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Absence of nontrivial local conserved quantities in the spin-1 bilinear-biquadratic chain
and its anisotropic extensions
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We provide a complete classification of the integrability and nonintegrability of the spin-1 bilinear-biquadratic
model with a uniaxial anisotropic field, which includes the Heisenberg model and the Affleck-Kennedy-Lieb-
Tasaki model. It is rigorously shown that, within this class, the only integrable systems are those that have been
solved by the Bethe ansatz method, and that all other systems are nonintegrable, in the sense that they do not
have nontrivial local conserved quantities. Here, “nontrivial” excludes quantities like the Hamiltonian or the total
magnetization, and “local” refers to sums of operators that act only on sites within a finite distance. This result
establishes the nonintegrability of the Affleck-Kennedy-Lieb-Tasaki model and, consequently, demonstrates that
the quantum many-body scars observed in this model emerge independently of any conservation laws of local
quantities. Furthermore, we extend the proof of nonintegrability to more general spin-1 models that encompass
anisotropic extensions of the bilinear-biquadratic Hamiltonian and completely classified the integrability of
generic Hamiltonians that possess translational symmetry, U(1) symmetry, time-reversal symmetry, and spin-flip
symmetry. Our result has accomplished a breakthrough in nonintegrability proofs by expanding their scope to
spin-1 systems.
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I. INTRODUCTION

Understanding equilibrium and nonequilibrium physics in
quantum many-body systems is one of the most challenging
and significant problems. Quantum integrable systems, whose
energy spectrum and eigenstates can be obtained by using
analytical methods such as the Bethe ansatz [1], have played
a pivotal role in such studies because they provide exact so-
lutions for various quantities. Their solvability is considered
to be closely related to the existence of an infinite number
of local conserved quantities. For instance, in the algebraic
Bethe ansatz [2–6], the monodromy matrix used to generate
the eigenstates also serves as a generating function for the
local conserved quantities.

Despite their great contributions, some phenomena cannot
be understood through integrable systems. This is because the
existence of an infinite number of local conserved quantities
is incompatible with many empirical laws of macroscopic sys-
tems. A prominent example is thermalization. It has recently
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been recognized that many isolated quantum many-body sys-
tems tend to relax toward thermal equilibrium [7,8]. Such
relaxation is usually explained by the eigenstate thermal-
ization hypothesis [9–11], which states that every energy
eigenstate is thermal, i.e., represents thermal equilibrium. In
contrast, integrable systems require an infinite number of
parameters to describe their stationary states, which are char-
acterized by the generalized Gibbs ensemble [12,13] and thus
lie beyond the framework of conventional thermodynamics.
Furthermore, integrability can lead to deviations from empiri-
cal laws even at the level of linear response. The Green-Kubo
formula [14,15] may yield results that disagree with empir-
ical macroscopic laws when applied to integrable systems.
The Mazur-Suzuki bound [16–18] clarifies this issue: For the
Green-Kubo formula to yield results consistent with empirical
behavior, no local conserved quantity should overlap with the
relevant observables, such as the magnetization (in the case of
susceptibilities) [19,20] or the current operators (in the case of
transport coefficients) [18,21]. These examples indicate that,
in order to understand the empirical behavior of macroscopic
systems, it is necessary to rule out the possibility of integrabil-
ity, as integrable systems tend to exhibit anomalous behavior.

Recent studies have revealed some anomalous behaviors
regarding thermalization even in systems without any known
integrable structure. Major examples include the quantum
many-body scar (QMBS) state [22–24], which is a nonthermal
energy eigenstate that appears in systems not known to be
integrable. The QMBS provides a violation of thermalization
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with an origin that appears distinct from integrability, indicat-
ing that the problem of thermalization has a richer structure.
While numerical evidence strongly suggests that such systems
do not possess conventional integrable structures [23,25], the
precise relationship between the QMBS and integrability re-
mains unclear. In fact, models with the QMBS are sometimes
viewed as deformations of integrable systems [24,26–28],
raising the possibility that some hidden local conserved quan-
tities may still play a role. Therefore, whether the QMBS is
truly independent of local conservation laws remains an open
and fundamental question.

One of the most widely used models in the QMBS stud-
ies is the spin-1 Affleck-Kennedy-Lieb-Tasaki (AKLT) model
[29,30]. Nonthermal energy eigenstates in this model have
been constructed exactly [25,26,31], and they are found to be
equally spaced throughout the energy spectrum. These states
lead to perfect revivals in observables and fidelity for specific
initial states [26]. Since such nonthermal eigenstates can be
written down analytically unlike typical thermal eigenstates,
this model contributes to an exact understanding of the prob-
lem of thermalization. Nonetheless, the nature of conserved
quantities and the relation to integrability in this model are
still not fully understood.

A broader perspective on the integrability can be gained
by studying the spin-1 bilinear-biquadratic (BLBQ) model,
which interpolates between the AKLT model, the Heisen-
berg model [32], and several integrable points [33–41]. The
BLBQ model exhibits various intriguing phenomena, such
as the quantum phase transition [42–46], the Kibble-Zurek
physics [47], and the emergence of quantum chaos [48].
In particular, transport phenomena have been widely ex-
plored across different parameter regimes, both near and
away from known integrable points [49–53]. When anisotropy
is introduced, the transport behavior becomes even more
diverse [52], showing dramatic changes among diffusive,
ballistic, and superdiffusive regimes. In light of these back-
grounds, a complete classification of whether the BLBQ
model and its anisotropic extensions are integrable deserves
further study to grasp the whole phase diagram of such
phenomena.

Recently, a rigorous method for exhaustively identify-
ing local conserved quantities was introduced by Shiraishi
[54]. This approach has been successfully applied to vari-
ous quantum systems [55–58], revealing that many models
are nonintegrable in a strict sense: They possess no lo-
cal conserved quantities beyond linear combinations of the
Hamiltonian and on-site operators, such as the total magneti-
zation. However, no such rigorous result has yet been obtained
for the BLBQ model, despite its fundamental importance. In
fact, no such result is available for any spin-1 system due
to the complicated algebraic structure of the spin-1 operators
compared to the spin-1/2 case, as pointed out in the pioneer-
ing work [54].

In this paper, we overcome these difficulties and give a
complete classification of the integrability and the nonintegra-
bility of the spin-1 BLBQ model with a uniaxial anisotropic
field. We have rigorously shown that all systems in this model
are nonintegrable in the above sense except for those that have
been solved by the Bethe ansatz method [33–41]. In partic-
ular, the AKLT model is shown to be nonintegrable, which

indicates the independence of the QMBS and integrability.
We also completely classified the integrability of generic
Hamiltonians possessing translational, U(1), time-reversal,
and spin-flip symmetries, including those with anisotropic
interactions.

The paper is organized as follows. In Sec. II, we state
the main results along with a rigorous definition of local
conserved quantities. Before proceeding to the proof, we sum-
marize the overview in Sec. III, including the properties of the
special operator basis that we utilize in the next section. In
Sec. IV, we give proofs of nonintegrability, except for two
special zero-parameter cases and the case where nonintegra-
bility appears thanks to the uniaxial anisotropy. The proof of
the former cases is provided in Appendix A, and that of the
latter case is explained in Sec. V. We also discuss a more
general model including the BLBQ model in Sec. V. We
conclude with a brief summary and outlook in Sec. VI.

II. SETUP AND MAIN RESULT

We consider the spin-1 bilinear-biquadratic chain with
an anisotropic field on N sites with the periodic boundary
condition. Hereafter, this model is simply referred to as the
BLBQ model. The BLBQ model is described by the following
Hamiltonian:

H =
N∑

i=1

(
J1 �Si · �Si+1 + J2(�Si · �Si+1)2 + D

(
Sz

i

)2)
. (1)

The first term represents the bilinear interaction, i.e., the
Heisenberg interaction. The second term describes the bi-
quadratic interaction, which is specific to spin S � 1 systems.
The last term breaks SU(2) symmetry, corresponding to
single-spin uniaxial anisotropic field or quadratic Zeeman ef-
fect, which is also specific to S � 1.

We shall classify the above model into integrable and non-
integrable systems. Here, we characterize nonintegrability by
the absence of nontrivial local conserved quantities (defined
below) and integrability by possessing �(N ) number of local
conserved quantities [8,54,59,60]. Here, �(N ) indicates that
the quantity grows proportionally to N or faster. In order to
state our claim in a rigorous manner, we define below the
precise meaning of local conserved quantity. First, an operator
is called a k-local operator if it acts on k consecutive sites.
For instance, Sx

i Sy
i+1Sz

i+2 is a 3-local operator and Sz
i Sx

i+4 is a
5-local operator. Next, an operator is called a k-local quantity
if it can be written by a sum of l-local operators with l � k
and cannot be expressed by a sum of those with l � k − 1.
Note that a k-local quantity is not necessarily a shift sum
of k-local operators, e.g., both

∑N
i=1 Sz

i and
∑

(−1)iSz
i are

1-local quantities. A k-local conserved quantity is defined as a
k-local quantity that commutes with the Hamiltonian. We re-
fer to k-local conserved quantities with k � N/2 [61] as local
conserved quantities and those with k � 3 as nontrivial ones.

The BLBQ model is known to be integrable [33–41], i.e.,
possess an �(N ) number of local conserved quantities, given
any of the following three parameter sets:

J1 = 0 and D = 0,

J1 = J2,
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FIG. 1. We perform a complete classification of the BLBQ
model into integrable and nonintegrable systems. In the case without
anisotropic field D, shown on the left, there are three known inte-
grable systems, as indicated by three lines. In the case with nonzero
D, shown on the right, there is one known integrable system. We
prove the nonintegrability of the complement of these integrable
systems.

J1 = −J2 and D = 0. (2)

In contrast, we claim that the BLBQ model (1) is generically
nonintegrable as long as none of the conditions (2) is satisfied.

Theorem 1 (Main Result). In the BLBQ model (1) not sat-
isfying Eq. (2), k-local conserved quantities with 3 � k �
N/2 are absent.

This theorem provides a definitive answer that the BLBQ
model (1) contains no further integrable systems (see Fig. 1).
In other words, the systems possessing �(N ) number of local
conserved quantities satisfies one of the conditions (2), which
are solved by using the Bethe ansatz method [33–41]. Our
result rigorously shows that, in the BLBQ model, the set
of integrable systems coincides with that of Yang-Baxter-
integrable systems, which are classified in Ref. [62].

Moreover, Theorem 1 also manifests that there are no par-
tially integrable systems, which we use here to mean systems
possessing a finite number of nontrivial local conserved quan-
tities. That is, the BLBQ models are clearly classified into
integrable systems with �(N ) local conserved quantities and
nonintegrable systems with no nontrivial ones.

As special cases of our results, the AKLT model (J2 =
J1/3) and spin-1 Heisenberg chain (J2 = 0) are proved to
be nonintegrable. This rigorously demonstrates that anoma-
lous behaviors regarding thermalization in the AKLT model
[25,31] cannot be explained from integrability, as is widely
expected from numerical evidence such as investigation [25]
of the level spacing statistics [63,64]. Note that the noninte-
grability of the PXP model, which has another type of QMBS,
has been shown in Ref. [56].

We add to Theorem 1 the analysis of 1-local and 2-local
conserved quantities and obtain the following theorem.

Theorem 2. In the BLBQ model (1) not satisfying Eq. (2),
k-local conserved quantities with k � N/2 are restricted to
linear combinations of the following:

(1) its own Hamiltonian: H ;

(2) the total magnetization in the z direction: Mz =∑N
i=1 Sz

i ;
(3) the total magnetization in the x and y directions: Mx

and My, if D = 0 holds; and
(4) the staggered quadratic spins:

N∑
i=1

(−1)i
(
Sz

i

)2
,

N∑
i=1

(−1)i
((

Sx
i

)2 − (
Sy

i

)2)
,

N∑
i=1

(−1)i
(
Sx

i Sy
i + Sy

i Sx
i

)
, (3)

if J1 = 0 holds and N is even.

III. PROOF STRATEGY

A. Basis

Before going to the outline of the proof, we introduce a
basis of operators, which play a crucial role in our proof of
nonintegrability.

Previous studies on nonintegrability proofs [54–58],
which deal with spin-1/2 chains, exploited Pauli matrices
{σ x, σ y, σ z, I} as a basis of 2 × 2 matrices. Since the focus
of this paper is on spin-1 systems, we need a basis of 3 × 3
matrices. There are several popular bases of 3 × 3 matrices,
such as the Gell-Mann matrices [65] and the generalized Pauli
matrices [66,67]. Here, however, we introduce an alternative
basis {I, E0, E±1, F0, F±1, F±2} as

E0 =
⎛
⎝1 0 0

0 0 0
0 0 −1

⎞
⎠ (= Sz ),

E+1 =
⎛
⎝0 1 0

0 0 1
0 0 0

⎞
⎠ (

= Sx + iSy

√
2

)
,

F0 =
⎛
⎝1 0 0

0 −2 0
0 0 1

⎞
⎠ (= −(Sx )2 − (Sy)2 + 2(Sz )2),

F+1 =
⎛
⎝0 1 0

0 0 −1
0 0 0

⎞
⎠ (

=
{

Sz,
Sx + iSy

√
2

})
,

F+2 =
⎛
⎝0 0 1

0 0 0
0 0 0

⎞
⎠ (

=
(

Sx + iSy

√
2

)2
)

,

E−1 = (E+1)†, F−1 = (F+1)†, F−2 = (F+2)†, (4)

which are of the same form as the noncommutative version
of spherical harmonic functions [68] up to constant factors. It
can be verified that the above matrices form a complete set,
i.e., any 3 × 3 matrix can be expressed as a complex linear
combination of these matrices.

This basis is more suitable than other bases for proving
the nonintegrability of the BLBQ model because it satisfies
the following properties: (1) The commutator of any two base
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TABLE I. The commutators [a, b] where a and b are elements of our operator basis (4). Each of these commutators is proportional to a
single element of this operator basis and satisfies Eq. (5).

�
��a
b

E+1 E0 E−1 F+2 F+1 F0 F−1 F−2

E+1 0 −E+1 +E0 0 −2F+2 −3F+1 +F0 +F−1

E0 +E+1 0 −E−1 +2F+2 +F+1 0 −F−1 −2F−2

E−1 −E0 +E−1 0 −F+1 −F0 +3F−1 +2F−2 0
F+2 0 −2F+2 +F+1 0 0 0 −E+1 +E0

F+1 +2F+2 −F+1 +F0 0 0 −3E+1 +E0 −E−1

F0 +3F+1 0 −3F−1 0 +3E+1 0 −3E−1 0
F−1 −F0 +F−1 −2F−2 +E+1 −E0 +3E−1 0 0
F−2 −F−1 +2F−2 0 −E0 +E−1 0 0 0

elements is proportional to some base element, unless they
are commutative. (2) The BLBQ Hamiltonian is described in
a relatively simple form. Note that the Gell-Mann matrices do
not satisfy the former and the generalized Pauli matrices do
not satisfy the latter. To briefly explain the former property,
the commutation relations in the basis (4) are described by[

Em1 , Em2

] ∝ Em1+m2 ,[
Em1 , Fm2

] ∝ Fm1+m2 ,[
Fm1 , Fm2

] ∝ Em1+m2 , (5)

where the right-hand side is zero if the symbol on it is not
included in {I, E0, E±1, F0, F±1, F±2}. Detailed commutation
relations with constants of proportionality are displayed in
Table I.

Using this basis, we rewrite the Hamiltonian (1) as

H =
N∑

i=1

⎛
⎝ ∑

m∈{0,±1}
emEm,iE−m,i+1

+
∑

m∈{0,±1,±2}
fmFm,iF−m,i+1 + hF0,i

⎞
⎠, (6)

where the coupling constants and field are

e0 = e±1 = J1 − J2

2
,

f0 = J2

6
, f±1 = J2

2
, f±2 = J2,

h = D

3
, (7)

with constant energy shift. After proving the nonintegrability
with this parameter set in Sec. IV, we will treat in Sec. V an
extended model where coupling constants {em} and { fm} take
general values.

B. Proof outline

The idea of the proof of nonintegrability, introduced by
Shiraishi’s paper [54], is simple. The nonintegrability (i.e.,
the absence of local conserved quantity) is proved by the
following procedure: First, we expand general local quantity
Q in a suitable basis and identify Q with its expansion coeffi-
cient {q•}. Then, we solve equations of {q•} corresponding to

conservation condition [Q, H] = 0 and prove the absence of
(nontrivial) solutions.

The basis of all quantities on a spin-1 chain is given by

N⊗
i=1

{Ii, E0,i, E±1,i, F0,i, F±1,i, F±2,i}. (8)

As a basis of local quantities, we take a subset of this ba-
sis with finitely restricted length of nontrivial consecutive
support. In particular, the basis of k-local quantity is l-local
operators with l � k in the basis (8). Any k-local quantity can
be described by

Q =
k∑

l=0

∑
Al

i

qAl
i
Al

i , (9)

where Al
i represents an operator whose nontrivial consecu-

tive support is l and leftmost site is i. Examples of A3
i are

(E0E0F0)i := E0,iE0,i+1F0,i+2 and (F+2IE−1)i.
Similarly, we can also expand [Q, H] as

[Q, H] =
k+1∑
l=0

∑
Al

i

rBl
i
Bl

i . (10)

Here, we use the fact that the commutator of k-local quantity
Q and 2-local quantity H is an at-most-(k + 1)-local quantity.
Notice that each rBl

i
is a linear combination of {qAl

i
}, and that

the conservation condition [Q, H] = 0 means rBl
i
= 0 for all

Bl
i . Therefore, we obtain a system of linear equations of {qAl

i
}.

The goal of nonintegrability proof is to prove the absence of
nontrivial solutions to this system of equations.

We prove the absence of k-local conserved quantities with
general k ∈ [3, N/2] by the following two steps: In Step 1, we
focus on the conditions {rBk+1

i
= 0} and derive that most of Ak

i

have zero coefficients and that the remaining coefficients are
proportional to each other. In Step 2, we turn to the conditions
{qBk

j
= 0} and derive that the remaining Ak

i ’s also have zero
coefficients. This contradicts the assumption that Q is a k-
local quantity and proves the absence of k-local conserved
quantities.

IV. PROOF

We prove the nonintegrability of the BLBQ model [(6)
and (7)], except for known integrable systems, i.e., ones that
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TABLE II. Table indexing the integrability/nonintegrability proofs of the BLBQ model.

Conditions Integrability Proof

J1/J2 /∈ {0, ±1, 1/2} Nonintegrable Section IV (here)

J1 = J2/2 Nonintegrable Appendix A

D = 0 Integrable References [39–41]
J1 = 0

J2 �= 0 D �= 0 Nonintegrable Section V

J1 = J2 Integrable References [33–36]

D = 0 Integrable References [37,38]
J1 = −J2

D �= 0 Nonintegrable Section V

J1 = 0 Integrable (Trivial)
J2 = 0

J1 �= 0 Nonintegrable Appendix A

satisfies Eq. (2). The guide to the proof is given in Table II.
In this section, we deal with a generic case where J2 �= 0
and J1/J2 /∈ {0,±1, 1/2} hold. In this case, all the coupling
constants given in Eq. (7) have nonzero values, as well as the
nonintegrability holds regardless of the value of the magnetic
field D. The proof of the case where some coupling constants
are zero is given in Appendix A; the proof of the case where
integrability and nonintegrability switch with the value of D
is given in Sec. V.

The structure of this section is as follows: In Secs. IV A
and IV B, we give a proof of the absence of 3-local conserved
quantities, in order to grasp a picture of our proof. In Secs.
IV C and IV D, we prove the absence of k-local conserved
quantities for general k ∈ [3, N/2], which completes the proof
of Theorem 1 for the generic case. In Secs. IV E and IV F, we
conduct an analysis of 2-local and 1-local conserved quanti-
ties, respectively, which corresponds to Theorem 2.

A. Step 1 (analysis of rBk+1
i

= 0) for k = 3 case

Using the fact that coefficients of the 4-local operators
appearing in the commutator are zero: {rB4

i
= 0}, we show

that most of the coefficients qA3
i
, which correspond to the

operators with the largest support, are zero. We also prove that
the remaining coefficients are all proportional and therefore
there is only 1 degree of freedom.

For example, consider the commutator between A3
i =

E0,iE0,i+1E+1,i+2 and E−1,i+2E+1,i+3, which are the terms in
the conserved quantity Q and the Hamiltonian H , respectively.
Since these two operators share only the (i + 2)th site, this
commutator can be calculated as

[(E0,iE0,i+1E+1,i+2), (E−1,i+2E+1,i+3)]

= +E0,iE0,i+1E0,i+2E+1,i+3, (11)

where we used [E+1, E−1] = E0 displayed in Table I. We
represent this relation as

E0 E0 E+1

E−1 E+1

+ E0 E0 E0 E+1

, (12)

which we refer to as a column expression of a commutator.
In a column expression, the first row represents a term of Q,
the second row represents a term of the Hamiltonian H , and
the last row represents the commutator of these two terms. The

horizontal line depicts commutation operation. These three
operators are placed to reflect the position of the sites on
which they act. The column expression (12) represents the
same information as Eq. (11), except that the site number is
omitted in Eq. (12). Our aim is to obtain an equation of {qA3

i
}

that corresponds to rB4
i
= 0. Therefore, we need to search

for other terms in Q and H whose commutators yield the
output B4

i = (E0E0E0E+1)i = E0,iE0,i+1E0,i+2E+1,i+3. Fortu-
nately, we find that no such terms exist except in Eq. (12).
This directly means that

e−1q(E0E0E+1 )i = +r(E0E0E0E+1 )i = 0 (13)

holds for all i. Since we assume e−1 �= 0, we know from
Eq. (13) that the coefficient of A3

i = (E0E0E+1)i in Q is zero
for all i.

In general, our task is finding out all the commutators
that produce some fixed B4

i and obtaining an equation of
coefficients {qA3

i
}. The key observation is that for any B4

i , there
are at most two commutators that generate it, consisting of a
3-local term in Q and a 2-local term in H . The following two
are only the commutators that may produce a 4-local operator
B4

i = (B(1)B(2)B(3)B(4) )i:

B(1) B(2) ?
B†

(4) B(4)

B(1) B(2) B(3) B(4)

? B(3) B(4)

B(1) B†
(1)

B(1) B(2) B(3) B(4)

,

(14)

where we use the fact that all interaction terms in our Hamilto-
nian (6) are written as CiC

†
i+1 for some operator basis element

C. Thus, at most one commutator corresponds to each of the
left and right forms in Eq. (14).

If only one commutator generates B4
i , we can immediately

conclude that A3
i has zero coefficients, as in Eq. (13). The

following proposition provides the sufficient conditions for
such a case.

Proposition 1. Assume Q to be a 3-local conserved quan-
tity and include A3

i = (A(1)A(2)A(3) )i with coefficient qA3
i
.

If there is no operator basis element C satisfying A(2) ∝
[A†

(1),C], then qA3
i
= 0 holds for any i.

This proposition means that a candidate 3-local con-
served quantity consists only of terms with the form of
(A(1)[A

†
(1),C]A(3) )i and k(� 2)-local terms.
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Proof. We fix the site i and omit writing it in the following.
According to Table I, for any element A(3) of the operator
basis, there is at least one element of an operator basis D that
does not commute with A(3). As discussed above, there are at
most two commutators that provide B4 ∝ A(1)A(2)[A(3), C̃]C̃†.
These commutators can be written in the following form:

A(1) A(2) A(3)

C̃ C̃†

A(1) A(2) [A(3), C̃] C̃†

? B(3) C̃†

A(1) A†
(1)

A(1) A(2) B(3) C̃†
.

(15)

By the assumption of the proposition, however, there is no
operator corresponding to the right form. Therefore, we have
the conclusion: q(A(1)A(2)A(3) )i = 0. �

We introduce a column expression of an operator as
Ai([B,C])i+1Di+2 = A B

C D i
. For example, we have

F0
E−1

= −3F−1 and F0 F0
E−1 E+1

= −3F0F−1E+1. We
also use the same symbol for the k � 4-local operators. Op-
erators of this form coincide with the elements of the local
quantity basis, up to constant factors. For notational simplic-
ity, we will also treat these operators as elements of the local
quantity basis. Here, the expansion coefficients are scaled so
that the following relation holds:

q
Ã

k
i
Ã

k
i = qAk

i
Ak

i . (16)

For example, we have q(−3F0F−1E+1 )i := − 1
3 q(F0F−1E+1 )i . By us-

ing this expression, the conclusion of Proposition 1 can be
understood that the candidates for A3 with nonzero coeffi-
cients are reduced to the following form:

A3 = A(1) A†
(1)

C A†
(3)

. (17)

The following proposition restricts the candidates for A3 with
nonzero coefficients to the case C = A(3).

Proposition 2. Assume Q to be a 3-local conserved quan-
tity and include A3

i described by Eq. (17). Unless C = A(3),
then qA3

i
= 0 holds.

Proof. First, we prove the proposition for the case of
A(3) = E0. That is, we show that a coefficient of A3 =

A(1) A†
(1)
C E0

is zero if C �= E0. For the case of C = F0, we

consider an output B4 = A(1) A†
(1)

F0 F+2 F−2
and obtain

the following two commutators:

A(1) A†
(1)

F0 E0

F+2 F−2

+2 A(1) A†
(1)

F0 F+2 F−2

F0 E0

F+2 F−2

A(1) A†
(1)

− A(1) A†
(1)

F0 F+2 F−2

.

(18)

Thus, by the condition rB4
i
= 0, we have

+ 2q
A(1) A†

(1)
F0 E0 i

− q
F0 E0

F+2 F−2 i+1

= r
A(1) A†

(1)
F0 F+2 F−2 i

= 0. (19)

Therefore, we find that the coefficient of A3 =
A(1) A†

(1)
F0 E0

is proportional to the coefficient of
F0 E0

F+2 F−2
:

q
A(1) A†

(1)
F0 E0 i

∝ q
F0 E0

F+2 F−2 i+1
, (20)

where the proportionality constant is nonzero, which is deter-
mined by the coupling constants of the Hamiltonian and the
constant factor in the commutation relation (see Table I). On
the other hand, the coefficient of F0 E0

F+2 F−2
∝ F0F+2F−2

is zero by Proposition 1. Therefore, we have shown that the

coefficient qA3
i

of A3 = A(1) A†
(1)

F0 E0
is zero.

Similarly, for the case of C �= E0, F0, we have

q
A(1) A†

(1)
C E0 i

∝ q
C E0

C C†
i+1

= 0. (21)

Here, the equality follows from Proposition 1 because A3 =
C E0

C C† ∝ CCC† cannot be written in the form of

Eq. (17), i.e., A3 �∝ C C†

C̃ C† for any C̃. Absence of such

a C̃ can be confirmed in Table I. This completes the proof for
the case of A(3) = E0. In other words, we obtain

q(A(1)A(2)E0 )i = 0 except for A(2) ∝ [A†
(1) E0]. (22)

For general A(3), we reduce the problem to the case of
A(3) = E0. If A(3) �= E0, F0, by considering column relations
similar to Eq. (18), we have

q
A(1) A†

(1)

C A†
(3) i

∝ q
C A†

(3)
E0 E0 i+1

. (23)

Because of C A†
(3)

E0 E0
∝ CA†

(3)E0 and Eq. (22), the right-

hand side of Eq. (23) is zero unless C = A(3).
For the case of A(3) = F0, we have

q
A(1) A†

(1)
C F0 i

∝ q
C F0

E+1 E−1 i+1
. (24)

From Proposition 1, for q C F0
E+1 E−1 i+1

to be nonzero, it

is necessary that C F0
E+1 E−1

= C C†

C̃ E−1
holds for

some C̃. By the proof of this proposition for the case of A(3) =
E−1, q C F0

E+1 E−1 i+1
is zero unless C̃ = E+1. This con-

dition C̃ = E+1 is equivalent to C(= C†) = F0 = A(3). This
concludes the proof of Proposition 2. �

We have seen that the 3-local operators that may have
nonzero coefficients are restricted to the following form: A3 =

C(1) C†
(1)

C(2) C†
(2)

, which we call a doubling operator. Here,
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C(1) and C(2) are arbitrary elements of the operator basis that
are noncommutative.

As the last proposition of Step 1, we state that the coeffi-
cients of the three-support operators A3

i have only 1 degree of
freedom.

Proposition 3. Asuume Q to be a 3-local conserved quan-
tity. The coefficients of all doubling operators are proportional
to each other. Precisely, their coefficients can be written as

q
C(1) C†

(1)

C(2) C†
(2) i

= qk=3c(1)c(2), (25)

by using some constant qk=3 independent of i. Here, we denote
the coupling constant of the interaction term C(n), jC

†
(n), j+1 as

c(n).
Proof. By similar arguments as before, the coefficients of

doubling operators are proportional to each other as

q
C(1) C†

(1)

C(2) C†
(2) i

∝ q
C(2) C†

(2)

C(3) C†
(3) i+1

∝ q
C(3) C†

(3)

C(4) C†
(4) i+2

∝ · · · , (26)

where the sequence {C(3),C(4), . . .} is arbitrary as long as
C†

(n−1) and C(n) are noncommutative. By taking {C(n)} appro-
priately, we can show that the coefficients of any two doubling
operators are proportional.

Next, we determine the proportionality constants of the
coefficients. We consider two commutators with the following

general forms:

C(1) C†
(1)

C(2) C†
(2)

C(3) C†
(3)

+ C(1) C†
(1)

C(2) C†
(2)

C(3) C†
(3)

C(2) C†
(2)

C(3) C†
(3)

C(1) C†
(1)

− C(1) C†
(1)

C(2) C†
(2)

C(3) C†
(3)

,

(27)

where we define

C(1) C†
(1)

C(2) C†
(2)

C(3) C†
(3)

:= C(1)
C†

(1)
C(2)

C†
(2)

C(3)
C†

(3), (28)

as a generalization of the column expression of operators. The
above two forms yield

c(3)q
C(1) C†

(1)

C(2) C†
(2) i

− c(1)q
C(2) C†

(2)

C(3) C†
(3) i+1

=0,

(29)

which is equivalent to Eq. (25). �

B. Step 2 (analysis of rBk
i

= 0) for k = 3 case

So far, we have only focused on 4-local terms of [Q, H]. In
this step, by focusing on 3-local outputs, we eliminate the last
1 degree of freedom qk=3 and show that all qA3

i
are zero. In

fact, in the case k = 3, this process is completed by focusing
only on r(E0E0F0 )i = 0. The set of commutators that can yield
B3 = E0E0F0 are listed as follows:

? F0

E0 E0

E0 E0 F0

E0 ?
F0 F0

E0 E0 F0

∣∣∣∣∣∣
? E0 F0

F0

E0 E0 F0

E0 ? F0

F0

E0 E0 F0

E0 E0 ?
F0

E0 E0 F0

∣∣∣∣∣∣
? ? F0

? ?
E0 E0 F0

E0 ? ?
? ?

E0 E0 F0

.

(30)

The left two in Eq. (30) are commutators of 2-local terms in
Q and the interaction terms in H , generating E0E0F0. Such
a form does not exist in fact, because [C, E0] and [C, F0] are
not proportional to E0 for any element C in the operator basis.
Next, the middle three forms in Eq. (30) represent commuta-
tors of 3-local terms in Q and on-site term F0 in H . No such
a form exists either, because [C, F0] are not proportional to E0

or F0 for any element C in the operator basis. Therefore, all
that yields nontrivial terms are the remaining right two forms
in Eq. (30), that is, commutators of 3-local terms in Q and the
interaction terms in H . These operators share two sites and
therefore have a more complex commutator than before. For
example, we consider the commutator between E+1,iF−1,i+1

and E−1,iE+1,i+1. By using the anticommutator Table III in
Appendix B, we have

[E+1,iF−1,i+1, E−1,iE+1,i+1]

= 1

2
E0,i{F−1,i+1, E+1,i+1} − 1

2
{E−1,i, E+1,i}F0,i+1

= 1

2
E0,iE0,i+1 − 1

2

(
4

3
Ii − 1

3
F0,i

)
F0,i+1

= 1

2
E0,iE0,i+1 + 1

6
F0,iF0,i+1 − 2

3
F0,i+1, (31)

where {•, •} is the anticommutator. Here, we used the follow-
ing equality:

[A ⊗ B,C ⊗ D]

= 1
2 [A,C] ⊗ {B, D} + 1

2 {A,C} ⊗ [B, D]. (32)

As can be seen from these equations, a commutator of op-
erators that share more than one site may not necessarily be
written with a single operator in our basis. We use a double
line in the column expression of the commutator, meaning
that we only focus on one of the output operators (here,
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B3
i = E0,iE0,i+1F0,i+2) as

E+1 F−1 F0

E−1 E+1

+1/2 E0 E0 F0

. (33)

We also combine this symbol with the column expression of
an operator as

E+1 E−1

F0 F0

E−1 E+1

+3/2 E0 E0 F0

. (34)

In the following, we list all contributions to E0E0F0 that can
be written in the two forms on the right of Eq. (30). Noting that
3-local terms A3 in Q can be written in the form of doubling

operator, these forms are either of the following:

C C†

F0 F0

D D†

E0 E0 F0

E0 E0

C C†

D D†

E0 E0 F0

, (35)

where C and D are some elements of the operator ba-
sis. Analogous to Eq. (5), the products of two opera-
tors Em1 Em2 , Em1 Fm2 , Fm1 Em2 , and Fm1 Fm2 can be written
by linear combinations of Em1+m2 and Fm1+m2 where we
consider m1, m2 ∈ {0,±1,±2} [69]. Thus, the candidate
pairs of C and D that generate E0E0F0 are (C, D) =
(E±1E∓1), (E±1F∓1), (F±1E∓1), (F±1F∓1), and (F±2F∓2). Fol-
lowing Eq. (34), we enumerate the contributions to E0E0F0 of
all these commutators as

E+1 E−1

F0 F0

E−1 E+1

+3/2 E0 E0 F0

E+1 E−1

F0 F0

F−1 F+1

−3/2 E0 E0 F0

F+1 F−1

F0 F0

E−1 E+1

−3/2 E0 E0 F0

F+1 F−1

F0 F0

F−1 F+1

+3/2 E0 E0 F0

F+2 F−2

F0 F0

F−2 F+2

0 E0 E0 F0

E−1 E+1

F0 F0

E+1 E−1

+3/2 E0 E0 F0

E−1 E+1

F0 F0

F+1 F−1

−3/2 E0 E0 F0

F−1 F+1

F0 F0

E+1 E−1

−3/2 E0 E0 F0

F−1 F+1

F0 F0

F+1 F−1

+3/2 E0 E0 F0

F−2 F+2

F0 F0

F+2 F−2

0 E0 E0 F0

, (36)

E0 E0

E+1 E−1

E−1 E+1

−1/6 E0 E0 F0

E0 E0

E+1 E−1

F−1 F+1

−1/2 E0 E0 F0

E0 E0

F+1 F−1

E−1 E+1

−1/2 E0 E0 F0

E0 E0

F+1 F−1

F−1 F+1

−1/6 E0 E0 F0

E0 E0

F+2 F−2

F−2 F+2

+1/3 E0 E0 F0

E0 E0

E−1 E+1

E+1 E−1

−1/6 E0 E0 F0

E0 E0

E−1 E+1

F+1 F−1

−1/2 E0 E0 F0

E0 E0

F−1 F+1

E+1 E−1

−1/2 E0 E0 F0

E0 E0

F−1 F+1

F+1 F−1

−1/6 E0 E0 F0

E0 E0

F−2 F+2

F+2 F−2

+1/3 E0 E0 F0

.

(37)

Therefore, applying the results of Proposition 3 yields the following equation:

0 = r(E0E0F0 )i = qk=3( f0(+3/2e+1e−1 − 3/2e+1 f−1 − 3/2 f+1e−1 + 3/2 f+1 f−1 + 0 f+2 f−2

+ 3/2e−1e+1 − 3/2e−1 f+1 − 3/2 f−1e+1 + 3/2 f−1 f+1 + 0 f−2 f+2)

+ e0(−1/6e+1e−1 − 1/2e+1 f−1 − 1/2 f+1e−1 − 1/6 f+1 f−1 + 1/3 f+2 f−2

− 1/6e−1e+1 − 1/2e−1 f+1 − 1/2 f−1e+1 − 1/6 f−1 f+1 + 1/3 f−2 f+2)). (38)

By substituting Eq. (7), we obtain

0 = qk=3
(−1/3(J1 − J2/2)3 − 1/2(J1 − J2/2)2J2 + 1/12(J1 − J2/2)J2

2 + 1/8J3
2

)
= −qk=3

3
J1(J1 − J2)(J1 + J2), (39)

which means that qk=3 = 0 holds unless J1 �= 0,±J2. There-
fore, together with exception handling in Appendix A and
Sec. V, the BLBQ model (1) is shown to possess no 3-local
conserved quantity except for known integrable systems. This
completes the proof of Theorem 1 for k = 3.

C. Step 1 (analysis of rBk+1
i

= 0) for 3 � k � N/2

We give a proof of the absence of general k-local con-
served quantities (3 � k � N/2). We note that the argument
for k = 3 is also essential for general k. In particular, Step 1
in the proof for general k is parallel to that for k = 3 (see
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Sec. IV A). In the following, we use a generalization of the
column expression of operators to multiple rows [e.g., for
three rows, see Eq. (28)].

Proposition 4. Assume Q to be a k-local conserved quan-
tity and include A3

i with coefficient qA3
i
. If there is no sequence

of operator basis elements {C(n)} satisfying

Ak ∝

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) A(k)

,

(40)

then qAk
i
= 0 holds for any i.

Proof. The proof is similar to that of Proposition 1. First,
we consider Ak = A(1)A(2) · · · A(k−1)A(k) whose A(2) is not pro-
portional to [A†

(1),C] for any C. For D noncommutive with

A(k), Ak is the only operator whose commutator with the
Hamiltonian gives Bk+1 = A(1)A(2) · · · A(k−1)[A(k), D]D†:

A(1) A(2) · · · A(k−1) A(k)

D D†

A(1) A(2) · · · A(k−1) [A(k), D] D†
(41)

[70]. Thus, the coefficient of this Ak is zero.
Next, we consider

Ak ∝ C(1) C†
(1)

C(2) A(3) A(4) · · · A(k−1) A(k)
,

(42)

where A(3) is not proportional to [C†
(2),C] for any C. For D

noncommutive with A(k), we analyze all the commutators that
generate the following Bk+1:

Bk+1 =
C(1) C†

(1)
C(2) A(3) A(4) · · · A(k−1) A(k)

D D†
.

(43)

We have the following two commutators:

C(1) C†
(1)

C(2) A(3) A(4) · · · A(k−1) A(k)

D D†

C(1) C†
(1)

C(2) A(3) A(4) · · · A(k−1) A(k)

D D†

(44)

and

C(2) A(3) A(4) · · · A(k−1) A(k)

D D†

C(1) C†
(1)

C(1) C†
(1)

C(2) A(3) A(4) · · · A(k−1) A(k)

D D†

.

(45)

Since rBk+1
i

= 0, we have

q
C(1) C†

(1)
C(2) A(3) A(4) · · · A(k−1) A(k) i

= c(1)

d
q

C(2) A(3) A(4) · · · A(k−1) A(k)

D D†
i+1

= 0, (46)

where we use the fact that we proved in the first part.
A similar argument allows us to prove the general case by

induction. For example, we consider

Ak ∝
C(1) C†

(1)

C(2) C†
(2)

C(3) A(4) A(5) · · · A(k−1) A(k)

, (47)

where A(4) is not proportional to [C†
(3),C] for any C. Then, we

have

q
C(1) C†

(1)

C(2) C†
(2)

C(3) A(4) A(5) · · · A(k−1) A(k) i

∝ q
C(2) C†

(2)
C(3) A(4) A(5) · · · A(k−1) A(k)

C̃(1) C̃†
(1) i+1

∝ q
C(3) A(4) A(5) · · · A(k−1) A(k)

C̃(1) C̃†
(1)

C̃(2) C̃†
(2) i+2

= 0, (48)

as discussed above. Therefore, we have proven that qAk
i
= 0

for any i and Ak not of the form of Eq. (40). �
Proposition 5. Assume Q to be a k-local conserved quan-

tity. qAk
i
= 0 holds for any i unless Ak is a doubling operator,

that is,

Ak =

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) C†
(k−1)

.

(49)

Proof. The proof is similar to that of Proposition 2. First,
if A(k) = E0 and C(k−1) = F0, then we have

q

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)
F0 E0 i

∝ · · ·

∝ q
F0 E0

F+2 F−2
. . .

i+k−2

= 0, (50)

by a similar discussion in Eq. (20).
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If A(k) = E0 and C(k−1) �= E0, F0 hold, we obtain the
following:

q

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) E0 i

∝ · · ·

∝ q

C(k−1) E0

C(k−1) C†
(k−1)

. . .
i+k−2

= 0. (51)

Therefore, the proof for the case A(k) = E0 is complete. In the
case of A(k) �= E0, the coefficient can be shown to be zero by
reducing the discussion to Eqs. (50) and (51), as in the latter
part of the proof of Proposition 2. �

Proposition 6. Assume Q to be a k-local conserved
quantity.

q

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) C†
(k−1) i

= qkc(1)c(2) · · · c(k−2)c(k−1), (52)

by using some constant qk . Here, we denote the coupling
constant of the interaction term C(n), jC

†
(n), j+1 as c(n).

Proof. Using the periodic boundary condition, we can
show that the coefficients of any two doubling operators
are proportional, as is the case with Proposition 3. In addi-
tion, Eq. (52) is consistent with the equations available from
{rBk

i
= 0}.

D. Step 2 (analysis of rBk
i

= 0) for 3 � k � N/2

In this step, the only remaining degree of freedom qk is
eliminated by using the fact that each k-local term Bk

i of the
commutator [Q, H] has zero coefficient.

We introduce a symbol representing the common operator
E0 acting on successive sites as

E−1E⊗k−2
0 E+1

:= E−1 E0E0 · · · E0E0︸ ︷︷ ︸
k−2

E+1

=

E−1 E+1

E−1 E+1
. . .

E−1 E+1

E−1 E+1

. (53)

Using this symbol, we state the k-local terms Bk
j’s we use.

Unlike the case of k = 3, we focus on multiple Bk
j’s for

k > 3. We eliminate the degree of freedom qk by linking

the equations obtained from them. Specifically, for integer
m ∈ [0, k − 3], we use Bk

i−m, expressed as follows:

Bk
i−m =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E0 E0 F0

E−1 E⊗k−4
0 E+1 i

(m = 0),

E−1 E⊗m−1
0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1 i−m

(1 � m � k − 4),

E−1 E⊗k−4
0 E+1

E0 E0 F0 i−k+3
(m = k − 3).

(54)

In the following, we enumerate the commutators contributing
to each Bk

i−m and obtain the equations {qAk
i
} and {qAk−1

i
}.

First, for m = 0 case, we take

Bk
i = E0 E0 F0

E−1 E⊗k−4
0 E+1 i

(55)

and analyze all the commutators that generate this Bk
i . All

the commutators that produce this Bk
i are classified into the

following three cases, as in Eq. (30): (1) commutators of
Ak−1

j of Q and interaction terms of H that share a single site,

(2) those of Ak
j and magnetic field terms that share a single

site, and (3) those of Ak
j and interaction terms that share two

sites.
There is only one contribution in case (1), represented as

E0 E0 F0

E−1 E⊗k−5
0 E+1

E−1 E+1

+ E0 E0 F0

E−1 E⊗k−5
0 E0 E+1

. (56)

Next, no pair of Ak
j and a magnetic field term may con-

tribute as in case (2), because, for any doubling operator
Ak

i , commutators with F0 in all positions do not generate
this Bk

i .
Finally, we consider commutators of Ak

i and interaction
terms. We divide the cases according to the relative position
of the interaction term to Ak

i . If the interaction is located at the
first and second sites from the left of Ak

i , the commutator is
described as follows:

C C†

F0 F0

E−1 E⊗k−4
0 E+1

D D†

E0 E0 F0

E−1 E⊗k−4
0 E+1

, (57)

up to constant factors. Here, C, D, and the con-
stant multipliers in the commutator are the same as in
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Eq. (36):

(C, D, factor)

= (E+1, E−1,+3/2), (E+1, F−1,−3/2),

(F+1, E−1,−3/2), (F+1, F−1,+3/2), (F+2, F−2, 0),

(E−1, E+1,+3/2), (E−1, F+1,−3/2),

(F−1, E+1,−3/2), (F−1, F+1,+3/2), (F−2, F+2, 0).

If the interaction is located at the second and third sites from
the left of Ak

j , we have the following relations up to constant
factors:

E0 E0

C C†

E−1 E⊗k−4
0 E+1

D D†

E0 E0 F0

E−1 E⊗k−4
0 E+1

, (58)

with

(C, D, factor)

= (E+1, E−1, 0), (E+1, F−1, 0),

(F+1, E−1,−1/3), (F+1, F−1,−1/3), (F+2, F−2, 0),

(E−1, E+1,−1/6), (E−1, F+1,−1/6),

(F−1, E+1,−1/2), (F−1, F+1,+1/6),

(F−2, F+2,+1/3).

In fact, the relative position of Ak
i and the interaction term

cannot be other than these cases. The reasons for this are as
follows: There is no doubling operator that can be written in
the form E0E0 · · · . Thus, either the first or second site from
the left must change by commuting with the interaction term.

By considering all the contributions described in Eqs. (56)–
(58), we obtain the following equations:

0 = r
E0 E0 F0

E−1 E⊗k−4
0 E+1 i

= +e−1q
E0 E0 F0

E−1 E⊗k−5
0 E+1 i

+ qkek−3
−1

(
f0(+3/2e+1e−1 − 3/2e+1 f−1 − 3/2 f+1e−1 + 3/2 f+1 f−1 + 0 f+2 f−2

+ 3/2e−1e+1 − 3/2e−1 f+1 − 3/2 f−1e+1 + 3/2 f−1 f+1 + 0 f−2 f+2)

+ e0(+0e+1e−1 + 0e+1 f−1 − 1/3 f+1e−1 − 1/3 f+1 f−1 + 0 f+2 f−2

− 1/6e−1e+1 − 1/6e−1 f+1 − 1/2 f−1e+1 + 1/6 f−1 f+1 + 1/3 f−2 f+2)
)
. (59)

Next, for 1 � m � k − 4, we take

Bk
i−m =

E−1 E⊗m−1
0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1 i−m

. (60)

All the commutators generating this Bk
i−m are

E−1 E⊗m−2
0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1

E−1 E+1

− E−1 E0 E⊗m−2
0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1

E−1 E⊗m−1
0 E+1

E0 E0 F0

E−1 E⊗k−m−5
0 E+1

E−1 E+1

+ E−1 E⊗m−1
0 E+1

E0 E0 F0

E−1 E⊗k−m−5
0 E0 E+1

, (61)

E−1 E⊗m−1
0 E+1

C C†

F0 F0

E−1 E⊗k−m−4
0 E+1

D D†

E−1 E⊗m−1
0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1

with

(C, D, factor)
= (E+1, E−1, 0), (E+1, F−1, 0),

(F+1, E−1,−3), (F+1, F−1,−3), (F+2, F−2, 0),
(E−1, E+1,+3/2), (E−1, F+1,+3/2),
(F−1, E+1,−3/2), (F−1, F+1,+9/2), (F−2, F+2, 0),

(62)
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E−1 E⊗m−1
0 E+1

E0 E0

C C†

E−1 E⊗k−m−4
0 E+1

D D†

E−1 E⊗m−1
0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1

with

(C, D, factor)
= (E+1, E−1, 0), (E+1, F−1, 0),

(F+1, E−1,−1/3), (F+1, F−1,−1/3), (F+2, F−2, 0),
(E−1, E+1,−1/6), (E−1, F+1,−1/6),
(F−1, E+1,−1/2), (F−1, F+1,+1/6), (F−2, F+2,+1/3),

(63)

which read

0 = r
E−1 E⊗m−1

0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1 i−m

= −e−1q
E−1 E⊗m−2

0 E+1

E0 E0 F0

E−1 E⊗k−m−4
0 E+1 i−m

+ e−1q
E−1 E⊗m−1

0 E+1

E0 E0 F0

E−1 E⊗k−m−5
0 E+1 i−m+1

+ qkek−3
−1

(
f0(+ 0e+1e−1 + 0e+1 f−1 − 3 f+1e−1 − 3 f+1 f−1 + 0 f+2 f−2

+ 3/2e−1e+1 + 3/2e−1 f+1 − 3/2 f−1e+1 + 9/2 f−1 f+1 + 0 f−2 f+2)

+ e0(+0e+1e−1 + 0e+1 f−1 − 1/3 f+1e−1 − 1/3 f+1 f−1 + 0 f+2 f−2

− 1/6e−1e+1 − 1/6e−1 f+1 − 1/2 f−1e+1 + 1/6 f−1 f+1 + 1/3 f−2 f+2)
)
. (64)

Finally, for m = k − 3, we consider

Bk
i−k+3 = E−1 E⊗k−4

0 E+1

E0 E0 F0 i−k+3
. (65)

All the commutators generating this Bk
i−k+3 are

E−1 E⊗k−4
0 E+1

E0 E0 F0

E−1 E+1

− E−1 E0 E⊗k−4
0 E+1

E0 E0 F0

, (66)

E−1 E⊗k−4
0 E+1

C C†

F0 F0

D D†

E−1 E⊗k−4
0 E+1

E0 E0 F0

(C, D, factor)
= (E+1, E−1, 0), (E+1, F−1, 0),

(F+1, E−1,−3), (F+1, F−1,−3), (F+2, F−2, 0),
(E−1, E+1,+3/2), (E−1, F+1,+3/2),
(F−1, E+1,−3/2), (F−1, F+1,+9/2), (F−2, F+2, 0),

(67)

E−1 E⊗k−4
0 E+1

E0 E0

C C†

D D†

E−1 E⊗k−4
0 E+1

E0 E0 F0

(C, D, factor)
= (E+1, E−1,−1/6), (E+1, F−1,−1/2),

(F+1, E−1,−1/2), (F+1, F−1,−1/6), (F+2, F−2,+1/3),
(E−1, E+1,−1/6), (E−1, F+1,−1/2),
(F−1, E+1,−1/2), (F−1, F+1,−1/6), (F−2, F+2,+1/3).

(68)
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It should be noted that the factors in the last and second commutators correspond to Eqs. (37) and (62), respectively. These three
forms give the following equation:

0 = r
E−1 E⊗k−4

0 E+1

E0 E0 F0 i−k+3

= −e−1q
E−1 E⊗k−5

0 E+1

E0 E0 F0 i−k+4

+ qkek−3
−1 ( f0(+0e+1e−1 + 0e+1 f−1 − 3 f+1e−1 − 3 f+1 f−1 + 0 f+2 f−2

+3/2e−1e+1 + 3/2e−1 f+1 − 3/2 f−1e+1 + 9/2 f−1 f+1 + 0 f−2 f+2)

+e0(−1/6e+1e−1 − 1/2e+1 f−1 − 1/2 f+1e−1 − 1/6 f+1 f−1 + 1/3 f+2 f−2

−1/6e−1e+1 − 1/2e−1 f+1 − 1/2 f−1e+1 − 1/6 f−1 f+1 + 1/3 f−2 f+2)).

(69)

By adding together Eqs. (59), (64), and (69), {qAk−1
j

} can be eliminated, and we obtain an equation with only {qAk−1
j

} as follows:

0 = qk (k − 1)ek−3
−1 ( f0(+3/2e+1e−1 − 3/2e+1 f−1 − 3/2 f+1e−1 + 3/2 f+1 f−1)

+ e0(−1/6e+1e−1 − 1/2e+1 f−1 − 1/2 f+1e−1 − 1/6 f+1 f−1 + 1/3 f+2 f−2)), (70)

which is equivalent to Eq. (38) under the assumption e−1 �=
0. Therefore, together with exception handling in Appendix
A and Sec. V, the BLBQ model (1) has shown to have no
k-local conserved quantity (3 � k � N/2) except for known
integrable systems.

E. k = 2 case

The argument in step 1 holds exactly as in the general k
case (whereas the argument in step 2 does not). As a result,
the coefficients of the terms in the 2-local conserved quantities
are zero except for the doubling operators CC†. Furthermore,
the coefficients of the doubling operators can be expressed as

q(CC† )i
= qk=2c, (71)

by using a certain constant qk=2. This means that 2-local
operators of any 2-local conserved quantity are identical to the
Hamiltonian. In other words, all 2-local conserved quantities
are written as the sum of Hamiltonian and 1-local conserved
quantities. Therefore, there are no 2-local conserved quantities
independent of the Hamiltonian.

F. k = 1 case

First, we consider the coefficients qEm,i . All the commuta-
tors generating B2

i = (E+1E−1)i are as follows:

E0

E+1 E−1

+ E+1 E−1

E0

E+1 E−1

− E+1 E−1

, (72)

which read

e+1qE0,i − e+1qE0,i+1 = 0 for all i. (73)

Similarly, we consider all the commutators generating
B2

i = (E0E±1)i as

E±1

E∓1 E±1

± E0 E±1

E±1

E0 E0

∓ E0 E±1

, (74)

which read

e+1qE±1,i = e0qE±1,i+1 for all i. (75)

By substituting Eq. (7) for these equations, we obtain

qE0,i = qE0 ,

qE±1,i = qE±1 , independent of i. (76)

When D = 0, these equations correspond to the following
conserved quantities:

N∑
i=1

E0,i

(
=

N∑
i=1

Sz
i

)
, (77)

N∑
i=1

E±1,i

(
= 1√

2

N∑
i=1

Sx
i ± i√

2

N∑
i=1

Sy
i

)
, (78)

that is, the total uniform magnetization. Meanwhile, if D �= 0,
the first one, i.e., the total magnetization in the z direction (77),
is conserved, but those in other directions (78) are not. In fact,
qE±1 = 0 when D �= 0 holds. This is shown by considering a
1-local output F±1,i, which is generated only by

E±1

F0

∓3 F±1

. (79)

Now that we have exhausted all independent conserved quan-
tities for which qEm,i �= 0 for some i, we can assume qEm,i = 0
for all i in the following.

Next, we show that there are no other 1-local conserved
quantities in the BLBQ model except for the case with
J1 ∈ {0, J2}. We consider all the commutators generating
B2

i = (F+1E−1)i as

F0

E+1 E−1

3 F+1 E−1

F0

F+1 F−1

−3 F+1 E−1

, (80)

which read

e+1qF0,i = f+1qF0,i+1 for all i. (81)

Here, if there exists a 1-local conserved quantity with nonzero
coefficient of F0,i, then

|e+1| = | f+1| (82)
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must be satisfied. This is because the following holds:

eN
+1qF0,i = eN−1

+1 f+1qF0,i+1

= eN−2
+1 f 2

+1qF0,i+2

= · · ·
= f N

+1qF0,i , (83)

by the periodic boundary condition. Under Eq. (7), Eq. (82)
implies

J1 − J2/2 = ±J2/2, (84)

which is equivalent to J1 ∈ {0, J2}. Thus, if J1 /∈ {0, J2},
qF0,i = 0 holds for all i.

Similarly, we consider all the commutators generating
B2

i = F0,iE±1,i+1 as

F±1

E∓1 E±1

± F0 E±1

F±1

F0 F0

∓3 F0 E±1

, (85)

which read

e∓1qF±1,i = 3 f0qF±1,i+1 . (86)

Furthermore, we consider all the commutators generating
B2

i = F±1,iE±1,i+1 as

F±2

E∓1 E±1

± F±1 E±1

F±2

F±1 F∓1

∓ F±1 E±1

, (87)

which read

e∓1qF±2,i = f±1qF∓2,i+1 . (88)

By similar arguments to Eq. (83), Eqs. (86) and (88) yield
qF±1,i = qF±2,i = 0 and qF+2,i = 0, respectively, under the as-
sumption J1 /∈ {0, J2}. As a result, we show that the all of
1-local conserved quantities of the BLBQ model are Eq. (77)
[and Eq. (78) for D = 0], except for the case with J1 ∈ {0, J2}.

Finally, we consider the model with J1 ∈ {0, J2}. By
Eqs. (81), (86), and (88), we have the following candidate for
additional 1-local conserved quantities:

N∑
i=1

F0,i

(
= 3

N∑
i=1

(
Sz

i

)2 − 2N

)
, (89)

N∑
i=1

F±1,i

(
=

N∑
i=1

{
Sz

i , Sx
i

}
√

2
± i

N∑
i=1

{
Sz

i , Sy
i

}
√

2

)
, (90)

N∑
i=1

F±2,i

(
=

N∑
i=1

(
Sx

i − Sy
i

)2

2
± i

N∑
i=1

{
Sx

i , Sy
i

}
2

)
, (91)

for J1 = J2, and
N∑

i=1

(−1)iF0,i, (92)

N∑
i=1

(−1)iF±1,i, (93)

N∑
i=1

(−1)iF±2,i, (94)

for J1 = 0 and even N . We note that there is no additional
1-local conserved quantity for J1 = 0 if N is odd by Eqs. (81),
(86), and (88).

In the case of J1 = J2 or both J1 = 0 and even N , all of
them are actual conserved quantities if D = 0. The first one
[Eq. (89) for J1 = J2 and Eq. (92) for J1 = 0] and the third
one [Eq. (91) for J1 = J2 and Eq. (94) for J1 = 0 and even
N] are also conserved even for D �= 0. On the other hand, the
coefficients of F±1,i vanish for D �= 0 by a similar argument in
Eq. (79).

Now, we summarize the above conclusions for the case
of a nonintegrable system (D �= 0, J1 = 0, and even N). In
this case, there are three 1-local conserved quantities other
than the total magnetization, which are in Eqs. (92) and (94).
Rewriting these quantities in spin basis and further expressing
those as three independent Hermitian observables, we obtain

N∑
i=1

(−1)i
(
Sz

i

)2
,

N∑
i=1

(−1)i
((

Sx
i

)2 − (
Sy

i

)2)
,

N∑
i=1

(−1)i
(
Sx

i Sy
i + Sy

i Sx
i

)
. (95)

This completes a proof of Theorem 2.

V. NONINTEGRABILITY OF SYSTEMS WITH
ANISOTROPIC INTERACTIONS

In Step 2 of the proof in Sec. IV, we only considered one
family of outputs Bk

i−m [Eq. (54)]. By using other outputs, we
can obtain other equation for the coefficients. For example, we
take a family of outputs Bk as the following type of operators:

. . .

F+2 F−2

E+1,i E+1 F−2

Ã Ã†

. . .

. (96)

The fact that all coefficients of those are zero yields the fol-
lowing equation:

qk
(
(e+1 − f+1)

(
f+2(e0 + 3 f0 + 6h)

− (
e2
+1 + 6e+1 f+1 + f 2

+1

)) − f 2
+2(e−1 − f−1)

) = 0. (97)

Substituting Eq. (7), Eq. (97) reduces to

−qk (J1 − J2)
(
J2

1 + J1J2 − 6hJ2
) = 0, (98)

which gives the rest of the proof of nonintegrability, i.e., for
the model with J1 ∈ {0,−J2} and D �= 0.

Up to this point, we restricted the discussion to the BLBQ
model (1). However, the exactly same proof is valid as long
as all coupling constants are nonzero. As a more general
model to which our discussion is applicable, we introduce the
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following model:

H =
N∑

j=1

( ∑
m∈{0,±1}

emEm, jE−m, j+1

+
∑

m∈{0,±1,±2}
fmFm, jF−m, j+1 + hF0, j

)
, (99)

where h ∈ R and em, fm ∈ C \ {0}. Here, we impose Her-
miticity: Except for the restriction of coefficients to nonzero
values, this extended model (99) can be characterized as a
general model having the following three symmetries: the
translation T , the spin rotation around z axis by arbitrary de-
gree Rz(θ ), and the time reversal �. Each of them transforms
the spin operators as

T �S jT
−1 = �S j+1,

Rz(θ )Sz
jR

−1
z (θ ) = Sz

j,

Rz(θ )Sx
j R

−1
z (θ ) = cos θSx

j + sin θSy
j ,

Rz(θ )Sy
j R

−1
z (θ ) = cos θSy

j − sin θSx
j ,

��S j�
−1 = −�S j . (100)

Note that, through the time reversal �, Em and Fm change
their sign of m, as in �Em�−1 = −E−m and �Fm�−1 = F−m,
because of the antiunitarity of �.

This model includes not only the BLBQ model (1),
but also models with anisotropic interactions such as the
Fateev-Zamolodchikov model [71]:

HFZ(�) =
N∑

j=1

(�S j · �S j+1 − (�S j · �S j+1)2

+ 2(�2 − 1)
(
Sz

jS
z
j+1 + 2

(
Sz

j

)2 − (
Sz

j

)2(
Sz

j+1

)2)
− 2(� − 1)

{
Sx

j S
x
j+1 + Sy

j S
y
j+1, Sz

jS
z
j+1

})
. (101)

This model is known to be integrable for any � ∈ R, and the
isotropic case, which is given by � = 1, corresponds to the
Takhtajan-Babujian model [J1 = −J2, D = 0 in Eq. (1)]. The
Hamiltonian (101) corresponds to the extended model (99)
with the following parameters:

e0 = −1

2
+ 2�2, e±1 = 1

2
+ �,

f0 = 1

18
− 2�2

9
, f±1 = 1

2
− �, f±2 = −1,

h = −4

9
+ 4�2

9
. (102)

This model satisfies em, fm ∈ R, which is equivalent to impos-
ing an additional symmetry under the spin-z flip Rx(π ), which
transform the spin operators as

Rx(π )Sx
j R

−1
x (π ) = Sx

j , (103)

Rx(π )Sy
j R

−1
x (π ) = −Sy

j , (104)

Rx(π )Sz
jR

−1
x (π ) = −Sz

j . (105)

Some models with real em and fm possess exactly solvable
ground states [72,73]. In particular, it can be regarded as a
generalization of the AKLT model.

By continuing the analysis of Step 2, we obtain the follow-
ing result for the extended model with spin-z flip symmetry.

Theorem 3. In the extended model (99) with nonzero real
coupling constants, there are no k-local conserved quantities
with 3 � k � N/2, except for the following specific cases.
The tuples below represent (e0, e+, f0, f+, h), where the pro-
portionality constant is fixed by setting f+2 = 1:

(1) ( ε1
2 , ε2

2 , ε1+2ε3
18 , ε2

2 , h0),
(2) (− 1

2 ,− ε1
2 , 1

6 , ε1
2 , 0),

(3) (−1, ε1
2 , 1

3 ,− ε1
2 , 0),

(4) (− ϕ+1
2 ,

√
ϕε1

2 ,
1+3ϕ

18 ,−
√

ϕε1

2 ,
ϕ−3
18ϕ

),

(5) (− 1
2 ,−

√
2ε1
4 , 5

18 ,
√

2ε1
4 , 1

36 ), and

(6) ( 1−4�2

2 , ε1−2�
2 , 4�2−1

18 , ε1+2�
2 , 4(1−�2 )

9 ).
Here, εi ∈ {±1}, h0 ∈ R, and � ∈ R \ {± 1

2 } are arbitrary pa-

rameters, and ϕ = (1 + √
5)/2 denotes the golden ratio.

Proof (outline). For example, from Eq. (97), we find that
either e+1 = f+1 or

f+2(e0 + 3 f0 + 6h) − (
e2
+1 + 6e+1 f+1 + f 2

+1

) − f 2
+2 = 0.

(106)

When e+1 = f+1, Eq. (70) implies 2|e+1| = | f+2|. Setting
f+2 = 1 yields e+1 = ε2

2 . In general, by examining outputs
other than those in Eqs. (54) and (96), we obtain additional
polynomial relations among the coefficients. Solving these
equations, we find that the only admissible solutions are those
listed above. �

For explicit lists of the resulting polynomials and for the
cases without spin-z symmetry, see Appendix C.

From Eq. (102), it follows that case 6 with ε1 = −1 corre-
sponds to the Fateev-Zamolodchikov model, which is solved
by the Bethe ansatz [74]. In fact, all these cases 1–6 are known
[75] to be derived from the Yang-Baxter equation [76,77],
which implies integrablity of these models [78]. Therefore,
Theorem 3 demonstrates that, within the extended model (99)
with nonzero real coupling constants, all models are noninte-
grable except for these known integrable cases 1–6.

VI. CONCLUSION AND DISCUSSION

We have proved that except for the known integrable sys-
tems, all systems in the BLBQ model with an anisotropic field
are nonintegrable, by showing the absence of k-local con-
served quantities with 3 � k � N/2. In particular, by proving
that the AKLT model is nonintegrable, the existence of non-
thermal energy eigenstates in that model is not caused by
integrability. We have also demonstrated the nonintegrability
of systems with anisotropic interactions beyond the BLBQ
model. Our results provide the first proof of nonintegrability
in spin-1 systems, which was considered to be a challenging
extension of nonintegrability proofs [54].

The operator basis (4) we used is based on spheri-
cal harmonic functions. Such an operator basis is similarly
constructed for the S � 3/2 spins [68]. Although some com-
mutators of two basis elements yield linear combinations of
multiple basis elements in higher spins, we believe that our
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proof of nonintegrability in spin-1 systems provides useful
insights into the possibility of that in spin S � 3/2 systems.

Note added. During the completion of this manuscript, we
became aware of an independent related work by Park and Lee
[79].
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APPENDIX A: FOR J2 = 0 AND J2 = 2J1

In the main text, we omitted the case J2 = 0, 2J1, where
some coupling constants are zero. In this section, we discuss
the local conserved quantities in these two parameter regions
and complete the proof of our results.

Before the proof, we need to clarify some terminology. So
far, we have used the two words, elements of the operator basis
and interaction terms in the same sense, but in the case of
J2 = 0, 2J1 the two are different concepts. That is, among the
elements of the operator basis, we refer to only those with
nonzero coupling constants as interaction terms. In addition,
among operators of the form in Eq. (49), we call the doubling
operator only those for which all C(n) are interaction terms.

1. Step 1 (analysis of rBk+1
i

= 0)

Let k be an integer between 2 and N/2. First, we show that
the k-local term of a k-local conserved quantity is a doubling
operator in two steps, as in the main text.

Proposition A1. Assume Q to be a k-local conserved quan-
tity of the BLBQ Hamiltonian (1) with J2 = 0 or J2 = 2J1.
qAk

i
= 0 holds for any i unless there are interaction terms {C(n)}

and A(k) satisfying

Ak ∝

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) A(k)

.

(A1)

Proof. The proof is similar to that of Proposition 4. We
note that in both cases J2 = 0 and J2 = 2J1, for any element A
of the operator basis some interaction term does not commute
with A.

First, we consider the case where Ak =
A(1)A(2) · · · A(k−1)A(k) and A(2) is not proportional to [A†

(1),C]
for any C. For some interaction term D that does not commute
with A(k), Ak is the only operator whose commutator with the
Hamiltonian gives Bk+1 = A(1)A(2) · · · A(k−1)[A(k), D]D†:

A(1) A(2) · · · A(k−1) A(k)

D D†

A(1) A(2) · · · A(k−1) [A(k), D] D†
. (A2)

Thus, qA3
i
= 0. If A(1) is not an interaction term, then qA3

i
= 0

as well.
For the general case, the same inductive argument as for

Proposition 4 leads to the conclusion. �
Next, we show that the coefficient of Ak

i is zero unless
C†

(k−1) = A(k).
Proposition A2. Assume Q to be a k-local conserved quan-

tity of the BLBQ Hamiltonian (1) with J2 = 0 or J2 = 2J1.
qAk

i
= 0 holds unless Ak is a doubling operator, that is,

Ak =

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) C†
(k−1)

.

(A3)

Proof. In the case J2 = 0, the proof is exactly the same as
Proposition 5.

We prove for the case J2 = 2J1. For notational simplic-
ity, we show only for k = 3, but the extension to general k
is straightforward as in the main text. First, we prove for
the case of C(2) = F0. That is, we show that a coefficient of

A3 = C(1) C†
(1)

F0 Fm
is zero if m �= 0. In fact, we have

q
C(1) C†

(1)
F0 Fm i

∝ q
F0 Fm

F−m Fm i+1
= 0,

(A4)

where we applied Proposition A1 to A3 = F0 Fm

F−m Fm
∝

F0E0Fm in the right equation. Similarly, we can prove for the
case of C(2) = F±2 by the following calculation:

q
C(1) C†

(1)
F±2 Fm i

∝ q
F±2 Fm

F±1−m F∓1+m i+1
= 0.

(A5)

Finally, we consider the case of C(2) = F±1. If A(3) = Fm and
−1 �= ±m � 1, then we have

q
C(1) C†

(1)
F±1 Fm i

∝ q
F±1 Fm

F∓1−m F±1+m i+1

∝ q
F0 F±1+m

F∓1−m F±1+m i+2
= 0,

(A6)
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where we applied Eq. (A4). When A(3) = F±2, then

q
C(1) C†

(1)
F±1 F±2 i

∝ q
F±1 F±2

F∓1 F±1 i+1

∝ q
F±2 F±1

F∓1 F±1 i+2
= 0,

(A7)

where we applied Eq. (A5). This completes the proof. �
Furthermore, the coefficients of the doubling operators are

proportional to each other, as Proposition 6.
Proposition A3. Assume Q to be a k-local conserved quan-

tity of the BLBQ Hamiltonian (1) with J2 = 0 or J2 = 2J1,
then the coefficients of all doubling operators are proportional
to each other. Precisely, their coefficients can be written as

q

C(1) C†
(1)

C(2) C†
(2)

. . .

C(k−2) C†
(k−2)

C(k−1) C†
(k−1) i

= qkc(1)c(2) · · · c(k−2)c(k−1), (A8)

by using some constant qk . Here, we denote the coupling
constant of the interaction term C(n), jC

†
(n), j+1 as c(n).

Proof. Using the fact that for any element of an operator
basis there is an interaction term that does not commute with
it, the proof is exactly the same as that of Proposition 6. �

The argument so far holds for k = 2. Therefore, as in
the main text, we have also shown that there is no 2-local
conserved quantity independent of the Hamiltonian.

2. Step 2 (analysis of rBk
i

= 0)

The discussion in Step 2 of the main text does not use the
fact that fm is not 0 until Eq. (70). Therefore, Eq. (70) is also

correct for J2 = 0, from which the absence of local conserved
quantities is shown. On the other hand, since em = 0 in the
case of J2 = 2J1, we need to discuss this case separately.
Specifically, instead of Eq. (54), we utilize the following
terms:

Ck
i−m =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E0 E0 F0

F−1 E⊗k−4
0 F+1 i

(m = 0),

F−1 E⊗m−1
0 F+1

E0 E0 F0

F−1 E⊗k−m−4
0 F+1 i−m

,

(1 � m � k − 4)

F−1 E⊗k−4
0 F+1

E0 E0 F0 i−k+3
(m = k − 3).

(A9)

Together with Eqs. (57) and (58) calculated in the main
text, it is sufficient to obtain the factors of the following
commutators:

F+1

C C†

F0

D D†

F+1

E0 E0

E0

C C†

F−1

D D†

E0 F0

F−1

, (A10)

instead of Eqs. (62) and (63). By a similar argument in the
main text, we have the following equations of the coefficients:

0 = r
E0 E0 F0

F−1 E⊗k−4
0 F+1 i

= + f−1q
E0 E0 F0

F−1 E⊗k−5
0 F+1 i

+ qk f k−3
−1 ( f0(+3/2 f+1 f−1 + 0 f+2 f−2 + 3/2 f−1 f+1 + 0 f−2 f+2)), (A11)

0 = r
F−1 E⊗m−1

0 F+1

E0 E0 F0

F−1 E⊗k−m−4
0 F+1 i−m

= − f−1q
F−1 E⊗m−2

0 F+1

E0 E0 F0

F−1 E⊗k−m−4
0 F+1 i−m

+ f−1q
F−1 E⊗m−1

0 F+1

E0 E0 F0

F−1 E⊗k−m−5
0 F+1 i−m+1

+ qk f k−3
−1 f0(−3 f+1 f−1 + 0 f+2 f−2 + 9/2 f−1 f+1 + 0 f−2 f+2), (A12)

0 = r
F−1 E⊗k−4

0 F+1

E0 E0 F0 i−k+3
= − f−1q

F−1 E⊗k−5
0 F+1

E0 E0 F0 i−k+4

+ qk f k−3
−1 ( f0(−3 f+1 f−1 + 0 f+2 f−2 + 9/2 f−1 f+1 + 0 f−2 f+2)). (A13)
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TABLE III. The anticommutator {a, b} of elements a and b in the operator basis.

�
��a
b

E+1 E0 E−1 F+2 F+1 F0 F−1 F−2

E+1 2F+2 F+1
4I−F0

3 0 0 −E+1 E0 E−1

E0 F+1
4I+2F0

3 F−1 0 E+1 2E0 E−1 0
E−1

4I−F0
3 F−1 2F−2 E+1 E0 −E−1 0 0

F+2 0 0 E+1 0 0 2F+2 −F+1
2I+F0

3
F+1 0 E+1 E0 0 −2F+2 −F+1

4I−F0
3 −F−1

F0 −E+1 2E0 −E−1 2F+2 −F+1 4I − 2F0 −F−1 2F−2

F−1 E0 E−1 0 −F+1
4I−F0

3 −F−1 −2F−2 0
F−2 E−1 0 0 2I+F0

3 −F−1 2F−2 0 0

By adding up these equations, we obtain

0 = 3/2qk (k − 1) f+1 f k−2
−1 f0, (A14)

which means qk = 0. Therefore, we proved that the BLBQ
model (1) with J2 = 2J1 has no k-local conserved quantity
(3 � k � N/2).

3. k = 1, 2 case

Finally, we consider k ∈ {1, 2}-local conserved quantities
as in the main text. As already mentioned at the end of
Appendix A 1, only the Hamiltonian is a 2-local conserved
quantity.

For 1-local conserved quantities, we show that, even for
J2 = 0, 2J1, the 1-local conserved quantities are restricted to
the total magnetization [Eqs. (77) and (78) for D = 0]. Again,
the proof is almost the same as that in the main text. For
example, we did not use the fact that the coupling constant is
nonzero in the derivation of Eq. (81). Therefore, qF0,i = 0 even
in the case of J2 = 0, 2J1. For J2 = 0, the discussion in the text
has already shown that the 1-local conserved quantities are the
total magnetization. In the case J2 = 2J1, only the arguments

in Eqs. (73) and (75) need to be changed. We consider the
following commutator:

E0

F+1 F−1

+ F+1 F−1

E0

F+1 F−1

− F+1 F−1

, (A15)

E−1

F+1 F−1

− F0 F−1

E−1

F0 F0

+ F0 F−1

, (A16)

instead of Eqs. (72) and (74). These relations read

f+1qE0,i = f+1qE0,i+1 ,

f+1qE−1,i = f0qE−1,i+1 for all i. (A17)

The rest of the discussion is the same as in the main text. In
summary, it is shown that the 1-local conserved quantities are
restricted to the trivial ones, i.e., the total magnetization even
for J2 = 0, 2J1.

APPENDIX B: THE ANTICOMMUTATOR TABLE FOR
THE OPERATOR BASIS

For the convenience of the readers, we summarize the anti-
commutator of two elements in our operator basis in Table III.

APPENDIX C: NECESSARY CONDITIONS FOR INTEGRABILITY IN THE EXTENDED MODEL

In the extended model (99) defined in Sec. V, we continue the analysis of Step 2 and obtain the following polynomial
conditions as necessary conditions for the existence of k-local conserved quantity for some k [80] satisfying 3 � k � N/2:

3/2 f0|e+1 − f+1|2 + e0(−1/6|e+1|2 − 1/2e+1 f−1 − 1/2 f+1e−1 − 1/6| f+1|2 + 1/3| f+2|2) = 0, (C1)

(e+1 − f+1)
(

f+2(e0 + 3 f0 + 6h) − (
e2
+1 + 6e+1 f+1 + f 2

+1

)) − f 2
+2(e−1 − f−1) = 0, (C2)

3 f0( f−2(e+1 − f+1)2 + f+2(e−1 − f−1)2)

+ | f+2|2
( − 4/3e2

0 + 1/3|e+1|2 + e+1 f−1 + f+1e−1 + 1/3| f+1|2 − 1/3| f+2|2
) = 0, (C3)

f 2
+2(|e+1|2 + 3e+1 f−1 − 3 f+1e−1 − | f+1|2)

+ f+2(e+1 + f+1)(e+1 − f+1)(e0 − 21 f0 − 6h) + (e+1 + f+1)(e+1 − f+1)3 = 0, (C4)

(|e+1 − f+1|2 − 2| f+2|2)( f+2(e−1 − f−1)2 − f−2(e+1 − f+1)2) + 2| f+2|2e0( f+1e−1 − e+1 f−1) = 0, (C5)

(11e0 − 42 f0 − 12h)( f+1e−1 − e+1 f−1) + ( f+2(e−1 − f−1)2 − f−2(e+1 − f+1)2)(| f+2|2 − (e+1 − f+1)(e−1 − f−1)) = 0,

(C6)
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(e+1 − f+1)(9/2 f0( f−2(e+1 − f+1)2 − f+2(e−1 − f−1)2) − | f+2|2(1/2| f+2|2 + e0(e0 − 3 f0 − 6h)))

+ (e−1 − f−1)| f+2|2
(−3e0 f+2 + 1/2

(
e2
+1 + 6e+1 f+1 + f 2

+1

)) = 0, (C7)

(e+1 − f+1)
(
3/2 f0( f−2(e+1 − f+1)2 − f+2(e−1 − f−1)2)

+ | f+2|2
(
1/6| f+2|2 − 1/6|e+1|2 − 1/6| f+1|2 + 3/2e+1 f−1 + 3/2e−1 f+1 + e2

0/3 − 18 f 2
0 − 3e0 f0 + 18 f0h

))
+ (e−1 − f−1)| f+2|2(3 f0 f+2 − 4/3e+1 f+1) = 0, (C8)

(e+1 + f+1)
(
(2e0 + 9/2 f0) f−2(e+1 − f+1)2 − 9/2 f0 f+2(e−1 − f−1)2 + | f+2|2

(−| f+2|2/2 + 2e2
0 + |e+1 − f+1|2/2

)) = 0,

(C9)

(e+1 + f+1)
(
3/2 f0(5 f−2(e+1 − f+1)2 − f+2(e−1 − f−1)2) + | f+2|2

(
1/6| f+2|2 + 1/3e2

0 + 6e0 f0 − 27 f 2
0

))
+ 1/6(e+1 − f+1)| f+2|2(| f+1|2 − |e+1|2 + 9e+1 f−1 − 9e−1 f+1) = 0. (C10)

Here, we summarize our results for the extended model (99).
Theorem C1. In the extended model (99) with nonzero coupling constants, k-local conserved quantities with 3 � k � N/2

are absent unless all of Eqs. (C1)–(C10) hold.
Theorem C1 represents necessary conditions for integrability. Therefore, these equations provide a simple way to determine

whether the model of interest is integrable or not, complementary to solving the Yang-Baxter equation, which gives a sufficient
condition for integrability. In particular, the above equation shows the necessity of fine-tuning of parameters for integrable
systems. In other words, an integrable system becomes nonintegrable when perturbed in such a way that either of Eqs. (C1)–
(C10) is no longer satisfied. For example, given an integrable system with e+1 �= f+1, we can see from Eq. (C2) that changing
the anisotropic field h breaks the integrability.

Assuming that the coupling constants em and fm are real, these polynomial relations can be simplified. For example, Eqs. (C5)
and (C6) become trivial identities. The remaining equations take the following form:

3/2 f0(e+1 − f+1)2 + e0
(−1/6e2

+1 − e+1 f+1 − 1/6 f 2
+1 + 1/3 f 2

+2

) = 0, (C1′)

(e+1 − f+1)
(

f+2(e0 + 3 f0 + 6h) − (
e2
+1 + 6e+1 f+1 + f 2

+1

) − f 2
+2

) = 0, (C2′)

6 f0(e+1 − f+1)2 + f+2
( − 4/3e2

0 + 1/3e2
+1 + 2e+1 f+1 + 1/3 f 2

+1 − 1/3 f 2
+2

) = 0, (C3′)

(e+1 + f+1)(e+1 − f+1)
(

f 2
+2 + f+2(e0 − 21 f0 − 6h) + (e+1 − f+1)2

) = 0, (C4′)

(e+1 − f+1)
(−1/2 f 2

+2 − e0(e0 − 3 f0 − 6h) − 3e0 f+2 + 1/2
(
e2
+1 + 6e+1 f+1 + f 2

+1

)) = 0, (C7′)

(e+1 − f+1)
(
1/6 f 2

+2 − 1/6e2
+1 − 1/6 f 2

+1 + 5/3e+1 f+1 + e2
0/3 − 18 f 2

0 − 3e0 f0 + 18 f0h + 3 f0 f+2
) = 0, (C8′)

(e+1 + f+1)
(
(2e0 + 1/2 f+2)(e+1 − f+1)2 + f+2

(− f 2
+2/2 + 2e2

0

)) = 0, (C9′)

(e+1 + f+1)
(
(6 f0 − 1/6 f+2)(e+1 − f+1)2 + f+2

(
1/6 f 2

+2 + 1/3e2
0 + 6e0 f0 − 27 f 2

0

)) = 0. (C10′)

By solving these equations, we obtain the six classes of solutions listed in Theorem 3.
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