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SU (3) Fermi-Hubbard gas with three-body losses: Symmetries and dark states
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We study an SU (3)-invariant Fermi-Hubbard gas undergoing on-site three-body losses. The model presents
eight independent strong symmetries preventing the complete depletion of the gas. By making use of a basis of
semistandard Young tableaux states, we reveal the presence of a rich phenomenology of stationary states. We
classify the latter according to the irreducible representation of SU (3) to which they belong. We finally discuss
the presence of three-particle stationary states that are not protected by the SU (3) symmetry.
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I. INTRODUCTION

Correlated losses of particles in ultracold gases give rise to
a large variety of intriguing phenomena [1]. For instance, an
early experiment has shown that the dynamics of the gas can
be slowed down at large loss rates by the continuous quantum
Zeno effect, and that when the particles are bosons, the gas
should undergo fermionization [2–7]. For weak loss rates, in-
stead, the rapidity distribution of one-dimensional Bose gases
features a nontrivial decay [8,9], and the system is driven out
of equilibrium, so that Tan’s relation breaks down [10]. When
bosons are trapped in a harmonic potential, two-body losses
induce collective motions and coherent oscillations in both
position and momentum spaces [11,12]. Additionally, for both
bosons and fermions, the decay of particle density has been
found to exhibit emergent universal features [13–16].

The spin degrees of freedom play a crucial role in the
depletion dynamics of fermionic gases. Indeed, losses typ-
ically occur when two particles are at the same position,
which constrains their orbital wavefunction to be symmetric
under particle exchange. Consequently, since the particles
obey fermionic statistics, their spin wavefunction must be
antisymmetric. If that is not the case, spin degrees of freedom
generally prevent the complete depletion of the gas, and the
dissipative dynamics give rise to spin-entangled steady states
[17–20].

Most studies have focused on SU (2)-invariant fermionic
gases with local two-body losses, as they represent the min-
imal system exhibiting this phenomenon with many-body
stationary states. In this case, dynamical quantities have been
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analytically derived, when the particles are trapped in a lattice
[14,21]. Moreover, the Liouvillian spectrum can be deter-
mined using Bethe ansatz for one-dimensional lattices [22].

However, experimental extensions to an (almost) SU (3)-
symmetric gas with two-body or three-body losses have been
realized by manipulating a gas of 6Li under strong magnetic
fields [23–28] and motivate theoretical works [29].

In the context of closed systems, the theoretical study of
the SU (N ) Fermi-Hubbard model, for N > 2, has attracted
great interest [30–38], and stimulated the development of
advanced numerical techniques [39–41]. Among the various
existing results, we can cite the analysis of the metal-insulator
transition [42–44], the study of the large N limit [45–47],
and the presence of symmetry-protected topological phases
[48]. Additionally, it is now well established that such systems
up to N = 10 can be realized experimentally with ultracold
alkaline-earth atoms trapped on optical lattices [49–54].

In this article, we study the case of an SU (3)-invariant
fermionic gas confined on a one-dimensional lattice with local
three-body losses. In the first part of the article we show that,
in general, the SU (3) invariance of the model prevents the
system from becoming completely empty at late time. We
write a basis of the Hilbert space in the form of semistandard
Young tableaux (ssYTs), which takes care of the symmetries
of the model. We determine how the Young tableaux states are
modified by three-body loss processes, enabling us to derive
a lower bound for the average number of fermions remaining
on the lattice, which holds at all times during the dynamics.

In the second part of the article, we discuss the stationary
states of the model. We show that, in this SU (3)-symmetric
case with three-body losses, the zoology of stationary states is
much richer than for a SU (3)- or SU (2)-symmetric Fermi-
Hubbard Hamiltonian with two-body losses [17,29]. In the
latter case, the stationary states are necessarily factorized
into orbital and spin parts in first quantization. With only
three-body losses, this constraint is lifted. We classify the
stationary states according to the irreducible representation
of SU (3) they belong to. We provide explicit expressions for
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some of them. Finally, we discuss the presence of dark states,
for periodic boundary conditions, in sectors of the Hilbert
space where losses are not a priori prevented by symme-
tries. Remarkably, these nontrivial dark states emerge due to
quantum-interference effects.

The article is organized as follows. In Sec. II, we describe
the model. In Sec. III, we show that the Hamiltonian is invari-
ant under any global SU (3) rotation in spin space, and that
the expectation values of the eight SU (3) pseudospin algebra
generators are conserved during the lossy dynamics. Then, we
review some known results about the symmetry-relevant basis
of states that take the form of semistandard Young tableaux.
In Sec. IV, we discuss results concerning the effect of a loss
on the Young tableaux states, unveiling some other quantities
conserved during a loss process. As a direct consequence, a
lower bound for the average number of fermions is derived.
In Sec. V, we give expressions of dark states belonging to
each irreducible representations of SU (3), and we show how
to count them. In Sec. VI, we analyze in detail the case of
three fermions of three different spin components. The general
validity of our result in higher-dimensional lattices or in the
presence of a confining potential is discussed in Sec. VII. The
conclusions of our results are presented in Sec. VIII. Some
technical details are deferred to eleven Appendixes.

II. MODEL

We consider a one-dimensional lattice of L sites popu-
lated by three-spin-component fermions that can hop between
neighboring lattice sites and feature contact interaction. We
denote c†

jσ and c jσ the creation and annihilation operators
of a fermion at site j ∈ {1, . . . , L} with spin σ ∈ {A, B,C},
satisfying the canonical anticommutation relations

{c†
jσ , c†

iσ ′ } = {c jσ , ciσ ′ } = 0, (1a)

{c†
jσ , ciσ ′ } = δi jδσσ ′ . (1b)

This system is described by the Fermi-Hubbard Hamiltonian

HHub = Hhop + Hint,2 + Hint,3 (2)

with

Hhop = −J
∑

j

∑
σ=A,B,C

(c†
j+1σ c jσ + H.c.), (3a)

Hint,2 = U2

∑
j

(n jAn jB + n jAn jC + n jBn jC ), (3b)

Hint,3 = U3

∑
j

n jAn jBn jC . (3c)

Here, J is the hopping amplitude, U2 and U3 are the spin-
independent two-body and three-body contact interaction
strengths, and n jσ = c†

jσ c jσ is the local spin-density operator.
The three-body interaction Hamiltonian Hint,3 can eventually
appear in cold-atom experiments; a similar Hamiltonian is
engineered in Ref. [55]. However, three-body interactions can
also be absent, but since the corresponding term is SU (3)-
symmetric it can be included without any difficulty in our
theoretical study that concerns only the stationary properties
of the gas and not its dynamics. The reader may consider
U3 = 0 or U3 �= 0 at will, without affecting either the SU (3)

symmetry or the stationary states of the system (since they
cannot contain any triple lattice site occupancy, as it will be
rigorously shown in Sec. V A).

As customary, we model the time evolution of the density
matrix ρ of the gas in the lattice according to a Lindblad
master equation:

dρ

dt
= −i[HHub, ρ] +

∑
j

(
LjρL†

j − 1

2
{L†

j L j, ρ}
)

=: L[ρ].

(4)

Here, L is the Liouvillian superoperator acting on ρ. We
assume that the previously described fermionic gas is subject
to local three-body losses modeled by the jump operators

Lj = √
γ c jAc jBc jC, (5)

where γ is the loss rate. Throughout this article, we set h̄ = 1.
We remark that fermionic gases with three-spin compo-

nents can be realized experimentally via ultracold alkaline-
earth atoms such as 173Yb or 87Sr [49,52,54]. Indeed, in the
ground state, the total electronic angular momentum of these
atoms J vanishes. Thus, the nuclear spin I perfectly decouples
from the electronic structure, and the total angular momentum
of the atom is F = I . Since the atoms interact only via their
electronic shells and the spin degrees of freedom are inside
the nucleus, the interaction is SU (N )-symmetric, with N the
number of possible spin components. Experimentally, N can
be tuned up to N = 2F + 1, by selectively populating the
states |mF = −F 〉, . . . , |mF = F 〉. To date, we are not aware
of any experimental result on three-body losses in such SU (3)
gases made of alkaline-earth atoms.

Another experimental technique that could be used to
implement our SU (3)-invariant setup involves the manipu-
lation of ultracold 6Li atoms [23–28]. When an 6Li atom
is subjected to an increasingly strong magnetic field, its
three lowest Zeeman hyperfine levels (|F = 1/2, mF = 1/2〉,
|F = 1/2, mF = −1/2〉, and |F = 3/2, mF = −3/2〉) be-
come better and better separated in energy from the rest of the
spectrum, enabling their selective population. Furthermore,
in this large bias field regime the single valence electron
of the atom becomes increasingly spin-polarized, leading to
an almost perfect decoupling between electronic and nuclear
spins, and thus to SU (3)-symmetric two-body elastic colli-
sions between different atoms, with still important three-body
losses [24,28]. In this setup, one- and two-body losses are
typically negligible compared to three-body losses. This was
verified experimentally by comparing the decay rate of two-
spin-component mixtures with that of an unpolarized gas
containing all three spin components (see Fig. 3 in Ref. [25]
or Fig. S2 of Ref. [28]). We also mention that methods for
realizing SU (3)-invariant two-body interactions at finite bias
fields have been studied [56].

III. SYMMETRIES

A. Invariance of the Hamiltonian under any global SU (3)
rotation in spin space

In this section, we aim to show that the Hamiltonian HHub

is invariant under any global SU (3) rotation in spin space. For
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this, we introduce the spin-independent operators [39,40,57]

Ei j =
∑

σ

c†
iσ c jσ , with i, j ∈ {1, . . . , L}, (6)

which satisfy the commutation relations of the Lie algebra of
the U(L) generators:

[Ei j, Ekl ] = δ jkEil − δil Ek j . (7)

The terms of the Hamiltonian HHub in Eq. (2) can be rewritten
with the operators (6) as

Hhop = −J
∑

j

(Ej j+1 + H.c.), (8a)

Hint,2 = U2

2

∑
j

E j j (Ej j − 1), (8b)

Hint,3 = U3

6

∑
j

E j j (Ej j − 1)(Ej j − 2). (8c)

On the other hand, we define the spin ladder operators

Fαβ =
∑

j

c†
jαc jβ, with α, β ∈ {A, B,C}, (9)

which satisfy similar commutation relations:

[Fαβ, Fγ σ ] = δβγ Fασ − δασ Fγ β . (10)

Importantly, for all i, j ∈ {1, . . . , L} and α, β ∈ {A, B,C},
[Ei j, Fαβ ] = 0. (11)

Equation (11) can be shown via the fermionic anticommu-
tation relations of Eq. (1). Since any global rotation in spin
space R is generated by the operators (9), Eqs. (8) and (11)
imply that HHub is indeed invariant under such a rotation, i.e.,
[HHub,R] = 0.

B. Strong symmetries

We now identify the strong symmetries of the dissipative
dynamics. By definition, a strong symmetry O is an operator
that commutes with both the Hamiltonian and all the jumps
operators: [HHub, O] = 0 and [Lj, O] = 0 for all j [1,58,59].
It can be shown from Eq. (4) that the expectation value of
a strong symmetry is conserved during the dynamics, i.e.,
d
dt 〈O〉t := d

dt Tr[Oρ(t )] = 0.
As a consequence of the SU (3) invariance, the model

has the following eight strong symmetries (see the proof in
Appendix A):

�l = 1

2

∑
j

(c†
jA c†

jB c†
jC )λl

⎛
⎝c jA

c jB

c jC

⎞
⎠. (12)

Here, λl (l = 1, . . . , 8) are the Gell-Mann matrices that span
the Lie algebra of SU (3) and read

λ1 =
⎛
⎝0 1 0

1 0 0
0 0 0

⎞
⎠, λ2 =

⎛
⎝0 −i 0

i 0 0
0 0 0

⎞
⎠,

λ3 =
⎛
⎝1 0 0

0 −1 0
0 0 0

⎞
⎠, λ4 =

⎛
⎝0 0 1

0 0 0
1 0 0

⎞
⎠,

λ5 =
⎛
⎝0 0 −i

0 0 0
i 0 0

⎞
⎠, λ6 =

⎛
⎝0 0 0

0 0 1
0 1 0

⎞
⎠,

λ7 =
⎛
⎝0 0 0

0 0 −i
0 i 0

⎞
⎠, λ8 = 1√

3

⎛
⎝1 0 0

0 1 0
0 0 −2

⎞
⎠.

We denote the operators �l as the pseudospin generators of
the SU(3) group.

By definition, an operator is called a Casimir when it com-
mutes with all the generators of a Lie group. In the context
of SU (3), there are two independent and commuting Casimir
operators, one quadratic and one cubic in the �l [60]:

C2 =
∑

l

�2
l and C3 =

∑
j,k,l

d jkl� j�k�l , (13)

with the coefficients d jkl = 1
4 Tr[λ j{λk, λl}]. Since the latter

are also strong symmetries, the full Hilbert space can be
decomposed into different symmetry sectors labeled by the
eigenvalues of C2 and C3, and the expectation values of C2 and
C3 are constants of motion. An alternative way of labeling the
symmetry sectors is done with the irreducible representations
(irrep) of SU (3). Each irrep of SU (3) is itself labeled by
two positive integers (p, q) [61]. A state belonging to the
(p, q)-irrep is an eigenvector of C2 with eigenvalue

c2(p, q) = (p2 + q2 + 3p + 3q + pq)/3 (14)

and an eigenvector of C3 with eigenvalue

c3(p, q) = (p − q)(3 + p + 2q)(3 + q + 2p)/18. (15)

This provides the correspondence between the two ways of
labeling the symmetry sectors.

We also note that λ1, λ2, and λ3 span a SU (2) subalgebra.
Thus, the operators

�1 = 1

2

∑
j

(c†
jAc jB + c†

jBc jA), (16)

�2 = i

2

∑
j

(c†
jBc jA − c†

jAc jB), (17)

�3 = 1

2

∑
j

(n jA − n jB), (18)

satisfy the commutation relations of the SU (2) generators:

[�i,� j] = iεi jk�k, (19)

where εi jk is the Levi-Civita symbol. In this SU (2) subalge-
bra, the associated total spin is

I2 = �2
1 + �2

2 + �2
3. (20)

The latter commutes with the two Casimir operators of SU (3):
[I2,C2] = [I2,C3] = 0.

C. Young tableaux

We now review some known results [39,40,57] concern-
ing the construction of a convenient orthonormal basis of
the Hilbert space taking into account the symmetries of our
model.
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For the construction of this targeted basis, Young diagrams
(YDs) play a central role. A Young diagram is an ensemble
of m left-justified rows, with the kth row consisting of αk

boxes. The rows are ordered in such a way that α1 � α2 �
· · · � αm � 1. It is customary to denote the shape of the YD as
α = [α1, α2, . . . , αm]. We give examples of YDs in Fig. 1(a).
The total number of boxes Nf = ∑m

i=1 αi will correspond to
the number of fermions in a given state. Importantly, the
YDs with at most n − 1 rows uniquely label irreps of U(n)
or SU (n). A semistandard Young tableau is a YD where the
boxes are filled with integers satisfying certain constraints:
The entries cannot strictly decrease from left to right in each
row and should strictly increase from top to bottom in each
column. We give an example of ssYT in Fig. 1(a).

Young diagrams can very conveniently be used to describe
a basis of the system’s Hilbert space: Each state can indeed be
labeled by two ssYTs. One tableau is interpreted as the orbital
part of the state and is filled with numbers from 1 to L (which
in our case label the lattice sites), while the other tableau is in-
terpreted as the spin part and is filled with the flavors A, B, and
C. We introduce the order A < B < C. By construction, the
tableau corresponding to the orbital part of the state belongs
to an irrep of U(L) while the tableau corresponding to the spin
part belongs to an irrep of SU (3). In order to properly label a
physically admissible state, the respective shapes of the orbital
and the spin tableaux cannot be arbitrary, they have to be
transposed with respect to each other. Here, the transposition
operation on a YD corresponds to a reflection along its main
diagonal, thereby exchanging the roles of the columns and the
rows. The latter constraint is a consequence of the fermionic
nature of the gas: The state should be antisymmetric by any
exchange of two particles. If the orbital ssYT has the shape α,
we denote by α the shape of the associated spin ssYT that is
the transpose of α. We give an example of a state in Fig. 1(b);
the procedure to obtain the second quantization form of a state
from its ssYT expression is in general rather nontrivial and
will be explained in Sec. IV A.

We introduce a set of operators: the spin-resolved particle
number Nσ := ∑

j n jσ (σ = A, B, C) and the total particle
number Nf = NA + NB + NC , in terms of which we have �3 =
(NA − NB)/2 and �8 = (NA + NB − 2NC )/2

√
3. Each ssYT

state is a simultaneous eigenstate of the mutually commuting
operators C2, C3, I2, �3, �8, and Nf . As shown in Eqs. (14)
and (15), the eigenvalues of C2 and C3 are linked to the
integers p and q; while the eigenvalue of Nf is the total number
of boxes in one of the two tableaux. In fact, p is the number
of columns with one box, while q is the number of columns
with two boxes in the ssYT for the spin [61], as shown in
Fig. 1(b). Thus, for a given state, the eigenvalues of C2, C3,
and Nf fully characterize the shape of the ssYTs; and we have
Nf = p + 2q + 3r where r is the number of columns with
three boxes in the spin ssYT.

From a given spin ssYT, we can also directly read the cor-
responding eigenvalue of I2. First, we construct an auxiliary
ssYT by erasing the boxes containing a C in the original one.
Therefore, we obtain a state belonging to an irrep of the SU (2)
subalgebra for A and B. From the known results on the SU (2)
Lie algebra [57], we deduce that the eigenvalue of I2 is written
as I (I + 1) where 2I is the number of columns with one box in
the auxiliary tableau; this is illustrated in Fig. 1(b). �3 and �8

FIG. 1. (a) From left to right: a Young diagram of shape α =
[3, 3, 3, 2, 1, 1], a semistandard Young tableau of the same shape,
and a Young diagram of shape α = [6, 4, 3]. (b) Example of a state
written in terms of semistandard Young tableaux for Nf = 7 particles
on L = 4 sites, with NA = 2, NB = 3, and NC = 2. From the spin part,
we see that p = 2, q = 1, r = 1, and I = 1/2. The total number of
boxes in one tableau is Nf = p + 2q + 3r. (c) Basis of the Hilbert
subspace for Nf = 3 particles on L = 2 lattice sites in the sector with
one fermion A, one B, and one C. In this eight-dimensional subspace,
four basis states belong to the (p = 0, q = 0)-irrep of SU (3) (in red)
and four basis states belong to the (p = 1, q = 1)-irrep (in blue).

043124-4



SU (3) FERMI-HUBBARD GAS WITH THREE-BODY … PHYSICAL REVIEW RESEARCH 7, 043124 (2025)

give additional information about the imbalance between the
three flavors. Thus, once (p, q, r) are fixed, the filling of the
tableau for the spin is fully characterized by �3, �8, and I2.

A basis of the Hilbert subspace for Nf fermions on L lattice
sites is composed of the ensemble of ssYTs pairs with Nf

boxes such that the orbital ssYT belongs to U(L). In Fig. 1(c),
we give an example of basis for L = 2 and Nf = 3 in the
subspace where there are one A, one B, and one C fermions,
which is composed of eight states.

IV. EFFECT OF THE DISSIPATION

In this section, we characterize the effect of a loss process
on a basis state written in terms of ssYTs. To do that, we shall
obtain a writing of such a state in second quantization, i.e., as
a linear combination of Slater determinants. Then, we deduce
a lower bound for the total number of fermions remaining in
the lattice.

Sections IV A and IV B contain the technical details that
are necessary to prove the results listed in Sec. IV C. The
reader uninterested in these technicalities can directly go to
Sec. IV C without affecting the understanding of the rest.

A. Second quantization writing of the ssYT states

We derive a second quantization writing of the ssYT states,
by adapting some results for SU(2) spins [57,62]. First, we
construct the generalized Paldus (or ABCD) tableau associated
with a given orbital ssYT. As explained in Sec. III C, the latter
has at most L rows and three columns, and belongs to an irrep
of U (L); we denote it TL. In this tableau, we call aL, bL, cL,
and dL the numbers of rows with three, two, one, and zero
boxes, respectively, such that aL + bL + cL + dL = L. Then,
we construct a second ssYT, denoted TL−1, by removing the
boxes containing the integer L in TL. This provides a tableau
belonging to an irrep of U (L − 1). We call aL−1, bL−1, cL−1,
and dL−1 the number of rows with three, two, one, and zero
boxes, respectively, in TL−1 such that aL−1 + bL−1 + cL−1 +
dL−1 = L − 1. Then, we remove the boxes containing the
integer L − 1 in TL−1 to construct TL−2, etc. By repeating this
same operation L times, we construct the Paldus tableau:

A B C D
aL bL cL dL

aL−1 bL−1 cL−1 dL−1
...

...
...

...

a1 b1 c1 d1

By construction, we have, ∀k ∈ {1, . . . , L},
ak + bk + ck + dk = k, (21)

3ak + 2bk + ck =
k∑

j=1

n j, (22)

with n j the number of boxes containing j in TL, i.e., the
number of particles at site j. We give an example of ABCD
tableau construction in Appendix B. Since the ssYTs for the
spin and the orbital must have shapes that are the transpose
of each other, the irrep of SU (3) associated with the state is
changing as we sequentially remove boxes in the orbital ssYT.
In fact, a state having Tk as orbital part belongs to the (Pk ,

FIG. 2. Possible states added at step k corresponding to nk

fermions located at the lattice site k and belonging to the (pk, qk )-
irrep of SU (3). Here, ik (ik + 1), λ3

k , and λk
8 are the eigenvalues of the

operators I2, �3, and �8, respectively.

Qk)-irrep of SU (3) with

ck = Pk, bk = Qk . (23)

Therefore, (Pk, Qk ) is the irrep of SU (3) corresponding only
to the fermions on the first k sites.

We can understand the construction of a given ssYT state as
the successive additions of the particles belonging to a given
lattice site, from site j = 1 to site j = L. At each step k ∈
{1, . . . , L}, we start from a cluster of particles belonging to
the (Pk−1, Qk−1)-irrep of SU (3), and we add zero, one, two,
or three particles that are at site k to construct a larger cluster
of particles belonging to the (Pk, Qk )-irrep. Consistently with
previous notations, the number of particles added at step k is
denoted nk . However, we denote (pk, qk ) the irrep of SU (3)
characterizing the nk particles added. Importantly, (pk, qk ) is
determined by nk only:

if nk = 0 or 3, then pk = 0 and qk = 0, (24)

if nk = 1, then pk = 1 and qk = 0, (25)

if nk = 2, then pk = 0 and qk = 1. (26)

Indeed, all the particles added at step k are on the same site k,
and this imposes strong constraints on their possible ssYTs;
as shown in Fig. 2. For every possible state added at step k,
the eigenvalues of I2, �3, and �8, denoted ik (ik + 1), λ3

k , and
λ3

8, respectively, are also given in Fig. 2.
To find the second quantization form of a given state

written as a pair of ssYTs, we use the following procedure.
From the filling of the spin ssYT, we identify the eigenvalues
of I2, �3, and �8, corresponding to the full state, denoted
IL(IL + 1), �3

L, and �8
L, respectively. For all k ∈ {1, . . . , L},

we also identify the occupation numbers nk , and the inter-
mediate irreps of SU (3) (Pk, Qk ) = (ck, bk ) from the ABCD
tableau. We deduce (pk, qk ) from the occupation numbers.
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Knowing all these quantum numbers, the state can be rewritten as

∑
{Ik ,�

3
k ,�

8
k }

compatible with
{Pk ,Qk}

∑
{ik ,λ3

k ,λ
8
k }

compatible with
{pk ,qk}

L∏
k=1

〈
Pk−1 Qk−1 Ik−1 �3

k−1 �8
k−1, pk qk ik λ8

k λ3
k

∣∣Pk Qk Ik �3
k �8

k

〉
c†

k

(
nk, ik, λ

3
k, λ

8
k

) |vac〉, (27)

where we introduced a short-hand notation for the nested sums∑
{Ik ,�

3
k ,�

8
k }

compatible with
{Pk ,Qk}

=
∑

(I1,�
3
1,�

8
1 )

compatible with
(P1,Q1 )

. . .
∑

(IL−1,�
3
L−1,�

8
L−1 )

compatible with
(PL−1,QL−1 )

and
∑

{ik ,λ3
k ,λ

8
k }

compatible with
{pk ,qk}

=
∑

(i1,λ3
1,λ

8
1 )

compatible with
(p1,q1 )

. . .
∑

(iL,λ3
L,λ8

L )
compatible with

(pL,qL )

.

In Eq. (27), the 〈Pk−1 · · · | · · · �8
k〉 are SU (3) Clebsch-Gordan

coefficients, |vac〉 is the vacuum state, and the operators
c†

k (nk, ik, λ3
k, λ

8
k ) are defined as

1 if nk = 0,

c†
kA if nk = 1 and (ik, λ

3
k, λ

8
k ) =

(
1

2
,

1

2
,

1

2
√

3

)
,

c†
kB if nk = 1 and (ik, λ

3
k, λ

8
k ) =

(
1

2
,−1

2
,

1

2
√

3

)
,

c†
kC if nk = 1 and (ik, λ

3
k, λ

8
k ) =

(
0, 0,− 1√

3

)
,

c†
kAc†

kB if nk = 2 and (ik, λ
3
k, λ

8
k ) =

(
0, 0,

1√
3

)
,

c†
kAc†

kC if nk = 2 and (ik, λ
3
k, λ

8
k ) =

(
1

2
,

1

2
,− 1

2
√

3

)
,

c†
kBc†

kC if nk = 2 and (ik, λ
3
k, λ

8
k ) =

(
1

2
,−1

2
,− 1

2
√

3

)
,

c†
kAc†

kBc†
kC if nk = 3.

We also set (P0, Q0, I0,�
3
0,�

8
0) = (0, 0, 0, 0, 0). Thus, a basis

state such as Eq. (27) is fully determined by IL, �3
L, �8

L and
Pk , Qk , nk for all k from 1 to L. In Appendix C, we illustrate
how to obtain the second quantization form of a state from its
ssYT writing by applying Eq. (27) on some of the states in
Figs. 1(b) and 1(c).

Besides being potentially helpful from a numerical point of
view, the second quantized version of the ssYT states will be
useful in the next sections to characterize the effects of losses
by identifying a set of conserved quantities.

B. Conserved quantum numbers during loss processes

By applying the jump operator Lj , defined in Eq. (5), on
a state characterized by the quantum numbers IL, �3

L, �8
L

and {Pk, Qk, nk},∀k ∈ {1, . . . , L}, the state is annihilated if
n j �= 3 (no triple occupancy at site j); while if n j = 3 all
the quantum numbers IL, �3

L, �8
L and {Pk, Qk, pk, qk},∀k ∈

{1, . . . , L} are unchanged, the only modified occupation num-
ber is n j that goes from 3 to 0. In particular, p j and q j

both remain zero, as shown in Eq. (24). We note that this
result is much stronger than [Lj,�3] = [Lj,�8] = [Lj, I2] =
[Lj,C2] = [Lj,C3] = 0 shown in Sec. III A, since the latter

corresponds to the conservation of �3
L, �8

L, IL, PL, and QL

only.

C. Modification rules for an ssYT state undergoing a loss

If a state does not contain exactly three particles at site
j (i.e., n j �= 3), it is annihilated by the jump operators Lj .
Otherwise, if a state contains exactly three particles at site
j (i.e., n j = 3), applying Lj amounts to erasing the leftmost
column in the spin ssYT; this column is necessarily three-
boxes long and contains one A, one B, and one C. The effect
on the orbital ssYT is slightly more complex: Applying Lj

amounts to first removing the three boxes containing a j, then
making the boxes below the deleted ones slide upward to form
a connected tableau. This is illustrated in Fig. 3.

D. Direct consequence for the total number of fermions

Knowing the effect of Lj on the ssYT basis states provides
a lower bound for the total number of fermions in the lattice,
holding at any time during the dynamics. Indeed, successively
applying jump operators on a state belonging to the (p, q)-
irrep of SU (3) removes the three-boxes-long columns in its
spin part. Thus, any state belonging to the (p, q)-irrep and
containing exactly Nf = p + 2q fermions is nonlossy, in the
sense that it is annihilated by all the jump operators. As a
consequence, the following theorem can be stated.

Theorem 1. Let {|ϕi〉} be an orthonormal basis of the Hilbert
space diagonalizing simultaneously the operators C2, C3, and
Nf :

C2|ϕi〉 = c2(pi, qi )|ϕi〉, C3|ϕi〉 = c3(pi, qi )|ϕi〉,
Nf |ϕi〉 = (pi + 2qi + 3ri )|ϕi〉, pi, qi, ri ∈ {0, 1, . . .}. (28)

The mean number of particles satisfies the lower bound

∀t, N (t ) := Tr[Nfρ(t )] �
∑

i

(pi + 2qi )〈ϕi|ρ(0)|ϕi〉 (29)

(see Appendix D for a proof).
We notice here that this bound does of course depend on

the initial state, but crucially does not depend on the precise
form of the Hamiltonian governing the dynamics, as long as it
is SU (3) invariant and on-site three-body losses are the only
loss mechanism.

In Fig. 4, we show that this lower bound is saturated at late
time for different initial pure states with Nf = 3 fermions on
L = 3 sites; in Appendix E, we provide a possible basis of
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FIG. 3. Modification rules for an ssYT state |�ini〉, having nj =
3, which undergoes a loss at site j.

states |ϕi〉 for this particular case, and the explicit derivation
of the lower bounds for the initial states considered in Fig. 4.

In Eqs. (14) and (15), the eigenvalues of the Casimir oper-
ators, denoted c2 and c3, are expressed as a function as p and
q. It is however also possible to express p + 2q as a function
of c2 and c3 as

p + 2q = 2
√

3
√

1 + c2

× cos

[
1

3
arccos

(
−

√
3

c3

(1 + c2)3/2

)]
− 3, (30)

which expresses the bound Eq. (29) solely in terms of the
Casimir operators’ eigenvalues. This highlights the impor-
tance of the SU (3) Casimirs in determining the final particle
density of the gas, in analogy to how the squared total angu-
lar momentum plays the same role in the case of an SU (2)
gas with local two-body losses [17,21]. A detailed proof of
Eq. (30) can be found in Appendix F.

E. Factorizability of the nonlossy states in first quantization

We now discuss the factorizability of the nonlossy states.
A state is factorized between an orbital part and a spin
part in first quantization language, if and only if its ssYTs

FIG. 4. Mean number of fermions remaining on the lattice
as a function of time for the parameters (L, J,U2,U3, γ ) =
(3, 1, 1, 0, 1) and periodic boundary conditions. (a) The initial state
is |�0〉 = c†

1Ac†
2Bc†

3C |vac〉. (b) The initial state is |�0〉 = (c†
1Ac†

2Bc†
3C +

c†
2Ac†

3Bc†
1C + c†

3Ac†
1Bc†

2C )|vac〉/√3. For the two panels, the blue curve
is computed via numerical simulations using stochastic quantum
trajectories approach with 50 000 trajectories. The black dotted line
is the lower bound in Eq. (29) (see Appendix E for detailed calcula-
tion). The numerical calculation is performed with the open-source
python framework QuTiP [63,64].

writing contains only vertical and horizontal tableaux [65].
More precisely, if a state is of the form |�〉 = |�orb〉 ⊗ |�spin〉
with

|Ψorb〉 = · · · and |Ψspin〉 = ...
,

(31)

then the second-quantized state is symmetric by an arbitrary
exchange of two lattice sites, and antisymmetric by any ex-
change of two spin flavors [see Fig. 1(c) for examples]. In
the first quantization language, this means that the orbital
part of the state is fully symmetric and its spin part is fully
antisymmetric under the exchange of two fermions. On the
other hand, if a state is such that

|Ψorb〉 = ...
, and |Ψspin〉 = · · ·

(32)

then its orbital part is fully antisymmetric and its spin part is
fully symmetric.

As shown in Sec. IV D, the nonlossy states of our
SU (3)-invariant model are in general nonfactorizable in first
quantization, since they can have both p �= 0 and q �= 0,
namely, they are not the product of spatial and spin wavefunc-
tions with definite exchange symmetry. The feature is peculiar
with respect to the case of SU (2)-invariant Fermi gases with
on-site two-body losses, which is for instance discussed in
Ref. [17]. Indeed, in the latter systems the nonlossy states are
expected to have a fully antisymmetric orbital part and a fully
symmetric spin part. This motivates further investigation into
the entanglement properties of these states.
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V. ANALYSIS OF THE DARK STATES OF THE LOSSY
DYNAMICS PROTECTED BY THE SU (3) SYMMETRY

The goal of this section is to study the steady proper-
ties of the lossy dynamics and specifically to show that the
SU (3) strong symmetry of the model allows to systematically
construct families of dark states. We first show that dark
states fully characterize the system when it becomes nonlossy
(Sec. V A) and then describe how ssYTs allow to rapidly con-
struct dark states (Sec. V B). With the help of some technical
information recalled in Sec. V C we can enumerate the dark
states appearing in different symmetry sectors (Sec. V D).
Finally, we discuss some explicit examples (Secs. V E–V G).

A. The link between dark states
and the late-time nonlossy dynamics

We first aim to find the possible forms of the density matrix
ρ at late time, when the system does not undergo losses
anymore. Importantly, this reduces to a simpler problem: the
search of the dark states of the lossy dynamics. In general, a
dark state |�〉 is defined as a (pure) eigenstate of the Hamilto-
nian that is annihilated by all the jump operators: HHub|�〉 =
E |�〉 and Lj |�〉 = 0,∀ j ∈ {1, . . . , L} [1,66]. Equivalently, a
dark state is a right eigenvector of the effective non-Hermitian
Hamiltonian

Heff = HHub − i

2

∑
j

L†
j L j, (33)

with real eigenvalue (see Appendix G for a proof).
The crucial point for linking the late-time dynamics to the

dark states is that, when the system becomes nonlossy, the
density matrix takes the form

ρ∞ =
∑
i, j

ci, je
−i(Ej−Ei )t |� j〉〈�i|, (34)

with the coefficients ci, j determined by the initial conditions.
Here, each sum runs over a basis {|�i〉} of the subspace
spanned by the dark states (they form a linear space) that are
eigenvectors of (33) with real energy Ei. No other terms need
to be included. The proof of Eq. (34) is in Appendix H.

This explains why the study of the late-time dynamics boils
down to the search for the dark states of the problem. In the
rest of the paper, we will only be interested in dark states,
which we will identify as right eigenvectors of Hamiltonian
(33) with real eigenvalues.

B. Dark states from ssYTs

The discussion in Sec. IV provides a straightforward way
of constructing dark states based on symmetries. The key
point is that Heff in Eq. (33) is SU (3) invariant; indeed, we
can interpret the non-Hermitian term as a rescaling of the
three-body interaction U3 → U3 − iγ /2.

The operators Nf , C2, and C3 mutually commute and thus
can be simultaneously diagonalized. The resulting basis is
composed of states that are represented by orbital and spin
ssYTs labeled by the three integers p, q, and r, which sat-
isfy the following relation for the total number of particles:
Nf = p + 2q + 3r. Note that p and q are linked to C2 and C3

through Eqs. (14) and (15), and r ∈ {0, 1, 2, . . .}. Since Heff

commutes with Nf , C2, and C3 thanks to the aforementioned
SU (3) invariance, its eigenstates are linear combinations of
ssYTs that have the same shape. In other words, the eigenvec-
tors of Heff have p, q, and r as good quantum numbers.

Let us consider the eigenstates characterized by r = 0:
They must have real eigenvalues since by construction none of
them can accommodate more than two particles on the same
site. To see that, consider the associated orbital ssYT, which is
composed of two columns at most. By definition, the same site
index cannot appear more than once in a column, and hence
in this state it can at most appear twice. Therefore, these states
never accommodate three particles on the same site.

As a consequence, the subspaces characterized by
{p, q, r = 0} are only composed by dark states. Hence, by
simply computing the dimensionality of these spaces, we can
know the number of linearly independent states that do not
undergo three-body losses because of spin-symmetry reasons.
This is what we are going to discuss in the rest of this section.
Before concluding, we mention that there also exist dark states
having r > 0 as we will see in Sec. VI, but they are much less
numerous than those with r = 0.

C. Weight diagrams of SU (3)

We now recall the notion of weight diagram [61], which
will be useful in the following since it will allow to count the
number of dark states.

A weight diagram is a way of depicting a given irrep by
representing its weight spaces. For SU (3), a weight space
is the ensemble of spin ssYTs with fixed eigenvalues of C2,
C3, NA, NB, and NC ; this means that both the shape and the
numbers of A, B, and C in the tableau are fixed in each
weight space. In this framework, each spin ssYT is called a
weight vector. In addition, for a given (p, q)-irrep, the shape
of the spin ssYTs is always fixed to α = [p + q, q] in all the
different weight spaces. The degeneracy of a weight space is
the number of spin ssYTs it contains. In general, the weight di-
agram of the (p, q)-irrep of SU (3) takes the form of a hexagon
where p and q characterize its edge lengths, as illustrated in
Fig. 5(a). In this diagram, a weight space of degeneracy one
is represented by a dot, while a weight space of degeneracy
two is represented with a circled dot. To obtain the weight
space degeneracies, we rely on the general rules given in
Ref. [61]: The diagram is organized in layers [denoted with
dashed lines in Fig. 5(a)], the degeneracy of the weight spaces
in the outermost layer is always one, and when we go in from
a layer 
1 to the next layer 
2 the degeneracy increases by one
except if 
1 has triangular shape. In Fig. 5(b), we illustrate the
link between the weight diagram of an irrep and sets of spin
ssYTs; we show the ensembles of spin ssYTs corresponding
to four different weight spaces in the case (p = 1, q = 4).

D. Counting the dark states with Nf = p + 2q and r = 0
using the Young tableaux

We now describe a method to count the number of dark
states in a given sector of NA, NB, NC , C2, and C3 such that
r = 0 and the total number of particles is Nf = p + 2q. This
number of dark states, denoted NDS, is equal to Norb × Nspin.
Here, Norb is the total number of ssYTs of shape α = [2q1p]
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FIG. 5. (a) Weight diagram for (p = 1, q = 4). A weight space with degeneracy one is represented by a dot, while a weight space of
degeneracy two is represented by a circled dot. The purple dots are weight spaces that maximize the imbalance between the three spin flavors.
(b) Relation between the weight diagram and the spin ssYTs when Nf = p + 2q for (p = 1, q = 4). (c) Young diagram for the orbital part in
the case (p = 1, q = 4, r = 0).

(i.e., with q rows of two boxes and p rows of one box) filled
with integers between 1 and L; while Nspin is the total number
of ssYTs of shape α = [p + q, q] (i.e., with q columns of two
boxes and p columns of one box) filled with fixed numbers of
A, B, and C equal to NA, NB, and NC , respectively. The problem
is thus to determine Norb and Nspin; to do so we will employ
standard known facts from group theory.

As shown in Sec. V C, Nspin is easily found from the weight
diagram of the (p, q)-irrep of SU (3), since it is the weight
space degeneracy corresponding to NA, NB, and NC . For in-
stance, for (p = 1, q = 4) and NA = 4, NB = 3, NC = 2, we
find Nspin = 2; the weight diagram of the (p = 1, q = 4)-irrep
is shown in Fig. 5(a). Remarkably, we deduce from the general
structure of the weight diagrams that

Nspin = 1 + min(p, q, θ, p + q − �),

θ = min(NA, NB, NC ), � = max(NA, NB, NC ). (35)

For completeness, we mention that Nspin is the Kostka number
Kλμ with shape λ = (p + q, q) and type μ = (NA, NB, NC )
[67].

On the other hand, Norb is given by the hook length formula
for ssYTs (also known as hook content formula) [68]

Norb =
∏

(i, j)∈Y(α)

L + j − i

hα (i, j)
, (36)

where the product runs over all the boxes of the Young di-
agram with shape α denoted Y(α); (i, j) labels the box at
the ith row and the jth column. Here, hα (i, j) is the hook
length of (i, j) that is defined as the number of boxes (i′, j′)
such that i′ = i and j′ � j or j′ = j and i′ � i. For instance,
by applying Eq. (36) with (p = 1, q = 4), we obtain Norb =
L
6

L+1
4

L−1
5

L
3

L−2
4

L−1
2

L−3
3

L−2
1

L−4
1 ; the corresponding Young di-

agram is given in Fig. 5(c). Thus, we obtain NDS = (L +
1)L2(L − 1)2(L − 2)2(L − 3)(L − 4)/4320 for (p = 1, q =
4) and NA = 4, NB = 3, NC = 2.

We stress that we have used two different techniques to
compute Nspin and Norb because in the former case the num-
bers of A, B, and C fermions are constrained to be NA, NB,
and NC , respectively. On the other hand, for Norb the number
of fermions at each lattice site is not fixed, so that a given
integer {1, 2, . . . L} appears in the orbital ssYT a number of
times that is not fixed. Note that the total number of dark states
in a given (p, q)-sector, without fixing NA, NB, NC , can be
directly obtained as Norb × d (p, q) where d (p, q) := 1

2 (p +
1)(q + 1)(p + q + 2) is the dimension of the (p, q)-irrep.

Concluding, we mention that we double-checked this an-
alytical counting up to L = 6 for various values of NA, NB,
and NC by numerical exact diagonalization of the effective
non-Hermitian Hamiltonian Heff and counting the dark states
in each sector with fixed (p, q, r) (see Appendix I for details).

E. An expression for the dark states with Nf = p and q = r = 0

Remarkably, it is possible to give an expression of all the
dark states in a given sector of NA, NB, NC , and p such that
Nf = p (meaning q = r = 0). The associated shape of the spin
ssYTs is a single row of p boxes, while the shape of the orbital
ssYTs is a single column of p boxes. For the rest of Sec. V,
we assume periodic boundary conditions for simplicity, but
the discussion can straightforwardly be generalized to other
boundary conditions by employing the eigenstates of the hop-
ping Hamiltonian.

To start, we construct some simple dark states, belonging
to the (p = Nf , q = 0)-irrep of SU (3). These states will be
useful for the construction of all the other ones through the
action of ladder operators Eq. (9). They take the form

|FM; k1, . . . , kNf , σ 〉 = �
†
k1σ

�
†
k2σ

· · · �†
kNf σ

|vac〉, (37)

with k1, k2, . . . , kNf ∈ 2π
L {1, . . . , L} and σ ∈ {A, B,C}. Here,

we define the Fourier modes as �
†
kσ

= 1√
L

∑
j eik jc†

jσ . The
states of the form (37) are fully polarized; therefore, we call
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FIG. 6. Weight diagram of the (p = 5, q = 0)-irrep of SU (3).
The dark states belonging to this irrep such that Nf = p = 5 can
be arranged as the weight diagram. In this representation, each dot
corresponds to a given state, and the states of Eq. (37) are on the
three vertices of the triangle.

them SU (3) ferromagnetic states. Thus, by the Pauli exclusion
principle, they contain only single lattice site occupancies.
Therefore, they are annihilated by both the local three-body
loss jump operators Lj , and the local two-body and three-body
interaction Hamiltonians Hint,2 and Hint,3. Moreover, these
states are eigenstates of the hopping Hamiltonian that can be
rewritten as

Hhop =
∑
k,σ

εk�
†
kσ

�kσ , with εk = −2J cos k. (38)

Thus, they are trivially dark and their energies are E = εk1 +
· · · + εkNf

. Since a one-particle state c†
jσ |vac〉 belongs to the

fundamental irrep (p = 1, q = 0), the state (37) consisting of
Nf delocalized fermions belongs to the (p = Nf , q = 0)-irrep
of SU (3).

However, other dark states with arbitrary NA, NB, and NC

can be obtained by applying ladder operators Fαβ , defined in
Eq. (9), with α �= β on the states (37). The states constructed
in this way are indeed dark because the ladder operators
commute with both the full Hamiltonian HHub and the oper-
ator

∑
j n jAn jBn jC counting the number of triple occupancies.

Since the ladder operators also commute with both C2, C3 and
Nf , these dark states still remain in the (p = Nf , q = 0)-irrep
of SU (3), and the number of particles remains Nf .

By fixing Nf distinct momenta k1, k2, . . ., kNf among the
L that are possible and successively applying the ladder op-
erators on (37), we thus construct a family of dark states.
The latter can be arranged as the weight diagram of the
(p = Nf , q = 0)-irrep of SU (3), i.e., in the shape of a triangle
pointing down with edge length p + 1. In this representation,
the three states (37) with σ = A, B,C are at the three vertices
of this triangle, as shown in Fig. 6. Applying a ladder operator
is equivalent to moving from a weight space to a neighboring
one in the triangle. Since, for a triangle, the weight diagram
does not contain any degenerate weight space, there exists
only one state for fixed NA, NB, NC , k1, . . ., kNf . Therefore,
when only NA, NB, and NC are fixed and the momenta can
freely vary, there exist

NDS =
(

L

Nf

)
(39)

dark states that can be constructed with this method. On
the other hand, by using the counting method described in
Sec. V D, we obtain exactly the same number of dark states,
which guarantees us that we have found all the dark states with
p �= 0 and q = r = 0.

F. Three-color η-pairing dark states having Nf = 2q
and p = r = 0

Some dark states consisting in delocalized doublons are
known as three-color η-pairing states [69], which are a gener-
alization of the η-pairing states in the SU (2) Hubbard model
[70]. In the periodic boundary condition case, the number
of sites L should be even; no such constraint is necessary
with open boundaries. In general, a three-color η-pairing state,
containing NAB, NAC , and NBC delocalized doublons A-B, A-C,
and B-C, respectively, is written as

|η; NAB, NAC, NBC〉 = (η†
AB)NAB (η†

AC )NAC (η†
BC )NBC |vac〉, (40)

with NAB, NAC, NBC ∈ {0, 1, 2, . . .}. Here, we have introduced
the η-pairing operators:

η
†
αβ =

∑
j

(−1) jc†
jαc†

jβ =
∑

k

�
†
kα

�
†
π−kβ

, (41)

with α, β ∈ {A, B,C} and α �= β. The states of the form (40)
have only double occupancies, since two doublons (e.g., AB
and AC) cannot be accommodated on the same site by Pauli
exclusion principle. This means that the class of states in
Eq. (40) is annihilated by all the jump operators. They are
actually eigenvectors of the Hamiltonian HHub and thus are
dark states, because they satisfy

Hhop|η; NAB, NAC, NBC〉 = 0, (42a)

Hint,2|η; NAB, NAC, NBC〉
= U2(NAB + NAC + NBC )|η; NAB, NAC, NBC〉, (42b)

Hint,3|η; NAB, NAC, NBC〉 = 0, (42c)

(see Appendix J for a proof).
Since a doublon of the form c†

jαc†
jβ |vac〉 belongs to the

antifundamental irrep (p = 0, q = 1), the state (40) belongs
to the (p = 0, q = NAB + NBC + NAC )-irrep of SU (3) and thus
satisfies the relation for the total number of fermions Nf =
2NAB + 2NBC + 2NAC = 2q. Additionally, applying a ladder
operator Fαβ on the state (40) creates a state of the same
form; only the numbers NAB, NAC and NBC are modified. For
instance, we have

FAB(η†
AB)NAB (η†

AC )NAC (η†
BC )NBC |vac〉

= (η†
AB)NAB (η†

AC )NAC+1(η†
BC )NBC−1|vac〉.

(43)

This can be shown from the commutation relations

[η†
αβ, Fγ δ] = δα,δη

†
βγ − δβ,δη

†
αγ . (44)

In a similar way as in Sec. V E, the states of the form (40),
such that the particle number Nf is fixed, can be arranged as
the weight diagram of the (p = 0, q = Nf/2)-irrep of SU (3),
i.e., in the shape of a triangle pointing up with edge length q +
1. In this representation, the vertices of the triangle correspond
to the states (η†

AB)Nf /2|vac〉, (η†
AC )Nf /2|vac〉, and (η†

BC )Nf/2|vac〉,
as shown in Fig. 7.
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FIG. 7. Weight diagram for the (p = 0, q = 5)-irrep of SU (3).
The three-color η-pairing dark states belonging to this irrep, i.e.,
satisfying Nf = 2q = 10, can be arranged as the weight diagram.

However, the η-pairing states (40) do not exhaust all the
possible dark states in the (p = 0, q = Nf/2)-irrep. Indeed,
we predict the existence of only one η-pairing dark state for
fixed numbers of A, B, and C fermions because once these
values are fixed, so are the values of NAB, NAC , NBC : The
counting method presented in Sec. V D predicts the existence
of many more dark states in this irrep. Although we did not
investigate this problem further, we expect that a general dark
state with p = 0 and q �= 0 is also composed of singlets of the
form (c†

iαc†
jβ + c†

jαc†
iβ )|vac〉.

G. Dark states having Nf = p + 2q and r = 0 with p, q �= 0

Additional dark states are constructed by successively
applying Fourier mode operators �

†
kσ

= 1√
L

∑
j eik jc†

jσ and
η-pairing operators (41) on the vacuum state:

|ηFM; α, β, Nαβ, k1, . . . , kn〉 = (η†
αβ )Nαβ �

†
k1α

· · · �†
knα

|vac〉,

(45)

with α, β ∈ {A, B,C}, α �= β, and k1, . . . , kn ∈ 2π
L {1, . . . , L}.

Here, n is the number of times an operator of the form �
†
kσ

has been applied and 2Nαβ the number of η-paired fermions,
meaning that the state (45) contains Nf = n + 2Nαβ fermions
in total. This state satisfies

Hhop|ηFM; α, β, Nαβ, k1, . . . , kn〉
= (εk1 + · · · + εkn )|ηFM; α, β, Nαβ, k1, . . . , kn〉, (46a)

Hint,2|ηFM; α, β, Nαβ, k1, . . . , kn〉
= U2Nαβ |ηFM; α, β, Nαβ, k1, . . . , kn〉, (46b)

Hint,3|ηFM; α, β, Nαβ, k1, . . . , kn〉 = 0. (46c)

The state (45) only contains two different spin compo-
nents α and β, thus it is annihilated by all the three-body
loss jump operators. We note that a state of the form
(η†

AB)NAB�
†
k1C · · · �†

knC |vac〉 cannot be a dark state because it
contains triple occupancies. Since the state (45) contains n
delocalized plane-wave states and Nαβ delocalized η-paired

FIG. 8. Weight diagram for the [p = n = 1, q = (Nf − n)/2 =
2]-irrep of SU (3). The dark states belonging to this irrep, i.e., sat-
isfying Nf = p + 2q can be arranged as the weight diagram.

doublons, it belongs to the (p = n, q = Nαβ )-irrep of SU (3).
Therefore, it satisfies the relation Nf = p + 2q.

Once again, by successively applying the ladder operators
(9) on the state (45), we generate a family of dark states
belonging to the (p = n, q = Nαβ )-irrep of SU (3). This set
of dark states can be arranged as the weight diagram of the
(p = n, q = Nαβ )-irrep, i.e., in the shape of a hexagon, as
illustrated in Fig. 8. In this case, degeneracies appear in the
weight diagram. Thus, the multiplicity of a weight space cor-
responds to the number of independent dark states, with fixed
numbers of A, B, and C fermions, which can be constructed
from a given state of the form (45). Also here, the states of
the form (45) do not exhaust all the possible dark states in the
(p, q)-irrep with both p �= 0 and q �= 0.

VI. DARK STATES FOR NA = NB = NC = 1

In this section, we discuss the dark states in the case of
NA = NB = NC = 1. Since the total number of fermions sat-
isfies Nf = 3 = p + 2q + 3r, we know that dark states are
present in the sectors (p = 3, q = 0, r = 0) and (p = 1, q =
1, r = 0). But, as we will see, there also exist nontrivial dark
states in the sector (p = 0, q = 0, r = 1) appearing because
of subtle quantum-interference effects that are not directly
related to the SU (3) symmetry.

A. Dark states protected by the SU (3) symmetry

The results on the calculations of the dark states protected
by the SU (3) symmetry are illustrated in Fig. 9. By care-
fully using the counting of ssYTs explained in Sec. V D,
we find that there are

(L
3

)
dark states in the sector (p =

3, q = 0, r = 0); in fact, Nspin = 1 and Norb = (L
3

)
. When

we consider the symmetry sector (p = 1, q = 1, r = 0), the
number of dark states is 2 L

3 (L + 1)(L − 1), with Nspin = 2
and Norb = L

3 (L2 − 1). To get a better grasp on the dark states
that we just found, we now describe a method to find a basis
of these SU (3)-protected dark subspaces, for which Nf =
p + 2q, without using any knowledge about Young tableaux.

We start by constructing a basis of states corresponding
to a corner of the weight diagram. We define a corner as a
weight space with maximal imbalance between the three spin
components A, B, and C; the corners are drawn with purple
dots in Figs. 5–9. Then, we apply the ladder operators (9) on
this set of states to reach the center of the weight diagram
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FIG. 9. Weight diagrams for the spin part and Young diagrams
for the orbital part in the case of three particles; in the sectors
(p = 3, q = 0) [panel (a)] and (p = 1, q = 1) [panel (b)]. Norb is
determined by using Eq. (36); for NA = NB = NC = 1, Nspin is the
degeneracy of the weight space at the center of the weight diagram.
The number of dark states in each sector is Norb × Nspin.

(NA = NB = NC = 1). There are many different paths in the
weight diagram to achieve this, but the number of paths that
produce independent states starting from the same state at
a given corner equals the degeneracy of the targeted weight
space.

For instance, in the sector (p = 3, q = 0), we choose the
corner at the bottom of the triangle, denoted AAA in Fig. 9(a).
A basis of the dark subspace corresponding to this corner is
the set of states c†

iAc†
jAc†

lA|vac〉 with i, j, and l three distinct

lattice sites varying between 1 and L. This basis contains
(L

3

)
states as expected. Moreover, a basis of the dark subspace cor-
responding to the center of the weight diagram is composed of
the states

FCAFBAc†
iAc†

jAc†
lA|vac〉. (47)

In the sector (p = 1, q = 1), we choose the corner at the
bottom-right of the hexagon, denoted AAB in Fig. 9(b). A
basis of the dark subspace corresponding to this corner is
composed of states of the form c†

iAc†
iBc†

jA|vac〉 and states of the

form (c†
iAc†

jB + c†
jAc†

iB)c†
lA|vac〉 with i, j, and l distinct. There

are L(L − 1) states of the first form. For the second form
of state, the pair of sites (i, j) can take L(L − 1)/2 values,
while l can take (L − 2) values a priori. In fact, the number of
independent states of the second form is 2/3 × L(L − 1)/2 ×
(L − 2) since among the three states

(c†
iAc†

jB + c†
jAc†

iB)c†
lA|vac〉,

(c†
jAc†

lB + c†
lAc†

jB)c†
iA|vac〉,

(c†
iAc†

lB + c†
lAc†

iB)c†
jA|vac〉, (48)

only two are linearly independent. Therefore, a basis of the
dark subspace corresponding to the center of the weight
diagram for (p = 1, q = 1) is composed of the states

FCAc†
iAc†

iBc†
jA|vac〉,

FCBFBAc†
iAc†

iBc†
jA|vac〉,

FCA(c†
iAc†

jB + c†
jAc†

iB)c†
lA|vac〉,

FCBFBA(c†
iAc†

jB + c†
jAc†

iB)c†
lA|vac〉. (49)

Finally, the dimension of this dark subspace is
2 × L(L − 1) + 2 × 2/3 × L(L − 1)/2 × (L − 2) =
2/3 × L(L + 1)(L − 1) as expected.

B. Dark states that are not protected by the SU (3) symmetry

So far, we have considered subspaces for fixed p and q
such that r = 0. In these cases, the entire subspace is dark.
However, it turns out that the sector (p = 0, q = 0, r = 1)
contains both states that can dissipate and dark states.

In the sector (p = 0, q = 0, r = 1), the states can be de-
composed on a basis of ssYTs for which the Young diagram
for the spin part is a single column of three boxes, while the
Young diagram for the orbital part is a single row of three
boxes. Thus, as discussed in Sec. IV E, the states are factor-
ized in first quantization as |�〉 = |�orb〉 ⊗ |�spin〉; the spin
part is fully antisymmetric by any exchange of two fermions.
Therefore, the spin part can only be of the form

(50)
On the other hand, the orbital part of the state |�orb〉 is

fully symmetric by any exchange of two fermions; the calcu-
lation of orbital properties can be done via the study of the
properties of fake spinless bosons. Specifically, the action of
the Fermi-Hubbard Hamiltonian HHub reduces to that of the
Bose-Hubbard Hamiltonian

HB
Hub = −J

L∑
j=1

(b†
j+1b j + H.c) + U2

2

L∑
j=1

nj(nj − 1) (51)

on the orbital part of the states, which is now rewritten in
terms of bosons. Here, b†

j and b j denote the creation and

annihilation operators of a boson at site j, and n j = b†
jb j is

the local density operator for bosons. In order to find the
fermionic dark states in the sector (p = 0, q = 0, r = 1), we
study this simpler bosonic system. The identification of the
dark states that are of our interest simply demands the search
for three-body eigenstates of HB

Hub having no triple lattice site
occupancy. We mention that, in dimension d > 1 and with
periodic boundary conditions, the many-body eigenstates of
the Bose-Hubbard Hamiltonian with no double lattice site
occupancy have been studied in Ref. [71].

In the following, we use the notation

|i j l〉 := b†
i b†

jb
†
l |vac〉.
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TABLE I. Three-body dark states of the bosonic problem, i.e.,
eigenstates of HB

Hub without triple occupancy, for small system size
L ∈ {3, 4, 5}. These dark states are found by exact diagonalization of
HB

Hub. We use the notation |i jk〉 := b†
i b†

jb
†
k |vac〉 and |�δ

�〉 is defined
in Eq. (53a). For L = 4, we note that two dark states do not belong
to the subspace generated by the states of Eq. (53).

L Dark states and their energies

3 |�δ=0
1 〉, E = 3J + U2

4 |�δ=0
1 〉, E = U2 + 2J and |�δ=π

1 〉, E = U2 − 2J
|112〉 − |114〉 + |332〉 − |334〉 + 2|442〉 − 2|224〉, E = U2

|221〉 − |223〉 + |441〉 − |443〉 + 2|113〉 − 2|331〉, E = U2

5 |�δ=0
1 〉 + �±|�δ=0

2 〉, E± = J (2 − �±) + U2,

with �± = 1±√
5

2

An exact diagonalization of HB
Hub can be performed with the

open-source Python package QuSpin [72,73]. With this nu-
merical method, we find that there exists only one dark state
for open boundary conditions:

|2 2 1〉 − |2 2 3〉 − 2|1 1 3〉 + 2|3 3 1〉 with L = 3. (52)

This state is annihilated by the hopping part of the Hamilto-
nian and has a well-defined interaction energy U2. For L �=
3, no dark states are found with open boundary conditions.
However, for periodic boundary conditions, we observe that
there exist dark states for any system size L � 3, and none for
L < 3. In Table I, we give the dark states for L = 3, 4, 5.

For general L, we can identify a closed nondissipative
subspace generated by the states

|�δ
�〉 =

L∑
j=1

eiδ j (| j j j + �〉 − | j − � j j〉), ∀� � 1,

(53a)

|�δ
�〉 =

L∑
j=1

eiδ j (| j j + 1 j + �〉 − | j − � j − 1 j〉),

∀� � 3, (53b)

|�δ
�1�2

〉 =
L∑

j=1

eiδ j (| j j + �1 j + �2〉 − | j − �2 j − �1 j〉),

∀�1 � 2 ∀�2 � �1 + 2. (53c)

In all three families of states, δ = 0 if L is odd, while
δ ∈ {0, π} if L is even, because the states should be invariant
by translation of L sites. In Appendix K, we show that this
subspace is indeed closed under Hamiltonian evolution and
its dimension is growing as L2 for large system size. An
exact analytical formula for the space dimension is given in
Appendix K. We have also checked, for L ∈ {5, . . . , 25}, that
the dimension of this nondissipative subspace is equal to the
total number of dark states in the sector (p = 0, q = 0, r = 1)
that is found numerically by exact diagonalization of HB

Hub.

VII. DISCUSSION

We conclude the article by discussing the generality of the
results we just presented. Most of the results of this paper are

tightly linked to the existence of an SU (3) strong symmetry
of the Lindblad dynamics, and thus do not depend on whether
we study a one-dimensional or a higher-dimensional lattice.
Starting from Sec. III, where we discussed the SU (3) group as
a strong symmetry of the model, we observe that dimension-
ality never plays a role. Specifically, when discussing ssYTs
in Sec III C, for the orbital part we just need to label all lattice
sites with an integer, which can be done for any Bravais lattice,
no matter its dimensionality. Section IV, where we describe
losses from the viewpoint of ssYTs, is also very general and its
results do not depend on the geometry of the lattice. Even the
beginning of Sec. V, where we count the dark states and link
them to the nonlossy dynamics, can be easily re-employed in
a higher-dimensional lattice.

It is also to be stressed that translational invariance is
not related to the SU (3) symmetry and thus one could also
consider disordered Hamiltonians and/or disordered jump
operators: The results that are valid in higher-dimensional
lattices would hold true also in this case. This of course
means that they are valid also in the presence of a harmonic
confinement, which is rather widespread in cold-atom setups.

The SU (3) symmetry is also present when considering a
quantum gas in the continuum that is not trapped on a lattice.
In fact, the results in Sec. III extend also to this case. The
treatment of the ssYTs for the orbital part of the wavefunction
requires a bit of care because it is necessary to employ a dis-
crete basis, like that of plane waves with quantization imposed
by boundary conditions. Differently from what is discussed
here, the basis is infinite-dimensional, but we expect it not to
be a problem. On the other hand, the results in Sec. IV need
to be completely reformulated since losses are nonlocal in this
basis of delocalized states; this is left for future work.

Finally, we stress that the results presented starting from
Sec. V E should instead be adapted to different lattices and
we highlight that Sec. VI is specific to one-dimensional lat-
tices without disorder. Assessing how the three-particle dark
subspaces, described in Sec. VI, are modified or destroyed
by increased dimensionality or by external confinement is
something left for future work.

VIII. CONCLUSIONS

In this article, we have shown that an SU (3)-symmetric
Fermi-Hubbard model with local three-body losses exhibits
eight independent strong symmetries, which correspond to the
generators of the SU (3) pseudospin algebra. Relying on some
known results from group theory, we have written a basis of
the Hilbert space in the form of semistandard Young tableaux
and we have derived their explicit second-quantization expres-
sion in order to discuss the effect of a loss process on them.
This allowed us to write a lower bound for the average number
of particles remaining in the lattice that should be satisfied at
any time during the lossy dynamics, highlighting the fact that
in general the system does not become empty at late time.

In the second part of the paper, we have classified the dark
states of the system according to the (p, q)-irrep of SU (3) they
belong to, and we made a link with the weight diagram of
the corresponding irreducible representation. We have shown
that the majority of the dark states have p + 2q fermions.
However, we also discussed the presence of dark states having
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a number of fermions strictly larger than p + 2q in the case of
three particles of three different spin components A, B, and C.

A promising direction for future research is the exploration
of the lossy dynamics that occur before the system reaches a
stationary state. Such a dynamics is expected to be strongly
constrained by the large number of conserved quantities that
we have identified. Thus, it seems reasonable to assume that
the density matrix of the gas belongs to a time-dependent
generalized Gibbs ensemble, in the weak dissipation regime
and thermodynamic limit, like it was done in related problems
[8,9,21,74–76]. This assumption could be used to develop
mean-field dynamical equations for observables.

Finally, we expect that simulating the dynamics in the
symmetry-resolved basis of semistandard Young tableaux
states, rather than in the usual Fock-state basis, could
drastically reduce the computational cost of a stochastic quan-
tum trajectory algorithm. In particular, this approach would
naturally decouple the dynamics across the different (p, q)-
sectors, allowing them to be computed in parallel.
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APPENDIX A: STRONG SYMMETRIES
OF THE DISSIPATIVE DYNAMICS

In this Appendix, we prove that the operators �l are strong
symmetries of the Lindbladian dynamics, described in Sec. II.

First, we note that any operator �l is a linear combination
of the ladder operators Fαβ defined in Eq. (9). From Eqs. (8)
and (11), we know that [HHub, Fαβ ] = 0. Therefore, we have

[HHub,�l ] = 0, ∀l ∈ {1, . . . , 8}. (A1)

On the other hand, since

[Lj, niσ ] = δi jL j ∀i, j ∈ {1, . . . , L}, ∀σ ∈ {A, B,C},
(A2)

FIG. 10. Iterative procedure to find the quantum numbers
{ak, bk, ck, dk},∀k ∈ {1, . . . , L} for the orbital ssYT T7. In this ex-
ample, we have L = 7 lattice sites.

we obtain directly that

[Lj,�3] = [Lj,�8] = 0 ∀ j ∈ {1, . . . , L}. (A3)

Additionally, we have

[Lj, Fαβ ] = 0 for α �= β. (A4)

We note that any of the operators �l ′ with l ′ ∈ {1, 2, 4, 5, 6, 7}
is a linear combination of the operators Fαβ with α �= β. Thus,
[Lj,�l ′ ] = 0.

APPENDIX B: EXAMPLE OF ABCD TABLEAU
AND OTHER QUANTUM NUMBERS

In this Appendix, we illustrate how to construct the ABCD
tableau introduced in Sec. IV A for a given orbital ssYT
through an example. In Fig. 10, we show the procedure for
finding {ak, bk, ck, dk},∀k ∈ {1, . . . , L} by iteratively remov-
ing some boxes. In Table II, we give the corresponding ABCD
tableau and the quantum numbers nk , pk , and qk .

APPENDIX C: EXAMPLES FOR THE SECOND
QUANTIZATION WRITING OF SSYT STATES

In the Appendix, we illustrate how to explicitly apply
Eq. (27) to obtain the second quantization writing of two
specific states in Fig. 1(c), from their ssYT forms. Then,
we provide the second quantization writing of the state in
Fig. 1(b).

TABLE II. All the quantum numbers characterizing the orbital
ssYT T7 of Fig. 10.

k ak bk = Qk ck = Pk dk nk pk qk

7 1 3 1 2 1 1 0
6 1 3 0 2 3 0 0
5 0 3 0 2 1 1 0
4 0 2 1 1 2 0 1
3 0 1 1 1 2 0 1
2 0 0 1 1 0 0 0
1 0 0 1 0 1 1 0
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Example 1. We aim to show that

The quantum numbers associated with this state are IL = �3
L = �8

L = 0 (deduced from the spin ssYT), and

k Pk Qk nk pk qk

2 0 0 1 1 0
1 0 1 2 0 1

(deduced form the orbital ssYT). Applying Eq. (27) leads to

We recall that some useful quantum numbers are given in Fig. 2. The SU (3) Clebsch-Gordan coefficients can either be found in
standard tables [78,79] or computed using efficient algorithms [80].

Example 2. We aim to show that

1√
2

(
c†1Ac†2Bc†2C − c†2Ac†1Bc†2C

)
|vac〉 = 1 2

2

A B

C
.

The quantum numbers associated with this state are IL = 1, �3
L = �8

L = 0 (deduced from the spin ssYT), and

k Pk Qk nk pk qk

2 1 1 2 0 1
1 1 0 1 1 0

(deduced form the orbital ssYT). Applying Eq. (27) leads to
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Example 3. We now provide the second quantization writing of the state in Fig. 1(b). The associated quantum numbers are
IL = 1

2 , �3
L = − 1

2 , �8
L = 1

2
√

3
, and

k Pk Qk nk pk qk

4 2 1 1 1 0
3 1 1 2 0 1
2 1 0 3 0 0
1 1 0 1 1 0

We have

1 2 2

2 3

3

4

A A B C

B B

C

=

√
3
8
c†1Cc†2Ac†2Bc†2Cc†3Ac†3Bc†4B |vac〉

+

√
3
8
c†1Bc†2Ac†2Bc†2Cc†3Ac†3Bc†4C |vac〉

+
1√
6
c†1Bc†2Ac†2Bc†2Cc†3Ac†3Cc†4B |vac〉

− 1
2
√

6
c†1Ac†2Ac†2Bc†2Cc†3Bc†3Cc†4B |vac〉

− 1
2
√

6
c†1Bc†2Ac†2Bc†2Cc†3Bc†3Cc†4A |vac〉 .

APPENDIX D: PROOF OF EQ. (29)

In this Appendix, we prove Eq. (29). We recall that {|ϕi〉}
is an orthonormal basis satisfying

C2|ϕi〉 = c2(pi, qi )|ϕi〉, C3|ϕi〉 = c3(pi, qi )|ϕi〉,
Nf |ϕi〉 = (pi + 2qi + 3ri )|ϕi〉, pi, qi, ri ∈ {0, 1, . . .}. (D1)

First, we expand the density matrix of the system on this basis:

ρ(t ) =
∑

i j

ρi j (t )|ϕi〉〈ϕ j |, ρi j (t ) ∈ C. (D2)

The mean number of particles is

Tr[Nfρ(t )] =
∑

k

〈ϕk|Nfρ(t )|ϕk〉

=
∑

i j

ρi j (t )
∑

k

〈ϕk|Nf |ϕi〉〈ϕ j ||ϕk〉

=
∑

i j

ρi j (t )〈ϕ j |Nf |ϕi〉

=
∑

i j

ρi j (t )(pi + 2qi + 3ri )〈ϕ j ||ϕi〉

=
∑

i

ρii(t )(pi+ 2qi+ 3ri ) �
∑

i

ρii(t )(pi + 2qi ).

The right-hand side of the inequality can be rewritten as∑
i

ρii(t )(pi + 2qi ) =
∑
p,q

(p + 2q)
∑

i such that
pi=p, qi=q

ρii(t ). (D3)

We remark that ∑
i such that

pi=p, qi=q

ρii(t ) (D4)

is the probability of being in a sector with given p and q. The
latter quantity is time independent since both C2 and C3 are

strong symmetries. Thus,

Tr[Nfρ(t )] �
∑
p,q

(p + 2q)
∑

i such that
pi=p, qi=q

ρii(0). (D5)

The latter equation is equivalent to Eq. (29).

APPENDIX E: ANALYTICAL DERIVATION OF THE
LOWER BOUNDS FOR N IN FIG. 4

In this Appendix, we derive explicitly a lower bound of the
total number of fermions remaining in the lattice for the two
initial states considered in Fig. 4:

|�0,1〉 := c†
1Ac†

2Bc†
3C |vac〉, (E1a)

|�0,2〉 := 1√
3

(
c†

1Ac†
2Bc†

3C + c†
2Ac†

3Bc†
1C + c†

3Ac†
1Bc†

2C

)|vac〉.

(E1b)

For this, we will apply Eq. (29).
First, we need to provide a basis of states |ϕi〉 diagonalizing

both C2 and C3 for NA = NB = NC = 1 on L = 3 sites. We can
conveniently write such basis states with their ssYT forms. In
the sector (p = 3, q = 0, r = 0), there exists only one state:

1√
6

(
c†1Ac†2Bc†3C − c†1Ac†3Bc†2C + c†2Ac†3Bc†1C

− c†2Ac†1Bc†3C + c†3Ac†1Bc†2C − c†3Ac†2Bc†1C

)
|vac〉

= 1

2

3

A B C := |ϕ1〉 .

In the sector (p = 1, q = 1, r = 0), four states have only
single occupancies:
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1
2

(
c†3Ac†2Bc†1C − c†2Ac†3Bc†1C + c†3Ac†1Bc†2C − c†1Ac†3Bc†2C

)
|vac〉 = 1 2

3

A B

C
:= |ϕ2〉 ,

1
2

(
c†3Ac†2Bc†1C + c†2Ac†3Bc†1C − c†3Ac†1Bc†2C − c†1Ac†3Bc†2C

)
|vac〉 = 1 3

2

A C

B
:= |ϕ3〉 ,

1√
12

(
2c†1Ac†2Bc†3C + c†1Ac†3Bc†2C − c†3Ac†1Bc†2C

− 2c†2Ac†1Bc†3C − c†2Ac†3Bc†1C + c†3Ac†2Bc†1C

)
|vac〉 = 1 3

2

A B

C
:= |ϕ4〉 ,

1√
12

(
2c†1Ac†2Bc†3C − c†1Ac†3Bc†2C − c†3Ac†1Bc†2C

+ 2c†2Ac†1Bc†3C − c†2Ac†3Bc†1C − c†3Ac†2Bc†1C

)
|vac〉 = 1 2

3

A C

B
:= |ϕ5〉 ,

and twelve states have a double occupancy:

1√
2

(
c†iAc†jBc†jC − c†jAc†iBc†jC

)
|vac〉 = j j

i

A B

C
,

1√
2

(
c†jAc†iBc†iC − c†iAc†jBc†iC

)
|vac〉 = j i

i

A B

C
,

1√
6

(
2c†jAc†jBc†iC − c†iAc†jBc†jC − c†jAc†iBc†jC

)
|vac〉 = j j

i

A C

B
,

1√
6

(
2c†iAc†iBc†jC − c†jAc†iBc†iC − c†iAc†jBc†iC

)
|vac〉 = j i

i

A C

B
,

with i, j ∈ {1, 2, 3} and j < i. In the sector (p = 0, q = 0, r = 1), there are ten states. For three of them, all the fermions are on
the same lattice site:

c†jAc†jBc†jC |vac〉 = j j j A

B

C

with j ∈ {1, 2, 3}.
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For six of them, exactly two fermions are on the same site:

1√
3

(
c†iAc†jBc†jC + c†jAc†iBc†jC + c†jAc†jBc†iC

)
|vac〉=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i j j A

B

C

if i < j

j j i A

B

C

if j < i

with i, j ∈ {1, 2, 3}.

Finally for one of them, all the fermions are on different sites:

For the two examples that we chose, the initial state ρ(0) =
|�0〉〈�0| contains only single lattice site occupancies, thus the
only basis states having an overlap with it are |ϕi〉 where i =
1, . . . , 6. By applying Eq. (29), we obtain

∀t, N (t ) �
6∑

i=1

(pi + 2qi )〈ϕi|ρ(0)|ϕi〉

� 3 ×
5∑

i=1

〈ϕi|ρ(0)|ϕi〉 + 0 × 〈ϕ6|ρ(0)|ϕ6〉.

For |�0〉 = |�0,1〉, defined in Eq. (E1a), we obtain N (t ) �
3 × ( 1

6 + 0 + 0 + 4
12 + 4

12 ) = 5
2 . On the other hand, for

|�0〉 = |�0,2〉, defined in Eq. (E1b), we find N (t ) � 3 × ( 1
2 +

0 + 0 + 0 + 0) = 3
2 .

APPENDIX F: EXPRESSION OF p + 2q AS A FUNCTION
OF c2 AND c3

In this Appendix, we show how Eq. (30) is obtained. We
first note the following: if Ñ = p + 2q, then

Ñ3

9
− Ñc2(p, q) + 2c3(p, q) − 3c2(p, q) + Ñ2 + 2Ñ = 0,

(F1)

where c2(p, q) and c3(p, q) are defined in Eqs. (14) and (15).
The discriminant of the latter third-order polynomial equa-
tion is � = (1 + p)2(1 + q)2(2 + p + q)2/9 > 0. Thus, the
three solutions, denoted Ñ0, Ñ1, and Ñ2, are distinct and real.

The corresponding depressed cubic form is

t3 − 9(1 + c2)t + 18c3 = 0, t = Ñ + 3. (F2)

According to Galois theory, the three roots of Eq. (F2) are

tk = 2
√

3
√

1 + c2

× cos

[
1

3
arccos

(
−

√
3

c3

(1 + c2)3/2

)
− 2π

3
k

]
,

(F3)

with k = 0, 1, 2. Thus, the roots of the original cubic equa-
tion (F1) are Ñk = tk − 3. For p � 0 and q � 0, we verify that
p + 2q = Ñ0.

APPENDIX G: PROOF THAT A RIGHT EIGENVECTOR
OF Heff WITH REAL EIGENVALUE IS DARK

In this Appendix, we prove that a right eigenvector of
Heff = HHub − i

2

∑
j L†

j L j with real eigenvalue is a dark state.
Let |�〉 be such that Heff |�〉 = E |�〉 with Im(E ) = 0. We
have

〈�|HHub|�〉 − i

2

∑
j

〈�|L†
j L j |�〉 = E〈�||�〉︸ ︷︷ ︸

∈R
. (G1)

Since HHub and
∑

j L†
j L j are both Hermitians, 〈�|HHub|�〉

and
∑

j〈�|L†
j L j |�〉 are real. Thus,

∑
j

〈�|L†
j L j |�〉 = 0. (G2)
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However, 〈�|L†
j L j |�〉 � 0,∀ j, therefore 〈�|L†

j L j |�〉 =
‖Lj |�〉‖2 = 0,∀ j, with ‖.‖ the vector norm. Finally, Lj |�〉 =
0,∀ j that also implies that HHub|�〉 = E |�〉. Therefore, |�〉
is dark.

APPENDIX H: PROOF OF THE LINK BETWEEN
STATIONARY STATES AND DARK STATES

EXPRESSED IN EQ. (34)

In this Appendix, we prove Eq. (34). We note that the Li-
ouvillian superoperator L, defined in Eq. (4), can be formally
diagonalized [81]. We denote ρλ its eigenoperators and λ ∈ C
the associated eigenvalues: L[ρλ] = λρλ. The initial density
matrix of the system can be expanded as ρ0 = ∑

λ cλρλ, with
cλ ∈ C. When t → ∞, the density matrix becomes ρ∞ =∑

λ,Re(λ)=0 cλeλtρλ. Remarkably, for purely lossy systems, it
is possible to prove that any eigenvalue of L satisfies the in-
equality Re(λ) � 0,∀λ, and it is written as λ = −i(E ′ − E∗)
with E and E ′ two eigenvalues of Heff [22].

Given the form of Heff in Eq. (33), it is always true that
Im(E ) � 0. Hence, Re(λ) = 0 is possible only when E ′ and
E are both real, the condition that in the main text we have
associated with dark states. With few algebraic passages, we
can show that if |�i〉 and |� j〉 are both dark states of energies
Ei and Ej , then L[|� j〉〈�i|] = −i(Ej − Ei )|� j〉〈�i|. Thus,
the eigenoperators ρλ, such that Re(λ) = 0, appearing in the

expansion of ρ∞, can be identified as the operators |� j〉〈�i|
with purely imaginary eigenvalues −i(Ej − Ei ).

APPENDIX I: DETAILS ON THE NUMERICAL EXACT
DIAGONALIZATION OF Heff IN EACH

(p, q, I, r = 0)-SECTOR

In this Appendix, we provide some details concern-
ing the numerical method used to find the dark states
containing Nf = p + 2q fermions. First, we note that
the effective non-Hermitian Hamiltonian Heff = HHub −
i γ

2

∑
j L†

j L j , the SU (2) and SU (3) Casimir operators I2, C2,
C3, and the spin-resolved particle number operators, NA, NB,
NC mutually commute, so that they can be diagonalized in the
same basis. We construct the matrix representation of Heff ,
I2, C2, and C3 in the basis of Fock states |F (nA )〉 ⊗ |F (nB )〉 ⊗
|F (nC )〉 for fixed numbers of A, B, and C fermions equal to
nA, nB, and nC , respectively. Then, we perform an exact di-
agonalization of Heff + ε1I2 + ε2C2 + ε3C3 for some arbitrary
choice of ε1, ε2, ε3 ∈ R. We check that the eigenvectors of
this operator simultaneously diagonalize both Heff and the
Casimirs I2,C2, and C3.

The eigenstates of Heff , Heff |ψ〉 = ε|ψ〉, such that Imε =
0 are the targeted dark states. To find the eigenvalue ε,
we compute the expectation value of the effective Hamilto-
nian, 〈ψ |Heff |ψ〉 = ε. We next identify the symmetry sector
(p, q, I, r = 0): By using Eqs. (14) and (15), we obtain
the pair (p, q) from the numerical eigenvalues c2(p, q) =
〈ψ |C2|ψ〉 and c3(p, q) = 〈ψ |C3|ψ〉, while we get I from
I (I + 1) = 〈ψ |I2|ψ〉.

APPENDIX J: PROOF OF EQ. (42)

In this Appendix, we prove Eq. (42), that are satisfied by the η-pairing states of the form (40). By lengthy computation, it is
possible to obtain the commutation relations

[η†
αβ, η

†
α′β ′ ] = 0, [Hhop, η

†
αβ ] = 0, (J1a)

[Hint,2, η
†
αβ ] = U2η

†
αβ + 2U2Rαβγ , (J1b)

[Hint,3, η
†
αβ ] = U3Rαβγ , Rαβγ =

∑
j

(−1) jc†
jαc†

jβn jγ ,

(J1c)

with γ �= α, γ �= β. We also note that

Rαβγ |η; NAB, NAC, NBC〉 = 0, (J2)

because the state |η; NAB, NAC, NBC〉 does not contain any singly occupied lattice site, and thus the operators c†
jαc†

jβn jγ annihilate
it. Using Eqs. (J1) and (J2), we obtain Eqs. (42).

APPENDIX K: NONDISSIPATIVE SUBSPACE FOR THREE BOSONS

In this Appendix, we show that the subspace generated by the states (53) is closed under Hamiltonian evolution. We also give
an expression of the dimension of this subspace; we stress that we are not able to give an explicit expression for the dark states
living in this subspace.

We denote

HB
hop = −J

∑
j

b†
j+1b j + H.c. (K1)
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the hopping part of HB
Hub and

HB
int = U2

2

∑
j

n j (n j − 1) (K2)

its interaction part. With straightforward calculations, one can obtain that

HB
hop

−J
|�δ

1〉 = |�δ
2〉 − 2eiδ|�δ

1〉, (K3a)

∀� � 2,
HB

hop

−J
|�δ

�〉 = |�δ
�−1〉 + |�δ

�+1〉 +
√

2|�δ
�〉 +

√
2eiδ|�δ

�+1〉 with |�δ
2〉 := 0, (K3b)

∀� � 3,
HB

hop

−J
|�δ

�〉 =
√

2|�δ
�〉 +

√
2eiδ|�δ

�−1〉 + |�δ
�+1〉 + |�δ

�−1〉 + |�δ
2 �〉 + eiδ|�δ

2 �+1〉

with |�δ
2 3〉 := −eiδ|�δ

3〉, |�δ
� 2�〉 = |�δ

� L−2�〉 = |�δ
2� L−2�〉 = 0, (K3c)

∀�1 � 2, �2 � �1 + 2,
HB

hop

−J
|�δ

�1 �2
〉 = |�δ

�1 �2+1〉 + |�δ
�1 �2−1〉 + |�δ

�1+1 �2
〉 + |�δ

�1−1 �2
〉

+ eiδ|�δ
�1−1 �2−1〉 + eiδ|�δ

�1+1 �2+1〉. (K3d)

We also have

∀� � 1, HB
int/U2|�δ

�〉 = |�δ
�〉, (K4a)

∀� � 3, HB
int/U2|�δ

�〉 = 0, (K4b)

∀�1 � 2,∀�2 � �1 + 2, HB
int/U2|�δ

�1 �2
〉 = 0. (K4c)

Since the system size L is finite, there exists a maximal
value for �, �1, and �2 so that the considered states are
linearly independent.

We now assume that L � 5; the dark states for L = 3, 4
are given in Table I. For the states of the form |�δ

�〉, the
maximal value of � is �max = L/2 − 1 if L is even and
�max = (L − 1)/2 if L is odd. For the states of the form |�δ

�〉,
we have �max = L/2 if L is even and �max = (L − 1)/2 if
L is odd. Finally, for |�δ

�1 �2
〉, the state can be characterized

by three nonindependent numbers d1, d2, and d3 that are the
distances between two neighboring particles. For instance,
we have d1 = �1, d2 = �2 − �1, and d3 = L − 2�1 − �2.
The number of |�δ

�1 �2
〉 states (for δ fixed) is equal to the

number of possible triplets of integers (d1, d2, d3) such that
1 < d1 < d2 < d3 and d1 + d2 + d3 = L, which is f (L) =∑L

d1=2

∑L
d2=d1+1

∑L
d3=d2+1 δL,d1+d2+d3 . An analytical expres-

sion for f (L) can be derived:

∀L < 9, f (L) = 0,

∀L � 9, f (L) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(L−6)2

12 for L = 0 mod 6,

(L−5)(L−7)
12 for L = 1 or 5 mod 6,

(L−4)(L−8)
12 for L = 2 or 4 mod 6,

39+L(L−12)
12 for L = 3 mod 6.

Therefore, the dimension of the nondissipative subspace is

2

(
L

2
− 1

)
+ 2

(
L

2
− 2

)
+ 2 f (L) if L is even,

L − 1

2
+ L − 1

2
− 2 + f (L) if L is odd. (K5)

In Fig. 11, we show the comparison between the number of
dark states in the sector (p = 0, q = 0, r = 1), obtained via
exact diagonalization of HB

Hub, and the prediction of Eq. (K5)
for L ∈ {5, . . . , 25}. We obtain a perfect agreement.
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FIG. 11. Comparison between the number of dark states in the
sector (p = 0, q = 0, r = 1) found by exact diagonalization of HB

Hub

and the analytical prediction of Eq. (K5) for L ∈ {5, . . . , 25}.
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