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Signaling quantum channels are fundamental to quantum communication, enabling the transfer of information
from input to output states. In contrast, thermalization erases information about the initial state. This raises a
crucial question: How does the thermalizing tendency of a quantum channel constrain its signaling power and
vice versa? In this work, we address this question by considering three thermodynamic tasks associated with a
quantum channel: the generation, preservation, and transmission of athermality. We provide faithful measures
for athermality generation and athermality preservation of quantum channels, and prove that their difference
quantifies athermality transmission. Analyzing these thermodynamic tasks, we find that the signaling ability
of a quantum channel is upper-bounded by its athermality preservation and lower-bounded by its athermality
transmission, thereby establishing a fundamental relationship between signaling and thermodynamic properties
of channels for quantum communication. We demonstrate this interplay for the example of the quantum switch,
revealing an explicit trade-off between the signaling ability and athermality of the quantum channels it can

implement.
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I. INTRODUCTION

Quantum communication fundamentally relies on the abil-
ity of quantum channels to transmit information. It requires
channels that are signaling, such that changes in the input
state lead to distinguishable changes at the output. In prac-
tice, quantum communication devices are subject to energetic
and thermodynamic constraints [1-6] and unavoidably ex-
posed to environmental interactions that induce thermal noise
[7,8], driving systems toward thermal equilibrium and erasing
information about the initial state. This introduces a funda-
mental tension between two competing effects: the signaling
power of a channel and its thermalizing tendency. While
the thermodynamic cost of implementing a quantum channel
is well understood [9-11], the interplay between signaling
and thermodynamic resources of a given quantum channel
is physically distinct and remains to be fully characterized.
Understanding this trade-off is essential for assessing the lim-
itations of quantum communication under realistic, thermal
noise. For incoherent states and dynamics, it was recently
shown that a quantum channel can transmit n bits of clas-
sical information if and only if it can transmit »n units of
energy [12].
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In this work, we consider the fully quantum case and re-
veal the interrelation between a quantum channel’s signaling
and thermodynamic capabilities by analyzing three essential
thermodynamic tasks: the generation, preservation, and trans-
mission of athermality. Relating these thermodynamic tasks
to resource-theoretic quantities [13—17], we prove that the
ability of a quantum channel to signal is thermodynamically
constrained from below (above) by how much athermality it
can transmit (preserve). We then derive an operational inter-
pretation of these resources via a channel simulation problem,
yielding the resource cost of implementing a channel and ex-
tending the work-cost framework discussed in Refs. [10,11].
An area where thermodynamic, signaling, and causality con-
siderations concurrently come to the fore is the quantum
switch [18], which has attracted attention in both quantum
communication and thermodynamics [19-23]. Using the ther-
modynamic resourcefulness of coherence [24-26] to control
the causal order of two quantum channels, it is known to
enhance their signaling [19,27,28] and athermal properties
[20,29,30], at a thermodynamic cost. Our bounds extend these
results by specifying the explicit trade-off between signaling
power and athermality that the induced channel of a quantum
switch exhibits in terms of invested resources. Together, our
results allow us to gauge the thermodynamic and signaling
abilities of quantum channels in a unified way.

The remainder of the paper is organized as follows. In
Sec. II, we introduce quantitative measures for the athermal-
ity and signaling ability of quantum channels, and define
a joint measure that captures both resources collectively.
In Sec. III, we identify three thermodynamic tasks associ-
ated with a quantum channel—generation, preservation and
transmission of athermality, and show that these tasks are
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characterized by the defined measures. In Sec. IV, we for-
mulate our thermodynamic criteria for signaling: Signaling is
enabled by athermality transmission but constrained by ather-
mality preservation. To give further operational meaning for
our measures, Sec. V considers a channel simulation scenario
and demonstrates that our measures quantify the minimal
thermodynamic resources required to simulate an arbitrary
quantum channel. In Sec. VI, we apply the criteria for sig-
naling to the quantum switch, showing that it trades between
thermodynamic and signaling resources via an explicit trade-
off relation. Finally, in Sec VII, we summarize our results and
discuss possible future directions.

Throughout, we denote the set of quantum states of system
X as §(X), and the set of quantum channels (i.e., CPTP maps)
between input system X and output system ¥ as O(X — Y).
X’ denotes a copy of system X with the same thermal state yx.

II. RESOURCE MEASURES

A. Robustness of athermality and signaling

In the language of resource theories, quantum states con-
stitute static resources, whereas quantum operations between
them provide dynamical resources. To quantify the amount of
resource in a general state/operation, we adopt the robustness
measure of resources, which are widely used in the resource
theories of entanglement [31-33] and coherence [34,35], and
in general resource theories [36-38]. Intuitively, robustness-
based measures quantify how much noise one needs to admix
before the resource possessed by a quantum state/operation
disappears. Let D be the set of quantum states/operations and
F C D a free set inside D corresponding to some type of
resource. For an object X € D, its robustness of resource is
given by

X Y
R(X) := min {s) ts
145

ZZGSF,YED} (1)

= min {s|X < (1 +5)Z, Z € T}, )

where Y € D is a general “noise” to X, and in the second
line X < (1 4+ 5)Z means that (1 +s)Z — X is a positive
semidefinite operator or a completely positive map, depending
on whether D is the set of quantum states or the set of
quantum channels. Geometrically, R(X) can be interpreted
as the “distance” between X and the free set F, as shown in
Fig. 1. Besides, robustness measures can also be expressed
in terms of the max-relative entropy Dpnx(X||Z):=
In min{A|X < AZ} [39].

Here, we adopt the robustness of athermality Rt to measure
the thermodynamic resource inherent to quantum states and
channels. For a general state p4, the robustness of athermality
R1(pa) is defined as

R1(pa) :=min {s|pa < (1 + 5)ya}. 3)

Throughout, we consider full-rank thermal states y, thus
avoiding divergence of Ry. When p4 is incoherent, Ry(p4)
relates to the necessary work for preparing ps4 from y, (the
work of formation) [40]. The set of athermality nongenerating
operations from A to B are the Gibbs-preserving operations

GPO(A — B) :={G|G(ya) =vy8, Ge OA— B)}. 4)

FIG. 1. Geometric interpretation of robustness measure. The dis-
tance between X and the free state Z corresponds to the factor
s/(1 + s). Minimizing s finds the closest free state Z* to X, and hence
quantifies the distance between X and the free set J.

For a general channel A € O(A — B), the robustness of ather-
mality Rr(A) is defined as

Rr(A) :=min{s|A < (1 +5)G, G € GPOA — B)}. (5)

We use Ry for both static and dynamical athermality because
dynamical athermality can be reduced to static athermality
(Theorem 1). The type of athermality Rt will be unambiguous
from its argument.

Turning to information transmission of a general quan-
tum channel A, its signaling ability can be quantified by
the robustness of signaling Rg, where the free operations
are nonsignaling channels [41-43]. The set of nonsignaling
operations (NSOs) from A to B is given by trace-and-replace
channels ®,(-) = Tr{-}o as

NSO(A — B) := {®,|o € 8(B)}. (6)
For a general channel A € O(A — B), Rs(A) is defined as
Rs(A) :=min {s|A < (1 +5)®, ® € NSOA — B)}. (7)

In Ref. [43], Rs(A) has been interpreted as a measure of the
“strength” of causal loops that can be closed by contracting
A with a general channel Q2 € O(B — A), and it has been
shown that the logarithm of Rg asymptotically converges to
the channel mutual information [41].

B. Joint measure of athermality and signaling
of quantum channels

Rt and Rs measure athermality and signaling of a quantum
channel, respectively, due to the two different free sets in their
definitions, GPO and NSO. Given the input system A and the
output system B, the intersection between GPO(A — B) and
NSO(A — B) is the completely thermalizing channel

I'(-) = Tr{-}ys. ®)

Note, however, that I' is neither an extreme point in NSO
nor in GPO. For NSO, this is straightforward. For GPO, see
Ref. [44] for the conditions on extreme points in GPO. We
thus define a joint measure that collectively gauges signaling
and athermality of a general channel A € O(A — B) as

R(A|IT) := min{s|A < (1 +s)T"}. )
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TABLE 1. Four resource measures considered in this work.

Resources Symbols Types Definitions
Athermality Rt Static/dynamical Equations (3) and (5)
Signaling Rs Dynamical Equation (7)
Joint resource R Dynamical Equation (9)
Athermality preservability for GPOs Pr Dynamical Equation (11)

Given the close connection between robustness measures and
the max-relative entropy, R(A||I") can also be studied as a
specific instance of a generalized channel divergence with
respect to the completely thermalizing channel [45,46]. Oper-
ationally, R(A||T") measures the “distance” between A and the
completely thermalizing channel I", and therefore it follows
from its definition that

R(A|IT) = max {Rr(A), Rs(A)}. (10)

We note that equality holds when & € NSO(A — B), such
that Rs(®) = 0 and R(®||T") = Ry(P). However, when G €
GPO(A — B), R(G||IT") = Rs(G) in general. Following the
framework of resource preservability, where some free op-
erations in a resource theory are considered as resourceful
with respect to resource-destroying operations, owing to their
ability to preserve resources [47], we set

Pr(G) :=R(G||II") for G € GPO(A — B), (11)
which is the athermality preservability of the GPO G. To
conclude this section, in Table I, we summarize the four types
of resources included in this work. For more properties of
these resource measures, we refer to Appendix A 1.

III. GENERATION, PRESERVATION, AND TRANSMISSION
OF ATHERMALITY

We now introduce three thermodynamic tasks associated
with a general quantum channel A and show that they are
characterized by the resource measures defined above. Con-
sidering a purification of y4 as input, for simplicity, we
start with the thermofield double state [48] Jaa = |7) (7 |4ar
with [#)40 = D, /& li)4 ® |i)4. Here, g; is the ith popula-
tion of y,, corresponding to energy eigenstate |i),. We have
Triaapx{Paa} = yx for X € {A, A’}. A generalization to all
purified thermal states on AA’ is given in Appendices A3
and A4.

We consider the following three thermodynamic tasks and
related resources (see Fig. 2):

(I) Athermality generation (Rt): The amount of athermal-
ity a quantum channel A € O(A — B) generates from the
thermal state 4.

(I) Athermality preservation (R): The amount of ather-
mality a local quantum channel A € O(A” — B) can preserve
when acting on P4/

(IIT) Athermality transmission (R — Rt): The amount of
athermality a local quantum channel A € O(A” — B) can
transmit when acting on y44-.

The athermality generating ability of a quantum channel A
is equivalent to its dynamical athermality Rt(A):

Theorem 1. For a general channel A € O(A — B), the fol-
lowing equality holds:

Rr(A) = Rr[A(ya)l. (12)

The proof is provided in Appendix A 2. Hence, Task I is
quantified by Rt(A). We remark that similar relations between
static and dynamic resources have been found for coherence
[35] and entanglement [33]. Analogously, the joint dynamical
resource measure R can also be reduced to a static resource:

Theorem 2. For a general channel A € O(A" — B), the
following equality holds:

R(A|IT) = Rr[J ® A(paa)l, 13)

where J is the identity channel.

A proof of a stronger version of this theorem is provided in
Appendix A 3. Therefore, R(A||T") is equivalent to the output
athermality when A is locally applied on one part of the ther-
mofield double state 44 . To see that R quantifies athermality
preservation (Task II)—and not athermality generation, like
Rr—consider the following theorem:

Theorem 3. For a general channel A € O(A — B) with
yA = yg = ¥, the following inequality holds:

R(AIIT) < Rr(Pax) = Tely '} — 1, (14)
(@)
Task |
A’ B
............... D = A |[=> @
[ ............... D () - : ....
A Tasks Il & lI A
(b) Athermality
generation
g @80
Athermality Athermality

preservation Signaling ability transmission

FIG. 2. Main results. (a) Three thermodynamic tasks associ-
ated with a quantum channel A € O(A" — B) correspond to three
quantifiable resources: Task I (athermality generation)—how much
athermality can A generate from a thermal input? Task II (ather-
mality preservation)—how much input athermality does A preserve
if A" is part of a pure, locally thermal state? Task III (athermality
transmission)—how much of the initial global athermality from cor-
relations between A and A" does A transfer? Athermality is denoted
by charged batteries and empty batteries indicate thermal states.
(b) The signaling ability of the quantum channel A is bounded by
its thermodynamic capacities (Theorem 4).
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where Tr{y ~!'} denotes the sum over the inverses of the eigen-
values of y and the equality holds when A is unitary.

A proof of a stronger version of this theorem is provided in
Appendix A 4. Combined with Theorem 2, this yields a no-go
relation:

Rr[I ® A(Pan)] < Rr(7aa), YA € O(A"— B).  (15)

That is, no local channel can increase the overall athermality
of the thermofield double state 44/, rendering R(A||") a
quantifier of athermality preservation.

An important property of 744 is that it is locally thermal
in both subsystems with all athermality residing solely in the
correlations between A and A’. The transmission of this type
of athermality is encapsulated in Task III.

By Theorems 1 and 2, R(A||") quantifies the total ather-
mality in 44 that is preserved under the action of A, while
Rt (A) quantifies the athermality that A generates in the local
system A’. The difference R(A||T") — Rt(A) thus quantifies
the athermality contained in {44 transmitted via the local
channel A. We conclude that Task III is measured by R — Rr.

IV. THERMODYNAMIC CRITERIA FOR SIGNALING

We now show how the signaling capability of a general
quantum channel is limited by its thermodynamic properties.
Theorem 4. Given a general channel A € O(A — B),
2
R(AIIT) > Rs(A) > 2(ghin) [R(AIIT) — Re(A)P, - (16)

where gﬁﬁ) is the smallest population in the energy eigenbasis

of the thermal state Yy p = 4 ® V5.

The proof is provided in Appendix B 1. The upper and
lower bounds on Rs(A) can be viewed as necessary and suffi-
cient conditions for signaling channels, respectively:

athermality preservation(R > 0) < Rg > 0,
athermality transmission(R — Rt > 0) = Rs > 0.

For GPOs, athermality transmitability is equivalent to ather-
mality preservability. Recall the definition of Pr(G) :=
R(G||T") for G € GPO [Eq. (11)]. For GPOs, Eq. (16) becomes
2

Pr(G) > Rs(G) = 2(ghin ) Pr(G)*. (17
That is, nonzero athermality preservability guarantees
nonzero signaling ability, and vice versa. According to the
bounds, the completely thermalizing channel I" is the only
GPO can never signal, as expected.

Rearranging the lower bound in Eq. (16), we obtain

R(AIIT) < Re(A) + (V2845) "\ /Rs(A).  (18)

Equation (18) together with Eq. (10) bounds the joint measure
R(A||T") from both sides in terms of the two resources Rt(A)
and Rs(A). In addition, R and Ry are operationally directly
connected through a channel simulation task, as we now de-
tail.

V. GPO DILATION OF A QUANTUM CHANNEL

We now show that the joint measure R not only is a gener-
alization of Pr to general quantum channels, but also admits
an operational interpretation in terms of Pr. We consider a

@4

A B A B
A

S L S —

Y
Y

FIG. 3. GPO dilation. A general channel A can be dilated by a
channel G € GPO(CA — B) with some state pc.

channel simulation scenario that we dub as GPO dilation of
quantum channels. A GPO dilation of a general channel A €
O(A — B), as depicted in Fig. 3, can be viewed as the com-
bination of a GPO G € GPO(CA — B) and an athermal state
pc € 8(C), such that A(-) = G(pc ® -). We emphasize that in
a GPO dilation, the GPO G needs not to be unitary, which
is different from the Stinespring’s representation of quantum
channels [49]. Now, the following theorem illustrates that
R(A||T") bounds the minimal athermality preservability of the
GPO dilation of A.

Theorem 5. Given a general quantum channel A € O(A —
B), we define the set of GPOs that can simulate this channel
with some state pc as Og}f,“o(A). The following inequalities
hold:

R(AIIT) < min  Pr(G) < max {1/Rr(A), R(A[|I)}.
Oslm

GeO0&po
(19)
Especially, whenever Rr(A)R(A||T) > 1, we have
R(A|IT)= min Pr(G). (20)

GeOIm (A)

The proof is provided in Appendix C. We remark that when
A = G € GPO(A — B), although the upper bound diverges,
the lower bound becomes tight. Besides, since R(A||") >
Rr(A), Rr(AMR(AIT) > 1, VRr(A) > 1. Thus, Eq. (20)
holds when Rt(A) ¢ (0, 1).

In Fig. 4, we numerically investigate the typicality of the
condition Rr(A)R(A|IT") > 1 for a random qubit channel A,
where 20000 qubit channels are randomly sampled via the
protocol in Ref. [50], which gives a flat probability measure
on the set of quantum channels. We found that this condition is
satisfied by 17 643/20 000 ~ 88.2% channels, implying that
R(A|IT) = min(;eo(.,]a;‘n0 ) Pr(G) universally holds for most
channels. However, whether the equality holds even for all
channels with 1/Rt > R remains as an open question for
future investigation.

In accordance with Fig. 4, we report in Table II the
channels identified as the most resourceful under the three
measures Rp, Rs, and R. The most energetic channels
are defined as the channels mapping the thermal state to
the highest-energy eigenstate, which has the lowest thermal
population when the thermal state is defined at a positive
temperature.

Additionally, we note that Ry(A) can also be interpreted
via the GPO dilation of A. In Appendix C, we show that

Rr(A)= min Rr(pc), @

PCESER(A)

where S (A) is the set of states that can simulate A with a
GPO using the protocol in Fig. 3. This result can be interpreted
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di — 17y Unitary channels-=-=--=- X Hss
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FIG. 4. Resource measures Rt, Rs, and R of random qubit chan-
nels. In total, 20000 qubit channels in O(A — B) with dy = dp =
2 and y4 = yp = 0.75]0)(0| 4+ 0.25 |1)(1| are randomly generated.
Channels with 1/Rr <(>)R are marked by black (blue) edgecolor.
The set GPO lies in [0, d3 — 1] on the line of Ry = 0, while the set
NSO lies in [0, 1/g®) — 17 on the line of Rs = 0. The completely
thermalizing channel I is at the origin. The highest Rt and Rs are
achieved by the most energetic channels (sending yx to |1)(1]z)
and unitary channels, respectively. The symbol x denotes that there
is no intersection between the most energetic channels and unitary
channels.

as another manifestation of the equivalence between static and
dynamical athermality.

As a consequence, Rr(A) and R(A||T") are connected via
the GPO dilation of A, yet they stem from distinct types of
resources in the dilation: Rr(A) derives the requisite static
athermality Rrt(pc), whereas R(A||") reflects the minimal
athermality preservability Pr(G).

We now demonstrate the interplay between the three re-
sources Rt, Rs, and R, and showcase the application of the
derived bounds via a channel simulation scenario involving
the quantum switch [18].

VI. APPLICATION: RESOURCE ANALYSIS
OF QUANTUM SWITCH

The quantum switch 8 realizes the superposition of causal
orders between quantum operations [18]. Intuitively, it trans-
forms two quantum channels and the state of a control qubit
into a channel Ag, where the input quantum channels are
implemented in a superposition of their possible orderings if
the control is in a superposition of |0) and [1) (see Fig. 5).
Formally, given a general quantum channel 2 € O(A — B)

c c

|

FIG. 5. Quantum switch. A quantum switch § with a control
qubit pc and two GPOs as input can be considered as a channel
simulation of Ag.

with the Kraus representation Q(-) = > Kn(-)KJ , the Kraus
representation of the channel implemented by the quantum
switch 8[Q2, Q] € O(AC — BC’), where C’ is a copy of C,
can be written as 8[Q, Q1(-) =Y, >, Sy (-)S},, where the
Kraus operator S, is given by

It is known that, with coherent control and two GPOs, the
induced channel Ag is both signaling and athermal [20]. How-
ever, a comprehensive analysis of how the thermodynamic
and signaling properties of Ag depend on input control and
channels remains lacking. Considering the switch as a channel
simulation task in Fig. 5, the framework developed above is
ideally suited to address this challenge.

Taking two identical signaling GPOs as input channels, we
demonstrate that the joint resource R of the induced channel
Ag is constrained by the supplied resources, while Rt and Rg
exhibit a trade-off relation.

Like Ref. [20], we choose the initial state of the control
qubit as pc = |¢) (Y|, where

Ve = Va|0)e +eV1—all)e, (23)

with @ € [0, 1] and ¢ € [0, 27r] (general states pc are con-
sidered in Appendix D 3). The thermal state of the control
qubit is yc = 1¢/2, while all other systems have identical
thermal states y. To demonstrate the key features of how the
quantum switch transforms signaling-athermality resources,
we consider the following signaling GPO:

G=sI'+(1-ys), 24)

where J is the identity channel and s € [0, 1] is the ther-
malizing strength: At s = 0, G acts trivially as the identity
channel (i.e., it cannot thermalize any athermal input), while
at s = 1, G is completely thermalzing (i.e., it thermalizes any
input state). Define Ag(-) = 8[G, Gl(pc ® ) € O(A — BC’).
We can then prove the following:

TABLE II. Most resourceful channels in O(A — B) with d4 = dp according to the three measures.

Resources Symbols Most resourceful channels Highest values
Athermality Ry Most energetic channels 1/ gEnBi)n — 1 (Theorems A3 and A1)
Signaling Rg Unitary channels d} — 1 (Ref. [42])

Joint resource R Unitary channels Tr{ yB’l} — 1 (Theorem AS5)
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Theorem 6. Given the control state pc = | ){(¥|c in
Eq. (23) and two input channels G defined as in Eq. (24), the
following bounds hold:

R(As|IT) < Rr(pc) + 2P3H(G)/Pr(J), (25)
R(As|IT) > Rs(As) = (ghin/2)[R(As]IT) — Rr(Ag)I,
(26)
where Rr(pc) =1, Ya € [0, 1], ¢ € [0, 2] and

Rr(Ag) = \/1 —4(1 - 22— (1 — &) ]s?ad — @),
@7

for a,s5 €[0,1], ¢ €[0,27], and gminmax) 1S the minimal
(maximal) population in the energy eigenbasis of y. The up-
per bound of R(Ag||I") is saturated for either & or s = 0, 1.

The proof is provided in Appendix D. The upper bound
[Eq. (25)] shows explicitly that the joint resource R, and thus
the signaling robustness Rgs, of the induced channel Ag is
bounded by the thermodynamic resource input into the switch,
i.e., the athermality pc and the athermality preservability of
the GPO G (Fig. 5). This coincides with our intuition, because
to activate the switch, the control qubit should be coherent,
and therefore athermal, and the athermality preserving G with
nonvanishing signaling ability [Eq. (17)] should contribute
to the signaling ability of the induced channel Ag. There-
fore, R(Ag||T") is the correct characterization of the resource
converted by the switch from input to output. Notably, when
s =0(1), R(As|IT") = Rr(pc) + 2Pr(J) (Rr(pc))—precisely
the resource inputs. On the other hand, the lower bound [Eq.
(26)] is a direct application of Theorem 4 and can be under-
stood as a trade-off between Rs(Ag) and RT(Ag) (see below).
In addition, Theorem 6 provides an analytical expression for
R1(Asg). Consequently, all three types of resources—R, Rg,
and Rr—are either bounded or expressed analytically, provid-
ing a complete resource analysis of the quantum switch.

To show the trade-off between Rt and Rs more clearly, we
now consider the case when both input GPOs G =T (i.e,,
s = 1), such that pc constitutes the only resource input. This
case is a canonical example in previous demonstrations of
the communication/thermodynamic capabilities of quantum
switches with NSOs/GPOs [19,29]. By Theorem 6, we have
R(Asg|IT") = Rr(pc). Equation (26) reduces to the following
form:

Rr(pc) = Rs(As) > (ghin/2)[Rr(pc) — Rr(As)?,  (28)

for all « € [0, 1]. Consistently, the resource gains, Rs(Ag)
and Rt(Ag), are both upper-bounded by Rr(pc). The lower
bound in Eq. (28) hence indicates a trade-off between Rs(Asg)
and Rt(Ag) constrained by Rr(pc¢). Since the channel 8[G, G]
is Gibbs-preserving [20], the control state pc and the channel
8[G, G] can be regarded as a GPO dilation of Ag. Recall
that by Eq. (21), optimally, simulating Ag only requires the
amount of athermality as same as Ry(Ag). The excess term
Rr(pc) — Rr(Ag) thus is the athermality waste in the channel
simulation realized by the switch. The lower bound in Eq. (28)
shows that the signaling ability of the induced channel Ag is
actually activated by a nonvanishing athermality waste, rather
than the athermality of pc.

s=1 a=0.5

1.00
6 — R(As|IT)
0.75 Rr(As)
, — Ry(As)
=== R(As||I") upper bound
9 -=== Rg(\s) lower bound
0 Rl

FIG. 6. Resource analysis. R, Rt, and Rs of the induced channel
Ag with their bounds/analytical expression given in Theorem 6 (for
qubit systems A and B with y4 = yp = 1/2).

In Fig. 6, we exemplify Theorem 6 by considering qubits
A and B with y4 = yg = 1/2, and plotting the resources of
Asg as functions of o and s, respectively. We find that the
upper bound of R(Ag||I") [Eq. (25)] remains tight in both
cases while the lower bound of Rs(Ag) [Eq. (26)] is only
relatively tighter for more signaling input GPOs (smaller s).
Despite the potential looseness of the lower bound, it provides
an interpretation of the phenomenon that increased Rs(Asg)
comes at the expense of Rr(Ag), aligning with their trends in
both plots.

Finally, we remark that the above resource analysis is not
specific to quantum switches. In Appendix E, we provide
a similar analysis to coherent control of quantum channels,
where instead of the order of two input channels, the imple-
mentation of one of the two channels is conditioned on the
state of a control qubit [51]. In this setup, Rt and Rg are found
to exhibit a similar trade-off.

VII. DISCUSSION AND CONCLUSION

In this work, we have provided a full-fledged charac-
terization of the signaling and thermodynamic properties
of quantum channels and demonstrated how they mutually
bound and condition each other. Our main results are the
precise identification of the thermodynamic resources for
the generation, preservation, and transmission of athermality
(Theorems 1-3), the characterization of a quantum channel’s
signaling ability in terms of its capacity for athermality preser-
vation and transmission (Theorem 4), and an operational
interpretation of the resulting resource measures in terms of
channel dilatability by a GPO (Theorem 5). We finally used
our results for an encompassing characerization of resources
in the quantum switch (Theorem 6).

We note the relation of our findings to those of Ref. [12],
which demonstrates that, in the asymptotic limit, informa-
tion and energy transmission in specific incoherent setups are
equivalent. Here, in contrast, we do not restrict ourselves to
the classical case—in particular, the considered states a4 are
entangled. On the other hand, the thermodynamic resource we
analyzed is athermality, a joint measure of work and coher-
ence, while Ref. [12] investigated extractable work. Finally,
according to our measure of athermality transmitability, a
signaling channel (Rs > 0) may have zero athermality trans-
mitability (R — Rt = 0) (see Appendix B 2 for examples).
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Using the trade-off relations of athermality and signaling,
we demonstrated the interplay of these properties for the
paradigmatic example of the quantum switch. This resolves
the open question posed in Ref. [20], showing that only lim-
ited activation of information capacity is possible when the
switch is composed with GPOs, as the output resources are
bounded by those at the input.

A natural next step is to analyze how the bounds we
provide behave when thermal operations or related subsets
of GPOs [40,52-58] are considered as thermodynamically
resourceless channels instead of GPOs. Since these channels
are all contained within GPOs, our core bounds Eq. (16) still
hold—albeit possibly in a looser sense. Another promising re-
search direction is the study of general quantum supermaps as
a complete framework for manipulating dynamical resources
and their conversion of different types of resources [59-65].
Concretely, one could ask: What kind of supermaps do not
increase the total resources Rt 4+ Rs but can exchange them?
Noticing that 2R(A||T") > Rr(A) + Rs(A), one may think I'-
preserving supermaps are the direct answer, but we find that
there exist counterexamples where I'-preserving supermaps
increase the sum Rt + Rs.

Having combined signaling and athermality, another pos-
sible direction is to study other resource theories where two
distinct free sets have an intersection. In this case, the results
from Ref. [66] may be applied to resource measures defined
via distance metrics [67].
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APPENDIX A: RESOURCE MEASURES

In this work, we focus on two quantum resources: ather-
mality and signaling, both of which can be quantified in
terms of robustness monotones [33,34,36]. In Table III, we
summarize the specific resource quantifiers considered in this
paper. We remark that all these measures can be expressed
as semidefinite programs (SDPs) [68]. As in the main body,
we use S(X) to denote the set of quantum states of system
X, and O(X — Y) to denote the set of quantum operations
(completely positive and trace-preserving maps) between the
input system X and the output system Y. X’ denotes a copy of
system X with the same thermal state yy. The dimension of
the system X is denoted as dy.

The standard forms of the robustness of athermality Rt for
states and channels are given by

Pa + S0

1+s
A+s5Q

1+s
G € GPO(A — B)},

Rr(pa) := min {s = YA, 04 € S(A)}a (AD)

Rr(A) := min {s‘ —G, Qc0O@A— B),

(A2)

where GPO(A — B) := {G|G(y4) = y8, G € O(A — B)} is
the set of Gibbs-preserving operations (GPOs) from system
A to system B. We use Rt for both static and dynamical
athermality because dynamical athermality can be reduced to
static athermality (Theorem A3). The type of athermality will
remain unambiguous from the argument of Ry. Following a
similar argument to Sec. III.A in Ref. [34], we can rewrite Rt
as

1+ Rr(pa) := min {A[pa < Ayal, (A3)

1+ Rr(A) := min {Ax|A < AG, G € GPO(A — B)}, (A4)

where “X < Y” means that Y — X is positive semidefinite for
states and completely positive (CP) for channels. Throughout,
we consider full-rank thermal states y, thus avoiding diver-
gence of Ry.

The robustness of signaling Rg for channels is defined as

1+ Rs(A) := min {A|A < Ad, ® € NSO(A — B)}, (A5)

where NSO(A — B) := {®, = Tr{-}o|o € 8(B)} is the set
of nonsignalling operations (NSOs) between systems A
and B.

Given the input system A and the output system B, the
only intersection between GPO(A — B) and NSO(A — B)
is the completely thermalizing channel: I'(-) = Tr{-}yp. Note,
however, that I" is neither an extreme point in NSO nor in
GPO. For NSO, this is straightforward. For GPO, see Ref. [44]

TABLE III. Resource measures considered in this paper.

Resources Symbols Types Definitions
Athermality Rt Static/dynamical Equations (A3) and (A4)
Signaling Rs Dynamical Equation (A5)
Joint resource R Dynamical Equation (A6)
Athermality preservability for GPOs* Pr Dynamical Equation (A7)

2GPOs: Gibbs-preserving operations.
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A

FIG. 7. Geometric sketch of the three resource monotones:
Rr(A), Rs(A), and R(A||T).

for the conditions on extreme points in GPO. We thus define
a joint robustness measure that collectively gauges signaling
and athermality of a general channel:

1 + R(A||T) := min{A|A < AT} (A6)

The relation among the three measures Rrt, Rs, and R is
informally represented in Fig. 7. For ® € NSO(A — B),
Rs(®) =0 and R(®||T") = Rr(P), while for G € GPO(A —
B), R(G||T") = Rs(G) in general. For GPOs, the joint measure
R reduces to the robustness of athermality preservability men-
tioned in Ref. [47]:

Pr(G) := R(G||I"). (A7)
1. Basic properties

The dual SDP of Ry for states is given as [69]

1 + Rr(pa) = max{Tr{Spa}|S > 0, Tr{Sya} =1}, (A8)

for which strong duality holds; i.e., primal and dual SDPs
yield the same optimal values [68]. As a resource monotone,
Ry satisfies desired properties. Here, we show them explicitly,
by following similar proofs as Ref. [35], where they are for
the robustness of coherence.

(1) (Faithfulness) Rt(p) =0 < p = y.

Proof. Direct result from Eq. (A3). |

(2) (Monotonicity) Rr(pa) = Rr[G(pa)l, VG e
GPO(A — B).

Proof. Let A* =1+ Rr(ps) be the optimal value that
achieves the minimum. Since G € GPO(A — B) is com-
pletely positive, A*ys — pa = 0 = G(A* Y4 — pa) = A*yp —
G(pa) = 0. Consequently, 1* is in the feasible set of the min-
imization defining Rt[G(p4)], such that A* > 1 4+ Rr[G(pa)]-
Hence, Rr(pa) 2 Rr[G(pa)l. u

(3) (Convexity) Rr(Y_; pipi) < X, piRr(pi). for Y, p; =
1 and p; € [0, 1], Vi.

Proof. Let A =14 Rr(p;) be the optimal value for
each i. Afy —p; 2 0,Vi= >, piAfy — Y pipi = 0. Con-
sequently, > . p;A} is a feasible for the minimization defining
Rr(}_; pipi), such that ), pidf > 1+ Rr()_; pipi). Hence,
Rr(D_; pipi) < Y PiRr(pi). u

(4) (Multiplicity) 14 Rr(pa ® pg) = [1 + Rr(pa)][1 +
Rr(pp)].

Proof. Let Ay be
1 + Rr(px) = Ay, where
0,YVX = MiA5va @ v 2 pa ® ps.

the optimal value such that
X=AB  Ayx—px =
AsAy  is feasible

for the minimization defining Rr(ps ® pg), such that
Wiagy = [1+ Re(p)Ill + Rr(ps)] = 1+ Rr(ps ® pp).
Let Sy be the optimal operator of the dual SDP
[Eq. (A8)] for X = A, B, such that 1 4+ Rr(px) = Tr{S§ px}.
Now §=S5;®S; is feasible for the dual SDP of
Rr(pa ® pp), so that Tr{Sps ® pp} = Tr{S}pa} Tr{Sz 08} =
[1+ Rr(pa)ll1 + Rr(pp)] < 1+ Rr(pa @ pp). Hence,
1 + Rr(pa ® pp) = [1 + Rr(oa)][1 + Rr(pp)]. n

By Theorem A3 (see below), R(A) = Rr[A(ya)l, VA €
O(A — B). Thus, Rt, as a measure of dynamical resource,
satisfies the following properties:

(1) (Faithfulness) Rt(A) = 0 & A is a GPO.

(2) (Monotonicity) Rt(A) = Rr(Go A oG'),VG and
G’ are GPOs.

(3) (Convexity) Rr (D, piNd) < Y piRr(AD), for
> ;pi=1landp; €[0,1],Vi.

(4) (Multiplicity) 14+ Rr(A® Q) =11+ Rr(M)][1 +
Rr(€2)].

In addition, the joint measure R defined in Eq. (A6) can be
written in terms of the Choi states of channels [70]:

1 4+ R(A|IT) := min{A|J5 < AJr}, (A9)
where Jy =T Q@ X(|¢pT){(¢pT|) with |¢pF) = Z;’ia' li) ® |i) is
defined as the Choi state of the channel X € O(A — B). Com-
paring with Eq. (A3), R can be regarded as the Ry of J, with
respect to the “thermal state” Jr. Therefore, R, as well as Pr
defined in Eq. (A7), inherits the same properties as Ry:

(1) (Faithfulness) R(A|II’') =0« A =T.

(2) (Monotonicity) R(A|IT) > R(GoAoG|II"), VG
and G’ are GPOs.

(3) (Convexity) R(Y; piAilIT) < X, piR(A|IT),  for
>,pi=1landp; €0,1],Vi.

(4) (Multiplicity) 1 + R(A ®@ ||T") = [1 + R(A||D)][1 +
R(Q[[T)].

To show more properties of Ry, we prove the following
lemma first.

Lemma Al. The optimal S$* that maximizes the dual SDP
of the Ry of states [Eq. (A8)] can always be chosen to be
rank 1.

Proof. Since the Gibbs state y is full rank by assump-
tion, we can define a bijective map, X = y'/2Sy /2, such that
Eq. (A8) can be rewritten as

I+ Re(p) = max(Tr(pX}IX >0, Tr(X} = 1), (A10)

where we denote p = y~'/2py /2. The feasible set {X|X >
0, Tr{X} = 1} is the set of quantum states, meaning that
any X in the set can be written as a convex combination
of rank 1 states. Let X* = )", p; |¢;)(¢i| for ), p; = 1 with
pi € [0, 1], Vi, be the optimal operator, such that

I+ Rr(p) = Tr(pX")
=) pTe(p190) (1]} < max Tr(p |¢:) (1]}
l (A1)

However, by Eq. (A10), 1 + Rr(p) = max; Tr{p |¢;) (¢;]}. We
thus have 1+ Rr(p) = max; Tr{p |¢;){(¢;|]} and X* can be
chosen to be rank 1. Note that X* does not have to be rank
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1 since for some p, Tr{p |¢;)(¢;|} can be independent of i; i.e.,
any convex combination of {|¢;)(¢;|}; is an optimal X*.

The optimal S* in Eq. (A8) is given by S*=
y~12X*y~12_ Since X* can always be chosen to be
rank 1, such that X*=|¢){(¢|, S*=yp 12Xx*y 12 =
y 12 ) (¢| y~/? is also rank 1. [ |

We now find the state with highest Rr, i.e., the most ather-
mal state.

Theorem Al (The most athermal state). Given a nonde-
generate, full-rank Gibbs state y = ij:ol gi |i)(i] with the
populations g;—1 < g4—2 < --- < go, the unique state with
the maximal Ry is the state: p* = |d — 1){d — 1|, with 1 +
Rr(p*) =g;',.

Proof. We define A(p) = 1 + Rr(p). From the dual form
of 1 + Rr(p) [Eq. (A8)] and Lemma A1, we have

el | (lpl)
Moy = max {Tr{pS}) Tr(y |¢><¢>|}} o @l 1)
(A12)

We denote the value of A corresponding to the maximal 1 +
Rt as Ayax, such that

)‘max = maX)\(,O) — max max M

P r 19 (@ly o)

max, maxje) (¢| p [¢)
ming) (@] y |¢)

It is clear that max, max,g (¢| p |¢) = 1. For the denomina-
tor, since (¢|y — ga—111|¢) = 0,V |¢) and the equality holds

(A13)

as |¢) = |d — 1), we have miny) (¢| y |¢) = ga—1. Therefore,
ho, = maxmax 22190 L (A14)

pole) (@ly o) T i
Equality holds for p=p*=|d —1){(d — 1| and |¢) =

|d — 1);i.e., p* is the most athermal state with 1 + Rr(p*) =
Amax = gd711'

Now we prove p = |d — 1)(d — 1] is the only most ather-
mal state. Due to the convexity of Rr, the most athermal state
can only be mixed if it is a convex combination of pure states
with the same Rt. Therefore, to prove that p is unique, it is
enough to assume that there is another pure state o = |V) (V|
with A(o) = g;ll and to show that o does not exist. Since
o # p, |¥) # |d — 1). Let |¢’) be the optimal state that gives

(¢lole’) _ (o' |vr) I _ ! (AL5)
@lvle)  (@lvie) g1
We note that |¢’) # |d — 1), since (dwlh'/"‘/{;)"l) = |<d;d'|‘|”>|2

- However, since |¢') # |d — 1), we have (¢'|y |¢') >
gd 1 (]d — 1) is the only state satisfying (d — 1|y |d — 1) =
gq—1 because y is nondegenerate). Equation (A15) therefore
requires |{¢’'|¥)| > 1. Because such a state o cannot exist,
p = |d — 1)(d — 1] is the only state with the maximal Rr, for
which 1 +Rr(p) = g, . [ |

We remark that when the Gibbs state y is defined
at positive temperatures, the most athermal state p* =
|d — 1){d — 1] is the most energetic state corresponding to the
highest energy level. However, some systems can equilibrate
at negative temperatures (see, e.g., Ref. [71]), in which the
most athermal state p* will be the ground state.

We further show that Ry can be related with commonly
used distances, which is given by a continuity property. In
the context of resource theories, the continuity of resource
monotone refers to the property of the monotone guaranteeing
that any two states that are close in some chosen distance are
close in terms of their resources according to this monotone.
The continuity of robustness measures has been studied in
Ref. [72] and the continuity of Rt has been explicitly proven
in Lemma F3 in Ref. [47]. Here, we provide a self-contained
proof for the continuity of R, which improves the bound of
Ref. [47] by a factor 1/2.

Theorem A2 (Continuity of Rt). For any two states p, o
and a given Gibbs state y, the following inequality holds:

[Rr(p) — Rr(0)] <

llo =alli, (A16)

2 min
where [|A||; := Tr{~/ATA} is the trace norm and g, (max) is
the minimal (maximal) population of energy eigenbasis of y.
Proof. Consider the dual SDP of Ry of states [Eq. (A8)].
We denote the optimal operators as 7 and S;, such that

Tr{pS;} = 1+ Rr(p), (A17)

Tr{oS:} =1+ Rr(o). (A18)

Without loss of generality, we assume that Ry(p) > Rr(o),
ie., Tr{pS}} = Tr{oS;}. We then have

Tr{,oS;} —Tr{oS:} < Tr{(p — a)S;}. (A19)

By assumption, both sides of the above inequality are non-
negative. We can take the absolute values of both sides and
obtain

ITr{pS,} — Tr{oS;} < [Tr{(p — 0)S}
= 1Yol (p =) [¥p) |- IS, o0
STl (0 = 0) [¥p) | - g

< 3llo = ol - &min-

Here, in the second line, we used that, according to
Lemma Al, S; can be chosen as rank 1, ie., S:j =
1S51le 1W) (Wpl, Where [7,) (] is a (normalized) state and
|IX]|oo is the operator norm of X that equals to the largest
eigenvalue of X. In the third line, according to the dual SDP
of Ry [Eq. (A8)], Tr{y Sy} = 157l (wpl Y [¥,) = 1. Since
(Yol v 1¥p) = &min, wWe have [|S7]]e < gmln In the forth line,
we used the fact that
Z Mk

(Wpl(p — o)l¥,)] <
kelelue >0}

1
= D lml=3lle—alh,

ke{tlne<0}

(A20)

max || <

(A21)

where 1 is the kth eigenvalue of (p — o) satisfying D", iy =
0 due to Tr{p — o} =0. Referring to Egs. (A17) and (A18),
we obtain [Rr(p) — Rr(0)] < (/1P — oll1. u

2. Proof of Theorem 1

In this subsection, we prove Theorem 1, which states that
the robustness of athermality Rt of a general quantum channel
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A is equal to the robustness of athermality Rt[A(y)] of its
output state with the input state being the Gibbs state. In other
words, the dynamical athermality of a channel is equivalent to
its static athermality generating power:

Theorem A3 [Equivalence between dynamical and static Rt
(Theorem 1)]. For a general channel A € O(A — B), the
following equality holds:

Rr(A) = Rr[A(ya)l. (A22)

Proof. We first show that Rt(A) > Rr[A(ya)]. Let A" =
1 4+ Ry(A) and G* € GPO(A — B) be the optimal variable
and GPO in the definition of Rt(A) [Eq. (A4)], respectively.
We have

VG —AZ0= WG —AN)ya) =2y — A(ya) 20

(A23)

Therefore, A* is a feasible variable for the SDP of

Rr[A(ya)] in Eq. (A3), which gives us 1 + Rp(A) = A* >
1+ Rr[A(ya)l, ie., Rr(A) = Rr[A(ya)l.

To prove that Rr(A) < Rr[A(ya)], we consider the stan-

dard form of Rr[A(y4)] [Eq. (Al)] and denote the optimal
state as o, which satisfies

Rr[A(ya)] o

1+ Rr[A(ya)] 14+ Rr[A(va)] ?
Define the NSO @, () := Tr{-}oz € NSO(A — B). By
Eq. (A24), we have

1 Rr[A(ya)]
1+ Rr[A(ya)] 1 4+ Rr[A(ya)]

Aya) + =y5. (A24)

®,: € GPO(A — B).

(A25)

According to the standard form of Rr(A) in Eq. (A2), we
obtain Rr(A) < Rr[A(ya)]. Hence, Eq. (A22) holds. |

3. Proof of Theorem 2

In this subsection, we prove Theorem 2, which states that
the joint resource measure R of a general quantum channel is
equal to the Ry of its output state when it is locally applied
on the thermofield double state 44 [48] defined as s =
17)(Flan With [7)40 = 3, B li)s ® li) where g; is the
population of y4 of the ith energy eigenstate |i),, satisfying
Triaapnx{7aa} = yx for X € {A, A’}. Specifically, we have the
following more general theorem:

Theorem A4 (Equivalence between the dynamical resource
R and static Rt). For a general channel A € O(A’ — B), the
following equality holds:

R(AIIT) = Rr[J @ A(tan)], (A26)

where A’ is a copy of system A and 44 is a general purifica-
tion of y4 on system AA’ satisfying Tra {taa'} = ya.

Proof. Consider the Choi operator J, and note that the
Choi operator of " is Jr = 14 ® yp. We have

JA )\]1" =1 ()/A/ UA ® ILB)JA( AVAI/Z ® I]-B)

<A1 PUx ® 15)Jr (U v, © 15) (A27)

I ® A[( Up @ 1a) o) (@ " aw (U, Uiva? ® 1a)]

<Aya®ys (A28)
S Js Q@ AlJa @ Uay (Faa)] < Aya Q@ v (A29)
S Ja ® A(tan) < Aya ® vs, (A30)

where U, is a general unitary operator on system A,
Pan = 17)(7aa with 1740 = (02 ©@ L) 67 a0 = (14 ®
1/ 2) |¢pT) s is the thermoﬁeld double state, Uy (-) =

AT( Y(WUL)T is a unitary channel acting on system A’ and
Taar = Ja ® Ua (Paar). The third equivalence relation is from
the fact that (X4 ® 1a) [¢T) a0 = (1a @ X[ ) [¢pT) 44/, for any
operator X on system A (or A"). Since any purification of y,
on system AA’ can be written as 4 ® V4 (¥44-) with a unitary
channel V4 [73], taa is a general purification of y, satisfying
Tra{taa} = ya. According to the definitions of R [Eq. (A6)]
and Ry of states [Eq. (A3)], Eq. (A26) holds. |

Theorem 2 directly follows from Theorem A4 by setting
Taa = Vaa. Furthermore, two important implications follow
from Theorem A4:

Corollary A4.1. When systems A and B have the same
dimension, all purifications of y4 on system AA’ have the same
athermality with respect to the thermal state y p = y4 ® ¥,
which is equal to R(J||T).

Proof. When systems A and B have the same dimension,
the identity map J € O(A” — B). The statement directly fol-
lows from Theorem A4 by setting A = J.

Corollary A4.2. When systems A and B have the same
dimension, all unitary channels from A’ to B have the same
R equal to R(J||T).

Proof. By Theorem A4, R(U||IT") = Rr[J & U(zaa )], for
all unitary channels U € O(A" — B). Since J ® U(taa’) is
a purification of y4 on AA’, Rr[J ® U(taa)] = R(J|IT) due
to Corollary A4.1. Thus, R(U||T") = R(J||T"), for all unitary
channels U € O(A" — B).

4. The most resourceful channels measured
by R (proof of Theorem 3)

In this section, we find the most resourceful channels
according to the measure R, which will have the largest com-
bined resource of signaling and athermality. Before we present
the result, we prove the following lemma first:

Lemma A2. Given two operators X and Y where Y is posi-
tive, the following statements are equivalent:

(1) min{fX < fY} = 1.

2 AY), (Y|Y =X |¢)=0andY — X >0.

Proof. For the direction (1 = 2), it is straightforward that
min{f|X < fY} =1=Y — X > 0. To show the existence of
such a state |y), we assume that V |y) , (¥ |Y — X |¢) > 0.

Define  [Ymin) = arg miny, (¢ ¥ — X [¥) and [ tme) =
argmax,y, (/| ¥ |). Then, ¥ [¥),
Wil ¥ — X [Yrmin)
1— Yy — X
W"[( V] ¥ [Yrmae) ) }"’”

(V1Y 1)

= Y -X TS min Y —-X min
(Yl [¥) Do ¥ Vo) (Ymin | |¥min)
(A31)
Z (WY =X 1Y) — (Yminl Y — X [Ymin) 2 0. (A32)
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Therefore,

min{f|X < fY} <1 — (Ymin| ¥ — X [Ymin) <1,

<wmax| Y |¢'max>
which contradicts min{f|X < fY} = 1. The direction (1 =
2) is proven.
For the direction (2 = 1), since ¥ — X > 0, we have
min{f|X < fY} < 1. Assume that f* = min{f|X < fY} <
1. For the state |v) satisfying (¥ |Y — X |¢) = 0, we have

WIfY =X 1Y) = W= DY +Y = X]y)
= ("= DlYly) <0, (A34)
because (| Y |{) > O for a positive Y. This contradicts the
assumption that (¥| f*Y — X |¢) > 0, V |¢). Therefore, f*
must be 1. The direction (2 = 1) is proven. |

Theorem A5 (Channels with the highest R). For a general
channel A € O(A — B), the following inequality holds:

RA|IT) < Tr{y '} — 1, (A35)

where the equality holds when dy = dg and A is unitary.

Proof. The idea of the proof is to firstly show that
when dy = dp = d, for any unitary channel U € O(A — B),
RU|IT) = Tr{yg 1} — 1, and then to show that in general
R(AIIT) < Tr{y; '} =1, VA € O(A — B).

By Corollary A4.2, we have R(U||") = R(J||I"), for
all unitary channels U € O(A” — B). Thus, for the first
step, when d4 = dg =d, we choose the specific unitary
channel V such that Jx ® V(|¢™) (¢ |4a) = 90F) (@ |ap =
2010 (la ® 1) (jl s where {lk),} and {|k)g}i are eigen-
bases of y4 and yp, respectively. We aim to show that
R(V||IT) =Tr{yB_'} — 1. According to the definition of R
[Eq. (A6)], it means that

min A‘—JV < M,
{ Triys '} }

_mln{k‘ {y }|¢+><¢+|AB MLA®)/B}=1,

(A36)

(A33)

J

Q) == Trp{/} @ Tr{y; ' }ye — J.

By Lemma A2, it is equivalent to show that

3y), (¥l (JlA ®yp— |¢+>(¢+|AB> |¥) = 0and

Tr{y; '}

Ia®vys— 1¢7) (@ 14 = 0.

1
Tr{ 123 ! }
Consider the (unnormalized) state
Yo 1/87 104 ® li)g, where g
the kth eigenstate of y5. We have

vs') =
is the population of

1
b (140 =y 6

=Tr{y; '} - m(ﬂ{ygl})z =0.  (A37)

Besides, defining |yl;1/2) = Z,i—ol 1//82 1y, ® li)g, we
have

1s @ yp — 10T (T |ap

L

Tr{y, '}
1 _ _

=(lk® vs'?) (lA ®1p— m VB ]/2>(V3 ]/2|)

x (La® ;%) >0, (A38)
because 1, ® 1 — |y71/2>( 71/2| /Tr{yB_l} 0 following
from the fact that Iy_l/z)(J/B Y2 Tr{y; ') € S(AB) is a
pure quantum state. Hence, using Lemma A2, we con-
clude that R(V||IT") = Tr{yB_'} — 1, and therefore, R(U||T") =
Tr{y,;l} — 1 for all unitary channels U € O(A — B).

We now prove that, without conditioning on dimensions,
R(AIID) < Tr{yB_l} — 1 for any channel A in general. By the
definition of R in Eq. (A6), this is equivalent to proving that
for any channel A we have Tr{y, 1}(]LA ® yB) = J. Note that
Ja € L(A ® B) where £(X) denotes the set of linear operators
on the Hilbert space X. We consider the map 2 : L(A ® B) —
L(A ® B) defined as

(A39)

If the map Q is CP, we have Q(Jp) = 14 ®Tr{yl;l}y3 —Ja 2 0 and thus compete our proof. To show that 2 is CP,
we consider the Choi operator of € given by Jo =I® Q@) e LARBRXA ® B') where 1 = Zf/};}) ’]?f*[_:l() [i) (k|4 ®

1j) (€l ® |i) (k|4 ® |j)(£|p- Noticing that

dy—1
I Trp (@) @ Trlyy v = ) [i){kla ® Ly @ i) (kly ® Tr{yy'}ye, (A40)
i,k=0
we have
Jo =1 Trp{®"} @ Tr{yy ' by — @* (A41)
dy—1 da—1 dg—1
=D lidkla @ g ® i) tkly @ Tr{yy ' Jyw — D D 1) kla ® 1) (Elp ® i) (kla @ |7) (Ll (A42)

i,k=0

i,k=0 j, =0
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dy—1 da—1 dg—1
= > |idtkls ® liY(kly @ 1s @ Tr{yy ' Jyw — D Y li)kly ® i) tkla ® 1) (L5 ® 1) (Llp (A43)
i,k=0 i,k=0 j,£=0
dsy—1 dp—1
= > likls ® lid(kly ® | Tr{yz '}z @ va) — Y 1) (Ll ® i) (Llp (A44)
ik=0 j =0
=19 (@" |aa ® [Tr{ys '} @ v8) — 167) (@7 155 ]- (A45)
{
Since we have shown that R(J||T") = Tr{yy Y — 1, the term = D(pasllya ® ps) (B4)
Tr{y, ' }(1s ® yg) — 1¢T) (¢ |gp = 0. Therefore Jo > 0 and . )
>1 _
Q is CP. We thus prove that Q(Jy) = 14 ® Tr{y; '}ys — > 3llpas = ya ® pslli (BS)
Jr 2 0 for any channel A, which means that R(A||T") < _ %||3®A(77AA') — ®PB||% (B6)

Tr{yB }—1,VA € OA — B).
Theorem 3 is a special case of Theorem A5 with the addi-
tional conditions dy = dp and y4 = yp = y.

APPENDIX B: CHANNEL MUTUAL
INFORMATION, Ry AND Rg

In this Appendix, we consider the case shown in Fig. 8.
Given system B and system A with its copy A’, the mutual
information of the channel A € O(A" — B) is defined as [70]

I(A):= max I(A:B ,

(A) o max ( )ISA L)
— max Uout out ® Uout , Bl
somax Dl |lox @ o), ®D

where o8 =J® A(oaa) is the output state, o™

TI‘{A’B}\X{O’th with X € {A, B} and D(p1l]|p2) =
Tr{p;In p; — p1In pp} is the relative entropy between p;
and p,.

Theorem Bl (Lower bound on channel mutual information
by R and Rr).. Given a general channel A € O(A" — B), the
following bounds hold:

1(A) 2(g45) IR(AIIT) = Re(A)P.

(B2)

2 I(A: B)igag,,) 2

Here, yua = |7)(7|44 1s the thermofield double state with
|9)an = Z J/8ili)a ® li)s , where g; is the population of y4
of the ith energy level |i),, and g(AlB ) is the smallest population
for the thermal state yap = y4 ® V5.

Proof. The first inequality directly follows from the defi-
nition of the channel mutual information [Eq. (B1)]. To prove
the second inequality, we denote pap = J & A(Faa’). There-
fore,

I(A: B)y,, = D(pasllpa @ pp) (B3)
A B
A
OAA
A

FIG. 8. The scenario in the definition of the channel mutual
information.

> 2(g§;‘1§)) |Rr[J
® A(Faa)l — Relya ® A(ya)ll>  (B7)

= 2(g“PY’[R(A|ID) — Rr(A).  (BS)

gmm

where the first inequality comes from the Pinsker’s inequality
(Theorem 11.9.1 in Ref. [70]), the second inequality follows
from the continuity of Ry (Theorem A2) and the last line
follows from the multiplicity of Ry, Theorems A3 and A4.
We hence obtain the lower bound in Eq. (B2). |

Theorem B2 (Upper bound of channel mutual information
by Rs). Given a general channel A € O(A’ — B), the
following bound holds:

Rs(A) 2 I(A : B)iga,,)- (B9)
Proof. We consider the max-relative entropy [39]
Diax(pllo) := Inminfi|p < Ao} (B10)
Define psp = J @ A($44). We then have
I(A 2 B)igaye) = D(paslloa ® pp) (B11)
= Hgn D(pagllpa ® op) (B12)
= rr(gn D(pasllya ® op) (B13)
< min Drax (0apllya ® 0p)  (Bl4)
= min Dnax(Jal|14 ® o) (B15)
op
= In[1 + Rs(A)], (B16)

where the second line follows from

D(pagllpa ® pp) = II;LH [D(pagllpa @ pg) + D(psllop)]

= min D(papl|ps ® o), (B17)
op

the inequality is due to Dpx(pllo)
the fifth line is from the fact that

Ja S ALa®op < (v, ?® ]1B)JA(J/AI/2 ® 1)
Ay, ® 1p)1a ® UB(VA ® 1) < pas

2 D(pllo), ¥Yp,o [39],

(B18)
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and the last line follows from the definition of Rg(A)
[Eq. (AS)] with noticing that J, = 1 ® 0. Because Rg(A) >
0, we have Rs(A) > In[1 + Rs(A)] > I(A : B)igay,,). M

1. Proof of Theorem 4

The upper bound in Theorem 4 is straightforward and has
been shown in the main text. For the lower bound, according
to Theorems B1 and B2, for a general channel A € O(A" —
B), we have

Rs(A) > 2(s“P) [R(A|IT) — Rp(A).

Emin (B19)
Since A’ is a copy of system A, the above also holds for
the channel A € O(A — B). Therefore, we proved the lower
bound in Theorem 4.

2. Signaling channels with zero athermality transmitability

Here we exemplify that a signaling channel A € O(A" —
B) with Rg(A) >0 can have zero athermality trans-
mitability, i.e., R(A|[T) —Rr(A)=0. Define ppp=IQ®
A(P44'). By Theorems A4 and A3, we have R(A|l) =
Rr(pap) and RT(A) = Rr(pp) where pp = Tra{pap}. Accord-
ing to Ref. [39], 1 + Rr(p) = ||y ~"?>py ~1/?||«. Therefore,

J

Rr(pap) = Rr(pp) is equivalent to

1/2 —1/2 —1/2

lloo =1l¥s "BV ' lloo-
(B20)

11(ya ® v8) "2 0an(va ® v8)~

We consider the infinite temperature case, where yap) =

1/das). When A is entanglement-breaking [74], pap is sepa-

rable. We consider a special p45, which can be written as
di—1dz—1

pas = > pijli)ila ® 1) (¥l

i=0 j=0

(B21)

where p;; >0, Vi, j, Y0t 0 py = 1, and {[i), )y s
the eigenbasis of y4 while {|/;) B}‘j‘igl is a general orthonor-
mal basis for system B. By requiring p4 = Trg{pap} = ya, we
have 9! pjj = d; ', Vi. Also,

12|00 = dadl| paBlloo

(B22)

I1(ya ® v8) " pap(va ® v8)~
= dydp max p;;,
L]
ds—1
175" psvs |l o = dblloslloc = dpmax 3 piy. (B23)
’ i=0

Thus, Eq. (B20) can hold when 3 j, p;; = max; ; p;;, Vi. For
example, when d4 = dg = 3, we consider the following chan-
nel:

AC) = Tef0) (014 (13 10){015 + 5 1) (1p + 312215 ) +Tr{11) (14 O}(5 100015 + 15 1) {115 + 5 12)(2l5)

+ Tr{12) (2], (O}(3 10015 + 2 11) (115 + 35 12)(2]5)

The corresponding pap is given by

(B24)

paz = 5 10)(014 ® [0) (Ol + 75 10){0l5 ® [1)(1]5 + 15 [0)(0l4 ® 12){2]5 + g 1) (114 ® [0)(Olp + 75 [1){11, @ [1)(1]

+ 15 ID{1 ® 12)2lp + § 120214 @ 10)(0l5 + 75 12)(21, ® [1) (15 + 15 12) (214 ® 12)(2lp

which ~leads toli(ya ® v8) "2 pap(va ® v8) |l

[lvg ,1)133/1;1/2||Oo = 1.5. Thus, for the channel A defined in
Eq. (B24), despite of Rs(A) > 0, R(A||T") — Rr(A) = 0.

Finally, we note that according to the standard definition of
Rr(A) [Eq. (A2)]:

A+s5sQ

Rt(A) := min {s

=G, Qe 0A - B),

G € GPO(A' — B)}, (B26)

Rt (A) characterizes the “distance” of A to the set GPO(A’ —
B) with the closest GPO to A being the optimal channel G* of
the minimization in Eq. (B26) (see Fig. 9). Therefore, chan-
nels for which R(A||I") — Rr(A) = 0 have the completely
thermalizing channel T as their closest GPOs under this mea-
sure. This offers a heuristic interpretation of the vanishing
athermality transmitability of such channels.

(B25)

(

APPENDIX C: GPO DILATION OF A GENERAL
QUANTUM CHANNEL (PROOF OF THEOREM 5)

In this Appendix, we provide operational meanings of
the measures Rp(A) and R(A||") by considering the GPO
dilation of A. A GPO dilation of a general channel A €
O(A — B) can be viewed as the combination of a GPO
G € GPO(CA — B) and an athermal state pc € 8(C), such

FIG. 9. Geometric illustration of Rt(A).
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that A(-) = G(pc ® -). We emphasize that in a GPO di-
lation, the GPO G needs not to be unitary, which is
different from the Stinespring’s representation of quantum
channels [49].

The following theorem relates this simulation task to
Rr(A):

Theorem C1 (Operational meaning of Rr(A)). Given  a
general quantum channel A € O(A — B), we define the set
of states which can simulate this channel with a GPO as
8Sim (A). The states in S (A) can use different GPOs for
simulation. The following equality holds:

Rr(A)= min  Rr(pc). (CDH
PcESEpH(A)
Proof. First, we prove that Rr(A) <

minpcesgpmo(A)RT(pc). Assume that 3Jpc € 8(C), G €
GPO(CA — B) such that G(pc ® ) = A(-). We have

Rr(A) = Rr[A(ya)] = Rr[G(oc ® ya)] < Rr(pc @ ya)
= Rr(poc), (C2)

where the first equality follows from Theorem A3, the in-
equality is due to the monotonicity of Rr and in the final
equality we used the multiplicity of Ry. Thus, Rr(A) <
Rt(pc) holds for all pc and G that simulate A. We conclude
that Rr(A) < min,, cgsim 4y Rr(pc).

To prove that Rr(A) > min, g sm (A) Rt(poc). we consider
a specific channel simulation protocol using a qubit system C,
with the thermal state yc given by

100l + i)
T 14+ Rp(A) T 14 Rr(A)
The joint GPO for simulation is constructed in the following:

G(tc ® pa) = Tr{|0)(0lc Tc}A(pa) + Tr{|1)(1]c Tclo,
(C4)

ye ID{tc.  (C3)

where o3 is determined from
1 Rr(A)
_— —O’B =
1+ Rr(A) 1+ Rr(A)
According to the equivalence relation between the static and
dynamical Ry (Theorem A3), i.e., Rr(A) = Rr[A(ya)], we
note that the state op exists and is the optimal state in the
standard form of Ry[A(ya)] [Eq. (A1)]. It is straightforward

to check that using the state pc = |0)(0|c, the channel G in
Eq. (C4) is a valid GPO that simulates A:

G(10)(0lc ® ) = A(), (Co)

A(ya) + VB- (&)

G(yc ® ya) = 5. (C7)

Since Rr(pc) = Rr(|0)(0]¢c) = Rr(A), we have Rr(A) =
Rr(pc) = min

peesin (a) Rr(pc). Hence, we have
Rr(A)= min Rr(pc). (C8)
PCESGpo (M)
[ |

In a similar way, we can provide an operational meaning
for R(A||T") in terms of the athermality preservability Pr:

Theorem C2 [Operational meaning of R(A||T") (Theorem 5)].

Given a general quantum channel A € O(A — B), we define

the set of GPOs which can simulate this channel with a state
as O&pp(A). The GPOs in Ogpy(A) can use different static
resources for simulation. The following inequalities hold:

R(AIIT) < min  Pr(G) < max {1/Rp(A), R(A[|T)}.

GeOgm (A)
(€9)
Especially, whenever Rr(A)R(A||T) > 1, we have
R(A|IT)= min Pr(G). (C10)
GeOgm (A)

Proof. Firstly, we prove the lower bound. Assume that
dpc € 8(C), G € GPO(CA — B) and Rr(pc) = Rr(A) that
give G(pc ® -) = A(-). Recalling the definition of Pr in
Eq. (A7), we then have

1 + Pr(G) = min{A | Jg < AM(1e ® 14 @ yp)}
> min {A | Tref (ol ® 14 ® 15)J6}
<ATre{(pé ® 14 ® 15)(1c ® 14 ® v5)}}

(C11)

(C12)
=min{A [J, < A(14 ® v8)} (C13)
=1+ R(A|D), (C14)

where, in the second line we have used that multiplication
with pl followed by a trace over C is a CP map. Hence,
R(AJIT) < Pr(G) for all pc and G used to simulate A, We
conclude that R(A||T") < minceog‘g’O(A) Pr(G).

To prove the upper bound, we consider a specific channel
simulation protocol using a qubit system C, with the thermal
state y¢ given by
= 1; 10)(0]- + M

+ Rr(A) 1+ Rr(A)
The joint GPO for simulation is constructed in the following:

G(tc ® pa) := Tr{|0)(0lc Tc}A(pa) + Tr{|1)(1c Tclo,
(Cl16)

ID{dlc.  (C15)

Yc

where o3 is determined from
1 Rr(A)

- — o

1+ Rr(A) 1 + Rr(A)
According to the equivalence relation between the static and
dynamical Rt (Theorem A3), i.e., Rr(A) = Rr[A(ya)], we
note that op is the optimal state in the standard form of
Rr[A(ya)] [Eq. (AD)]. It is straightforward to check that using
the state pc = |0)(0|c, the channel G in Eq. (C16) is a valid
GPO that simulates A:

A(ya) + (C17)

= VB

G(10){0lc ® ) = A (), (C18)
G(yc ® ya) = 5. (C19)

Consider the Choi operator of G. We have
Jo =1000lc ® Ja + 1) (1lc ® 14 ® 03 (C20)

< [+ RANDI0)(0lc ® 14 ® yp + 1) (1l ® 14 ® 08
(C21)
< [T+ RANDI0)(0lc ® 14 @ vp

+ 1+ 1/Rr(M] 1) ({l]c ® 14 ® va (C22)
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< [+ max {I/Rr(A), RA[INHLe ® 14 @ yp,  (C23)

where the first inequality is from the definition of R(A||T") and
the second inequality is from the definition of o in Eq. (C17).
Recalling the definition of Pr(G), we then have

Pr(G) < max {1/Rr(A), R(A[|T)}. (C24)
Therefore,
min  Pr(G) < Pr(G) < max {1/Rr(A), R(A[|T)}.
GeOIm (A)
(C25)
|

APPENDIX D: RESOURCE ANALYSIS
FOR QUANTUM SWITCH

1. Proof of the upper bound in Theorem 6

The lower bound [Eq. (26)] in Theorem 6 is a direct appli-
cation of Theorem 4. In the rest of this subsection, we prove
the upper bound [Eq. (25)] in Theorem 6.

Given a general quantum channel 2 € O(A — B) with the
Kraus representation Q(-) =), Kn(-)K; , the Kraus repre-

such that
d—1d—1d-1d-1
SIN,TI) =Y ShOsR). o
i=0 j=0 k=0 ¢=0
The signaling GPO input to the switch is defined as
G()y=sTT+ (1 —-s)J (D5)
d—1d-1
=5y ZK-(-)K,TJ- +(1 =511  (D6)
i=0 j=0
d—1d-1
= ZZK,,()K + Kaa (DK, (D7)

where s € [0, 1] 1s_th _thermalizing strength and we defined
the Kraus operators:

Kij = 5K = /sygjliyil, Vi, j=0,1,....d—1,
(D)
Kig = /1 —sl. (DY)

According to Eq. (D1), the Kraus operators of the switch
8[G, G] are given by

sentation/ (?f the quantum switch S[QZ Q] € O(AC — B(C'), Sz(gc)l = 0)(0lc ® KieKij + 11)(1]c ® K;jKie (D10)
where C’ is a copy of C, can be written as S[$2, Q](-) = o o
> > S (-)S),, where the Kraus operator S, is given by = 5(10)(0]¢c ® KieKij + [1) (1] @ KijKie) (D11)
Sun = 10)(0lc ® KoKy + 11)(1lc ® KK, (D) = 550 (D12)
Consider the case when systems. A and.B haye the same Sl(de)d = [0)(0l¢c ® KyaKij + 11)(llc ® KijKqa (D13)
thermal state, i.e., y4 = yp = y with the dimension of d. The .
completely thermalizing channel I' € GPO(A — B) has the =10)(0lc ® V1 — s1V/sKij + [1)(1]c
Kraus representation: ® «/Ekij VI =51 (D14)
d—1d—1 _
= 1—91 K;i Dl
O =Trlly = Y D V& Ll - 1001 V& Vst = 9le ® Kij 1)
i=0 j=0 Syare = 10)Olc ® KeeKaa + 1) (1lc ® KiaKee  (D16)
d—1d—1 _
_ _ =10)(0 Kien/1 — 51
= Ki(- )K:;’ (D2) 10)¢ |c®\/E ke N )
i=0 j=0 + 1) {1]e ® V1 — s1/sKye (D17)
where g; is the population of y on the jth energy level and = /s(1 —5)l¢c ® Ky, (D18)
K; i = /& |i){il. According to Eq. (D1), the Kraus operator (©)
of the switch 8[T", I'] is given by Sadaa = 10)Olc ® KaaKaa + [1){1lc ® KiaKaa  (D19)
_ =(1-91c®1, D20
S, = 10)(0le ® Kiekiy + [1){1]e ® KR, (=9t (b0
) Vi, j,k,£=0,1,...,d — 1. The channel 8[G, G] can there-
Vi, jk,£=0,1,....d—1, (D3) fore be written as
|
d—1d=1d—1 d—1 d—1d—1 d—1d—1 I
(G) (G) (G) (G) (G) (G) (G) G) '
8[G. GI() = ZSI ke C Sz jkz o Sijda() (Si jdd o Sadre(*) dek(i + Sadaa )(dedd) (D21)
i=0 j=0 k=0 ¢=0 i=0 j=0 k=0 ¢=0
d—1d—1d—1d—1 d—1d—1
=23 SN N SR OET) +51 =933 e @ K1 ® K
i=0 j=0 k=0 £=0 i=0 j=0
d—1d-1
+s(1 ) (Le ® Ke)()(Ie @ K + (1 = )’ (e @ D()(Le @ 1) (D22)
k=0 €=0
= §*8[I", T1() 4+ 25(1 =) Ic @ T() + (1 = )*Tc ® I(), (D23)
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where in the last line we used the Kraus representations for
8[I", '] [Eq. (D4)] and T" [Eq. (D2)]. From Eq. (D23), the in-
duced channel AfSG)(~) = 8[G, Gl(pc ® -) € O(A — BC’)can
be written as
AP =2AD +25(1 —$)pe @ T+ (1 — ) pc @7,
(D24)
where A{’(-) = 8[I", ['l(oc ® ) € O(A — BC') is the chan-

nel induced by S[I", I']. We then consider the control qubit in
the state:

pc =Y ) (¥lc  with

Yo = vVal0) +evT—all),
(D25)

for o € [0, 1] and ¢ € [0, 27 ]. The thermal state of the con-
trol qubit is yc = 1¢/2. Since y¢ can be rewritten as yc =

J

out

Papc = I ® Ag)(f/AA/)
=J®38[T", I'l(oc ® Paar)

d—1 d-1
=3 3 (55, ® 1a) (e ® ) [(Sihn,) ® 14]
k,£=0 m,n=0

d—1 d-1 d-1

V)Wl + W) (W le)/2, where (Y |yr+)c = 0, itis easy to
check that Rr(pc) =1, Va € [0, 1] and ¢ € [0, 27 ].

In order to prove the upper bound of R(AESG)HFA% pc') in
Eq. (25), we first prove the following lemma.

Lemma D1. Given the control qubit in Eq. (D25), the fol-
lowing equality holds:

R(AY||Tasse) =1, Ve el0, 11, ¢ €[0,27]. (D26)
Proof. By Theorem A4, we have
R(AL||Taspe) = Re[1®@ AL (aa)], (D27)

where Jaar = [P )P laar With [P) 40 = Zl —0 V& )4 ® i)y
Define the output state

(D28)
(D29)

(D30)

=Y Y VEvEe0)0le ® KunKie(1i) (DKL KS, + (1 — o) [1)(1le ® KieKon(10) (DK}, K,

i,j=0 k,£=0 m,n=0

+e a1 —a) 10) (e ® RoKie (1) DK, K, + €¥y/a (T = a) [1)(0lc @ RieKon (1) DK, @ 1) (il (D31)

= (@10)(0lc + (1 =) [1)(1lc) ® 8 ® ya + V(1 — )™ |0){1]c + e [1){0lc) ® opa,

where for the convenience of writing, we permute the order of
the subsystems but use subscripts to avoid potential ambiguity.
The state o4 in Eq. (D32) is given by

oa = (V8 @ La)yaa(ys @ 14)

Zg?”gj”n Yils ® 1) (il -
i,j=0

(D33)

where we note that y4 = yp = Y4 = y. Recalling the defini-
tion in Eq. (A3), we have

< Ave ® v8 @ val-
(D34)

L+ Re[I® A§ (7as)] = min {2] o35

To find the minimal A, we write (Ayc @ 5 ® ya — pagc) in
the energy eigenbasis of C’ as a block matrix M (from now we
ignore the labels of systems):

o (2-orey
B —e?Jou(l —a)o

where A > 1. When o =0 or 1, it is straightforward that
the minimal A ensuring M > 0 is 2, and therefore we have
Ri[I® AL (7aa)l=2—1=1. For @ € (0, 1), to let M >
0, we need A/2 > max{«, | — a}, which renders the top-left
and bottom-right blocks in M [Eq. (D35)] be positive definite.
By Schur complement (Theorem 1.12 in Ref. [75]), we know

—e7 ' Ja(l —a)o

. (D35)
(h/2+0a = 1)y @y)

(D32)
[
that
( - ) -1
2066 A24+a—-1)y @y — MZ— ()/ QY o
2 0. (D36)
The condition can be rewritten as
A2 —D(A/2 —
o< A2 +a—1)A/ Ot)y®y7 (D37)
a(l —a)

where we used the fact that o(y ™' ® y’l)o = o which can
be seen from the following:

@'y My P ey'?)
=2y e et (¥ 1)

x(y'"?@y'?) (D38)
=@yeDARyY") g ) ¢TI ®y'?)

x(y®1) (D39)
= @yeDLP(yel) (D40)
= o, (D41)

where |¢pT) = Zl o |1) ® [i) and we used Eq. (D33) and the
fact that |7) = (y'* @ D [¢") = (1@ y'/?) |¢7).

Define the function f(A) = W f(X) is mono-
tonically increasing with A. In the following, we will show that

for Eq. (D37) tohold, (1) > 1 such that the minimum A, =
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2 (note that A > 1) satisfying f(Amin) = 1. We then conclude
that M > 0 & A > Anin = 2. By Eq. (D34), we have Rr[J ®
AL Faa)] = Amin — 1 =1, Yo € (0, 1), ¢ € [0, 277]. Since
Rr[I® AY (7aa)l =1 also for @ =0 or 1, ¢ € [0,27],
using Eq. (D27), we therefore obtain R(A(Sr)| ITaspc) =
I, Va €[0,1], ¢ € [0, 27].

Now the only thing left is to show that

min{flo < fy @y} = 1. (D42)

By Lemma A2, we note that Eq. (D42) < 3 |¢), (¢|ly @ y —
olp)=0and y ® y — o > 0. The (unnormalized) state |¢)
can be found as |¢) = (y~'> ® 1) |¢T). We have

Bly@y—oclp) ="y ®y —0)
x(y 2@ 1)ph) (D43)
=@T11eyleT)— (@ ly®Li")

x (pFly @ 1|¢™) (D44)
= Tr{y} — Tr{y}Tr{y} (D45)
=0, (D46)

where in the second line we used the fact that o = (y3/?> ®
Do) (¢TI 1).

Now we show that y ® y — o > 0. Using Eq. (D41), we
have

y@y—o=@"eyMHiel-pr ey’
(D47)
Since 1® 1 —9% >0 and y is full-rank, we obtain y ®
y —o > 0. Hence, Eq. (D42) is proven and as we have
argued above, this leads us to R(A(SF)HI"A%BC) =1,Va e
[0, 1], ¢ € [0, 2r]. |
Now we prove the upper bound [Eq. (25)] in Theorem 6.
According to Eq. (D24), we can rewrite A(SG) as

AY = A +25(1—5)pc ®T + (1 —5)?pc ® T (D48)

=AY +(1—Hpc® G, (D49)
where G’ € GPO(A — B) is defined as
, 2s(1 =) (1 —s)?
G = r J. D50
1 — 52 + 1 —s2 (D50)

We then have
R(AG”|[Tasse)
< S’R(ASITasper) + (1 — sH)R(pe ® G'||Tassper)
(D51)
= 5>+ (1 = )1+ R(G'| D)1 + Rr(pc)) — 11 (D52)
=57+ (1 —sH2(1 + Pr(G)) — 1]

(D53)
=524+ (1— sz)[l + L_S)ZPT(J)}
1—s2
(D54)
=142(1 —s)’Pr(9) (D55)
= Rr(pc) + 2Pr(G)*/Pr (D), (D56)

where the inequality is from the convexity of R(A||I"), the sec-
ond line is from Lemma D1 and the multiplicity of R(A||T")
by considering pc as a state-preparing map, and in the third
and the last line we used the fact that Ry(pc) =1, Vo €
[0, 1], ¢ € [0, 27]. Moreover, in the forth line and the last line
we used Lemma D2:

Lemma D2. Given a GPO G =¢qI' + (1 — ¢)J for g €
[0, 1], the following equality holds:

Pr(G) = (1 = ¢)Pr(J). (D57)

Proof. 1t is straightforward that the equality holds when
g=0 or 1. For g€ (0,1), define A*=1+ Pr(G) =
14+ R(G||T"). From the definition of R(GI|I") [Eq. (A6)],
we have G<AMI=I< *l%jr = (1 —q)Pr() <
A* —1 = Pr(G). On the other hand, due to the convexity
of R(GI|II"), we have Pr(G)=R(G||IT") < (1 —¢q)Pr(J).
Hence, Pr(G) = (1 — q)Pr(J). ]

We remark that the upper bound Eq. (D56) is saturated
as either ¢ or s =0 or 1. To see this, we note that when
o = 0 or 1, the switch is fully off and according to Eq. (D48),
the induced channel AfSG) =s2pc QT +2s(1 —$)pc @ +
(1 =5Ppc®I=pc®[(1—(1 =5+ (1 —s)>*J]. Thus,
using the multiplicity of R, Rr(pc) =1 and Lemma D2,
we have R(AY||Taspc) = Rr(pc) + 2Pr(G)?/Pr(J). The
upper bound in Eq. (D56) is achieved as o« =0 or 1.
When s =0, by Eq. (D48), we have A(SG) = pc ®J with
RAQL|ITa5e) = Rr(pe) + 2Pr(9). When s =1, A® =
AY? such that R(AY||Tapc) = Rr(pc) by Lemma DI.
Hence, the upper bound in Eq. (D56) is saturated when s = 0
or 1.

The proof of the upper bound [Eq. (25)] in Theorem 6 is
completed.

2. Derivation of Eq. (27) in Theorem 6
In this subsection, we derive the analytical expression
of RT(A(SG)) in Eq. (27). By Theorem A3, we know
that Rr(AS) = Re[A (y)]. To find A (y4), we recall
Eq. (D24) and obtain

AP () = AL (va) + 25(1 — $)pe @ T(ya)
+(1—9)pc ® v (D58)
= s> Tra{ pfige } + (1 = s")pc ® yg,  (D39)

where p%~ given in Eq. (D32) is the output of J ® Ag ) (Fan).
The last line follows from the fact that Tra{ o35~} = Tra{l ®
AL (Pan)} = AG (Tralpan ) = A (ra) = A () (note
that A’ is a copy of A). Given the pc in Eq. (D25)
and A > 1, we write [Ayc/®yB—A(SG)(yA)] in the en-
ergy eigenbasis of C’ as a block matrix N (from now
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we ignore the labels of systems):

—ip / 1= 3 —i _
N:A(Wz 0 )—s2 Y R DR 4 ¢ Vel =Or) e
0 y/2 e Ja(l —a)y’ 1 —a)y e Ja(l —a)y 1 —a)y
_ A2 —a)y —e ¥ a(T—a)ls’y? + (1 —sH)y] D61
e aT= )y + (1 - )y (/2 +a =1y - oo

When o« = 0 or 1, it is easy to find that the minimal A ensuring N > 0 is 2, and thus RT(AESG)) = RT[AEgG)(VA )]=2—1=1.For
a€(0,1),toletN > 0, we need A/2 > max{e, | — o}, which renders the top-left and bottom-right blocks in N [Eq. (D61)] be
positive definite. By Schur complement (Theorem 1.12 in Ref. [75]), we have

_ _al—a) 5 4 _ 2 “17.2.,3 _2
N>20& X/2+a—-1y A/Z—a[s y + A =sHyly sy + 0 —-s5%)y] = 0. (D62)
The condition can be rewritten as
al —a) 2.3 2 —17.2.3 2
> : 1— 1— . D63
Y W2+a_l)wz_a)[sy + A =s)yly [Ty + A =sT)y] (D63)
Since both sides are diagonal in the same basis, it is equivalent to require
a(l —a) 2.3 2 1723 2 .
P = ; 1-— ilg: ; 1- il, Vi=0,1,...,d—1, D64
g (A/2+a_1)(k/2_a)[sg,+( sH)giler ' [s°g + (1 —s7)gi], Vi (D64)
Saz 14+ /1-4(1-@)2— (1-@)]Pal —a), Yi=0,1,....d -1, (D65)
S22 11— 4(1 = @ )[2 — (1 - G) ]2l — ), (D66)

where gm.x = max; g; is the maximal diagonal of y. In
the second line we have used o € (0,1), A > 1 and A/2 >
max{a, | —«} to neglect other ranges of A and the last
line follows from that the right-hand side of the second
line is a monotonically increasing function of g;. Therefore,
we have

Rr(Ag”)
= Re[AY (7a)] = Ammin — 1

= J1-4(1 - 2,)[2 - (1 - 2,)2]Pal — ).
(D67)

Ya € [0, 1], ¢ € [0,27], s € [0, 1], where we have included
the case of « =0 or 1 because the expression correctly
gives RT(A(SG)) =1 as o =0 or 1. Equation (27) is hence
derived.

3. Generalization of Theorem 6 for a general pc

In previous subsections, Theorem 6 is proved for a pure
state pc defined in Eq. (D25). In this subsection, we extend
Theorem 6 for a fully general pc, which can always be written
as

pc =1 Y)Yl + (1 —r)yc with [¥)¢
= /o |0) +e“VI—all), (D68)

for r € [0, 1], @ € [0, 1] and ¢ € [0, 2]. Since yc = 1¢/2
is the center of Bloch sphere while |{) (|- parametrizes all
points on the Bloch sphere, p¢ as a convex combination of y¢
and |y) (|- covers all possible quantum states of the control

(

qubit C. Following the same idea of the proof of Lemma D2,
it is easy to show that Rr(oc) = rRr(|¥)(¥|c) =1 Ya €
[0, 1], ¢ € [0, 27 ]. In this case,
AP () =8[T, Tl(pe ® ) = r8IT, TI(¥) (e © )
+ (=78, Tlye ®-)

=rAL O+ (1 =y ®TC), (D69)
where [\g) denotes A(SF) in Section D 1, which is the induced
channel with the pure control qubit |y) (¥ |-. By Eq. (D24),
we can write A(SG)(~) = 3[G, Gl(pc ® -) as

AL = PAD +25(1 —5)pc @ T+ (1 — s pc @7

(D70)
= rszﬁg) + (1 — r)szyc I+ (1 — sz),oc ®G,
(D71)
where G’ € GPO(A — B) is defined as
2s(1 —5) (1 —s)?
G = r J. D72
1—s2 + 1 —s2 (D72)

We then have
R(A(SG)”FA—»BC/)
< rs*R(AS|ITasse) + (1 = 1)s*R(ye @ TlITaspc)
+(1 = s))R(pc ® G'||Ta—pc’) (D73)
=rs" 4+ (1 =)+ RG|IT)(A + Rr(pc)) — 1]
(D74)
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=rs>+ (1 = [+ P(GNA +7r)—1] (D75)
2

N —s2)|:r+ Sl PT(J)} (D76)

=r+ 1 +r)(1—s)7>P(J) (D77)

= Rr(pc) + [1 + Rr(oc)Pr(G)* /Pr(D), (D78)

where the inequality is from the convexity of R(A||I"), the sec-
ond line is from Lemma D1 and the multiplicity of R(A||T")
by considering pc as a state-preparing map, and in the third
and the last line we used the fact that Rr(pc) =1, Ya €
[0, 1], ¢ € [0, 27r]. Moreover, in the forth line and the last line
we used Lemma D2. By similar arguments around Eq. (D56),
we find that the upper bound Eq. (D78) is saturated as either
aors=0orl.

To derive the analytical expression of RT(A(SG)) for a

general pc, by Theorem A3, we know that Rr(AY’) =
RT[A(SG)(VA)]- Using Egs. (D68) and (D71), we rewrite

A (ya) as
A(SG)(VA) = rszf\g)(J/A) + (1 — r)szyc ® VB
+(1—s")pc ® ys (D79)

=rs" A () + r(L = ) [Y) (¥l ® v

+(I=ryc®yp (D80)
=rA () + (1= rye ® vs. (D81)

where
AP () =S85 ) + (A =S ) (W le @ yp. (D82)

Following the same idea of the proof of Lemma D2, it is
straightforward to show that RT[A(SG)()/A)] = rRT[[\fSG)(yA)].
Noticing that AL (y4) denotes A’ (y4) in Eq. (D39) in
Section D2, corresponding to the induced channel with
the pure control qubit |)(|-. Using the expression of
Rr[A (y4)] in Eq. (D67), we have

Re[A ()] = rRe[AS7 ()]

= r1-4(1 = g )2 - (1 - gh)s?]sa(l — o),
(D83)

Vrel0,1], « € [0,1], ¢ € [0,27], s € [0, 1].

Comparing the results with a general pc [Eqs. (D78) and
(D83)] with those with a pure p¢ [Egs. (D56) and (D67)], we
note that the mixedness of pc only changes our results by
a prefactor r, which relates to the purity of pc as P(pc) =
Tr{pé} = (1 +r%)/2.

APPENDIX E: RESOURCE ANALYSIS
FOR COHERENT CONTROL

An alternative way to activate the signaling ability of a
quantum channel by multiple using it is the coherent control
of quantum channels [51]. In this setup, the implementation
of one of two quantum channels is conditioned on the state
of a control qubit, either |0) or |1). By preparing the con-
trol qubit in the superposition state |+), the two channel

CV C/ !
A B A B

FIG. 10. A coherent control of two GPOs with a control qubit p¢
can be considered as a channel simulation of Ae.

implementations can be coherently superposed. This differs
from the case of the quantum switch, where it is the causal
order of the two channels—not their implementations—that
is placed in a quantum superposition. Due to the similar
structures, the performances of coherent control and quan-
tum switch have been compared in the literature [51,76]. In
this section, we perform a similar resource analysis as we
did for the quantum switch and show how the two objects
are similar.

For a fair comparison, we choose the same control qubit
pc [Eq. (D25)], systems A and B, and the signaling GPO
[Eq. (D5)] as those for the quantum switch. The chan-
nel induced by the coherent control is denoted as Ae =
C[G, Gl(pc ® -) € O(A — BC') (see Fig. 10). We have the
following theorem:

Theorem EI. Given the coherent control with the two
input channels as G in Eq. (DS5), the following bounds
hold:

R(AelIl) € Rr(oc) + 2Pr(G) + Va(l —a)s(1 —s)f(y),
(E1)

R(AelIT) = Rs(Ae) = (gmin/2)[R(Ac|IT) — Rr(Ae)P,
(E2)
where Rr(pc) =1, Ya € [0, 1], ¢ € [0,27]and f(y) > Ois

a function of y (see Sec. E2). When s = 1, i.e., the input
GPOsare G =T,

Rr(Ae) =+(1 —2a)? +4d2a(l — a), Ya € [0, 1],
¢ €0,2r]. (E3)

The upper bound of R(A¢||I") is saturated for s = 0 or 1.
When s =1, by Theorem El, we have R(Acl||I") =
Rr(pc). Equation (E2) reduces to

Rr(pc) = Rs(Ae) = (8hin/2)[Rr(pc) — Rr(Ae)).  (E4)

Rr(Ae) and Rs(A ) thus exhibit a similar trade-off as in the
case of quantum switch.

1. Proof of the upper bound in Theorem E1

Given a general quantum channel Q € O(A — B) with
the Kraus representation Q(-) = Zgi}‘;““ll{n(ql{,f where
Nxraus 18 the number of Kraus operators, the Kraus repre-
sentation of the coherent control C[2, Q] € O(AC — BC),
where C’ is a copy of C, can be written as C[Q2, Q](-) =
ZN“”‘“*_I ZanS“*_l Cun(-)C . where the Kraus operator Gy,

m=0
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is given by
1
CmnE— 0 0 ®Km+1 1 ®Kn, ES
mﬂ {0l [1){1lc ) (ES5)
where the normalized factor 1/4/Ngmus e€nsures
Y M=l S M=l 0f € — 1. As pointed in Ref. [51], the

action of coherent control can depend on the implementation
of the controlled channels. By considering the Stinespring’s
dilation of the channel Q(-) = Trz{U(- ® [n)(n|z)U'}, the
Kraus operator C,,, in Eq. (E5) corresponds to the case

where s € [0, 1] and the Kraus operators are given by

Kij = /5Ky = Vsyg lidil, Vi, j=0,1,...,d—1,
(E11)

Now we consider the case when s € (0, 1). The channel G
thus has d? 4+ 1 Kraus operators. According to Eq. (ES5),
the Kraus operator of the coherent control C[G, G] is
given by

when ) = ZNK”“*" 1/5/Nkraus | 7)p where {|j)g}; is an @ = —(|o><0| QK+ |1)(1lc®Kwe)  (EI3)
orthonormal ba51s of the environment E (see the discussion vkE AT ¢ / ¢
around Eq. (5) in Ref. [51]). We choose this specific form Js _ _
for a fair comparison with the quantum switch, whose Kraus = 2—(|0><0|c ® Kij + 1) (1] ® Kie) (E14)
operators are given in Eq. (D1). d*+1
Consider the case when systems A and B have the same o dys o El5
thermal state, i.e., y4 = yp = y with the dimension of d. The - Nz ijke> ( )
coherent control of the completely thermalizing channel I' € 1
GPO(A — B)is C[I', I'], whose Kraus operator is given by G — ———=(10)0lc ® Kij + [1){llc ®Kaa) ~ (E16)
1 - - — _
Chir = 510)/0lc ® Kyj + 1) (1le ® Kier),  (EO) = m(m (Ol ® V/5Kij + 1) (1lc ® VT = 51),
_ (E17)
where K;; = ./g;1j){i| is the Kraus operator of T' [see
Eq. (D2)]. Thus © 1 0)(0] ® K, 1)(1 K E18
q. . ’ Cddk( ﬁu >< |C® dd+| )( |C® kl) ( )
d—1d—1d—1d-1
— @) (F) = —
C[I, T]() = cOE) (E7) m(lo (Ol ® V1 = 5L+ [1){1]c ® vsKke),
i=0 j=0 k=0 ¢=0
(E19)
Now consider the signaling GPO G in Eq. (D5). G) 1
Cadaa = W(l@@c ® Kgq + 1) (1]l ® Kgg)  (E20)
Gy =sT+ (1 —s)] (E8)
/1 —
-t =X "1l (E21)
=sY Y KjOK,+ (1 =511 (E9) d? +1
=0 j=0 Vi, j,k,£=0,1,...,d — 1. The factor 1/+/d*+ 1 comes
d—1d-1 from the fact that G has d? + 1 Kraus operators. The channel
= Z Kii(- )K + Kyg (DK S (E10) C[G, G] can therefore be written as
i=l _] ‘
d—1d—1d—1d-1 d—1d-1 d—1d—1 .
G G G G G G G
€IG, GI() = D COEE) + 2D CluOC) + ChneO(CSR) + ClnaO(Clia) - (E22)
i=0 j=0 k=0 ¢=0 i=0 j=0 k=0 ¢=0
e e o R d—1d—-1 ) d—1d-1
(F) (F) (G) (G) G (G)
T T 1 Z Z ijkeC ) t]kl + Z Z ijaa ) zjdd) + Cddklz( ) ddk()
i=0 j=0 k=0 (= i=0 j=0 k=0 £=0
1-
1 1 1 1 E23
+d2+l(c® )()(Le ® 1) (E23)
2 2
s+ (1 —s)d 1—
e, r Sl il VS JIe®7 E24
d2+1[ 1O+~ ()+d2+1c®() (E24)

where in the last line we used the Kraus representation for C[I", I'] [Eq. (E7)] and I" [Eq. (D2)], and the channel M € O(AC —

BC') is defined as

d>+1 !

d—1
il
S)d i=0 j=0

(G)
jdd

d—1d-1
G)
+ Cddké( )
k=0 ¢=0

(G)
t]dd

(G)
ddkt

(- ) (E25)

']
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M is trace-preserving because + 10)(0]c ® (1 — $)d*1 + [1)(1]c ® s1] (E27)
=1c®1. (E28)
From Eq. (E24), the induced channel A(GG)(~) = C[G, G]

d’>+1 |:d L C(G) t(6) (pc ® -) € O(A — B(C’) can be written as
Tt (1 — A2 z;dd ijdd
s+ —9d* 53 A© = s s+ =s)d N l1—s e ®7
d—1d-1 d2+1°¢ d>+1 2+17C°
DD NCALEH ©29)
k=0 €=0 )
where A, "(-) = C[I", T'l(pc ® -) and N(-) = M(pc ® -).
1 ’r Lemma E1. Given the control qubit in Eq. (D25), the fol-
T s+ (1= 9)d? |: 10)(0lc @ Z KijKij + 1Dl lowing equality holds:

i,j=0

)

d—1 Proof. By Theorem A4, we have

®s Y K,Q'gku} (E26) R(AGITassc) = Re[I® AL (an)). (E31)
k,£=0
) where 7ax = |7)(7|ag With [7)40 = Y00 /81 104 ® e
= WHO)(WC Qs+ 1)1l ® (1 — s)dz]l Define the output state
N — S
|
out @T)
Papc =@ Ag (Vaa) (E32)
=IJIQCII", Tl(pc @ Panr) (E33)
d—1 d-1
= > 2 (Gl ® La)oc @ an)[(Clip) ' ® 14] (E34)
k, =0 m,n=0
d—1 d-1 d-1
8i/8
= Z ‘/_d;/_’[ 10)(0le ® Kie (1) (GDK], + (1 — &) [1)(1]¢ ® Ko (i) (j DK},

e “Va(l — ) [0)(1lc ® Kee(11) (DK}, + ¥y/a(l — ) [1)(0lc ® Ky (1)) (DKL @ 1) (14 (E35)

«/Ol(l —Ol) —i i ~ ~
= (2 |0){Olc + (1 —a) [1)(1lc) ® Y8 @ va + T(e Z10)(1lc + € [1)(0lc) @ 75 ® Pa, (E36)
where we note that y4 = yg = y and the state § is defined as
— Z \/_\/_|l (E37)

i,j=0
Recalling the definition in Eq. (A3), we have
1+ Rr[I® AL (7an)] = min {A| o5 < Aye ® 5 ® ya)- (E38)

To find the minimal A, we write (Ayc' ® 8 ® Y4 — papc) in the energy eigenbasis of C” as a block matrix M (from now we

ignore the labels of systems):

A2 — —d e Jal—a)p @9
:< OJ2—a)y @y e v Ja( a))/@)/)’ E9)

—dJal—a)p @9 A24+a—-1Dy®y

with A > 1. When o« =0 or 1, it is clear that the minimal X guaranteeing M >0 is 2, and thus Rr[J®
AE?F)()“/AA/)] =2—-1=1. For « € (0,1), to let M >0, we need A/2 > max{w, | —a}, Wthh makes the top-left and
bottom-right blocks in M [Eq. (E39)] be positive definite. By Schur complement (Theorem 1.12 in Ref. [75]),
we have

a(l —a)

mW@m(y“ ®y NP ®7P)>0. (EA40)

M>0& 0 2+a—y®y—

This condition is equivalent to the following:

<& A2+a—-1)RA/2—a)

rey a(l —a)

Yy ®v, (E41)
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which comes from

d—1 d— d—1 d—
py~ly = Z Z VEVEEE D g R =Y fou (€ = (E42)

: =0 i,£=0 Jj=
Define the function f(A) = S (€ ) - f(A) is monotonically increasing with . In the following, we will show that for

(,\/2+a D/2—a)
Eq. (E41) to hold, f(1) > 1 such that the minimum A, = 2 (note that A > 1) satisfying f(Anin) = 1. We then conclude that

M >0 < A > Amn = 2. By Eq. (E38), we have Rr[J ® A(F)()/AA/)] = Amin — 1 = 1, Yo € (0, 1). Since Rr[J ® AL (Fua)] =
1 also for « = 0 or 1, using Eq. (E31), we therefore obtain R(A ||I‘A_>Bc) =1,Va e[0,1], ¢ €[0,27].
Now the only thing left is to show that

min{f|y ® y < f-d*(y ® y)} = L. (E43)

By Lemma A2, we have: Eq. (E43) < 3¢), (¢|d*’(y ®y)— 7 ® 7 |¢) =0and d’(y @ ¥) — 7 ® # > 0. Such a state |¢)
can be chosen as |¢) = Zfl?l g‘_1/2g;1/2 li) ® |j) so that

i,j=035i
d—1 d—1
@ld*(y @) i) = d*| Y &g tkl® (€] Z g’gt el |=da) 1=d" (E44)
k.£=0 i,j=0 i,j=0

d—1 d-1 d-1

@ly i) =@ > > Y & & e e e g, k)Ll @ Im)(n)(1i) ® 1)) (E45)

i,j=0 k,£=0 m,n=0

d—1 —
= (¢l 1 Z g/’ k) ® |m) (E46)
i,j=0 k,m=0
d—1
=d’[ Y g g il ® (] Z g/ 28 k) ® |m) (E47)
i,j=0 k,m=0
d—1
=d> ) 1 (E48)
i,j=0
= d*, (E49)
= (Pld(y®y)— 7 Q7 p)=d* —d* =0. (E50)
To show that d>(y @ ¥) — # ® # > 0, we note that
Pyey)— 707 =0 y")dledl -0, 0)y' > @y, (ES1)

where O, = Z” o l0){(jl. Since d1 ®d1l — 04 ® Oy = 0 and y is full-rank, we have d*(y ® y) — $ ® > 0. Therefore,
Eq. (E43) is proven and as we have argued above, this leads us to R(AG [ITaspe) =1, Ya € [0, 1], ¢ € [0, 27]. [ |

For later use, we calculate the action of N on a state that can be obtained from M in Eq. (E25) by using N(-) = M(pc ® -).
We can find

C— _ —_— 2 .
NC) = ST —nd [(oz 10) (Ol¢ + (I —a) 1) (L) ® (sT" + (1 = 5)d"T)(-)
) ) d—1
+ Va(l —a)/s(L =) [0)(1lc +e¥ [1){0lc) ® D (Kue() + (-)Kgp}. (E52)
k,£=0
The output state of I ® N with the input 44 is thus given as
pame = 3@ N(jan) (ES3)
B sy @y + (1 —5)d*y a(l—a)s(1—s) 4, i
= (@ ]0)(0lc + (I —a) [1)(1]c) ® s+ (1 —5)d ST (b (e 10)(1lc +e* [1){0lc) ® 7,

(E54)
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where 7 is defined as
d—1 d—

= PNFI+ IR = Z VBB (R (] @ 1) (] + 1) (k] @ i) eD), (ESS)

i=0 k,¢=0
where |P)) = 22,21:0 /8kA/8¢ k) ® |€) is the vectorization of P defined in Eq. (E37). By Theorem A4, we have
RON|IT) = Rr[I ® N(7aa)] = Rr(pfse) (E56)

_ 25
sy @y + 1 —s)dy +1
+ (1 —s5)d?

< RT|:(O[ 10)(Olc + (1 — ) [I){1]c) ®

Ja(l —a)s(l —s)
+RT[ s+ (1 — 5)d?

(e 10)(1]c + € [1)(0l0) ® r] (ES7)

(1 — 5)d?

= [1 4 Rr(a[0)(0lc + (1 — ) |1><1|c)][1 T

Ja(l —a)s(l —s)
+ s+ (1 —s)d?

2(1 — s)d> o —a)s(I —s)
\s+(1—s)d2PT(j)+l+ s+ (1 — 5)d?

where the first inequality comes from the fact that Rr(p +0) < 1+ Rr(p) + Rr(c), the second line follows from
the equality 1+ Ry(cp) =c[l + Rr(p)] for a constant ¢ >0, and the second inequality comes from the fact
that 1+ Rr( [0){0lc + (1 — ) [1)(1]¢) = 2maxfa, 1 —a} <2, x = (e7[0)(l|c +€“[1){0lc)® T and Pr(J) = Rr(7)
(Corollary A4.1).

According to Eq. (E29), we have

RT(T/):| -1

[1+ Rr((e10)(1]c + € [1){0lc) ® T)] (ES8)

[T+ Rr(0)1, (E59)

©) ) s+ (1 —s)d? 1-— _
R(AG’IIT) < d2+1 R(AG’IIT) + il R(N||F>+d2+1[(1+RT(pc)>(1+PT<J>) 1] (E60)
d?s 2(1 — $)d> s+ (1—9d? Jad—a)/s(1—y) 1

< gt e PO+ — o 21+ Ry GO+ (ZPT(J)+1)
(E61)

_ d>s 2d? s+ A —9d> Jad—a)/s(I— 2 1—s

=7t +d2+lT(G)+ pE P [1+R (X)]+d2+1 T(G)+d2+l
(E62)

Ja(l —a)/s(1—s)
— 14 2P (G) + I [1 4+ Rr(0)] (E63)
11— 1-—

— Re(pe) + 2Pr(G) + Y4 d‘j‘)ff( 1+ ReGO, (E64)

where the first inequality comes from the convexity and the multiplicity of R(A||T"), the second inequality is obtained by
substituting the upper bound of R(N||I") in Eq. (ES9), the third line follows the Lemma D2 and the last line used the
fact that Rr(pc) = 1, Yo € [0, 1]. Note that the upper bound in Eq. (E64) is derived for the case when s € (0, 1). When
s = 0, we have AE?G) = pc @ J with R(A(GG)HF) = Rr(pc) + 2Pr(J). When s =1, AE?G) reduces to Ag) and by Lemma E1,

R(AS’|IT) = 1 = Ry(pc). Therefore, Eq. (E64) is an upper bound of R(AS”[|T") for s € [0, 1] and is saturated at s = 0 or 1. We
eventually obtain the upper bound in Theorem El:

R(ASIIT) < Rr(pc) + 2Pr(G) + Ya(l — a)s(1 — 5)f (y),
Ya,s € [0, 1], ¢ € [0, 27]. (E65)
where f(y) = [1 4+ Rr(x)1/(d> + 1).

2. Derivation of Eq. (E3) in Theorem E1

In this subsection, we derive the analytical expression of RT(Ag)) in Eq. (E3). By Theorem A3, we know that R( A(er)) =
Rr[AS (y4)]. To find A§ (y4), we recall p§i. in Eq. (E36) and have Tra{ou-} = Tra{d ® AL (aa)} = AL (Tra{paa}) =
Ag)(yA/) = A(er)(yA) (note that A" is a copy of A). Given A > 1, we write [Ayc ® yp — Ag)(yA )] in the energy eigenbasis of C

043327-23



YUTONG LUO, SIMON MILZ, AND FELIX C. BINDER

PHYSICAL REVIEW RESEARCH 7, 043327 (2025)

as a block matrix N (from now we ignore the labels of systems):

N = x(’”/z 0 ) _ 4
0 y/2 d=%e Ja(l —a)p

3 (/2 —a)y
a2 S — )P

When o = 0 or 1, it is easy to find that the minimal A ensuring N >
— «}, which renders the top-left and bottom-right blocks in N [Eq. (E67)] be

o€ (0,1),toletN > 0, we need A/2 > max{c, 1

I, S — N
d7e ™ Ja(l —a)y (E66)
(I —a)y
=2 —4
d e Y Ja(l —a)p ‘ (E67)
A2+a—1y

0is 2, and thus Rr(A§’) = Rr[AS ()] =2 — 1 = 1. For

positive definite. By Schur complement (Theorem 1.12 in Ref. [75]), we have

N>0& (A24a—1)y—

Using the equality 7y !9

Pon—a’’

a(l —a)

Py~ >0. (E68)

= dy [Eq. (E42)], the condition can be rewritten as

a(l —a)

Y2 Boita—Doj2—a)

< f-dy}=1.By Lemma A2, it is equivalent to show that 3 |¢),
=Yg i) so that

Now we show that min{f|y
7 > 0. Such a state |¢) can be chosen as |¢)

d—1 d—1
(pldy |¢) = <Zg,”2 u) > g ) =d<2g;‘/2<i|) Zg‘” =
par -

d—1 d—1

(@19 16) = (@ D Y &e e 1id il Ik) = ¢|Zg”2|z —d(Z

i,j=0 k=0

Thus, (¢|dy — 7 |¢) = d*

(E69)

(¢ldy =7 1¢) =0and dy —

(E70)

d

d—1
~1/2 u) (Zg”2|z)= Zl:dz. (E71)
i=0 i=0

=0

— d? = 0. Besides, we note that dy — $ = y/2(d1 — O,)y'/* where O, = Z?,;:lo [i)(j|. Since

dl — Oy > 0 and y is full-rank, we have dy — ¢ > 0. Therefore, for Eq. (E69) to holds, we have
B2+ a—1)A/2 —a)

d <

where in the second line we used @ € (0, 1), A >
Rr(Ag))

o —o) , (E72)
A1+ —20)?+4d2a(l — a), (E73)
1 and 1/2 > max{«, 1 — «} to neglect other ranges of A. We thus have
= R[AG (a)] = Aumin — 1
= V(1 —20)> +4d2a(l — ),
Ya €[0,1], ¢ € [0,27], (E74)

where we have included the case of « = 0 or 1 because the expression correctly gives RT(Ag)) = lasa = 0or 1. Equation (E3)

is hence derived.
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