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Combined framework for synchronization with distributed delays and noise
in Kuramoto-Daido oscillators
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We derive the characteristic equation governing the linear stability of the incoherent state in delayed noisy
Kuramoto-Daido oscillator ensembles with general periodic coupling. The calculation is formulated for arbitrary
normalized delay kernels and natural-frequency distributions. For a Lorentzian frequency distribution and
first-harmonic coupling, the characteristic equation reduces to a closed dispersion relation in which phase
diffusion and frequency heterogeneity enter through the damping combination D + A, while the delay kernel
enters through its Laplace transform. The neutral conditions recover the established fixed- and distributed-delay
limits and are evaluated explicitly for Gamma-distributed delays. We then derive the reduced phase dynamics of
an overdamped Josephson-junction array coupled through a delayed common load. A finite-dc-load admittance
produces a uniform drift that corresponds to the constant Fourier component of the reduced coupling function.
When the ac coupling and dc-induced drift vary with the same load parameter, the resulting effective-frequency
shift displaces the neutral stability boundary. Finite-N simulations of the reduced phase equations agree with the
continuum prediction over the parameter range considered.
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I. INTRODUCTION

Synchronization in populations of interacting oscillators
occurs in systems ranging from biological and neuronal
networks to laser arrays, Josephson-junction arrays, and
power-grid dynamics [1-8]. Kuramoto-type phase models
describe weakly coupled self-sustained oscillators through
the competition between frequency heterogeneity and inter-
action strength [2,3,9]. Finite propagation and processing
times introduce delayed coupling, while microscopic fluctu-
ations produce phase diffusion [10-12]. Both effects modify
the linear stability of the incoherent state. Here, we study
the continuum stability problem with distributed delays, addi-
tive phase diffusion, and a general periodic coupling function
retained simultaneously.

The continuum stability problem for globally coupled
phase oscillators has a well-developed history. For the stan-
dard Kuramoto model, Strogatz and Mirollo analyzed the
stability of the incoherent state by linearizing the continuum
kinetic equation [13], while noisy extensions were studied
using Fokker-Planck descriptions [12,14,15]. Phase-lagged si-
nusoidal interactions lead to the Kuramoto-Sakaguchi model
[16], whereas Daido and subsequent authors developed for-
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mulations with general periodic coupling functions and higher
Fourier harmonics [17-20]. In particular, Crawford and
Davies considered arbitrary phase coupling together with
stochastic frequency fluctuations in the continuum formula-
tion [19]. These results establish the appropriate context for
the general coupling and noise terms considered below.

Time-delayed Kuramoto models constitute a separate line
of development. Yeung and Strogatz showed that a discrete
interaction delay can generate multivalued neutral-stability
curves and delay-induced resonance branches [21]. Lee, Ott,
and Antonsen subsequently treated heterogeneous interaction
delays in the continuum limit and showed that broadening
the delay distribution suppresses the resonance structure as-
sociated with a sharply defined delay [22]. Their formulation
applies to general delay distributions and was illustrated using
Gamma-distributed kernels. Thus, neither distributed delays
nor the smoothing of fixed-delay resonance branches is new
to the present work. The extension considered here is the
continuum linear stability problem in which distributed de-
lays, additive phase diffusion, and a general Fourier coupling
function are retained simultaneously. The linearization itself
follows the established Fokker-Planck approach.

This structure also arises in reductions of physical os-
cillator arrays, where the effective phase interaction need
not have zero mean. Load-coupled Josephson-junction arrays
provide a concrete example. Averaging methods for over-
damped series arrays coupled through linear loads produce
tractable slow phase equations [23], and in the weak-coupling,
weak-disorder regime Josephson arrays can be mapped onto
Kuramoto-type phase models [7,24]. In the circuit considered
here, retaining an explicit finite dc admittance of the common
load generates, in addition to the resonant ac interaction, a
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uniform contribution to the reduced phase velocity. For fixed
coupling, this contribution is only a rotating-frame frequency
shift. Its relevance to delayed stability arises when the same
load parameter controls both the ac coupling amplitude and
the dc-induced shift, so that the effective rotation frequency
changes as the stability boundary is traced.

In this work, we derive the characteristic equation govern-
ing the linear stability of the incoherent state for a delayed
noisy Kuramoto-Daido ensemble with a general periodic cou-
pling function. The derivation is formulated for arbitrary
normalized delay kernels and natural frequency distributions.
For a Lorentzian frequency distribution and first-harmonic
coupling, the characteristic equation reduces to a closed
dispersion relation in which phase diffusion and frequency
broadening enter through the combination D + A. The re-
sulting neutral conditions recover the established fixed- and
distributed-delay limits. We then apply the same stability re-
lation to the phase-reduced overdamped Josephson-junction
array and compare the continuum boundary with finite-N
simulations of the reduced delayed phase equations.

The remainder of the paper is organized as follows. Sec-
tion II introduces the delayed noisy Kuramoto-Daido model.
Section III develops the continuum formulation and derives
the characteristic equation for the incoherent state. Section IV
evaluates the result for Lorentzian frequency distributions
and fixed or Gamma-distributed delays. Section V presents
the Josephson-junction reduction and its numerical compari-
son with the continuum prediction. Section VI discusses the
interpretation and scope of the results, and Sec. VII summa-
rizes the conclusions. Technical derivations are collected in
Appendixes A-D.

II. DELAYED NOISY KURAMOTO-DAIDO MODEL

We consider a population of N globally coupled phase os-
cillators with distributed interaction delays and additive phase
diffusion. The microscopic dynamics are governed by

0,(t) = -+K§:/m H[O;(t — ) — 0;(t)]d
l()_a)l ﬁjzl 0 p(t) j( T) l() T

+V2D§(r), i=1,....N, ey
where w; is the natural frequency of the ith oscillator, K is
the interaction strength, p(t) is a normalized delay kernel
satisfying

o0
om0 [ pmdr=1.
0
and &;(¢) are independent Gaussian white noises with

(E@) =0, (&@)EE)) =881t —1').

The natural frequencies are sampled from a normalized dis-
tribution g(w). The kernel p(7) represents the distribution of
propagation delays between interacting oscillators and allows
both fixed and distributed delays to be treated within the same
formulation.

The interaction function H (¢) is assumed to be real and 27
periodic and is represented by the Fourier series

2

it . 1 .
H@) = 30 ™. =5 | H@ " dg, @)

m=—00

with h_,, = h},. Throughout this work, we adopt the phase-
difference convention used in Eq. (1), for which positive
coupling (K > 0) corresponds to attractive interactions when
H(¢) = sin¢.
A frequently used special case is the first-harmonic cou-
pling
H(¢) = ho + sin(¢ + a), 3)

whose zeroth Fourier coefficient is /gy, while the nonzero
oscillatory coefficients are
/’l1 = —ieia, /’l,1 = ie_ia.
2 2

The constant Fourier component hy produces the uniform
frequency shift Khy. For fixed coupling strength, this con-
tribution may be removed by transforming to a uniformly
rotating frame. It is retained explicitly because, in the
Josephson-junction application considered below, the delayed
interaction and the corresponding frequency shift are con-
trolled by the same physical load parameter.

Equation (1) defines the finite-N stochastic dynamics. Our
objective is to determine the linear stability of the incoher-
ent state in the thermodynamic limit, where the microscopic
oscillator ensemble is replaced by a continuous phase density.
The following continuum formulation yields the characteristic
equation for the loss of linear stability of this state.

III. CONTINUUM FORMULATION
AND LINEAR STABILITY

To determine the stability of the incoherent state, we
consider the thermodynamic limit N — oo, in which the mi-
croscopic oscillator ensemble is described by the conditional
probability density f(6, w, t). Here, f(0, w, t) dO denotes the
fraction of oscillators with natural frequency w whose phases
lie in the interval [0, 6 + dO] at time ¢, and satisfies the nor-
malization

2w
fO,w,t)do = 1. “)
0

In the continuum limit, the discrete interaction term in
Eq. (1) is replaced by its mean-field average over the phase
density. The corresponding drift velocity is

oo

v(@,a),t)za)—i—K/oo p(r)dt/ glw)do
0 —_

o]

X HO —0)fO, o, t —1)db'. (5)
0
This velocity contains the delayed mean-field interaction gen-
erated by the oscillator population.
The evolution of the density is governed by the nonlinear
Fokker-Planck equation
af

il

Pf

W ) (6)
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where the first term represents deterministic phase advection
under the mean-field drift v(0, w, t), while the second de-
scribes phase diffusion arising from the additive white noise
in Eq. (1).

The incoherent state is the uniform phase density

1
fo®, ) = ——. (N
i

For this state, the mean-field drift is vg(w) = w + Khy, while
the phase density remains uniform. To determine its stability,
we perturb the density according to

1 in6
fO 0.0)=5— 1+§6‘cn<w,r)e : ®)

and retain only terms linear in the perturbation. The Fourier
linearization is summarized in Appendix A. Seeking normal-
mode solutions

cn(w, 1) = by(w)e,
one obtains the characteristic equation

g(w)dw _
X+ n2D + in(w + Khy)

|+ inKh_, 50.) / 0,

where
’5(K)=/ p(T)e " dt
0

is the Laplace transform of the delay kernel.

Equation (9) governs the linear stability of the incoherent
state independently for each Fourier harmonic of the coupling
function. The loss of stability of the incoherent state is deter-
mined by the harmonic whose eigenvalue first reaches Re A =
0. In the following section, we specialize this general result
to a Lorentzian frequency distribution and first-harmonic cou-
pling, for which the characteristic equation reduces to a closed
dispersion relation.

IV. STABILITY BOUNDARIES FOR LORENTZIAN
FREQUENCY DISTRIBUTIONS

The characteristic equation derived in Sec. III is valid for
arbitrary delay kernels and natural-frequency distributions.
Explicit stability boundaries are obtained by specializing it to
the Lorentzian distribution

A
ml(@ — wo)* + A%
and the first-harmonic coupling

H(¢) = ho +sin(¢ + a),

glw) = (10)

for which h_; = (i/2)e™®. Because the Lorentzian distribu-
tion possesses a single simple pole in the lower half-plane, the
frequency integral appearing in Eq. (9) is evaluated analyti-
cally by contour integration (Appendix B).

This yields the closed dispersion relation

)

In Eq. (11), D + A sets the linear damping, 5(1) gives the
delay response, and Khy shifts the mean rotation frequency.

K .
A+D+ A+i(wg+ Khy) — Ee""b(k) =0.

The equivalent rotating-frame representation is summarized
in Appendix B.

In the zero-delay limit, p(A) = 1. Fora = hy = 0, Eq. (11)
becomes

K
k:z—(D+A)—iwo, 12)
so that the incoherent state loses linear stability at
K.(0)=2(D+ A). (13)

Equation (13) recovers the standard zero-delay threshold for
this Lorentzian first-harmonic reduction. For the Lorentzian
first-harmonic reduction, phase diffusion and frequency dis-
order enter the linear damping only through the combination
D + A. This simplification is specific to the Lorentzian re-
duction and should not be interpreted as a general equivalence
between phase noise and frequency heterogeneity.

To examine the influence of delay dispersion, we employ
the Gamma family

q
q _ _ -
1 pa-lp—aqr/t

= , 14
Pg(T) = 1 T (14)
whose Laplace transform is
~ AT\
PgA) =1+ 7 . (15)

The parameter g interpolates between an exponential kernel
(¢ = 1) and the fixed-delay limit (¢ — 00), for which

PO = e,

For integer g, the Gamma kernel also admits the standard
finite-dimensional linear-chain representation; here, it is used
as an illustrative family of distributed-delay kernels.

The neutral stability boundary is obtained by setting

A=1iQ,

where Q2 denotes the collective frequency of the marginal

mode. Introducing
A =Re[e “D(iQ)], B=Im[e D>,

the real and imaginary parts of Eq. (11) yield

2(D+ A
K. = g, (16)
A
K.

Equations (16) and (17) determine the neutral stability
boundary for arbitrary normalized delay kernels through the
complex quantity p(i€2).

Figure 1 illustrates the effects of delay dispersion
and phase diffusion. Because |p(iQ2)| =1, a fixed delay
changes the feedback phase without attenuating the marginal-
frequency response, producing the resonance branches associ-
ated with discrete propagation delays. For the Gamma family,

Q\2 1"
[ (i2)] = |:1 + (7> :| ,

so increasing the width of the delay distribution progressively
attenuates the frequency-dependent delayed feedback. Conse-
quently, the higher-order resonance branches are suppressed
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FIG. 1. Neutral stability boundaries of the incoherent state ob-
tained from Eqgs. (16) and (17) for fixed and Gamma-distributed delay
kernels. The calculations use wg = 3, A = 1, @ = hy = 0, with solid
and dashed curves corresponding to D = 0 and D = 1, respectively.
The Gamma shape parameter g controls the width of the delay
distribution, recovering the fixed-delay limit as ¢ — oo. Narrow
delay kernels generate delay-induced resonance tongues, whereas
broader kernels progressively suppress the higher-order resonances.
For the Lorentzian first-harmonic reduction, phase diffusion enters
the threshold through the damping combination D + A, raising the
critical coupling while preserving the qualitative dependence on the
delay distribution.

and the neutral boundary evolves continuously toward the
smooth monotonic profile reported previously for distributed-
delay oscillator ensembles [22]. The attenuation of the
distributed-delay transfer function accounts for the suppres-
sion of the higher-order branches.

Figure 1 also shows the effect of additive phase diffusion.
Equation (11) shows that, for the Lorentzian first-harmonic
reduction, diffusion and frequency disorder contribute to the
linear damping through the combination D + A. At zero de-
lay, Eq. (13) therefore gives K, = 2 for D = 0 and K, = 4 for
D =1 using the parameters of Fig. 1. At finite delay, D + A
continues to determine the damping, whereas the delay kernel
modifies the threshold through the frequency-dependent phase
and attenuation contained in p(i2). These boundaries recover
the established fixed- and distributed-delay limits and provide
the continuum reference used in Sec. V.

V. APPLICATION TO OVERDAMPED
JOSEPHSON-JUNCTION ARRAYS

Overdamped Josephson-junction arrays provide a phys-
ical realization of the delayed phase model introduced in
Sec. II. Common-load averaging and Kuramoto reductions of
Josephson series arrays are established [7,23]. Here, we retain
distributed propagation delays, effective phase diffusion, and
the finite-dc-load drift in the reduced model and analyze the
linear stability of its incoherent continuum state.

We consider the current-biased series array shown in Fig. 2.
Neglecting junction capacitance, the kth junction obeys the

Iload (f)
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FIG. 2. Schematic of the delayed Josephson-junction array con-
sidered in Sec. V. Each overdamped junction is represented by a
Josephson element shunted by the normal resistance r;, with thermal
fluctuations represented by the Langevin current source 1, (t). The
series array is biased by the dc current /z. The total array voltage
drives a common linear load through a propagation network de-
scribed by the delay kernel p(7). The ac load response generates the
phase-dependent interaction, whereas a finite dc admittance Y, (0) =
Gy, converts the nonzero mean array voltage into a dc load current
that appears as a uniform drift in the reduced phase dynamics.

resistively shunted junction (RSJ) equation

ho.

2—¢k + Iy sin ¢y + fioaa (1) = Ip + ni(2), (18)
ery

where I, and r; are the critical current and normal-state re-
sistance, respectively. The physical voltage across the series
array is

ho .
Vaay (1) = - D (0). (19)
j=1

Propagation-time heterogeneity is represented by the normal-
ized delay kernel p(t), so that the voltage driving the load is

hoes [
wm=ZZApmwwww (20)
j=1

To obtain an O(1) load current in the mean-field limit, we use
the weak-load scaling
Y()
YL(V) = N .
Equivalently, Y(v) acts on the mean array voltage V;/N. The
common load is taken to be linear,

Toaa(V) = YL (0)Vy (), Q1)

with Y7 (v) its physical admittance.

We separate the ac and dc responses of the load in the
phase reduction. In the voltage state, each rotating junction
has a nonzero mean voltage, and hence the complete series
array has Vg, # 0. Whenever the common load has finite dc
conductance,

Gac =Y1.(0) # 0, (22)
the mean array voltage necessarily drives the dc current

Iy = Gdcvdc- (23)
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This contribution vanishes for load topologies that block dc.
The resulting uniform drift is therefore fixed by the dc re-
sponse of the same load that generates the ac coupling.

The slow phase dynamics follow from the standard
natural-angle transformation and first-order averaging over
the Josephson period (Appendix D). The fundamental ac com-
ponent of the load current produces the resonant delayed sine
coupling, whereas the dc load current survives the averaging
as a uniform drift. With the conventional mean-field normal-
ization, the reduced equation is

K&, [
9k:wk+r0+ﬁ;/o p(T)sin

x [0t — 1) — 6(t) + a]ldt + V2D & (2). (24)
Here,
wlp
o = _Tl—zldu (25)
B

while K and o are determined by the magnitude and phase
of the fundamental-frequency load response; their dependence
on the load parameters is summarized in Appendix D. Under
weak thermal noise, stochastic averaging over the running
orbit replaces the multiplicative current-noise term by an
effective additive phase noise. We denote the resulting phase-
diffusion coefficient by D, consistent with the notation of
Sec. II.

Equation (24) is therefore a specific realization of the first-
harmonic Kuramoto-Daido model of Sec. II,

H(¢) = ho + sin(¢ + o),

For the comparison below, we consider a one-parameter vari-
ation of the load response for which the ac coupling and
dc-induced drift scale together. The ratio iy = I'y/K is there-
fore held fixed. For fixed K, the uniform contribution I'j
may be absorbed into a rotating frame. Its relevance to the
delayed stability problem arises when the same physical load
parameter changes both the ac interaction and the dc-induced
drift. The effective frequency entering the neutral condition is
then

'y = Khy. (26)

wefs (K) = wo + Kho, 27

so that the phase accumulated during the delay changes as the
stability boundary is traced.

Figure 3 compares this neutral boundary with finite-N
simulations of the reduced phase model. The dashed curve is
the analytical zero-dc-response reference iy = 0, whereas the
solid curve corresponds to the finite-dc-load case hy = —0.4.
At zero delay, the two curves coincide at

K.(0) =2(D+ A),

because & enters the neutral-frequency condition but not the
real threshold equation. At finite delay, Eq. (17) contains
the combination wy + K .hy, and the two boundaries sepa-
rate because the accumulated delay phase becomes coupling
dependent.

The symbols in Fig. 3 are critical couplings obtained from
finite-N simulations of Eq. (24). Within the statistical uncer-
tainty of the simulations, the numerical thresholds follow the

T T T T T T T T T T T T T
=== Analytical, hg = 0 reference ]
Analytical, hg = —0.40
| ® Finite-N phase model
20 A |
! A ! 3
i 7\ . 0.6
Q I 1 I
M r | : 7,_:
N I ! 1 '
+0.4
D15 | =t
= 0 |
S B 1
o L 1
) 1
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g 10 :
= - 1
= .
o :
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B 1
0.5 L
1
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00 L L L 1 L L L : L L L 1 L L L 1
0 2 4 6 8

Mean delay, 7

FIG. 3. Neutral stability boundary for the reduced Josephson-
junction phase model. The dashed gray curve is the analytical 7y = 0
reference, while the solid curve is the analytical boundary for the
finite-dc-load case iy = —0.4. Open circles denote critical couplings
obtained from finite-N simulations of Eq. (24); error bars show the
standard deviation over five independent realizations. Parameters
are I =2, T=F="Hh/Qe)=1, wy=+/3, A=0.1, D=0.1, and
a = 0. The inset shows the time-averaged order parameter (r), as a
function of K at T = t* = 4; the vertical guide in the main panel
marks the same delay. The agreement of the numerical thresholds
with the hy = —0.4 analytical boundary tests the continuum predic-
tion for the reduced Josephson phase model.

analytical hy = —0.4 boundary over the range shown. The
inset shows the time-averaged Kuramoto order parameter at
T = t* =4 and the crossing used to determine the numeri-
cal threshold. The hy = 0 reference isolates the displacement
associated with the finite-dc-load response.

The finite-N thresholds in Fig. 3 were obtained by in-
tegrating Eq. (24) with the Euler-Maruyama method using
N = 1000, time step dt = 0.01, and total integration time
T = 600. The initial interval 0 < ¢ < 300 was discarded as
a transient, and the time-averaged order parameter (r), was
computed over the remaining interval. Natural frequencies
were generated from the Lorentzian distribution in Eq. (10)
by stratified inverse-transform sampling, with one frequency
drawn from each equal-probability interval of the cumulative
distribution and without truncating the Lorentzian tails. For
each delay 7, the numerical threshold was defined by (r); >
¢, with 7. = 0.08. The crossing was first bracketed in K and
then refined by nine bisection steps. Within each threshold
search, the same realization of the natural frequencies and
the same initial phase configuration were retained as K was
varied. For delays not commensurate with the integration step,
the delayed complex order parameter was obtained by linear
interpolation of the stored history. The reported K, is the mean
over five independent realizations, and the error bars denote
the corresponding sample standard deviation.

043038-5



SAMIR SAHOO AND ANTONIO PALACIOS

PHYSICAL REVIEW RESEARCH 8, 043038 (2026)

VI. DISCUSSION

The characteristic equation derived in Sec. III separates the
contributions to the continuum stability problem. The natural-
frequency distribution enters through the spectral integral over
g(w), phase diffusion damps the nth Fourier perturbation at
the rate n>D, and the delay distribution enters through p(1).
Each Fourier coefficient of the coupling function acts on its
corresponding perturbation mode. For the Lorentzian first-
harmonic reduction, the damping depends on D + A, while
p(i2) supplies the attenuation and phase shift of the de-
layed feedback. Figure 1 recovers the established fixed- and
distributed-delay limits: Fixed delay changes the feedback
phase without attenuation, whereas a broad delay distribution
suppresses higher resonance branches through |p(i2)| < 1.

The Josephson-junction reduction shows how the constant
Fourier component enters a physical phase model. A finite
dc response of the common load produces the uniform drift
'y = Khy, while the ac response produces the delayed first-
harmonic interaction. For fixed K, the drift can be removed
by a rotating-frame transformation. Along the one-parameter
load variation used in Sec. V, hy = I'g/K is fixed, so varying
K also changes the effective frequency wes(K) = wo + Khyp.
The resulting change in delay phase accounts for the displace-
ment of the iy = —0.4 neutral boundary relative to the hp = 0
reference. The finite-N simulations in Fig. 3 agree with the
continuum boundary within the statistical uncertainty of the
extracted thresholds.

The same stability calculation can be adapted to other
oscillator networks that admit weak-coupling phase reduc-
tions. Electrically coupled spin-torque nano-oscillator arrays
provide one example of collective phase dynamics under com-
mon electrical coupling [25,26]. Coupled-oscillator phased
arrays provide a related setting in which the phase distribution
determines beam steering and propagation delays modify the
phase dynamics [27,28]. The beam-steering models cited here
use spatially structured or feedforward coupling rather than
the global mean-field interaction assumed in Eq. (1); applying
the present calculation to those systems therefore requires the
corresponding network coupling operator.

The analytical results are subject to the assumptions used
in their derivation. Equation (9) determines the linear stabil-
ity of the incoherent state in the continuum limit and does
not determine the nonlinear state reached beyond thresh-
old. The explicit dispersion relation in Sec. IV assumes
a Lorentzian frequency distribution and first-harmonic cou-
pling. The Josephson-junction reduction assumes overdamped
junctions, weak loading, and weak disorder, and the nu-
merical comparison tests the reduced phase equations rather
than the full circuit dynamics. Higher coupling harmonics,
non-Lorentzian frequency distributions, stronger loading, and
nonlinear dynamics beyond the instability threshold require
separate analysis.

VII. CONCLUSIONS

We derived the characteristic equation for the linear stabil-
ity of the incoherent state in a delayed noisy Kuramoto-Daido
continuum model with general periodic coupling. The delay
kernel enters through its Laplace transform, phase diffusion

contributes the harmonic-dependent damping n?D, and the
Fourier coefficients of the coupling function define the inde-
pendent linear stability channels. For a Lorentzian frequency
distribution and first-harmonic coupling, the result reduces
to a closed dispersion relation that recovers the zero-delay
threshold K.(0) = 2(D 4+ A) and the established fixed- and
distributed-delay limits.

For the overdamped Josephson-junction array considered
here, natural-angle averaging gives the same delayed phase
model together with the load-induced drift I'y = Khy when
the common load has finite dc admittance. The drift is remov-
able at fixed coupling, but along the load variation considered
in Sec. V it changes the effective frequency entering the
delay condition. Finite-N simulations of the reduced phase
equations reproduce the resulting displacement of the neutral
boundary. These results identify how delay dispersion, phase
diffusion, coupling harmonics, and a load-induced frequency
shift enter the loss of linear stability of the incoherent state.
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APPENDIX A: FOURIER LINEARIZATION OF THE
CONTINUUM EQUATION

This Appendix gives the Fourier linearization leading to
the characteristic equation used in Sec. III. The calculation
follows the standard stability analysis of the incoherent state,
but is included to fix the Fourier and sign conventions used
throughout the paper.

For the coupling expansion

[o¢]
H(g)= > hne™, (A1)
m=—00
we perturb the uniform density according to
1 .
FO, 0.0 = |14 eale, e (A2)

n#0
The uniform part of the mean-field drift is
vo(w) = w + Khy.

Using Eq. (A2) in the continuum velocity field, the perturba-
tion of the drift is

o0
sv(0,t) = KZh_nei"(’ [ o(T)C,(t — 1) dr, (A3)
n£0 0
where

C,(t) = /OO gw)cy(w, t)dw.

o]

(A4)
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Substituting f = fy + §f and v = vy + Sv into the nonlin-
ear Fokker-Planck equation and retaining only terms linear in
the perturbation gives

8 f = —v0de8f — fodpdv + DS f.

Projection onto the Fourier mode e then yields

Cn(w, 1) = — [0*D + in(w + Kho)lep(w, 1)

(o]
— inKh,,,/ p(t)C,(t — t)dr. (AS)
0
For a normal mode,

cn(®, 1) = by(w)e™, (A6)

the delayed collective amplitude becomes

o0

C,(t — 1) =B,e"e™**, B, = / g(w)by(w)dw.
—0o0

Hence,
[+ n*D + in(w + Kho)lb,(®) = —inKh_,p(A)B,, (A7)
with

50 = f p(r)e ™ d.
0

Solving Eq. (A7) for b,(w), multiplying by g(w), and inte-
grating over w gives

0=B8B, [1 + inKh_,p(X)

gw)dw ] . (A3)

o0
x /_oo *+ 12D + in(w + Kho)

A nontrivial collective perturbation requires B, # 0, which
gives Eq. (9).

APPENDIX B: LORENTZIAN EVALUATION
AND FRAME CONVENTION

This Appendix evaluates the frequency integral appearing
in the first-harmonic characteristic equation and clarifies the
relation between the laboratory- and rotating-frame represen-
tations. We retain the convention of Eq. (1), for which K > 0
is attractive when H (¢p) = sin ¢.

1. Lorentzian frequency integral
For the Lorentzian distribution
A

= , A>0, B1
8= o wrt o &7 (B
the n = 1 characteristic equation contains
o0
d
IO = f gw)dw . (B2)
—o A+ D +i(w+ Khy)

For Re A > —D, the pole generated by the denominator lies
in the upper half of the w plane. Closing the contour in the
lower half-plane therefore encloses only the Lorentzian pole

a):a)o—iA.

Evaluation of the residue gives

1
I = D72t i@+ Koy B3
Substituting Eq. (B3) into Eq. (9), together with
hoy = iefia’
2
gives
A+D+ A +i(wy+ Khy) — ge—f“’ﬁ(x) =0, (B4)

which is Eq. (11).

2. Laboratory and rotating frames

Equation (B4) is written in the laboratory frame. For a
collective perturbation proportional to e/,

Ct — 1) = G0 = Chet'e™,

and averaging over the delay distribution therefore produces

PG = f p(r)e™" dr. (BS)
0
No additional factor involving wq appears in the laboratory-
frame delay transform.
To compare with a rotating-frame formulation, define

9 =0 — wot. (B6)

Then,

0,(t —7) — 6i(t) = V;(t — ) — V:(t) — woT. (B7)

The nth Fourier harmonic of the interaction therefore acquires
the factor e~"*07, and the corresponding delay transform be-
comes

P(A + inwy). (B3)

The two forms are equivalent when the entire calculation
is performed in the same frame. In this work, we use the
laboratory representation throughout: (1) appears in the de-
lay term, while wy + Khy remains explicit in the dispersion
relation. This convention is used in all analytical stability
boundaries presented in Secs. [V and V.

APPENDIX C: NEUTRAL STABILITY CONDITIONS

This Appendix gives the explicit neutral-stability equa-
tions used to evaluate the analytical boundaries in Sec. IV.

At marginal stability, the leading eigenvalue satisfies
A =iQ, (ChH

where €2 is the collective frequency of the neutral mode.
Substitution into Eq. (11) gives

D+ A+i(Q+ wy + Khy) — ge-“’ﬁ(isz) =0. (C2
Define
A(R) =Re[e ™P(iR)], B(R) =Im[e ™p(iR)]. (C3)
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Separating the real and imaginary parts of Eq. (C2) gives

K.
D+ A= 7A(Q), (C4)
K,
Thus,
2D+ A
k=2PE8 " L) -0, (C6)
A(Q)

while Eq. (C5) determines the corresponding neutral fre-
quency. These are the equations quoted as Egs. (16) and (17).
For the Gamma family,

~ . Qr\ ™1
pq(zs2>=(1+z7) : (C7)

so the neutral boundary is obtained directly from Egs. (C4)
and (C5). The fixed-delay limit follows from

qlLrI;o 0,(iQ) = e, (C8)
For a fixed delay, it is useful to introduce
y = Q1. (€9
Since
eUP>IQ) = e,
one has

A=cos(e+y), B=—sin(a+y).

The neutral coupling can therefore be written parametrically
as

2D+ A)
K.(y)= —, cos(a+y)>0. (C10)
cos(o +y)
Using 2 = y/7 in Eq. (C5) then gives
- Y
(y) = (C11)

—wo — K)o — X sin(a + y)’

Equations (C10) and (C11) provide the fixed-delay neutral
branches used in Secs. IV and V. For Gamma-distributed
delays the corresponding boundaries are obtained by solving
Egs. (C4) and (C5) with Eq. (C7).

APPENDIX D: NATURAL-ANGLE REDUCTION OF THE
JOSEPHSON-JUNCTION MODEL

This Appendix derives the reduced phase equation used in
Sec. V. The calculation follows the standard weak-coupling
averaging procedure for overdamped common-load Joseph-
son arrays and is included to identify explicitly the ac coupling
term and the dc-induced uniform drift.

1. Microscopic circuit equations

For an overdamped junction, the RSJ equation is

ho.
2—¢k(f)+[k Sin @ (t) + oad(t) = Ip + i (1), (D1)
ery

where I, 1y, and 1, (t) denote the critical current, normal-state
resistance, and thermal-noise current, respectively.

The physical voltage across the complete series array is
P
Virrav (1) = — ho(1). D2
(= ;«m ) (D2)

Including propagation-time heterogeneity, the load is driven
by

hoQL [ .
vd(z)=2—eZI/O p(t)p;(t —T)dT.  (D3)
=

The physical load current satisfies
Lo () = YL 0)Va(), (D4)
with
Y1.(0) = Gyc.

2. Natural-angle transformation

For an uncoupled junction, lj,g = 1y = 0, the running-
state frequency is
2ery

Wy = ———

- -1 (D5)

Defining
Ay =13 — I, (D6)
the physical phase may be mapped to a uniformly rotating
natural angle 6; through
Ay

Ig — Iisinggy = ————.
5~ lsingy Ig — I; cos 6;

D7)

Using this identity in Eq. (D1) gives the exact natural-angle
equation

O = an — j’T’;[lload<t) — U — [ cosB).  (D8)

The factor Iz — I cos 6 is the phase-response factor that cou-
ples the load current to the slow phase.

3. Fourier decomposition of the junction voltage
The instantaneous voltage of the kth junction is
Vi) = gy = ek (DY)
2e Ig — I} cos 6,

in the uncoupled running state. Its Fourier expansion may be
written as

oo
ViO) = Vo + Y _ Vi cos(mb),

(D10)
m=1
with
V()k = }’k\/A , (Dll)
Iy — /A
Vie =2n/A g qe="—". (D12)
k
The dc coefficient satisfies
ha)k
Vo = ——»
Ok 2e

as required by the Josephson voltage-frequency relation.
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4. Separation of dc and ac load responses

The delayed array voltage contains both a mean component
and oscillatory harmonics. Accordingly, the load current may
be decomposed as

Iload(t) = lgc + Iac(t)- (D13)

For weak disorder, the mean voltage per junction is

o ho

0= 5

so the total mean array voltage is Vg, >~ NV,. With the weak-
load scaling Y, (v) = Y(v)/N, the zero-frequency admittance
satisfies Ggc = Gqc/N, and the dc load current remains O(1):

Iy = Gdcvdc = gchO- (D14)

The oscillatory part is filtered by the complex load admit-
tance at the harmonic frequencies. Retaining the fundamental
component, write

V(@) = |Vi]e"™,

so that Y7.(@) = |V |e™ /N. The ac current has the form
N [}
Le(r) o Zf p(t)cos[f;(t —t) —ajldt  (D15)
j=1"0

up to the overall amplitude determined by |V;| and V.

The two contributions enter the averaging differently. The
dc current multiplies the constant component Iz of the phase-
response factor and therefore survives the fast average as
a uniform drift. The fundamental ac current multiplies the
cos 0, component and produces the resonant phase-difference
interaction. Higher voltage harmonics do not contribute at this
order because the phase-response factor of the overdamped
junction contains only the fundamental harmonic.

5. First-order averaged phase dynamics

We now assume weak loading and weak disorder so that
the load-induced phase evolution is slow compared with the
Josephson period and the phase-response factor may be eval-
uated at the mean junction parameters (I, 7, @).

The dc contribution obtained from Eq. (D8) is

wlp

Ty =— (D16)

For aload with G4, = 0, one has I;. = 0 and therefore I'y = 0.

The resonant part of the fundamental ac response gives
the delayed first-harmonic interaction. After absorbing the
physical load amplitude and the array-size scaling into the
mean-field coupling coefficient K, the averaged equation takes
the form

O = — 3 / (t)sin[6;(t — T)—6k(¢) 1d
= + Ty + p(7)sin[6; T +oaldt
k = Wk 0 N ;1 A J k

+ V2D &(1). (D17)

Here, o = «; is the phase of the fundamental load response.
With Y, = Y/N, the factor 1/N in the physical admittance
cancels the N scaling of the array voltage. The remaining
first-harmonic load amplitude is absorbed into the mean-
field coefficient K, so that Eq. (D17) has the normalization
of Eq. (1).

Comparing Eq. (D17) with the first-harmonic Kuramoto-
Daido interaction

H(¢) = ho + sin(¢ + @)
identifies

Khy = Ty. (D18)
Thus, a finite-dc-load conductance generates the constant
Fourier component in the reduced coupling function, whereas
a load with vanishing dc admittance reduces to the usual
zero-mean first-harmonic interaction.

The reduction is valid when the load-induced phase evolu-
tion is slow compared with the Josephson frequency and the
parameter disorder is sufficiently weak for averaging about the
mean junction orbit. These are the assumptions under which
the reduced phase dynamics are compared with the continuum
stability boundary in Sec. V.
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