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Using the Dirac string formalism for monopoles, we expose an extensive analogy between magnetic monopole
excitations in the dumbbell model of spin ice and those of the vacuum. In both cases, the Dirac strings are defined
in the space-time of monopole trajectories, which are simulated in spin ice using transition graphs between initial
and final configurations. The Stanford experiment for Dirac monopole detection is reconstructed in spin ice using
the fragmentation procedure. The setup is then extended to simulate magnetic noise experiments using stochastic
dynamics. It is shown that the noise from the monopoles and their constraining strings can be separated and that
the correlated signal over long times comes largely from the constraining strings rather than from the monopoles

themselves.
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I. INTRODUCTION

Much has been written [1] about frustrated magnets on
a pyrochlore lattice in terms of emergent gauge fields with
U (1) symmetry [2] and the consequent magnetic monopole
quasiparticles in spin ice [3-8]. These are taken to be ana-
logues of Dirac monopoles with accompanying Dirac strings
[9,10]. The classical analogues of the Dirac strings can be
identified in a special case in which a monopole path shows
up against an ordered background [11], but in general they re-
main ill-defined for arbitrary spin configurations [6,8,12,13].
In this paper, after reviewing the Stanford experiment for
monopole detection [14] in a language suitable for adaptation,
we develop a precise definition of Dirac strings in spin ice as
well as for the magnetic fields radiating from the monopoles.
We show that, in close analogy with Dirac’s theory, the
strings are defined in the space-time of monopole trajectories
rather than in individual microstates of the Gibbs ensem-
ble of states. The space-time trajectories appear naturally
for particles traversing a detector, allowing us to reconstruct
the Stanford experiment for the dumbbell model of spin ice
[6,15]. We further show that in both cases the Dirac string
has a topological signature that strongly influences the mea-
surement. Using the same detector we are able to simulate
magnetic noise experiments for a monopole fluid in analogy
with recent experiments and simulations on the spin ice ma-
terial Dy, Ti,O; [16-18]. We confirm that the noise is due to
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the monopole activity but that the Dirac strings make a vital
contribution that dominates the correlated signal at long times.

II. THE STANFORD EXPERIMENT

In Dirac’s theory of deconfined magnetic charge [9], a
monopole at position 7(¢ ) moves with velocity ¥ and traces out
a trajectory represented by the locus of points [5(¢)] [10]. In
his 1948 paper, Dirac shows that the breakdown of Maxwell’s
equations is limited to a line singularity along [5(¢)]—the
famous Dirac string. In Appendix A, we show that, by inclu-
sion of the line singularity, one can write down an expression
for the magnetic field produced by a monopole that leaves
Maxwell’s equations unchanged and satisfied in all space:

B2/ o =0 ! = IN J20 4! 1 a
Bt 1) = qu[/_w SG(W) —F >ds(r>+mx<r>}

= BDiraC + Emv (1)

where Q is the monopole charge (positive charge for a north
pole and negative for a south pole), o is the permeabil-
ity of free space, d5 lies along the trajectory [5(¢)] for
—oo <t <t,and X(t) =7  —F(t) is the relative position
of the observer (7 ') and the particle (7(¢)). The first term is
the line singularity associated with the Dirac string and the
second is the field radiating from the monopole at 7(¢). The
modified field is divergence-free as the Dirac string provides
the flux radiating from the point charge (see Appendix C). The
monopole current is now replaced by the Dirac string dynam-
ics. It is important to stress that this space-time formulation
goes beyond magnetostatics as the string cannot be placed
without prior knowledge of the particle trajectory.

An integral part of Dirac’s theory is that the Dirac string
should be unobservable, unphysical even [10]. In particular,
in a quantum interference experiment, the wave function of an
electron of charge —e whose trajectories encircle the singular
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line should incur a phase shift through the Aharanov-Bohm
effect [19]. The shift is predicted to be an integer times 2,
leaving no trace of the string and leading to the quantification
condition for the product of electron and monopole charge:
oeQ = nh, where h is Planck’s constant.

The formulation of Eqgs. (1) and (A4) that we use below
does, however, provide a precise definition for the strings,
which is extremely useful for analogies with spin ice. In
this case, although the string is unobservable, the monopole
is not, and the termination of the string on the monopole
has a determining effect on the measurement. As proposed
in the Stanford experiment [14], a monopole could be de-
tected through the change in magnetic field flux ¢ = [ B-dA
through a conducting coil enclosing a surface with elements
dA normal to it. An electromotive force is generated via
Faraday’s law: emf = —d¢/dt (see Appendix A), driving
a current / that saturates in a superconducting coil due to
the self-inductance L: emf = —L(dI/dt), giving a one-to-one
correspondence between [ and ¢.

Following the construction of Ref. [14], we consider the
ring to be circular, of radius b, lying in the plane perpendicular
to X with center at the origin and the particle to be traveling
with uniform speed v along X. At time ¢, its distance of ap-
proach as seen by the coil is x = yvt, with y the relativistic
Lorentz function. The monopole radiates flux isotropically
so that its contribution, ¢,,, depends on the solid angle of
approach and changes sign as the monopole passes through
the coil:

HoQ yvt
@) =221 200y + — Y5 ),
$n(t) = — ( )+ G +b2]1/2>
¢Dirac(t) = /’LOQG(t)a
d) = (bDirac + ¢mv (2)

where 6(x) is the Heaviside step function. In addition, the
Dirac string terminates at the monopole, so its contribution,
Ppirac, changes discontinuously [Eq. (2)] as the particle passes
through. The signal ¢(¢) = ¢pirac + @ corresponding to the
passage of a monopole tethered by a string is illustrated in
Fig. 1. Although the string is undetectable at a point far
from the monopole, its end points are an integral part of the
monopole signal and its presence introduces a topological
constraint to the vacuum. As a consequence, a signal from
a passage through the coil is radically different from a near
miss. For example, a trajectory that stalls in front of the coil
at x = —e and then leapfrogs over the coil to x = € before
continuing as before would record the signal in Fig. 1(a) rather
than the predicted signal [Fig. 1(c)].

We remark that the divergence-free condition for B(7 ', 1)
ensures that, for a given trajectory and coil perimeter, the
measured flux is independent of the chosen surface span-
ning the coil. On the other hand, the contributions from
the individual field elements, EDirac and I§m, depend on the
specific choice. For example, calculating the flux crossing a
concave hemisphere, the monopole contribution, Fig. 1(a),
would be distorted. At contact with the surface, the peak
would be smaller and the trough would be of larger amplitude.
The Dirac string termination, Fig. 1(b), would then be moved
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FIG. 1. Flux change for the monopole through the Faraday coil.
The total (c) is the sum of the flux of the monopole (a) and that of the
Dirac string (b).

to the left, to a negative time such that the total, Fig. 1(c),
remains unchanged.

Famously, a single event was recorded on 14th February
1982 that has all the characteristics of a Dirac monopole
tethered by a Dirac string in the way described above. Sadly, a
second, confirming event has not so far been observed, leaving
the validity of Dirac’s theory an open problem [20].

III. MAGNETIC MONOPOLES IN SPIN ICE

In spin ice materials, the magnetic ions sit on the sites of
the pyrochlore lattice defining corner-sharing tetrahedra (see
Fig. 2). It is a face-centered cubic structure of tetrahedral
unit cells of four sites. Alternatively, a cubic cell of side a.,
containing 4 unit cells and 16 spins, can be used. Spins are
separated by distance a; = a./2+/2 and tetrahedron centers
that form a diamond lattice are separated by a = +/3a./4. The
spins are constrained to point along the body centers of the
cubic structure toward or away from the tetrahedron centers.
The lowest-energy configurations satisfy the ice rules [3,21],
with two spins pointing in and two out of every tetrahedron.
These form an extensive low-energy band of (Pauling) states
with loops of spins that can be flipped taking the system to
different states within the band, as illustrated in Fig. 2(a).
Monopole quasiparticles [6,7] are localized in the centers of
tetrahedra in which the ice rules are broken, with three spins
in—one out or three out—one in [Fig. 2(b)]. In the nearest-
neighbor model of spin ice [22], the spins of unit length map
to elements of a lattice field. In the band of Pauling states,
which are degenerate ground states, the field is the curl of a
gauge potential with U (1) symmetry [2] and the monopoles
are topological defects in this field. However, the moments
m of spin ice materials Ho,Ti,O; and Dy,Ti,O; are large,
approximately 10 Bohr magnetons per spin, so that the dipole
interaction must also be taken into account [23]. Thanks to
the remarkable symmetry properties of the pyrochlore lattice
[23,24], the ground-state degeneracy of the nearest-neighbor
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FIG. 2. (a) A low-energy spin ice configuration satisfying the ice
rules. Yellow lines show flippable loops. (b) A spin ice configuration
with broken ice rules and magnetic monopoles. The blue and maroon
spheres are north and south poles, respectively. The dashed, dotted,
and yellow lines between the monopoles are possible return paths.
(c) In the dumbbell model, spins are replaced by needles of magnetic
flux terminating in magnetic charge at the tetrahedron center. The
needles of this isolated three in—one out tetrahedron (north pole)
fragment into elements M}, and M;’, (see text). (d) Flux element
M, fragmented into elements in the monopole, gauge, and harmonic
sectors.

model remains virtually [25] intact on inclusion of the full
dipole interaction but the topological defects, the magnetic
monopoles, acquire real Coulomb interactions between them
[6,26].

The magnetic monopole approximation to spin ice is
captured in full by the dumbbell model [6] in which the
spins S; on sites i of the pyrochlore lattice are replaced by
needlelike bar magnets extending between tetrahedron centers
I and J. The magnetic flux is channeled along the needles that
terminate at north and south poles—dumbbells of magnetic
charge ¢ = +m/a. A two in—two out state has total charge
zero on each tetrahedron and a monopole carries charge Q =
2g = £2m/a [Fig. 2(c)]. In this model, the Pauling states
are degenerate by construction and monopoles interact via a
Coulomb interaction with energy above the ground state given
by

u(a) aly. . .
H=—- (E>nznz — Yy i, 3)
I£] I

where u(a) = puoQ? /4ma is the nearest-neighbor Coulomb
energy scale for a pair of monopoles, 7; =0, +1,+2 is a
monopole number operator, and 7y, is the distance between the
centers of tetrahedra 7 and J. The spin ice problem is therefore
equivalent to lattice Coulomb fluid in the grand ensemble
[6,12,26,27], allowing creation and annihilation events with
chemical potential for monopole and double monopole cre-
ation, u and w, = 4pu, respectively. For dysprosium titanate,
w=—435K, u(a) ~ 3K, and a = 4.33 A [26].

A field theoretic description of the problem [15] can be
constructed by treating the needles as elements of a lattice
field M;; = —Mj; that satisfy properties of both the emergent
field of the nearest-neighbor model and the real magnetic flux
of the system of coupled dipoles [15]. The latter dictates that
a spin pointing into a tetrahedron carries a negative magnetic
flux.

The lattice field can be broken up or fragmented into
its constituent parts—divergence full, gauge, and harmonic
components—via a lattice Helmholtz decomposition [15,28]

My = M} + M, + M}, “4)

where M7} constitute the monopoles. They have an associated
Gauss’s law for each tetrahedron I:

> My = -0, 5)

J=14

where Q; is the magnetic charge on site / and the sum is
over the four neighbors J. The minus sign, optional for
the emergent field, is imposed here so that magnetic flux
flows into a north pole of positive charge, ensuring that
the flux of magnetic field radiates outward from it. Of the
remaining terms, M, provide closed loops of flux and are
the lattice curl of a vector potential, while the harmonic
terms ij [29,30] provide a constant background and
capture a finite ferromagnetic moment. The emergence of
continuous symmetry from discrete objects is illustrated by
the decomposition: while M;; = +m/a, the three elements
can take on continuous values constrained only by the total
available flux [see Fig. 2(d)]. For the rest of the paper, for
simplicity, we will set M}, = 0 and work in zero external field.
The fragmentation procedure has been highly successful
for the interpretation of partially ordered phases [30-33],
where one fragment is ordered and another is disordered.
However, the principle can be applied to any spin ice con-
figuration, including those of monopole fluids. The simplest
situation, illustrated in Fig. 2(c), is that of a tetrahedron
hosting an isolated monopole, far from all others. The four
elements hosting the north pole fragment, in units of Q/2:

(=111 = [ —h - [ k-]

(6)

=
=

where the first set are [M™] satisfying Eq. (5) and the second
set satisfying Kirchoff’s current law are [M?].

Beyond this tetrahedron, or in situations where monopoles
interact, the field distributions are complex but can be
calculated using the efficient real-space iterative algorithm
proposed by Slobinsky et al. [34]. We have used their
algorithm to isolate M}; for generic configurations (see Ap-
pendix B). In Fig. 3, we show the resulting coarse-grained
fields generated for a neutral pair of monopoles. The simu-
lation is for a system of L cubic cells (L = 8) with periodic
boundaries. The monopoles are separated by L/2 in units of
a.. The figure shows that the relevant field from an isolated
monopole does indeed radiate magnetic flux isotropically to
or from its singular source.
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FIG. 3. (Main) The monopole part of the coarse-grained mag-
netic flux M} for a neutral pair of monopoles in a simulation of size
L = 8 separated by L/2. The north pole is blue and the south pole
is maroon. Each arrow is the average of four field values, and field
strength is indicated by arrow size on a logarithmic scale. Magnetic
flux M} flows into the north pole. (Lower left) Zoomin onto the north
pole.

IV. DIRAC STRINGS AND MAGNETOSTATICS

The network of available paths for monopole evolution,
illustrated in Fig. 2(b), is often referred to as a Dirac string
network [6,8,12,13]. This definition requires some modifica-
tion. As seen above, the Dirac string is intimately related to the
monopole trajectory so that a single microstate cannot yield
information concerning its position. To illustrate this, consider
the spin configuration in Fig. 2(b). Without knowledge of the
initial configuration, there is no way of knowing whether the
north pole arrived at its present position by flipping spins
along the dashed path, the dotted path, or the yellow path.
Adding the initial configuration, it immediately becomes ap-
parent that it followed the dashed path and that the Dirac string
must lie along it. The network of needles carrying magnetic
flux of Q/2 therefore offers a network of possible paths along
which a Dirac string could lie, but no more can be said from a
single microstate.

It is clear from the above that, just as in the vacuum, spin
ice Dirac strings can only be identified through the particle’s
history. Although there is no time in equilibrium statistical
mechanics, temporal evolution can be simulated by associ-
ating it with a given sequence of chosen microstates. The
space-time of electrodynamics can then be simulated in spin
ice by a transition graph [35] that subtracts the initial config-
uration from the final configuration following this sequence.
Taking the initial configuration [M]; to be a Pauling state and
the final configuration [M]; to be one in which a monopole
pair has been created and the north pole stepped through
a succession of sites, the transition graph yields a uniquely
defined Dirac string

[M]pirac = —([M1y — [M]5). (N

The field elements of the graph are of strength Q along the
trajectory [8] and zero elsewhere, and the chosen sign orients

them in a direction that evacuates the magnetic flux flowing
into the north pole. An imprint of this protocol can be made
in the special case in which a single monopole trajectory is
observed against an ordered background, in spin ice through
neutron scattering [11] and through electron holography [36],
and in artificial spin ice [37]. Simulations of the electron
holography also show evidence of Dirac strings in disordered
systems using transition graphs as outlined here.

We can now calculate the magnetic fields associated with
the transition graph. In this model, magnetic fields are also
channeled along the needles so that magnetic field and mag-
netic intensity elements can be defined:

Bry = po(Myy + Hyy). (8)

The magnetic intensity elements H;; are related to
M7 through the divergence-free condition on B, which im-
poses that V - M = —V - H [6]. Putting this on the lattice and
noting that spin ice materials are insulators, it follows that

M}, = —Hy;. C))

Setting the harmonic term to zero for simplicity, one then finds
that

By = woMy,, (10)

ensuring that the on-lattice magnetic field satisfies the
divergence-free condition.

Fragmenting the final configuration of the sequence
My =[M"]r + [M"]f and using Egs. (7) and (10), we can
calculate the difference in magnetic field configurations asso-
ciated with the transition graph:

[Blf — [Bli = —po(IMIpirac + [M™15)
[B]Dirac + [B]m» (1 1)

where the first and second terms are the magnetic fields from
the Dirac string and the monopole, respectively, in complete
analogy with Eq. (1).

A north pole (three spins in—one out) steps between sites
by flipping one of the in spins to out. If / is the initial and J is
the final position of the monopole, the element M;; flips from
—(Q/2) to Q/2 producing an element of [M ]pj,. of amplitude
Q flowing away from it [Eq. (7)] and an element of [B]pjrac Of
amplitude 11oQ flowing toward it. Field distributions given by
Eq. (11) at different moments of the trajectory are illustrated
in Fig. 4, showing both the singular field from the monopole
and the Dirac string. Magnetic field radiates outward from
the north pole and the Dirac string term [B]pjr,. delivers the
flux necessary to assure that the lattice field [B] is everywhere
divergence-free.

V. THE STANFORD EXPERIMENT IN SPIN ICE

We can use this formalism to construct a monopole de-
tection experiment for the dumbbell model. As illustrated in
Fig. 4, a numerical Faraday coil is placed in the center of the
simulation cell, lying in the $-Z plane perpendicular to the x
axis ([100] cubic axis of the pyrochlore crystal). The plane of
the coil passes through the pyrochlore sites (spin positions)
at X = 0 and cuts the needles spanning between tetrahedron
centers /, J on either side of the plane.
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FIG. 4. Magnetic fields [Eq. (11)] for three stages of the
monopole trajectory from left to right along X, L = 8. Images show
the x-y plane. Blue circle denotes north pole, whereas maroon circle
denotes south pole. Orange and yellow arrows show two-dimensional
projections of the magnetic fields from the monopoles from coarse
graining over columnar cells of cross section A? in the x-y plane
and L in the Z direction, A = 0.8a, giving 100 cells. Intensities
are on a logarithmic scale. Blue arrows show individual elements of
the magnetic field along the Dirac string of strength oQ — po|MJj|.
Black lines show position of the Faraday coil lying in the plane
perpendicular to the % axis.

As the magnetic field is confined to the needles, the lattice
field elements B;; are scalars with units of flux. The flux
through the coil is then just the sum of the field strengths
passing through the needles cut by the coil (see Appendix C).
The flux change as the final state evolves is

¢r—di=|> Bu| —|> Bul. (12)
(1.J)

f (I.J)

where [ is on the left of the coil and J on the right. Defining
I and J in this way ensures that the flux calculated is that
passing from left to right.

The flux difference with distance traveled by the north pole
is shown in Fig. 5(a). It changes smoothly with distance by a
factor of uoQ as the monopole steps through the coil. This is
a clear monopole detection signal in complete analogy with
Fig. 1, confirming that the transition graph approach correctly
simulates the space-time in which the monopole and Dirac
string are predicted to exist [10]. Also shown is the flux
change from the monopole alone, ¢>,f,, — ¢!, which is the con-
tribution to Eq. (12) from [B],, in Eq. (11). This flux increases
as the coil is approached before jumping singularly to negative
values and increasing back to zero for large x, again in close
analogy with the monopole contribution [Fig. 1(a)].

One difference between the transition graph and the time
evolution of the Dirac monopole is that here, even when
stepped from left to right, the trajectory is not ballistic as
the pole encounters constraints and stochastic choices along
its path. As a consequence, stepping time and distance are

(a) 2.0
1.5

1.0 1

3rd

2nd
0.0 - 1st

0.00 0.25

0.50 0.75 1.00

t

FIG. 5. (a) Flux difference through the coil [Eq. (12)] in units of
1o(Q/2) for the north pole vs distance x in units of a./4, the step
distance along the £ axis. Inset: Evolution of the flux ¢/ — ¢/ from
the monopole [[B],,; Eq. (11)]. (b) Flux difference vs stepping time in
units of total time. 1st, 2nd, and 3rd are for the three times of Fig. 4.

not equivalent. This is illustrated in Fig. 5(b), where the flux
change is given as a function of stepping time. The irregular
jumps correspond to the enforced backtracking that can be
observed in Fig. 4. The trajectory also contains a step where
the particle does not move, as could occur in a simulation with
stochastic Monte Carlo dynamics.

Finally, in Fig. 6 we show the flux through the coil without
subtraction of the initial flux:

¢=|> Bul. (13)
(1,J) f

where for simplicity we have dropped the subscript f on the
left-hand side. Although the scale now depends on the total
spin configuration, the same change of flux can be observed.

-10 0 10
X

FIG. 6. Flux through the coil in units of wy(Q/2) for the north
pole vs distance x in units of a./4, the step distance along the % axis.
Blue: Magnetic field flux ¢ [Eq. (13)]. Black: Local field flux ¢, [Eq.
(14)]. The blue data are shifted vertically for clarity.
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This shows that although the spin configuration consists of
a forest of flux elements, these contain an imprint of the
monopole and its Dirac string exposed by the transition graph.
Also shown is the local field flux

¢r=po| Y My |, (14)
(I,J) f

from the elements of Eq. (4). It shows a discrete spin flip
from “in” to “out” when the monopole jumps through the
plane of the Faraday coil. This is analogous to the Dirac string
contribution to the monopole signal [Fig. 1(b)], and as in that
case it depends on the specific choice for the surface enclosed
by coil. The same remark holds for the monopole contribution
to the flux, ¢,, [see inset of Fig. 5(a)]. However, once again the
magnetic field flux ¢ should be independent of the choice of
surface and this remarkable property could be tested in future
work.

VI. A MAGNETIC MONOPOLE NOISE EXPERIMENT

Recent magnetic noise experiments [16—18] have high-
lighted the highly correlated spin dynamics of spin ice
materials in the low- and intermediate-temperature ranges.
The noise signal has been interpreted in terms of monopole
dynamics with correlations coming from Dirac strings [16].
Howeyver, field distributions in materials and realistic models
of spin ice [38,39] are far more complex than those of the
dumbbell model and detailed analysis has shown that some
features of the strong correlations are nonuniversal effects
specific to spin ice, rather than to the generic problem of
magnetic monopoles and Dirac strings [17,18,40]. It therefore
seems important to generate noise that is unequivocally from
the fluctuating magnetic fields of magnetic monopoles and
Dirac strings and compare with experimental results.

To this end, we have extended our protocol to measure
such a signal during a finite-temperature simulation using a
single-spin-flip Monte Carlo algorithm. Equation (7) can be
extended to define Dirac strings for a finite concentration of
monopoles in a fluid configuration. A system, starting in a
given Pauling state or vacuum [M];, is put in contact with a
thermal reservoir at temperature 7. Monopoles are created
and move in the stochastic series of selected microstates,
creating a set of Dirac strings. As the particles are deconfined
and the strings are tensionless [8], the final configuration
[M]; becomes uncorrelated with the initial state as thermal
equilibrium is reached. Beyond this point, the transition graph
becomes a complex soup of strings terminating in monopoles
and closed flux loops of strength poQ [41]. As each tetra-
hedron can accommodate zero, one, or two such flux tubes,
the strings can cross and intersect with each other leading
to budding and exchange of partners, characteristics that are
surely shared with Dirac strings in the vacuum [42]. As a
consequence, in this regime the transition graph of the actual
state with the initial ground state is of less interest than for the
Stanford experiment. However, the topological properties of
the vacuum ensure that a monopole passing through the coil
drags a well-defined Dirac string with it, for example, along
the dashed path in Fig. 2(b). In addition to the direct passage
of monopoles, the signal will also be influenced by monopole

creation, annihilation [43], and movement near the coil due to
the long-range nature of the magnetic fields they produce.
We have used a sample with L = 4 with periodic bound-
aries and with parameters for Dy,Ti,O7. The simulations
were run at 1 K, beginning from thermal equilibrium, and the
Monte Carlo time per spin was scaled to fnyq = 0.1 ms as in
Ref. [16], which is the smallest (Nyquist) time interval. Run
times were 50 000 Monte Carlo steps per spin. The configura-
tions were fragmented [34] and the flux through the Faraday
coil was recorded at each step, keeping track of the magnetic
field flux ¢ [Eq. (13)], the flux from the monopoles only,

=—uo| ) _Mj; (15)
¥ (L,J) f

[see Egs. (9) and (11)], and the flux from the local fields
[Eq. (14)]. As the latter records spin flips, it measures the
abrupt change in the number of Dirac strings threading the
coil. We stress that the relevant quantity for comparison with
a magnetometry experiment is the magnetic field flux ¢. The
step-function events of ¢; shown in Figs. 1(b) and 6 are mea-
surable in simulations and are related to magnetic correlations
and the magnetization in spin ice [13,16,44] but are not ac-
cessible in magnetic noise experiments and have no physical
meaning in the theory of monopoles.

In the upper panel of Fig. 7, we show a Monte Carlo
time sequence converted to milliseconds for the three fluxes:
¢(t) and ¢ (t) appear closely correlated, with events stretch-
ing over a few milliseconds, while ¢,,(t) is characterized
by shorter timescales. This is confirmed in the lower panel,
where we show the temporal correlation functions for the
three fluxes:

O = ZBT/
(.J)

Iy
Cy(t) = </0 (P + t)dt’>, (16)

where (- - -) is a thermal average and #; = 12 ms, above which
the signal is lost in the noise. Correlations for the magnetic
field flux ¢ () indeed fall smoothly to zero on the timescale of
a few milliseconds, while ¢,,(¢) plunges on a much shorter
timescale. It appears therefore that the Dirac strings teth-
ered to the monopoles influence not only the amplitude of
the detection signal but also the flux correlations over long
times. Correlations in the local flux ¢, (t) combine both these
features, starting above those for ¢(¢) at short times, falling
rapidly in step with it beyond the correlation time for ¢, ().

Figure 8 shows the logarithm of the normalized corre-
lation functions against time. The upper panel shows that
correlations for the magnetic field flux follow a well-defined
Arrhenius law within the accuracy of our simulation, with
characteristic timescale 73 = 2.38 £0.03 ms. The lower
panel shows the short-time behavior for ¢;, correlations. These
relax onto and become indistinguishable from the ¢ corre-
lations after a few tenths of a microsecond (three or four
Monte Carlo steps per spin) and beyond this timescale can
be fitted with the same Arrhenius law. The inset shows the
rapid fall in the ¢,, correlations that fit reasonably well to
an exponential decay with time constant 7,, & 0.1 ms, al-
though a more detailed study is required to make a quantitative
analysis.
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FIG. 7. (Upper) Simulated flux through the coil against time. (Lower) Flux correlation functions against time (see text). Blue, magnetic
field flux ¢; black, flux from local fields, ¢, ; and red, flux from monopole alone, ¢,,.

Similar relaxation with short and long timescales has pre-
viously been reported for spin correlations in the dipolar spin
ice and dumbbell models [13]. Although the quantities studied

10°

12

0.6] + oL

— Aexp(—7/78)

05" : : : :
0 0.2 0.4 0.6

7 (ms)

FIG. 8. (Upper) Normalized correlation function C,(t) for the
magnetic field flux ¢ and fit to an exponential decay, Tz &~ 2.38
ms. (Lower) Normalized correlation function C, () for the local
field flux ¢,. Solid line shows an exponential decay with same time
constant tg. Inset: Normalized correlation function for the flux from
the monopoles, ¢,,, and exponential decay with 7,, &~ 0.1 ms.

were bulk quantities, they are closely related to the ¢, cor-
relations presented above. Magnetic relaxation times in spin
ice have also been estimated theoretically using an effective
field approximation, equivalent to Debye-Huckel theory, to
treat the monopole contribution [44]. Two timescales emerge
from this analysis, which can be interpreted as due to the Dirac
strings and the monopoles. The ratio of timescales is estimated
to be 9/T, with T in kelvin, in qualitative agreement with the
factor of around 20 that we observe. It is surprising to find
that the field flux correlations have the most convincing fit to
an exponential. Our data suggest that the two timescales for
the ¢, correlations are generated by the discrete changes in
the local fields that terminate the Dirac strings. These appear
smoothed out by the field variations and the emergence of
continuous symmetry.

Analysis of experimental magnetic noise data in spin ice
has principally been via the spectral density [16—18], which
we can generate through the Fourier transform of the correla-
tion function

o0
Sy (@) =/ Cy(7) cos(wt)dr. (17)
0

We found that this procedure left a white noise component
[16] of about 2% of the total signal at and above the Nyquist
frequency, wnyq = 27 /tnyg = 6.2 X 10*rad s~!, which was
subtracted before normalization to give the data presented
in Fig. 9. The left panel shows the spectral density for the
correlations of magnetic field flux ¢ and the right panel
for the local field ¢,. The data fall from a constant low-
frequency plateau toward zero between 200 rad s~! and the
characteristic frequency wp = 27 /13 = 2.6 x 10°rads™!, in
qualitative agreement with both simulation and experimental
data [16-18].

Experimental and some simulation data have been fitted to
a Cole-Cole form

5(0)
1+ (wtp)”’

with exponent b a fitting parameter. An Arrhenius decay pro-
cess with single relaxation time tp leads to a Lorenzian fitting
function with b = 2. It is perhaps not surprising to find that
our data are well fitted with b = 2 and the same decay time
13 ~ 2.38 ms, although we remark that the fit is quite sensitive

Sp(w) = (18)
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FIG. 9. (Left) Normalized spectral density S(w) vs w for magnetic field flux ¢. Solid line shows fit to Eq. (18) with b = 2. (Right)
Normalized spectral density S(w) vs w for local field flux ¢, . Solid line shows fit to Eq. (18) with b = 2.

to the value of tp and the goodness of fit is a reassuring
consistency test. This is true for both sets of data despite the
short-time non-Arrhenius decay for the ¢, correlations. It is
possible that a more intense numerical simulation [17] would
find small corrections to this fit. The closeness to Arrhenius
decay and fit to b = 2 is in contrast to experiments that have
found b varying between 1.5 and 2 [16—18,40], but in line with
previous numerical work that finds b around 1.8 [16] and very
close to 2 [17,39].

VII. DISCUSSION

Comparing our results with those from experiments and
from simulations of realistic models of spin ice [16—18,39,40],
the bottom line is that they are pretty similar. This clearly
shows that it is consistent to discuss the experiments in terms
of monopoles and Dirac strings. The present paper illustrates
the remarkable analogy between the predicted monopoles and
strings of Dirac [9,10] and the quasiparticles in model spin ice.
We show that this analogy can be taken right to comparison
with results from magnetic noise experiments.

This said, there are a number of caveats and points of re-
flection to take into account. First, we remark that the general
features of the spectral density for monopole and Dirac string
noise (Fig. 9): A flat asymptote at low frequency, followed
by a monotonic fall toward zero intensity over a window
fixed by a characteristic frequency of the correlations, is a
generic feature of stochastic processes. Hence, it can only be
considered as circumstantial evidence for monopole and Dirac
string noise [16,18,40] without extensive theoretical [6,7,15]
and numerical [16,17,39] modeling. We add to the collective
evidence here by providing a clear picture of what Dirac
strings actually are and how they contribute in a model system
whose noise is unequivocally that of monopoles and Dirac
strings. However, the model, the dynamics, the boundaries,
and the Faraday coil are all extremely idealized and more
work is required to make detailed connections between our
results and those from more realistic models and experiments.

We have constructed a Faraday experiment with a coil of
microscopic width, less than an angstrom in fact. The exper-
iment, on the other hand, is limited to macroscopic coils so
that the measurements are bulk measurements. In such setups,
creation and annihilation events (shot noise) [43] occur inside
the measurement device and are considered to be an important

element in the data analysis [16]. In our case, they are exterior
to the device by construction and will only contribute to the
signal through the long-range correlations of the B field, as
illustrated by the difference between measurements of ¢ and
¢, in Fig. 6. It would be interesting in future studies to track
the contribution to the signal from shot noise events as the
thickness of the numerical coil increases.

We have observed a small difference between the corre-
lations in the flux from the local fields, ¢;, and from the
magnetic field, ¢. The local flux is related to direct mea-
surements of the magnetization and is directly accessible in
simulation and in neutron scattering experiments, while mag-
netometry experiments probe ¢. One might expect this small
difference to disappear in the case of a thicker coil and this
again could be tested in future research.

Experiments and certain simulations [39] have open
boundaries with surface charge. The surfaces would surely
affect the monopole dynamics with the possible change in
mobility near the surface going in either direction depending
on the structural conditions [45]. This, together with bulk
versus surface effects, gives a large parameter space to be
addressed both numerically and experimentally, where noise
experiments on thin films could be envisaged [46,47].

The volume of magnetic noise data available could be
considerably increased by using the fluctuation-dissipation
relation (FDR) to extract noise [18,40] from susceptibility
measurements [48—50]. Such measurements are generally
more accessible than direct noise measurements and so offer
considerable advantages. Of course, to be useful one must be
sure that the FDR is satisfied and that the converted function
is the quantity required. The FDR has been recently verified in
spin ice materials down to 0.5 K [18] but with a proviso. It was
found that its satisfaction required the use of susceptibility
data uncorrected for demagnetizing effects [18,51]. Such ex-
periments could also be analyzed in the time domain [52]. The
FDR fails at lower temperatures so that future experiments
searching for noise at low monopole concentration would be
forced to return to direct noise measurements.

Estimation of the exponent b from the spectral analysis of
data collected in the time domain is fraught with technical
difficulties [40]. In our case, the spectral analysis was greatly
influenced by the direct analysis of the real-space correlations.
These appear unarguably Arrhenius and provide a convincing
timescale 7p. It would certainly be interesting to do equivalent

033284-8



MONOPOLES, DIRAC STRINGS AND MAGNETIC NOISE ...

PHYSICAL REVIEW RESEARCH 7, 033284 (2025)

real-space analysis in magnetic noise experiments and to di-
rectly test the extent of the corrections to exponential decay
both above 1 K and at lower temperatures where monopole
concentration falls dramatically.

Beyond these pragmatic considerations, recent simulations
[17] have exposed the fact that the complex dynamics result-
ing in b < 2 is a consequence of the microscopic details of
the spin-flip dynamics where one expects a large range of
microscopic timescales [53,54] and dynamical fractal struc-
tures [55]. This should be compared with the simple case
[12] adopted here in which the dynamics are modeled by the
stochastic Metropolis Monte Carlo algorithm with a single
microscopic timescale. Our results show that such complexity
is not due to the constraints imposed by the presence of Dirac
strings. However, we do confirm that Dirac strings, or rather
their termination, are the key elements in the development of
long-time correlations in spin ice. They are the main contribu-
tion to the noise signal and their presence here, when b = 2 to
an excellent approximation shows explicitly that b < 2 is not
a prerequisite for their presence.

VIII. CONCLUSION

In conclusion, we have shown that the magnetic field distri-
butions for monopole quasiparticles in model spin ice closely
follow those for Dirac monopole in the vacuum. The analogy
includes classical analogues of Dirac strings that impose the
divergence-free condition for the magnetic field they produce.
The Dirac strings are defined in space-time rather than in
individual configurations and they appear in transition graphs
between final and initial configurations resembling particle
trajectories through the vacuum. A long string cannot be ob-
served in an induction experiment, but its termination on the
monopole is an integral part of the monopole signal. We have
shown that monopole noise under these conditions is very
similar to magnetic noise in spin ice materials.

In the vacuum, the search for magnetic monopoles con-
tinues [20]. Our analysis does not add directly to this quest,
but it does show that powerful analogies exist elsewhere. As a
consequence, as recently suggested [56], if one could search
for them in a high-density environment such as in the first
instances of the universe, their signal could resemble that of
magnetic noise in spin ice materials.

However, despite the closeness of the analogies presented
here, the magnetic monopoles and classical Dirac strings of
spin ice are not the real thing. Here, magnetic fields observed
in experiments ride on the back of the emergence of the clas-
sical nearest-neighbor model in the absence of real dynamics.
This could be corrected for in quantum spin ice [57,58] where
complete quantum electrodynamics emerges with a spin liquid
vacuum from which magnetic and electric charges can be
excited. Coulomb interactions and real magnetic flux will be
induced through quantum fluctuations of the vacuum giving
access to complete monopole current and Dirac string dynam-
ics, to monopole detection in a Stanford experiment, and to
real monopole noise in a dense fluid environment.
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APPENDIX A: MAXWELL’S EQUATIONS
WITH DIRAC MONOPOLES

In the presence of monopoles, Maxwell’s equations must
be modified to give symmetry between electric and magnetic
charges:

V.E=" VB = 1opm,
€0
_ - (A1)
v g LOE .o g 0B .
XB———= , —VxE——= ,
C2 ot HoJe 91 Mo Jm

where quantities have their usual meaning, and p,, and J,, are
the monopole density and current density, respectively.

However, it is possible to transform the equations back to
their unmodified form if the magnetic field is redefined to
include Dirac strings lying along the monopole trajectories.
The field at position 7 and time ¢ associated with the Dirac
strings can be written as

Fn(t)

BDirac(Fv t) = Mo Z Qm |:f

where 7,,(¢) is the position of a monopole of charge Q,, at time
t, [$,m(¢')] is the trajectory of points visited by the monopole
during the time interval —oo < t’ < ¢, and ds,, lies along the
trajectory in the direction of propagation. Taking the time and
spatial derivatives of Bbirac,

8(Sy — F)dim:| , (A2)

oo

1 BEDirac
no Ot
1

oV Bowe = = 3 0ud () =) = —pn. (A3)

= QuBndFn(t) = F) = Jin,

Redefining B’ = Bpirac + B, it follows that

-

VE=2 v.F=o0
€0
V x B L OE j. V xE L 0. (A4
XB ——=— = , —VXE—-——=0.
g Mol ot

For a single monopole in the vacuum, identifying B with
B,, we recover Eq. (1) for the Stanford experiment. Faraday’s
law, found from the fourth Maxwell equation, is modified
by a contribution from the monopole current in Eq. (Al). It
remains unchanged in the Dirac string picture [Eq. (A4)] but
now the Dirac string makes an additional contribution to the
time dependence of the field. The contributions to the signal
in the Stanford experiment are identical and the two forms are
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equivalent. The advantage of the Dirac string construction for
analogies with spin ice is clear, although it gives a physical
sense to the Dirac string over and above that emerging from
Dirac’s theory [9,10].

The magnetic gauge potential is undefined along the Dirac
string. This lack of gauge invariance is consistent with it being
unobservable and with the fact that the individual contribu-
tions to the monopole signal [Figs. 1(a) and 1(b)] depend on
the specific surface chosen for measurement.

Finally note that, as there is now complete symmetry be-
tween electric and magnetic charges [59], one could also
define an analogous electric Dirac string and electric field
EDirac. Identifying a trajectory for an electric charge Q.,
[5.(t")], and replacing 1o by 1/€9, Om by Q., and [5,(1)]
by [5.(t")] in Eq. (A2) and using c? = 1/€gpp allows for the
definition of a divergence-free electric field E'=F + EDiraC.
This could be used as a substitute for the electric charge source
and current in Eq. (A1).

APPENDIX B: FRAGMENTATION OF A SPIN ICE
CONFIGURATION

We have used the iterative real-space algorithm proposed
by Slobinsky et al. [34] to decompose the set of elements
M;; = M} + M{, = £1 in units of Q/2 into their fragmented
elements M¢, and M. The four fluxes associated with tetra-
hedron I are M; = [My;, Mk, My, My ] with charge Q; =
— Y ;M. The algorithm decomposes the four-vectors it-
eratively, converging to a solution where the d component
is divergence-free: Q;i =Y, M}ij =0V so that Eq. (5) is
satisfied.

We take the example of an isolated north pole on tetra-
hedron A with initial configuration [—1, —1, —1, 1]. Its four
neighboring sites satisfy the ice rules, one of which, B, has
configuration [1, 1, —1, —1], where Mg = —Mpy = —1 is
the common needle. For the zeroth-order iteration, we set the
monopolar fields to zero giving starting configurations:

M) =[-1,-1,—1,1]; + [0, 0,0, 0,,

(B1)
My =11,1,—1,—1]; +[0,0,0,0],,.

The objective is to exchange flux (charge) from the d to the
m sector. The initial charges in the d sector are QX =2 and
Q% = 0. To exchange flux, we note that M7} depend on the
difference in charge on the connected sites and define a flow
of charge from d to m:
01 -05 1
F o = — B2
AB 3 7 (B2)
where the factor AQ/8 is AQ/2 divided equally between
the four needles of A [34]. The redefined fluxes for the next
iteration, which conserve the total charge on each tetrahedron,
are

A—B: M)=M)+Fp, M) =M —Fup,

(B3)
B—A: M)=M)—Fyp, M! =M+ Fyp.

This is repeated for the three other bonds of tetrahedron A,
using in each case the fluxes at level 0. In this example, all
Fr; = 1/4; however, if AQ for the four neighboring tetrahedra
are different, the flux exchanges for the four bonds will be

FIG. 10. Flux tube with infinitesimal cross section S and inter-
nal field B;, carrying flux across a surface element from / to J.

different. Fluxes after the first iteration are then
1 3 .3 _35 11 _1 _1
My=[-3 -3 -3+ -5 -5 -5 il
In the second iteration, we again calculate the fluxes Fj;
given by the Q¢ charges in Eq. (B2) and apply them to the
fields for the corresponding needles using Eq. (B3). In this
iteration, there is exchange from the d to the m sector at sites
C that are second neighbors to A. The iteration is continued

until a given threshold |Q}1| < A is reached for each site.
In our example, we converge to the solution

My =[-4-h-b 3+ [ -h b -4,
as in Eq. (7). Solving for the whole system simultaneously,
the monopolar field lines are propagated outward (Fig. 3) and
are nonzero even far from the monopoles, creating long-range
correlations and ensuring that M™ is also divergence-free ev-
erywhere except at the sites containing monopoles.

We typically imposed A = 0.01, which was reached every-
where for n & 60 iterations for a system size of L = 8.

(B4)

(B5)

APPENDIX C: FLUX TUBES

In the dumbbell model, the fields spanning the system
are collected into infinitesimally thin needles that act as flux
tubes. Consider a field element discussed in the main text, for
example, B;; as shown in Fig. 10. It has infinitesimal cross
section dS pointing from / to J and internal field By, in the
direction parallel to the walls. The total flux flowing through
the tube is therefore B;; = Ein . dS’, in the limit d§ — 0 and
Ein — 00, and the lattice field element has units of flux.

Confining fields to flux tubes greatly simplifies the calcu-
lation of the total flux crossing a surface as it eliminates the
manipulation of a vector field in continuous space [38,39].
This is illustrated in Fig. 10, where the flux tube cuts a con-
fining surface at an angle #. Whatever the angle, the total
flux crossing the surface is By;: The tube subtends a cross
section dA = [|d§ |/cos(6)]x at the surface. The total flux
crossing the surface Bi, - dA = By is indeed independent of 6.

The flux tube could be a needle of the dumbbell model,
an element of the transition graph representing space-time in
a stochastic simulation, or an element of the Dirac string in
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Sec. II, which is a projection of the space-time trajectory onto
the vacuum. The surface could be open, representing that of

the Faraday coil, or it could be a closed surface testing the
integral form of Gauss’s law.
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