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Josephson junctions (JJs) with nonsinusoidal current-phase relations (CPRs) have gathered increasing atten-
tion, partly due to growing interest in topological two-dimensional materials. Understanding how CPRs and
inhomogeneities in JJs influence their response is crucial for accurate interpretation of experimental observations.
This work reports that a nonsinusoidal CPR, combined with asymmetries in the JJ, can break spatial symmetry
and give rise to the Josephson diode effect (JDE) in the short-junction regime. This nonreciprocity is shown
to emerge as an intrinsic mechanism related to the maximization of the supercurrent, rather than being solely
driven by geometric or material asymmetries. Further analysis shows that JDE efficiency is strongly influenced
by the CPR shape but is largely insensitive to junction asymmetry, making the observed nonreciprocity not only a
potential experimental signature of unconventional CPRs but also a possible method for probing their properties.
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Josephson junctions (JJs) are characterized by their highly
nonlinear response to external stimuli, enabling a range of
unique phenomena in superconducting electronics [1–4]. One
of the key characteristics of these devices is the current-phase
relation (CPR). While the CPR was originally derived to be
sinusoidal [5,6], it is now well established that real junctions
can exhibit significant deviations from these simpler forms
[7–29].

The properties of JJs with nonsinusoidal CPRs under
homogeneous magnetic fields and uniform critical current
density distributions Jc(x) have been well investigated to
date, both experimentally [19,23,30] and theoretically [11,31].
However, in many experimental situations, these ideal condi-
tions are not reproduced due to nonhomogeneities in geometry
of the junctions [1,32], quantum Hall effect [33,34], edge
states [35], nonuniform current injection [36–38], etc. Al-
though such situations have been considered previously, to my
knowledge, no substantial analysis has been conducted on the
impact of inhomogeneous current density distributions on the
properties of JJs, especially in the long-junction limit.

Another motivation for this study stems from the grow-
ing interest in superconducting junctions based on two-
dimensional (2D) materials [16–29], which often exhibit
unconventional CPRs. Recently, Ref. [39] demonstrated the
appearance of the diode effect in an asymmetric supercon-
ducting quantum interference device with a nonsinusoidal
current-phase relation. Moreover, Ref. [40] reported the
experimental observation of nonreciprocal behavior resulting
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from an asymmetric critical current density in JJs. Neverthe-
less, the Josephson diode effect (JDE) in 2D materials can also
arise from a variety of other mechanisms, including spin-orbit
interactions [41,42] or the intrinsic lack of inversion symme-
try in the crystal structure [44]. Additionally, external factors
like applied magnetic fields [45] or proximity effects in hybrid
heterostructures [46] may also contribute to the emergence
of nonreciprocal superconducting transport (for more, see the
review [47] and references therein). Therefore, the ability to
distinguish an asymmetric Jc from other mechanisms is cru-
cial to correctly interpret the observed nonreciprocal behavior.

In this work, I systematically analyze the influence of
nonsinusoidal CPRs on the magnetic field dependence of the
critical current Ic(H ) of the JJ. By exploring both short and
long-junction regimes, I find that asymmetries in the criti-
cal current density Jc(x), when combined with nonsinusoidal
CPRs, lead to nonreciprocal behavior in the short-junction
limit. Through a straightforward theoretical analysis, I show
that in this regime, nonreciprocity arises as an intrinsic con-
sequence of the critical current maximization mechanism.
Further analysis of the JDE, considering both the asymmetry
of the junction and the form of the CPR, reveals that while
the maximum diode efficiency η is highly sensitive to the
shape of the CPR, it can appear in JJs with relatively small
asymmetry and is only weakly affected by its degree. This
contrast in sensitivity may offer a practical approach for ex-
tracting CPR characteristics from measurements of JDE in
asymmetric JJs.

I begin by considering the short-junction limit, where the
size of the junction can be considered to be smaller than the
Josephson penetration depth, i.e. L � λJ . In this case, one can
neglect the screening of the magnetic field by JJ, and the phase
shift originating from it can be expressed by the relation

ϕ = 2πdeff

�0
Hx + φ (1)
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FIG. 1. Diode effect in a JJ with a nonuniform distribution of current density and a nontrivial current-phase relation. (a) CPRs used in the
calculations: the sinusoidal CPR described by Eq. (3) (red curve) and the nonsinusoidal CPR given by Eq. (4) (blue curve) corresponding to a
transparency parameter D = 0.99. (b) Normalized critical current Ic of the JJ as a function of applied magnetic field, computed for a symmetric
critical current density profile Jc(x) = 1 + x2/L2 using the CPRs shown in (a). (c) Ic(H ) dependence for an asymmetric critical current density
Jc(x) = 1 + bx/L and a sinusoidal CPR. The curves demonstrate the bigger node lifting with increasing b, while preserving both time-reversal
and spatial symmetry. (d) Spatial distribution of f (ϕ) for Ic+ (solid line) and Ic− (dashed line) at a magnetic field corresponding to half a
flux quantum through the junction, i.e., H/H0 = 0.5, and b = 0.5. (e) Critical current Ic as a function of magnetic field for the nonsinusoidal
CPR as in (a), and an asymmetric Jc(x) as in (c). The JJ exhibits broken spatial symmetry while preserving time-reversal symmetry. (f) Diode
efficiency corresponding to the Ic(H ) curves in (e), evaluated as a function of the applied magnetic field. The dashed black curve demonstrate
absence of JDE in the case of (c).

where �0 = H0deff L is the magnetic flux quantum, deff is the
effective magnetic thickness of the junction, and H is the
external magnetic field. The term φ in Eq. (1) is an integration
constant.

The critical current is then expressed as

Is(H ) = max
φ

[∫ L/2

−L/2
Jc(x) f (ϕ, x) dx

]
, (2)

where f (ϕ, x) denotes the appropriate CPR, which can take
an arbitrary form depending on the properties of the junction
[11]. However, for the sake of simplicity, the spatial distribu-
tion of the CPR will be neglected.

For further analysis, I focused on two main types of CPRs,
shown in Fig. 1(a) and their respective analyses. The first is
the ordinary sinusoidal relation

f = sin ϕ. (3)

The second corresponds to a generalized form of the CPRs
introduced by Haberkorn et al. [10], which is applicable to
tunnel junctions with arbitrary interface transparency (see

also Refs. [11,21,43]):

fk = sin ϕ√
1 − D sin2(ϕ/2)

, (4)

where D denotes the transparency parameter. The CPR given
by Eq. (4) represents a simplified form of the actual CPR at
T = 0, interpolating between the sinusoidal CPR in the low-
transparency limit D → 0, and the clean, high-transparency
Kulik-Omelyanchuk limit characteristic of SNS-type junc-
tions with D → 1, where f ∝ sin(ϕ/2) [8].

Figure 1(b) demonstrates the calculated Ic(H ) dependen-
cies for a symmetric distribution of Jc(x) = 1 + x2/L2 (edge
state-induced inhomogeneity) for both sinusoidal Eq. (3) and
nonsinusoidal Eq. (4) CPRs with transparency parameter D =
0.99. It can be observed that, in both cases, the impact of the
form of CPR has a negligible effect on the overall shape of
the critical current dependence. Only noticeable deference is
the appearance of elevated node lifting in the case of nonsinu-
soidal CPR [43]. During the simulation, I tested a variety of
symmetric Jc(x) and f (ϕ) dependencies, and no significant
difference was observed. Moreover, the critical currents in
the negative and positive direction are equal in amplitude
Ic+ = Ic− showcasing no evidence of JDE.
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FIG. 2. Dependence of maximum JDE on different junction parameters. (a) Diode efficiency η as a function of the CPR transparency
parameter D [Eq. (4)]. A strong increase in η is observed with higher transparency, highlighting the significant impact of the CPR form on
nonreciprocity. (b) η as a function of the asymmetry parameter b in the critical current density distribution Jc(x) = 1 + bx/L. While a steplike
increase in η is visible for small values of b, the overall sensitivity to asymmetry is weak. (c) Diode efficiency η vs normalized junction
length L/λJ . In the short-junction regime (L/λJ � 1), the nonsinusoidal CPR exhibits residual JDE due to intrinsic mechanisms, while in
the long-junction regime (L/λJ > 9), both CPRs demonstrate asymptotic diode efficiency (≈55%) driven by self-field (ratchet) effects. The
crossover region (1 < L/λJ < 4) reveals the complex interplay between intrinsic and self-field mechanisms.

In contrast, Figs. 1(c) and 1(e) present numerically
calculated Ic(H ) dependencies for an asymmetrical linear dis-
tribution of the critical current density, given by Jc(x) = 1 +
bx/L (gradient-induced inhomogeneity), for different values
of the tilt parameter b.

First, it can be observed that in both cases, the critical
current dependencies exhibit significant node lifting, in con-
trast to the symmetrical Jc(x) [see Fig. 1(b)]. Furthermore,
for f (ϕ) = sin ϕ [Fig. 1(c)], the critical currents Ic+ and Ic−
remain equal for any applied magnetic field, indicating the
preservation of both spatial and time-reversal symmetries.
Indeed, if any φ = ϕ0 maximizes Eq. (2), then ϕ0 + π min-
imizes it [see Fig. 1(d), top panel, for the spatial distribution
of the f (ϕ) at an applied magnetic field equal to half a flux
quantum].

On the other hand, Fig. 1(e) reveals a notable asymmetry in
both the critical currents Ic+ �= Ic− and spatial distribution of
phase within the length of the junction, as shown in Fig. 1(d)
bottom panel. This leads to a JDE with efficiency

η = Ic+ − Ic−
Ic+ + Ic−

, (5)

as demonstrated in Fig. 1(f).
To further investigate the appearance of nonreciprocity in

asymmetrical junctions, I have calculated the maximum ef-
ficiency, η, reached within the vicinity of the first minimum
of the Ic(H ) pattern as a function of the CPR [trans-
parency parameter D in Eq. (4)] and the asymmetry ratio b.
Figures 2(a) and 2(b) present the results of these calculations
respectively. It can be observed that the efficiency exhibits a
strong exponential-like dependence on the CPR. Interestingly,
unlike the CPR, the maximum achieved nonreciprocity shows
a low sensitivity to the asymmetry of Jc(x), displaying a
steplike rise in η within the range of b < 0.05 and a slowly
decaying tail as the total asymmetry increases. Note that the
asymmetry of Jc(x) strongly affects the overall behavior of
η(H ) with respect to the magnetic field [see Fig. 1(f)].

Finally, I calculated the diode efficiency dependence
in the finite-length junction limit using the sine-Gordon

formalism [48,49] for both CPRs (see the Appendix for de-
tails). The results are shown in Fig. 2(c). In contrast to the
short-junction limit, both CPRs now exhibit significant η,
arising from the self-field effects of the JJ; this phenomenon
is also known as the vortex ratchet effect [49–52]. For suf-
ficiently long junctions (L/λJ > 9), both CPRs converge to
an asymptotic efficiency of η ≈ 55%. However, they start to
diverge at smaller L/λJ , becoming evident for L/λJ < 4. The
sin(ϕ) curve peaks at η � 40%, while fk reaches a signif-
icantly higher η � 65%. As expected, the efficiency of the
sinusoidal CPR vanishes as L → 0, while the other retains a
residual nonreciprocity of η � 30%, consistent with Figs. 2(a)
and 2(b).

Thus, I investigate properties of JJs with a nonuniform
critical current density Jc(x) and different types of CPRs. To
understand the origin of the observed nonreciprocity in the
short-junction regime, a careful analysis of Eqs. (1)–(4) is
needed. In general, the CPR of a JJ can be written as a sum of
Fourier components:

f =
∞∑

n=1

an sin (nϕ), (6)

where an represents the amplitude of each individual Fourier
harmonic.

Equation (2) can be solved analytically under the assump-
tion that the discrete Fourier transform of Jc(x) is known
for the frequencies defined in terms of the external magnetic
field H :

An =
∫ L/2

−L/2
Jc(x) cos

(
2πdeff

�0
nHx

)
dx, (7)

Bn =
∫ L/2

−L/2
Jc(x) sin

(
2πdeff

�0
nHx

)
dx. (8)

Substituting Eq. (6) and the expressions for An and Bn into
Eq. (2), one obtains

Ic(H ) =
∞∑

n=1

[anAn sin (nφ) + anBn cos (nφ)]. (9)
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Furthermore, maximization with respect to the Josephson free
phase φ reduces to solving a trigonometric equation:

∞∑
n=1

[nanAn cos (nφ) − nanBn sin (nφ)] = 0. (10)

In typical experiments, higher-order harmonics can be ne-
glected. In this case, Eq. (10) is simplified to solving a nth
order polynomial equation [31].

Now the appearance of the Josephson diode effect becomes
evident. In the case of a symmetric Jc (i.e., an even function
of x), the integrand in Eq. (8) becomes an odd function, and
thus Bn = 0. Additionally, the critical current Ic(φ), given by
Eq. (9), becomes an odd function of φ, satisfying Ic(φ) =
−Ic(−φ). Consequently, if φ = ϕ0 maximizes the critical cur-
rent, then φ = −ϕ0 minimizes it. Furthermore, the integral in
Eq. (7) becomes small for any H � k�0/Ldeff and a fairly
homogeneous Jc(x), due to the inherent 2π periodicity of the
integrand. As a result, under these conditions, almost no visi-
ble node lifting of the critical current occurs [see Fig. 1(b)].

This reasoning becomes invalid in the case of an asymmet-
ric Jc(x), as the assumption of even symmetry no longer holds.
This may lead to nonzero values of Bn, and consequently, to
an asymmetric Ic(φ). Such asymmetry in Ic(φ) can result in
both node lifting and the emergence of JDE. Note that these
arguments are not valid for a sinusoidal CPR or any other CPR
with translational symmetry, i.e., f (ϕ) = − f (ϕ + a).

Importantly, this mechanism of nonreciprocity is funda-
mentally different from that in the long-junction regime, as
it does not involve self-field effects. This phenomenon is
evident from the fact that, unlike in long junctions, the main
maximum of Ic(H ) in the short-junction regime appears at
H = 0 [Figs. 1(c) and 1(e)]. The simultaneous presence of
nonreciprocity and the absence of self-field effects can be
interpreted as a unique signature of a nonsinusoidal CPR in
the dependence of Ic(H ).

Furthermore, since the maximum diode efficiency is almost
independent of the asymmetry in Jc(x) but strongly depends
on the CPR, measurements of η can serve as a tool to deter-
mine intrinsic properties of the Josephson junction, such as its
transparency D.

The substantially different behavior of η within the finite-
length junction approximation cannot be explained simply.
This is due to a more complex interplay between two mecha-
nisms: self-field and intrinsic. Nevertheless, Fig. 2(c) shows
that in the fairly long-junction limit, the self-field mecha-
nism surpasses the intrinsic one, whereas in the short-junction
regime, only the intrinsic mechanism is active. Moreover, the
overall difference in the transition length within 1 < L/λJ <

4 of η is approximately 25%, which is close to the residual
η � 30% of the intrinsic mechanism between the two CPRs,
highlighting this interplay.

To conclude, I examined the impact of the CPR on the
properties of a single JJ in both short- and finite-length
regimes. In the short-junction limit, it was shown that an
asymmetric critical current density leads to a pronounced

divergence in Ic(H ), which is highly dependent on the CPR
and manifests as nonreciprocity in the case of nonsinusoidal
CPRs. The theoretical analysis of JDE in this regime, along
with its comparison to the finite-length junction approxima-
tion, highlights that the effect originates from an intrinsic
mechanism, independent of self-field contributions. Further-
more, it was demonstrated that nonreciprocity can arise even
in JJs with minimal asymmetry, revealing a distinct fingerprint
of the CPR on the critical current modulation. These findings
suggest that JDE measurements could serve as a tool for
probing intrinsic JJ parameters, such as the CPR.
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APPENDIX

The Ic(H ) dependencies in the finite-length junction limit
were obtained by solving the sine-Gordon equation for the
overlap geometry [49]:

∂2ϕ

∂ x̄2
− ∂2ϕ

∂ t̄2
− α

∂ϕ

∂ t̄
= jc(x̄) f (ϕ, x̄) − jb(x̄).

Here, α is the quasiparticle damping parameter. The nor-
malized critical current density jc = Jc/Jc0 and bias current
density jb = Jb/Jc0 are referenced to the critical current
density Jc0 at x = 0. The spatial coordinate is normal-
ized as x̄ = x/λJ , where the Josephson penetration depth is
defined by

λJ =
√

�0

2πμ0deff Jc0
.

Time is normalized as t̄ = ωpt , where ωp is the plasma fre-
quency.

The boundary conditions are given by

∂ϕ

∂x

∣∣∣∣
x=0,L

= 2π

LH0
H,

where H is the externally applied magnetic field.
During the calculations, as in the case of short-limit

junctions, the spatial dependence of the CPR f (ϕ, x̄) was
neglected. Furthermore, the asymmetry in the bias current was
also disregarded and taken to be uniform.
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