as we will see
in the next section.

From response to causality. It is possible to use the response
function as a measure of interventional causality. As done in
Ref. [14], we can measure the strength of the causal depen-
dence of the variable xi on the variable x j as the total response
that the former has consequently a perturbation of the latter,
i.e.,

Di j =
∫ ∞

0
Rxj→xi (t )dt, (24)

then, using our result (9), we have

D ≈
[∫ ∞

0
Cxψ (t )dt

]
Cψψ (0)−1 〈∇ψ〉 , (25)

thus relating correlation and causality. The better the estima-
tion of the response function, the better the estimation of the
causal link between variables will be. It is also noteworthy that
by selecting the eigenfunctions φ of L as the basis, we derive

Di j ≈ −
∑

k

αik
〈∂ jφk〉

λk
,

where λk denotes the eigenvalues of L. In essence, this in-
dicates that the causal relationship Di j can be interpreted as a
summation of contributions from x j across all the eigenmodes.
These are quantified as 〈∂ jφk (k)〉 and are weighted by the
significance of each eigenmode, i.e., the associated timescale
1/λk . To investigate the behavior of this causality measure in
complex high-dimensional systems, we consider the prototype
of a biologically inspired network of neurons [40,41]. The
system’s state is represented by the vector X(t ), whose ele-
ment Xi(t ) corresponds to the activity of the ith unit, evolving
according to the nonlinear dynamics:

dX = [tanh(GJX) − X]dt + σdW , (26)

where J ∈ RN×N is the synaptic matrix governing the recur-
rent input currents and W (t ) is an N-dimensional uncorrelated
Wiener process. This dynamical framework also serves as
the foundation for several modern machine-learning ap-
proaches [42–44]. For our test set, we consider N = 10 nodes,
sparsely connected with a synaptic strength G [Fig. 6(a)].
These connections may be excitatory (positive) or inhibitory
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FIG. 7. Relative distance measured by the Frobenius norm of the
real matrix D and the one estimated from n samples, D̃n, is shown in
panel (a), while element-wise correlation is reported in panel (b).

(negative), influencing the dynamics. The factor G ∈ R mod-
ulates the recurrent current, thereby controlling the level of
nonlinearity in the system. Although the connection pattern
remains invariant, the system’s response can vary significantly
based on the value of G. As expected, for small values of G,
the system behaves nearly linearly, and the first-order observ-
ables H1 can adequately capture the linear response. For larger
values of G, the third-order term of the hyperbolic tangent
function becomes crucial for describing the system’s behavior,
necessitating the inclusion of higher-order terms, as shown in
Fig. 6(b). In cases with low nonlinearity, the causality links
closely resemble the synaptic matrix [Fig. 6(c)]. However, as
nonlinearity increases, the information in the connectivity ma-
trix diminishes. As seen in Fig. 6(d), for high values of G, the
primary causal links reduce in number, further amplified by
the nonlinearity. As a result, paths of higher lengths become
crucial, and a node without a direct connection may exert
a stronger influence than nodes with direct connections. For
example, in Fig. 6(d), we observe an inhibitory influence of
node “6” on node “9,” despite the positive connection, and an
excitatory influence emerges on node “4.” All our results are
implicitly based on the capabilities of estimating expectation
values from a large collection of samples. In practical context,
however, the number of samples is usually limited; thus, it is
important to verify the convergence of the causality matrix
as the sample size is increased. In Fig. 7, we show that for
system (26) already 104 samples are enough to converge to the
right D. While the rate of convergence depends strongly on the
specific systems under examination, this shows that even for
such high-dimensional systems, a small sample size might be
enough to infer proper causal relations.

Conclusions and future directions. By establishing a link
between the response function and the Koopman operator, we
derived an alternative way to compute the response function
for a general class of nonlinear stochastic systems. Our result
is rooted in a spectral approach that, albeit quite old [45,46], is
now facing renewed interest and widespread adoption [33,47].
Besides all the possible issues that are common to causal-
ity inference in general, such as non-Markovianity [48] and
nonstationarity, the major limitation of our result is in the
proper choice of the library of basis functions. In fact, while
convergence can be formally guaranteed when the size of
the library goes to infinity, in practice the best would be to
find the smallest set of functions possible to avoid spectral

pollution and overfitting. A small size in the library is also es-
sential in systems of high dimensions to avoid computational
cost. We found several self-consistent constraints that strongly
guide dictionary selection and optimization, as we showed for
several examples. While we will leave further investigation
of related issues to a future work, we would like to point
toward interesting opportunities offered by the great approxi-
mation capabilities of machine-learning algorithms and deep
neural networks. For example, in Refs. [33,49–51] the authors
showed that already a simple architecture like an autoencoder
is capable of finding, by minimizing the loss function

||E [ψ(Xt )|X0] − K(t )ψ(X0)||2
or its variants, a satisfactory low-dimensional representation
of the Koopman operator for the chaotic Lorenz dynamical
system and other nonlinear examples. The constraints we
found can equally be used as loss function in the same set-
tings. The advantage of using simple architectures is that, once
the weights of the network are known, the matrix ∂xiψ j (x)
can be computed analytically. In general, it is true that the
challenges inherent in applying the Koopman framework—or,
more broadly, any pseudospectral decomposition—also affect
our approach. However, the regression theorem and our ex-
amples demonstrate that it may be possible, in principle, to
identify a small number of virtual degrees of freedom that
approximately linearize the drift. This does not imply that we
have fully reconstructed the entire spectrum of the Koopman
operator, which is clearly infinite. Nonetheless, our results
suggest that it might still be feasible to achieve highly accurate
estimates of the response functions and consequently of causal
links. In other words, an incomplete reconstruction of the
Koopman operator can still lead to an exact reproduction of
the response functions for appropriately chosen degrees of
freedom—a point that should be considered when dealing
with high-dimensional systems, as we have shown here for
several examples. The causal measure explored in this Letter
is highly adaptable to various extensions. Depending on the
timescale of interest, one can limit the response integral to
different time ranges, looking, for example, for short-term
and long-term causal links. Furthermore, dynamical systems
can exhibit different behaviors depending on the basin of at-
traction considered. By sampling trajectory data from specific
regions of the state space, the analysis can be further tailored
to particular conditions. The concept of information flow be-
tween degrees of freedom, first introduced in Ref. [3], has
recently found applications in causal detection across various
fields, ranging from neuroscience [52] to climate change [53]
and quantum physics [54]. This approach, in its most general
form, requires knowledge of the drift and diffusion terms,
as well as the marginal stationary distributions. In fact, the
equations defining the information flow share some similar-
ities with the generalized Fluctuation-Dissipation Theorem
and for this reason in practical cases suffer from the same
limitations of the latter that originally motivated our work.
Recently [5], a linear approximation of the drift terms—akin
to the H1 assumption in our notation—has been proposed.
While the direct connection between information flow and the
response function, if it exists, has yet to be fully understood,
we anticipate that our approach could be readily applied to this
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quantity as well; for an approach in this direction, we refer to
Ref. [55]. Importantly, it enables a blind, data-driven analysis
that can potentially overcome the limitations inherent in linear
assumptions—limitations that we have already explored here
in the context of the response function. Being able to infer the
causal network of a set of measured variables without the need
of perturbing the system is certainly powerful. Thus, given the
general premises and the data-driven nature of our results, we
expect that this approach will be a valuable tool and will find
several applications in multiple domains of science.
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Appendix A: The Koopman matrix for system (14). Consider
the general system with a linear drift and arbitrary diffusion
and natural boundary conditions:

dXi = Ai jXjdt + bi j (X )dWj, (A1)

where we used Einstein notation for repeated indices and dWj

are independent Wiener noise sources. Defining the diffusion
matrix as D = bT b/2, the evolution in time of probability den-
sity p(X , t |X 0) is governed by the following Fokker-Planck
equation [25]:

∂t p = −Ai j∂i
(
x j p

) + ∂i∂ j(Di j p). (A2)

Multiplying (A2) by xk , and taking the average 〈〉, and apply-
ing integration by parts, the diffusion part is zero even in the
multiplicative case, since∫

xk∂i∂ jDi j p =
∫

∂i∂ j (xk )Di j p = 0.

Thus, the moments follow the linear dynamics:

∂t E [Xi,t |X0] = Ai jE [Xj,t |X0], (A3)

a result commonly referred to as regression theorem [24]. The
solution can be written using the exponential matrix

E [Xi,t |X0] = eAt X0.

Thus, following the definition, the Koopman matrix for this
set of observable is K(t ) = eAt .

Appendix B: Response function from Koopman decompo-
sition. Consider a set of d observables {ψk (x)}d

k=1 ideally
spanning a subspace containing the state of the system at all
times and that admits the family of d × d matrices K(t ) that
approximate the action of the Koopman operators Kt .

The average observable evolution in this space, with initial
condition X0, is described as

E [ψ(Xt )|X0] ≈ K(t )ψ(X0).

Under the semigroup assumption, it would hold the rela-
tion K(t ) = eLt , with L approximating the action of the
infinitesimal Koopman generator L. Note that for d → ∞,

convergence is guaranteed and L becomes isospectral to L. In
the particular case in which the observables ψk are the linear
evolving eigenfunctions φk , K would be the diagonal matrix
of the associated eigenvalues λk .

Given the coordinates of the state of the system in this
space x = αψ, the expected value of the associated stochastic
process up to time t is

E [Xi,t |X0] =
d∑

n=1

d∑
m=1

αinKnm(t )ψm(X0).

The effect of perturbing the function (virtual variable)
ψi[X0] → ψi[X0] + εψ on the physical variable x j is then
described as

Ep[Xj,t |X0] = E [Xj,t |X0] + R̃ψi→x j (t ) εψ,

where we introduce R̃ψi→x j (t ) as the virtual response function
defined by

R̃ψi→x j (t ) = lim
εψ→0

〈Xj (t )〉p − 〈Xj (t )〉
εψ

= [αK(t )] ji,

where the brackets include the average with respect to the
distribution of the initial conditions. Note that in case of ψk

eigenfunctions and semigroup condition, it holds R̃ψi→x j (t ) =
α jieλit .

Let us now look at physical perturbations. Let us con-
sider the perturbation Xi,0 → Xi,0 + ε. By expanding ψk[Xt ]
around the unperturbed system, we find

Ep[Xj,t | X0] = E [Xj,t | X0] + ε

d∑
m=1

∂ψm(x)]

∂xi

∣∣∣∣
X0

[αK(t )] jm

= E [Xj,t | X0] + ε

d∑
m=1

∂ψm(x)]

∂xi

∣∣∣∣
X0

R̃ψm→x j (t ).

Averaging over the initial condition distribution, by the
linear response definition we find a relation that links the
physical to the virtual response function:

Rxi→x j (t ) =
d∑

m=1

〈
∂ψm(x)

∂xi

∣∣∣∣∣
X0

〉
R̃ψm→x j (t ).

Upon substituting the expression for the virtual response
from Eq. (8), we obtain the main result:

Rxi→x j (t ) =
d∑

m=1

〈
∂ψm(x)

∂xi

∣∣∣∣∣
X0

〉
[Cxψ (t )Cψψ (0)−1] jm.

L042029-9



DI ANTONIO AND VINCI PHYSICAL REVIEW RESEARCH 7, L042029 (2025)

[1] N. Wiener, The theory of prediction, in Modern Mathematics
for the Engineer, edited by E. F. Beckenbach (McGraw-Hill,
New York, 1956).

[2] C. W. Granger, Investigating causal relations by economet-
ric models and cross-spectral methods, Econometrica 37, 424
(1969).

[3] X. S. Liang and R. Kleeman, Information transfer between
dynamical system components, Phys. Rev. Lett. 95, 244101
(2005).

[4] X. S. Liang, Unraveling the cause-effect relation between time
series, Phys. Rev. E 90, 052150 (2014).

[5] X. S. Liang, Normalized multivariate time series causality anal-
ysis and causal graph reconstruction, Entropy 23, 679 (2021).

[6] X. S. Liang, Information flow within stochastic dynamical sys-
tems, Phys. Rev. E 78, 031113 (2008).

[7] X. S. Liang, Information flow and causality as rigorous notions
ab initio, Phys. Rev. E 94, 052201 (2016).

[8] H. Kantz and T. Schreiber, Nonlinear Time Series Analysis
(Cambridge University Press, Cambridge, UK, 2003).

[9] J. Runge, A. Gerhardus, G. Varando, V. Eyring, and G. Camps-
Valls, Causal inference for time series, Nat. Rev. Earth Environ.
4, 487 (2023).

[10] A. K. Seth, A. B. Barrett, and L. Barnett, Granger causality
analysis in neuroscience and neuroimaging, J. Neurosci. 35,
3293 (2015).

[11] G. V. Vinci and R. Benzi, Economic complexity: Correlations
between gross domestic product and fitness, Entropy 20, 766
(2018).

[12] M. A. Javarone, G. Di Antonio, G. V. Vinci, R. Cristodaro, C. J.
Tessone, and L. Pietronero, Disorder unleashes panic in bitcoin
dynamics, J. Phys.: Complexity 4, 045002 (2023).

[13] U. M. B. Marconi, A. Puglisi, L. Rondoni, and A. Vulpiani,
Fluctuation–dissipation: Response theory in statistical physics,
Phys. Rep. 461, 111 (2008).

[14] M. Baldovin, F. Cecconi, and A. Vulpiani, Understanding cau-
sation via correlations and linear response theory, Phys. Rev.
Res. 2, 043436 (2020).

[15] M. Baldovin, F. Cecconi, A. Provenzale, and A. Vulpiani, Ex-
tracting causation from millennial-scale climate fluctuations in
the last 800 kyr, Sci. Rep. 12, 15320 (2022).

[16] M. Baldovin, L. Caprini, and A. Vulpiani, Handy fluctuation-
dissipation relation to approach generic noisy systems and
chaotic dynamics, Phys. Rev. E 104, L032101 (2021).

[17] D. Lucente, A. Baldassarri, A. Puglisi, A. Vulpiani, and M.
Viale, Inference of time irreversibility from incomplete infor-
mation: Linear systems and its pitfalls, Phys. Rev. Res. 4,
043103 (2022).
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namic mode decomposition: Robust and verified Koopmanism,
J. Fluid Mech. 955, A21 (2023).

[30] M. J. Colbrook, B. Roman, and A. C. Hansen, How to compute
spectra with error control, Phys. Rev. Lett. 122, 250201 (2019).

[31] U. C. Täuber, Critical Dynamics: A Field Theory Approach
to Equilibrium and Non-Equilibrium Scaling Behavior (Cam-
bridge University Press, Cambridge, UK, 2014).

[32] 〈 f (x)〉 = ∫
D f (x)p(x, t |x0)ps(x0)dxdx0.
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