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Imaginary time spectral transforms for excited-state preparation
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Excited states of many-body quantum systems play a key role in a wide range of physical and chemical
phenomena. Despite this, there is a notable lack of scalable algorithms capable of preparing highly excited
eigenstates. To address this challenge, we introduce a general approach that directly targets eigenstates near a
chosen energy, applicable to both classical and quantum simulation frameworks. Our approach combines the
shift-invert mechanism with imaginary time evolution, enabling the construction of excited states of large many-
body quantum systems. We demonstrate the technique classically by computing midspectrum eigenstates of
disordered spin chains with up to L = 128 sites. Based on this, we propose a hybrid scheme compatible with

near-term quantum hardware.

DOI: 10.1103/v4rc-gmex

Introduction. The excited-state manifold of quantum sys-
tems is important for a variety of physical and chemical
properties. In condensed matter physics, excited states gov-
ern key phenomena such as information transport, critical
behavior, and thermodynamics in various applications, includ-
ing molecular magnets, optically addressable spins, quantum
dots, and trapped ions [1-4]. Knowledge of the excited-state
structure can even allow construction of thermal Gibbs states
at low temperatures [5]. In chemistry, molecular excitations
can alter reactivities, redox properties, and proton transfer
barriers [6,7]. They can even activate reaction pathways and
isomerization transitions that are inaccessible in the ground
state [8], with potentially transformative consequences for
drug discovery and design, as well as affect bonding, ge-
ometry, chemical properties, and spectroscopic signatures
[9,10]. Similarly, in electronic structure, the excited state of a
molecular species often exhibits distinct chemical properties
compared to its ground state, influencing bonding, geometry,
and spectroscopic signatures [11-13]. Broad classes of mate-
rials underpinning optoelectronics and quantum devices, such
as those in light-emitting diodes and photovoltaic cells, all
rely on harnessing excited-state attributes to confer function-
ality [14]. Excited states offer a vastly expanded molecular
design space, playing a pivotal and growing role in various
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applications that rely upon light-matter interactions or charge
injection [15].

Despite the importance of excited states, a full understand-
ing of their structure has remained elusive. Unlike ground
states, for which many efficient and widely used algorithms
exist [including quantum Monte Carlo [16,17] or the density
matrix renormalization group (DMRG) [18,19]], there are few
ways to compute excited states outside of full exact diag-
onalization. Constructing low-lying excited states iteratively
from the ground state is often feasible, but constructing highly
excited states in this manner poses a significant challenge,
often requiring the computation of hundreds or thousands of
unwanted states before obtaining the desired one. The ability
to directly compute highly excited eigenstates—without re-
quiring the explicit construction of all lower-energy states—is
highly desirable for many fundamental problems, including
those related to eigenstate thermalization and many-body lo-
calization [20-22]. Classical tensor network techniques exist
for directly computing excited states of large systems in
various limits, such as strong disorder [23-25] or weakly en-
tangled states such as quantum many-body scars [26]. Despite
impressive results, these algorithms are ultimately hindered
by the inability of classical computers to efficiently capture
highly entangled states. There is a clear need for a robust
algorithm that can be deployed on both classical and quan-
tum computers, allowing us to overcome these limitations
and study highly entangled excited states—This is the central
challenge we address in this work.

Model. We demonstrate our technique using the disordered
Heisenberg model, which is given by

’HZJZSi'SiJrI‘i‘ZhiS,‘Zs (1)
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FIG. 1. Schematic of the algorithm. The method combines shift-invert and imaginary time evolution: The shift-invert process maps
eigenstates of an initial Hamiltonian # near a target energy 6 to the extremal eigenstates of an effective Hamiltonian H.g, which are then

determined via imaginary time evolution. To avoid explicit inversion of (H —

8), we derive a self-consistency condition for an infinitesimal

time step dr, which we solve variationally. We evolve the state iteratively until we reach a target variance. To provide a “warm start” to the
algorithm, we initialize it using an approximation to the ground state of (H — §).

where h; € [—W, W] is the on-site disorder taken from a uni-
form distribution, and we set J = 1 as our unit of energy. We
restrict our analysis to W > 0, as in the limit of W — 0, the
energy spectrum is highly degenerate. In the presence of de-
generacies, our method is likely to converge to a superposition
of degenerate states. Other methods (including DMRG) have
similar limitations.

Method. Our algorithm, sketched in Fig. 1, combines two
core techniques: spectral transforms and imaginary time evo-
lution. Spectral transforms involve modifying the Hamiltonian
such that an eigenstate at some target energy 6 becomes an
extremal eigenstate of a new effective Hamiltonian H.g. We
may then use any reliable ground-state search technique to
find the ground state of +7s. One example is spectral folding
H — Her = (H — 8)?, which has been used in the context of
quantum chemistry [27]. Throughout, we abbreviate constant
terms like 18§ — & for clarity. This transform typically results
in a large density of states in the vicinity of the target state,
which can be challenging for variational algorithms (results
shown in Ref. [28]). This problem can be avoided by instead
using the shift-invert technique [29]:

H— Her = (H —8)"". )

The ground state of Hg will now be the closest eigenstate of
‘H with energy less than §, while the maximally excited state
of Hegr will be the closest state with energy greater than §.
Note that if § is an exact eigenvalue, the shifted Hamiltonian
is singular. This is typically not a problem in practice, as
we are extremely unlikely to pick an exact eigenvalue by
accident. We can find the highest excited state of Heg by
solving for the ground state of —H.g. Since the shift-invert
transform corresponds to a resolvent of the Hamiltonian, the
procedure may also be viewed as an energy-selective spectral
transformation.

The key obstacle in applying the shift-invert method is
that direct inversion of the Hamiltonian is costly, with naive
methods scaling like (’)(Nf,), where Ny is the dimension of
the Hilbert space, which is itself typically exponentially large
in the system size. Moreover, even if H.g can be computed,
it is unlikely to be sparse, making it complicated to directly
implement in frameworks such as tensor networks or on near-

term quantum hardware. Sophisticated techniques have been
developed to avoid having to invert the Hamiltonian, often
involving solving an equivalent implicit problem. These are,
however, often specific to particular classical implementations
[25,29] and are not convenient for direct implementation on
quantum hardware. Here, we avoid explicit inversion of the
Hamiltonian in a way that does not depend on any particu-
lar implementation framework, either quantum or classical,
by combining the shift-invert procedure with imaginary time
evolution.

Imaginary time evolution is a well-established technique
with guarantees for obtaining ground states of quantum sys-
tems [30]. It involves preparing the system in an arbitrary
initial state, presumed to be far from the ground state of the
chosen Hamiltonian—but with nonzero overlap—and evolv-
ing in imaginary time 7. This evolution is generated by an
operator of the form e~ 7%, where H is the microscopic Hamil-
tonian and t represents imaginary time. The ultimate goal
is to prepare the state |y (7)) /|| ¥ (7)) ||2, where | (7)) =
e 7 |4(0)), which in the limit of T — oo will be the zero-
temperature ground state of H. Our crucial modification to
this technique is that we shall perform the imaginary time
evolution with respect to the shift-inverted Hamiltonian H.g,
allowing us to use imaginary time evolution to target excited
states.

The (un-normalized) time-evolved state is given by

[V (1)) = ). 3

We start by making an infinitesimal imaginary time step of
size dt and expand the evolution operator to obtain

[yt + 1) ~ (1 — (H—8)""dr)|y(1)).
We then multiply both sides by Hpnie = (7 — ) to obtain
Hnite|¥ (dT + 7)) = (Heniee — dT) ¥ (7). %)

This gives us a self-consistency condition that can be solved
variationally to evolve the state in (imaginary) time | (7)) —
| (t 4 drt)). At each time step, we evolve the state by mini-
mizing the Hilbert-Schmidt distance. Other cost functions can
be used, some of which are simpler to measure on a quantum

e M [y (0)) = "V
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computer; however, we found the Hilbert-Schmidt distance to
be significantly more numerically stable than all alternatives
we tested:

D = || Hais |¥ (tr +d1)) — (Hshire — dT) [ () l2. (6)

We have thus traded the problematic matrix inverse for a
variational update step that can be performed classically or
on near-term quantum hardware [31,32]. The iterative nature
of the process ensures that as long as dt is small, the conver-
gence properties of the algorithm remain favorable [33], while
also inheriting the performance and accuracy guarantees of
conventional imaginary time evolution.

Evaluating the cost function in Eq. (6) on a quantum
computer requires estimating (¥ (t + dt)l?—[fhiﬁhp(t + dr)),
(W (O (Henire — dT)*|¥ (1)), and Re[(y (7 +d1)|
Hsniee (Hshige — dT)|¥ (7)) ]. The first two terms are expectation
values of positive semidefinite operators and can be estimated
using standard measurement routines. The cross term can be
written as

(H—=8)(H—8—dr)=) aP;, ©)

where P; are Pauli strings. This reduces the overlap term to
a sum of quantities of the form Re[(y¥(t + dt)|P|v¥(T))],
each of which can be measured using a modified Hadamard
test [28]. For local Hamiltonians like Eq. (1), this expansion
generally contains O(L?) Pauli strings, although mutually
commuting terms can be grouped to reduce the number of
measurement bases. Consequently, for local Hamiltonians the
number of grouped observables scales polynomially with sys-
tem size, as does the sampling cost per variational update.
Estimating each grouped observable to additive precision €
with failure probability  requires O(log(1/n)/€?) shots. This
can be further reduced to O(log(1/n)/€) if amplitude ampli-
fication is used, albeit at the cost of deeper circuits [34,35].
In this context, the circuit depth would be controlled by the
ansatz chosen to represent the state, and would not grow with
the total imaginary time 7 as in conventional (real-time) Trot-
ter evolution. Instead, increasing t corresponds to performing
additional variational updates of a fixed circuit structure, more
akin to the McLachlan variational approach to time evolution.
Further details regarding measurement protocols, compilation
cost, and noise considerations are discussed in Ref. [28].

We now have all of the essential ingredients for our al-
gorithm (Fig. 1). (1) First, we use standard techniques to
obtain a loose approximation to the ground state of the folded
Hamiltonian (H — 8)°. This could be obtained on quantum
hardware using, for example, the variational quantum eigen-
solver (VQE) [36,37]. Here, we compute it classically using
DMRG (typically with initial bond dimension xo < 4). The
state we obtain will in general not be an exact eigenstate,
but will serve as a good initial choice for |{(t = 0)). This
procedure ensures that our initial state has nonzero overlap
with eigenstates near the target energy, mitigating against the
“orthogonality catastrophe” that would cause randomly cho-
sen states to have a vanishingly small overlap with the target
state. (2) We then take |y (r = 0))—which could be expressed
as a shallow quantum circuit [38—41]—and use it as the input
state for the shift-inverted imaginary time evolution. (3) We
evolve the system in time by repeatedly applying Eq. (6).

As T — 00, we asymptotically approach an eigenstate with
energy close to 8. The precise final state will depend on the
overlap of the initial state with states in the vicinity of the
target energy. Closeness to the desired energy can be verified
by computing E(t) = (¥ (t)|H|¥(r)) and comparing with
the target energy. We verify closeness to an eigenstate by
computing the variance o (7) = (Y (T)|(H — E(1))* |y (7)),
which vanishes for an exact eigenstate.

Results. We present a proof-of-concept implementation of
the algorithm using a matrix product state (MPS) representa-
tion, based on ITensors. j1 [42]. Details of the implementa-
tion are given in Ref. [28]. The use of matrix product states is
not essential to the algorithm: It can equally be implemented
directly on state vectors [28], directly on quantum circuits, or
directly on any other desired framework. While MPS methods
are not efficient for highly entangled states, there generically
exist states in the bulk of the spectrum with moderate bond
dimension that we expect to capture with this approach [43].
To ensure accuracy, we update the size of the time step dr
such that the Taylor expansion exp(—Hs d7) ¥ (7)) ~ (1 —
Her dT + O(d7?)) | (1)) is valid. We do this by comput-
ing E(t) and choosing dty, < dt < 2(E(t) — §), imposing
the lower limit dz,,;, = 1073 to prevent slowdown when
E(r)~$.

First, we demonstrate the results of the method for a
small, exactly solvable system of size L = 12, for a variety
of disorder strengths. We evolve the initial state until the
fidelity with any exact eigenstate F = max[{| (¥(7)|¢:) | :
i=1,...,25)] is at least F =0.999 or the variance de-
creases below o* = 107°. We also compute the von Neumann
entanglement entropy S = —Tr[p4 log pa] = —Tr[pp log ppl,
where subsystems A and B are formed by a bipartition at
a given bond, and we average S over all bonds. We set a
target energy of § = 0, which is typically a midspectrum state,
representing a challenging area of the spectrum where we can
expect high entanglement and a high density of states. The
results are shown in Fig. 2, where the overline indicates the av-
erage over disorder realizations. These results enable us to (1)
demonstrate that the method is capable of recovering the exact
solution to high accuracy and (2) show that the midspectrum
states we obtain are always more highly entangled than the
corresponding ground states (obtained with DMRG), giving
us confidence that we are finding representative midspectrum
states rather than exceptionally weakly entangled states. We
see that the algorithm converges to high accuracy regardless
of the disorder strength. As the disorder strength decreases,
the entanglement in the midspectrum states grows much faster
than in the corresponding ground states. The more highly
entangled the target state is, the larger the bond dimension
we require, and the more computationally costly it is to solve
Eq. (6) for each time step due to the rapidly increasing number
of parameters. Ultimately, for highly entangled states in large
systems, the bond dimension growth will become prohibitive
on classical hardware, eventually necessitating the use of
quantum computers to construct such states using this algo-
rithm. Even classically, it may be advantageous to represent
states as tailored quantum circuits, which can have far fewer
parameters than their MPS representation [44]. Interestingly,
we see no clear indication of the many-body localization
(MBL) transition close to W/J ~ 4 [20,21,45,46], although
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FIG. 2. Results for system size L = 12 for disorder strengths
W e [1, 10], averaged over N; € [15, 30] disorder realizations for
each point, depending on the disorder strength. Overlines denote the
disorder average, and error bars indicate the standard deviation. (a)
The deviation from unit fidelity (1 — F) of midspectrum states. (b)
The final variance ¢. (c) The final bond dimension . (d) Comparison
of the bond-averaged von Neumann entanglement entropy of the
midspectrum states (red) and the corresponding ground states (blue).
Solid lines in panels (b)—(d) are guides to the eye.

the entanglement entropy appears to flatten off above this
point, and convergence becomes significantly slower below it.
It would be interesting to perform a systematic study of large
systems to investigate whether or not a clear signature of an
MBL phase transition can be found [22,47-50].

We now show that in the regime of moderate-to-strong
disorder where the entanglement growth is inhibited, we can
classically construct low-variance states of large systems. We
show representative results for both L = 64 with W/J =6
and L = 128 with W/J = 10. We use a demanding cutoff
of o* < 1 x 1073, which is much lower than the average
variance required to reach an eigenstate for L = 12 at W/J =
6 (see Fig. 2). When comparing different system sizes, it
may be fairer to scale the variance by system size [51];
however, we opt not to do so here in order to present our
results as transparently as possible. The results are shown
in Fig. 3. Using DMRG to extract the extremal eigenvalues
of the Hamiltonian, we find that with respect to the target
energy 8 = 0, the final states shown have a relative energy
error of AE = (E(t — 00) — 8)/(Emax — Emin) ~ 107* and
AE = 1073, respectively. In this regime, we would expect a
very high density of states with level spacings that may be
smaller than can be resolved by machine precision. Starting
in a low bond dimension MPS partially mitigates against
this, as we do not expect this very sparse initial state will
have significant overlap with many contiguous eigenstates
within a given energy window. Further details are given in
the Supplemental Material [28], along with additional results
for system sizes L € [48, 64] with W/J = 6 and L = 128 with
W/J € [6, 10]. Our strategy of starting in an initial MPS with
a small bond dimension and allowing x (7) to grow gradually

<1073
1075 ______________________________________________________
107 (e1) (c2)
=
=
3
g 51
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T T

FIG. 3. Imaginary time evolution of (a) the energy E(7), (b) the
variance o (7 ), and (¢) the maximum bond dimension. Columns show
system size L = 64 with disorder strength W/J = 6 (left) and L =
128 with W/J = 10 (right). The dashed red line in panel (a) shows
the target energy, § = 0, and the dashed gray line in panel (b) shows
the variance threshold, 6* = 1 x 107>,

may take more time steps than directly starting with an MPS
of large bond dimension, but it is typically significantly faster
in terms of elapsed real time. This also suggests a potential
hybrid quantum/classical approach, where the initial evolution
is performed classically until the bond dimension begins to
grow too large. The low bond dimension MPS can then be
translated into a shallow quantum circuit [38—41], and the final
portion of the evolution performed on a quantum computer.

Discussion and conclusion. In this work, we have described
an algorithm for the preparation of excited eigenstates (and
low-variance states) of many-body quantum systems. We have
shown results obtained numerically on classical hardware and
proposed a hybrid implementation compatible with near-term
quantum computers. We have showcased the method using
a common condensed matter model; however, the technique
itself is Hamiltonian-agnostic, requiring no prior knowledge
of the problem structure, and will work for a wide variety of
many-body quantum systems, including applications in quan-
tum chemistry. Nor does it depend on the simulation method
used: The core algorithm can be applied to matrix product
states, state vectors, quantum circuits, or any other framework
in which a quantum state can be represented.

Our results demonstrate the feasibility of using the combi-
nation of the shift-invert method and imaginary time evolution
to construct weakly entangled excited eigenstates of large
quantum systems on classical hardware. We have demon-
strated the method using classical tensor network techniques;
however, as with all classical methods, the computational
cost will grow rapidly as the system becomes more en-
tangled. Generic midspectrum eigenstates are expected to
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exhibit volume-law entanglement, rendering tensor network
approaches inefficient in the worst case. A quantum circuit
can capture such states without incurring exponential classical
memory or bond-dimension overhead, so that the principal
costs shift to state preparation and measurement. In this sense,
our approach differs from algorithms specific to tensor net-
works, such as DMRG-X or shift and invert matrix product
states (SIMPS). Our method directly targets eigenstates near
a chosen energy via a spectral transformation and is not tied
to any specific representation of the state, making it naturally
compatible with quantum circuit-based implementations in
regimes where classical descriptions become inefficient.

In this setting, one would variationally optimize the pa-
rameters of a parametrized quantum circuit, but otherwise
the key steps of the algorithm would be precisely the same.
We leave this as a goal for future work, as our focus in
this Letter has been to develop and benchmark the algorithm
itself, allowing us to illustrate the fundamental mechanism
underlying the technique without encountering noise or pre-
cision issues. Nonetheless, such issues are important for
practical implementations, and further details regarding scal-
ing and resource estimation may be found in Ref. [28].
One particularly promising near-term hybrid approach would
be to initially run the algorithm classically and then map
the resulting MPS onto a quantum circuit using established
techniques [38—41], which could then be used as a “warm
start” initial configuration for the algorithm on quantum
hardware. Alternatively, for translationally invariant systems,
one could implement the algorithm using the infinite MPS
(iMPS) [52] or infinite projected entangled pair states (PEPS)
[53] frameworks, where only a single unit cell is consid-
ered. Similar strategies exploiting translation invariance can
be employed for quantum circuits. This would significantly
lower the computational cost, as only a single unit cell
would need to be optimized, potentially allowing construction
of highly excited, highly entangled states in one and two
dimensions.

Our focus here has been on highly excited states; however,
the method is very general and can also be used to target
lower-lying excited states. For example, one could imagine
finding the ground-state energy of a gapped system using, e.g.,
DMRG [18,19], VQE [36,37], or sample-based quantum di-
agonalization [54-56], and then constructing the first excited
state using our method, enabling an accurate determination
of the energy gap. Likewise, given an approximate location
of the band gap in a material, our technique could be used
to construct the eigenstates immediately above and below the

band gap, along with their eigenvalues, enabling the band gap
itself to be precisely measured. In fact, we need not restrict
ourselves to excited states: We can also use this method to
directly target ground states. The main reason to do so is that
if § can be chosen to be sufficiently close to the ground-state
energy, the resulting Hg will have a larger energy gap than
the initial Hamiltonian [28]. This may make it easier for
variational methods to converge in systems where the initial
Hamiltonian is gapless or otherwise has a challenging energy
landscape. Classically efficient lower bounds for ground-state
energies may be used to provide good choices for § in this
case [57-59].

Similar variational methods have been widely used in many
proposed near-term quantum algorithms [60,61], including in
the case of imaginary time evolution [62,63]. However, they
have not to our knowledge been used in conjunction with
the shift-invert technique. To that end, while this algorithm
will likely be more widely used on classical hardware in the
near term, we anticipate that its true long-term value will be
in constructing highly entangled states directly on quantum
hardware.
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