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We demonstrate that the control protocols of quantum information devices can be simulated by assuming a
low-rank ansatz for the density matrix. The rationale underlying this assumption is that quantum information
protocols, by design, operate in a regime of nearly pure quantum states. Within the low-rank assumption,
the simulation of these protocols is considerably faster than solving the full Lindblad master equation. This
advantage can be used to increase the accuracy of the simulation by avoiding uncontrolled approximations and
to streamline protocol optimization. We benchmark our approach on the optimization of the transmon qubit
dispersive readout in a realistic transmon-resonator-filter model. With a Hilbert space dimension N = 2000,
assuming a rank as low as M = 20, we achieve a nearly 100-fold speedup compared to full master equation in-
tegration while accurately reproducing all relevant observables. By combining the low-rank approximation with
a compact pulse parametrization and gradient-free optimization, we obtain state-of-the-art readout assignment
errors &, ~ 1.2 x 1073 for a 40 ns readout pulse schedule, while comfortably running on a laptop and not relying
on the rotating-wave approximation. Our approach is broadly applicable to most quantum control protocols,
including quantum gates, state preparation, and fast reset operations. This establishes low-rank methods as a

general tool for optimal control across diverse quantum platforms.
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I. INTRODUCTION

Quantum computing promises transformative advances
in quantum chemistry, materials science, and optimization,
offering dramatic speedups for specific problem classes. Re-
alizing this potential demands solving major hardware and
software challenges, particularly in the precise control, de-
sign, and optimization of quantum devices.

Quantum optimal control (QOC) [1-8] tackles these
challenges by designing control schedules for executing el-
ementary operations such as quantum gates [9-27], quantum
bit readout [28-38], and state reset [29-31,39,40]. At larger
scales, the simultaneous control of many interacting quantum
bits requires the orchestration of numerous control pulses and
frequencies [37,41-46]. These optimization tasks typically
involve numerous evaluations of a loss function that quan-
tifies the performance of the control protocol and depends
on a large number of parameters, including pulse shapes,
durations, and frequencies. The loss function is then typically
evaluated through the accurate simulation of the quantum
device dynamics.

State-of-the-art hardware quantum platforms based on su-
perconducting circuits, trapped ions, or Rydberg atoms are
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all open quantum systems, where the dissipation and deco-
herence significantly affect the system dynamics. Within the
assumption of a Markovian environment, these dynamics are
modeled by the Lindblad master equation [47], whose compu-
tational complexity scales as O(N?). Accurate and predictive
simulations often require large values for the Hilbert space
dimension N, making the optimization process prohibitively
expensive.

To address these challenges, significant effort has been
devoted to developing efficient optimization methods, such
as the gradient ascent pulse engineering (GRAPE) algorithm
[48], the Krotov method [49,50], the chopped random-basis
method in Fourier space [51,52], and automatic differentiation
[29,31,53]. These methods have been thoroughly extended to
QOC of open quantum systems [12,50,54,55]. However, less
effort has been directed toward reducing the computational
time required to solve the Lindblad master equation itself
through controlled approximations that maintain predictive
accuracy of the optimization metrics. A typical speedup strat-
egy consists in applying the rotating-wave approximation
(RWA), which neglects counterrotating terms in the Hamil-
tonian and Lindblad operators. This approximation is often
justified by the smallness of the driving field amplitude, but
it can lead to significant inaccuracies in the prediction of
relevant observables [56-59]. Other approaches have simu-
lated the dissipative dynamics using quantum trajectories in
place of the full numerical solution of the Lindblad mas-
ter equation [15,31]. The trade-off is that averaging over
sufficiently many trajectories may be computationally ex-
pensive and still imply a rough loss-function landscape due
to stochastic fluctuations, which would make gradient-based
optimization methods less effective. Additionally, especially
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in low-dissipation settings, it may be statistically difficult to
sample rare events, potentially leading to uncontrolled bias in
the estimates of relevant quantities.

In this work, we apply a computational framework for
QOC that enables efficient, accurate, and scalable optimiza-
tion for quantum devices. The central feature is a dramatic
speedup in the numerical calculation of the loss function with
negligible loss of accuracy and predictive capability, which
we achieve by adopting a low-rank approximation (LRA)
[60-67]. The LRA is successful because, in most quantum
operation protocols, the system remains in a nearly pure quan-
tum state throughout the operation schedule. In such regimes,
the density matrix of the system contains much less infor-
mation than implied by its full N x N dimensionality. By
representing the density matrix with rank-M matrices (where
M < N in high-purity regimes), the number of coupled dif-
ferential equations to solve is reduced from N2 to N x M,
resulting in dramatic savings in memory and computational
time. We benchmark our approach by deliberately revisit-
ing the optimization of the dispersive readout of a transmon
qubit coupled to a readout resonator and a Purcell filter
[33,35,36,68-73] that was very recently studied by Gautier
et al. [29]. By further combining the LRA with a gradient-
free heuristic for the optimization, our approach results in
an optimal readout assignment error of 1.2 x 1073, on par
with the state of the art [29,35], while leading to a nearly
100 times reduction in the computational time required for
realistic device simulations.

QOC under the LRA can be applied to any scenario where
the quantum state remains weakly mixed along the simulated
dynamics, including quantum gates and state preparation. The
increased efficiency of this approach can then be leveraged to
streamline the optimization process, lift uncontrolled approx-
imations such as the RWA, and extend the scope of QOC to
larger and more complex systems and control protocols.

II. LOW-RANK FORMALISM

The density matrix in a Hilbert space of dimension N may
always be written as a statistical ensemble of pure states

N
p=Y_ailu)yil, (0
j=1

where ¢; are the probabilities (in descending order), with
Z[;/:l q; = 1, and [/;) are the (normalized) states entering the
statistical mixture. Note that the decomposition equation (1) is

in general not unique.
If the system under consideration is weakly mixed, the

density matrix is well approximated by a truncated low-rank
ansatz [61-64]:

M
P pilv) sl ©)
j=1

where p; = qj/zzllzl qgr and M < N is the rank of p. The
validity of this approximation is measured by the fidelity
between states (1) and (2), which should be close to unity
along the system dynamics. Assuming that the states |/;)
form an orthonormal basis, this translates to the minimization

of the truncation error €y =1 — Z}j”:l q; (see Sec. IIB for
more details).

It is worth noting that the truncated expansion (2) is anal-
ogous to the structure of locally purified tensor networks
[74-78], where the index j acts as the purification bond in-
dex arising from an operator-space Schmidt decomposition.
Retaining only M terms corresponds to truncating this purifi-
cation bond dimension while keeping the full entanglement
structure of each individual pure state.

A. Dynamics

The time evolution within the low-rank manifold is gov-
erned by the so-called nonstochastic matrix Schrodinger
equation introduced in Refs. [65,66], which describes both the
unitary and dissipative evolution of the states |v/;) in a fully
deterministic manner. Here, we briefly review only the main
results.

We begin by rewriting the density matrix in the diagonal
basis as

p@t) = m()m' @), 3
where m(7) = (&/p1(O)Y1(1)) - - - Vpu@)¥m (1)) is a N x

M matrix, |;(¢)) are the (normalized) states entering the low-
rank mixture, and p;(t) are the corresponding probabilities,
with 21]14: , »j = 1. Here and in the remainder of this work, we
omit writing the explicit time dependence unless ambiguous.
The equation governing the dynamics of m can be derived
starting from the master equation (/i = 1):

p=LIpl=—ilH, pl+ Y DILdp,  (4a)
k

A PN 1 ...
DILp = LipLy — SULiLe. ), (4b)

where I are the Lindblad operators describing the dissipation
processes. Substituting Eq. (3) into Eq. (4) leads to an equa-
tion of motion for the matrix m:

m = —iAm + O[m]. 3)

The first term on the right-hand side of Eq. (5) governs
the unitary evolution of m. The second term captures the
dissipative nonunitary dynamics and is defined through the
relation

Z DL mm’ = O[mIm’ + mO[m]". (6)
k

Using Eq. (4b), we obtain the specific form of O[m],
1 . A+ i
O[m] = 3 ZLkm(m’lLkm)' - LZLkm. @)
k

Note that m is an N x M rectangular matrix, whose inverse
must be computed as the Moore-Penrose inverse defined as
m~' = (m'm)~'m". The term low-rank approximation refers
to both Egs. (2) and (5).

Here, we assume the rank M to be constant in time. The
evolution according to Eq. (5) therefore requires the multipli-
cation of extremely sparse N x N matrices (such as A and
Li) and dense N x M matrices (such as m) at every time
step. Conversely, a full evolution according to the master
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equation includes, once vectorized [79], dense vectors of size
N? and sparse matrices of size N> x N>. If M <« N, both
the compute time and memory requirements are drastically
improved.

When assuming a fixed rank, care must be taken in setting
the initial condition for the numerical integration of Eq. (5). If
the initial state has a rank M’ < M, as is the case here when
choosing an initial pure state, then the matrix m'm is singular
and the Moore-Penrose inverse of m is not defined. We solve
this issue by setting the states [y;(0)), for j =2, ..., M, to
a set of random orthonormalized states and the corresponding
probabilities to small values p; = € < 1. The validity of this
approach can be easily verified by checking the convergence
of the results for decreasing values of €. For the study that fol-
lows, we find that € = 107> always guarantees convergence.

Note that this addition of small random states is mathemati-
cally equivalent to a regularization of the inverse (m'm)~! —
(m'm + €1)~! [67]. Importantly, this initial regularization
bears no influence on the subsequent dynamics, since the
equation of motion (5) continuously rotates the columns of
m during the evolution toward the relevant low-rank states.
As a result, the low-rank subspace rapidly aligns with the
physically relevant part of the state, and the details of the
random vectors become irrelevant provided that € remains
below the intrinsic truncation error.

B. Validity

Ideally, the validity of the LRA is measured by the trun-
cation error €. Computing the low-rank density matrix (3)
by solving Eq. (5), however, does not provide access to the
probabilities ¢; and therefore to €). Several control quantities
can be used as proxies for the truncation error [67]. Here,
we adopt the ratio py/p; as a control quantity, which is
readily computed as a function of time and closely reflects
the accuracy of the LRA [67]. We further track the purity
tr(p?), which is overestimated by the LRA and is expected
to converge to the exact value as the rank M is increased.

To illustrate the validity of the LRA and the reliability of
the control quantities, we simulate a typical schedule of the
dispersive readout of a transmon qubit, as described in detail
in Sec. III. We compare the values of py,/p; and of the purity
tr(5?) as obtained from the full integration of the Lindblad
master equation and from the LRA. We additionally integrate
the Lindblad master equation without applying the LRA but
instead applying the RWA, which consists in neglecting all
counterrotating terms, in both the coupling and drive terms, in
the frame rotating with the driving field [73,80]. The RWA
is often adopted in QOC as it leads to a large speedup in
computational time due to the elimination of rapidly oscillat-
ing terms in the equation of motion [29]. It is, however, an
uncontrolled approximation known to produce quantitatively
inaccurate results in cases when modes are nonlinear, when
driving fields are not weak, or are off-resonant [56-59].

Figure 1 shows the results obtained by integrating the equa-
tions of motion for these three levels of approximation: the
full Lindblad master equation, the LRA, and the RWA. The
dynamics are simulated in the presence of a square driving
pulse of duration 40 ns, in the same setting illustrated in
Fig. 2. For this simulation, a Hilbert space of total dimension
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FIG. 1. Time evolution of (a) the purity tr(5?) and (b) the con-
trol quantity py/pi, as computed from integrating the full master
equation [Eq. (9)], the LRA [Eq. (5)] with M = 20, and the RWA
[Eq. (A26)] for the transmon readout. The solid, dashed, and dotted
lines correspond to the full evolution, low-rank, and rotating-wave
approximation evolutions, respectively. The red (blue) lines corre-
spond to an initial transmon ground (first excited) state. The relative
error between the full and approximate values § is much smaller for
the LRA than for the RWA. (b) The control quantity py/p, increases
as the state becomes mixed, providing a practical indicator of the
LRA’s accuracy.

N = 2000 was considered. For the LRA, M = 20 was taken.
This choice of parameters coincides with that leading to the
results presented in Fig. 3. The purity generally decreases in
time as the system evolves toward a mixed state. The compar-
ison presented in Fig. 1 shows how the LRA essentially coin-
cides with the full simulation already for such a small value
of M. The RWA, on the other hand, leads to a sizable quanti-
tative inaccuracy. The LRA can thus essentially reproduce the
exact results, and hence be predictive for QOC applications,
provided the convergence of the results versus M is care-
fully checked, or alternatively an adaptive low-rank scheme
is used [67].

013085-3



LEO GOUTTE AND VINCENZO SAVONA

PHYSICAL REVIEW RESEARCH 8, 013085 (2026)

= Square
—Re[Q,4(1)]
-« Im[Q ()]

FIG. 2. (a) Schematic of the transmon readout model. The trans-
mon (yellow) is capacitively coupled to a resonator (red), itself
coupled to a Purcell filter (blue). The filter is coupled to the envi-
ronment through a readout line that enables driving and introduces
dissipation at a rate k. (b) Illustrative example of driving pulses
Q,(t). Both the square (dark blue) and stepwise (light blue) pulses
are smoothed out using a logistic function, as detailed in Appendix
A 3. The thin lines show the stepwise pulse before smoothing.

III. TRANSMON READOUT

The transmon dispersive readout protocol is an ideal prov-
ing ground for the effectiveness of the LRA in QOC. Since a
large Hilbert space dimension N is needed to account for the
putatively high population of the readout mode, an accurate
simulation quickly becomes prohibitively expensive.

A. Model

The setup for the transmon readout is shown in Fig. 2(a),
where the transmon qubit is coupled to a readout resonator,
which is itself coupled to a Purcell filter. The system is de-
scribed by the Hamiltonian

H=4E.n? —Ejcos +wd'a+w,f' f
—J@ -a ff - f)+ign@" —a

+iQq(0) sin(@a)(f" = ), ®)
and is governed by a Lindblad master equation
p = —ilH. p] + «DIf1p + yDIb)p. ©)

Here, 7, and ¢, are the transmon conjugate charge and phase
operators, and E. and E; the corresponding charging and
Josephson energies. The operators b, @, and f are annihila-
tion operators of the transmon, resonator, and filter modes,
respectively, while @, and w; are the bare resonator and filter
resonant frequencies. The capacitive coupling strengths are g
and J, and the dissipation rates are « for the filter and y for
the transmon. The system is driven through the filter mode
by a microwave pulse at frequency w; with envelope €2,(¢).
We initially model the latter as a square pulse of maximum
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FIG. 3. (a) The phase-space trajectories B/, = tr(fy.f) for a
readout time 7 = 40ns and a square pulse profile with amplitude
|24]/2mr = 150 MHz. The full, low-rank with M = 20, and RWA
evolutions correspond to the full, dashed, and dotted lines, respec-
tively. The red (blue) lines correspond to an initial ground (first
excited) transmon state. The thin lines connecting red and blue tra-
jectories highlight equal times on the two curves. (b) The photon
occupation g, = tr(pg/e f1f) = |Byel* in the filter mode and the
relative errors between the full and low-rank (dashed), and full and
RWA (dotted) results. The relative error between the full and ap-
proximate values, defined for a quantity y as 6 = |(yrun — YLrA)/Viull|
is much smaller for the LRA than the RWA. The Hilbert space
truncations are N; = 100, N, = 4, and N, = 5, resulting in N = 2000
states.

amplitude |24 with a smooth ramp up and ramp down
modulated by a logistic function, as plotted in Fig. 2(b). Im-
portantly, the chosen ramp time of 2.5 ns is slow compared to
a);' =~ (0.02ns so as to avoid spurious photon populations in
the driven mode.

Due to their coupling, the resonator’s frequency undergoes
a small dispersive shift that depends on the state of the trans-
mon. This in turn affects the resonator dynamics, allowing
one to infer the initial state of the transmon from a hetero-
dyne measurement of the resonator field. The addition of a
Purcell filter coupled to the resonator does not fundamentally
change this picture, but simply suppresses the spontaneous
transmon decay during the readout schedule [70-72]. The
coupled resonator-filter subsystem admits two normal modes
and either one of these modes can be used for the readout by
resonantly driving the filter at the corresponding hybridized
normal-mode frequency [35]. Here, we choose the lower nor-
mal mode as the readout mode. A detailed description of
the readout protocol’s numerical implementation and chosen
parameter values is provided in Appendix A.
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TABLE I. Run time in seconds for the full master equation,
RWA, and low-rank solvers with M = 20 for the transmon readout
with a square pulse of v = 40 ns duration. The rows correspond to
initializing the transmon in the |g) or |e) state, respectively. For the
full master equation, we use the mesolve solver from QUANTUM-
TOOLBOX.JL [82]. The total dimension of the Hilbert space is N =
2000 (N; = 100, N, =4, N, = 5). The times were obtained from
CPU calculations on a laptop with an Apple M3 Pro CPU and 36
GB of RAM. We encourage the interested reader to reproduce these
and all other results herein with the help of the QUANTUMTOOLBOX.JL
package [81,82].

Model Full RWA LRA LRA + RWA
|g) 2441 623 30 21
le) 2837 741 33 20

B. Computational performance

In Fig. 3, we compare the phase-space trajectories, defined
on the complex plane by the expectation value of the field
in the filter resonator B/, = tr(dg/e f), and the corresponding
photon occupation ng/, = tr(pg/. f1H=1| ﬂg/e|2, as obtained
with the full master equation, with the LRA, and with the
RWA, for a driving field modeled as the smoothed square
pulse plotted in Fig. 2(b). This reproduces the square pulse
setting studied in Ref. [29].

Already with a modest rank of M =20, the LRA re-
sult accurately describes the phase-space trajectories for both
choices of initial transmon state. The RWA, on the other hand,
results in sizable quantitative differences. For this particular
choice of pulse shape and amplitude, this discrepancy still
leads to a fairly accurate prediction of the readout assignment
error. A full optimization schedule, however, may explore
regions in parameter space where the discrepancy brought
by the RWA may be larger and possibly lead to suboptimal
results. If this issue can be safely excluded by restricting
the parameter space in the optimization, then it is possible
to simulate the system dynamics by applying both the LRA
and RWA, leading to even faster simulation times. Table I
shows the wall-clock compute times for the full simulation,
the LRA, the RWA, and the two combined. The LRA and com-
bined LRA 4+ RWA results were obtained using a fixed-rank
nonstochastic matrix Schrodinger equation solver publicly
available through Ref. [81]. The LRA with M = 20 achieves
an 81 times speedup with respect to the full simulation. This
should be compared to the 4 times speedup brought by the
RWA. Combining the LRA with M = 20 and the RWA, a
speedup exceeding 100 times is obtained.

IV. FIDELITY OPTIMIZATION

Having established a method that accurately simulates a
single instance of the transmon readout protocol at a minimal
computational cost, we proceed by employing it to optimize
the readout fidelity. This is a multiobjective optimization
problem, where the goal is to find the optimal pulse shape for
a given readout time 7, which minimizes the assignment error
€,(7) while also optimizing several other objectives [29].

A. Assignment error

The trajectories of the readout mode in phase space are
directly related to the fidelity of the readout measurement.
The assignment error of the measurement is determined by
the separation between the pointer states of the readout mode
[32,37], and is expressed as
1 |:SNR(r)i|

€sep(T) = Eerfc >

Here, the signal-to-noise ratio is defined as

(10)

SNR(7) = \/2an0 dt|Be(t) — Bo()I*, an

where 7 is the measurement efficiency, which we set to be
n = 0.6 to match with experiment [70], and B, .(¢) are the
expectation values of the field in the readout mode, which
are measured in the experiment. Together with the decay of
the transmon from its excited to ground state captured by
€decay(T) = Ty /2, we obtain the total assignment error

€ (1) = ésep(r) + 6decay(":)s (12)

which is related to the readout fidelity by F = 1 — ¢, [37,83].
The competition between €gecay, Which favors short times,
and €, which favors strong drives and long times, makes
for an optimal readout time at which the assignment error is
minimized, as seen in Fig. 4(a). For the square pulse, we find
a minimum assignment error of €, = 1.6 x 1072 for a readout
time of 60 ns. A similar result is obtained with both the LRA
and RWA.

B. Optimization parameters

This fidelity is mainly determined by the pulse shape and
amplitude of the drive. In Ref. [29], the pulse envelope was
represented by 1 ns time bins, resulting in several hundreds of
nominally independent parameters to optimize. We argue here
that this is an unnecessarily complex parametrization scheme,
as the timescale of the system response is considerably longer.
In practice, pulse optimization often converges to physically
meaningful waveforms that admit simple analytical descrip-
tions with only a few free parameters [38].

In what follows, we therefore parametrize the pulse as a
stepwise complex-valued function with a smooth interpolation
between its levels, as illustrated in Fig. 2(b). We also assume
that the pulse envelope €2,(¢) is complex-valued, i.e., that the
pulse can feature a slowly varying time-dependent phase. This
amounts to a total of 2ngeps parameters, where ngeps is the
number of steps in the pulse. Here, we take ngeps = 35, i.€.,
ten parameters to optimize. The validity of this approach is
ultimately determined by the quality of the optimized readout
protocol. We do not include the driving frequency w, as an
optimization parameter, and set it to the frequency of the
transmon-lower normal-mode system [35].

Restricting the parameter space to a minimal number
of physically relevant parameters brings several advantages.
First, it allows for an easier and faster convergence of the
optimization algorithm, in particular, by enabling the use
of computationally less demanding gradientless optimization
schemes, and by increasing the likelihood of finding a global,
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FIG. 4. Transmon readout error and ionization for a square pulse
compared to the LRA with rank M = 20 and RWA. The full, low-
rank, and RWA evolutions are plotted in gray, dashed orange, and
dotted purple lines, respectively. (a) The assignment error €,(7) as a
function of the readout time. The dashed black line corresponds to
the long-7 limit €, ~ 7y /2. The relative error 8, shown in the lower
panel, demonstrates that the LRA captures the exact assignment error
slightly better than the RWA, though the RWA still performs well due
to the relatively weak drive strength. (b) The transmon ionization
[Eq. (B1)]. Again, the LRA is a better match to the full dynamics
than the RWA, though the latter still manages to capture the transmon
ionizations since the drive is relatively weak.

rather than a local minimum. Second, it opens the way for the
optimization of more complex protocols where more intricate
pulse schedules are required. Here, we found that the simulta-
neous perturbation stochastic approximation [84,85] leads to
excellent optimization results, but we verified that similarly
good results were obtained using a truly global optimization
scheme such as the particle swarm algorithm [86].

C. Results

We determine the optimal readout schedule by searching
for the drive pulse sequence that minimizes the loss function
A(7) for a given readout time . The loss function is designed
so as to balance two main competing effects: minimizing
the assignment error while avoiding transmon ionization (see
Appendix B 1 for more details). During optimization, the loss
was evaluated using the LRA with M = 20. The RWA was
not used during optimization. Figure 5(a) shows the optimal
value of the loss as a function of the assumed pulse duration
7. The optimal value obtained for T = 40 ns corresponds to

an assignment error €, = 1.2 x 1073, comparable with the
current state of the art [29,35]. The inset displays a repre-
sentative optimization schedule for T =40 ns. We observe
that the SPSA converges in O(100) epochs, corresponding to
200 evaluations of the loss, or 400 integrations of the master
equation and a total wall-clock time Tjra ~ 1.2 x 10* s, i.e.,
less than 3 h on the CPU of a modern laptop.

The optimal pulse envelope obtained for 7 =40 ns is
shown in Fig. 5(b). Notably, the real part of the optimized
pulse resembles a two-step pulse: a strong initial drive that
rapidly populates the readout cavity, followed by a reduced
amplitude to limit undesired ionization events [70,87]. This
result is obtained using only a single drive on the readout
mode, without a secondary drive on the transmon [69,88,89].
Including these features as additional optimization parameters
is expected to further reduce the optimal error.

The real and imaginary parts of the field in the filter res-
onator for the optimal pulse are shown in Fig. 5(c). These
were computed with the higher truncations N, = 6, N, = 6,
and N; = 100 in order to validate the optimized simulations.
The full and LRA results essentially coincide except for a
slight discrepancy at the end of the readout schedule for the
trajectory initialized with the qubit in the excited state. The
convergence of the LRA can be assessed by repeating the
calculation for higher M. The inset of Fig. 5(c) shows the
same calculation with M = 80, which more closely approx-
imates the exact result. Figure 6 reports the dependence of the
assignment error on M. The relative error between the LRA
and exact values decreases from 5% to 1.5% when increasing
M from 20 to 80, confirming the accuracy of the controlled
LRA. In light of the analogy between the LRA and locally
purified tensor networks, this convergence is equivalent to a
convergence with increasing bond dimension. In contrast, the
phase-space trajectories computed with the RWA [Fig. 5(c)]
differ substantially from the exact ones, despite yielding a
comparable assignment error.

Restricting ourselves to controlled approximations—
namely, the Hilbert space truncations N;, N,, and N,;, and
the rank M—allows the optimization to be run with a com-
putationally faster yet more aggressive approximation. The
rationale is that even if the loss is not quantitatively exact,
it remains correlated with the value obtained under a more
conservative approximation, so the resulting optimal parame-
ters are expected to be reliable. To support this, in Appendix
B 2 we repeat the full optimization with M = 80 and find that
they essentially coincide. In contrast, adopting a similar strat-
egy with an uncontrolled approximation such as the RWA is
more likely to yield inaccurate loss estimates and less reliable
optima.

V. CONCLUSION AND OUTLOOK

In this work, we have demonstrated that the low-rank ap-
proximation provides an accurate and fast approach to the
optimal control of quantum device protocols. The essential
reason is that, by construction, most of these protocols keep
the system in high-purity states throughout their schedules. In
this regime, a low-rank representation of the density matrix
suffices to capture the dynamics with high accuracy. This
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FIG. 5. (a) The optimal value of the loss function for various readout times t between 40 and 100 ns. Inset: a typical variation of the loss
function along the optimization schedule for T = 40 ns. (b) Real (solid) and imaginary (dotted) parts of the optimal pulse envelope (light blue)
for T = 40 ns. The envelope of the square pulse (dark blue) is plotted for comparison. (c) Phase-space trajectories for the optimal readout
schedule and t = 40 ns, for initial states |g) (red) and |e) (blue), computed with N, = 5, N, = 4, and N, = 100. The full and RWA trajectories
are taken from a simulation in a Hilbert space of increased dimension N, = 6, N, = 6, and N; = 100. Inset: Difference between M = 20
(dashed purple) and M = 80 (dashed blue) low-rank evolutions compared to the full result (blue) in the region of phase space where the

discrepancy is most pronounced.

enables a drastic reduction in computational time and mem-
ory, while preserving predictive power.

We have benchmarked this approach on the optimization
of the transmon qubit readout protocol in a realistic transmon-
resonator-filter model. Thanks to the LRA’s speed and a
compact yet physically essential pulse parametrization, we
recover a state-of-the-art assignment error €, ~ 1.2 x 1073
at 40 ns. This optimization could be carried out seamlessly on
a standard laptop in 2 orders of magnitude less optimization
time, without relying on uncontrolled approximations such as
the RWA.

Beyond this specific application, the computational frame-
work we introduced is broadly applicable. Any protocol
whose dynamics remains weakly mixed—including high-
fidelity gates and fast reset—can leverage its low rank to

1.250 x 107% 4

40)

1.225 x 1072

E(l(

1.200 x 1072+

20 30 40 50 60 70 80
M

FIG. 6. The assignment error [Eq. (12)] computed for 7 = 40 ns
and varying rank M. The dashed black line at €, = 1.26 x 1073
corresponds to the assignment error obtained by integrating the full
master equation.

widen the reachable design space, lift ad hoc approximations,
and scale to larger Hilbert spaces and richer control schedules,
offering a pathway to accelerate QOC across diverse quan-
tum platforms. To facilitate its broader adoption, we provide
an open-source implementation [81], while a more general
adaptive low-rank Lindblad solver is also available as part of
QUANTUMTOOLBOX.JL [82].

Looking forward, while we have successfully employed
the SPSA optimization method in this work, the LRA
framework could naturally be combined with QOC-specific
algorithms such as GRAPE or the Krotov method, po-
tentially enhancing performance even further. By making
accurate, large-scale device optimization feasible with greatly
reduced computational resources, this approach can dramati-
cally broaden access to realistic QOC and accelerate progress
toward scalable quantum technologies.
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APPENDIX A: DETAILS OF THE SIMULATION

In what follows, we provide some additional details to
guide the reproduction of the results in the main text.
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1. Hilbert space

To build the Hilbert space basis on which Eq. (8) is
numerically expressed, we first diagonalize the transmon
Hamiltonian H, = 4E.4> — Ejcos ¢, in the flux basis, ie.,
by assuming the canonical commutation relation [@;, 71;] =
i. The transmon Hamiltonian is then rewritten as H, =
ZIX’:—(} wj,|ji){Jj:|, where |j;) is the j;th transmon eigenstate
and only the lowest N; eigenstates are retained. We also diago-
nalize the resonator-filter subsystem in the normal-mode basis
{17:) ® |ju)}, where |j;) and |j,) are the eigenstates of the
lower and upper normal modes, respectively, with frequencies
w; and w,. For readout, we choose the lower normal mode.
Correspondingly, the Fock eigenspace of the lower normal
mode is truncated to a large number of Fock states, up to
N; =100, in order to account for its potentially large pho-
ton number. The other modes are off-resonant and are not
expected to reach a large occupation. We therefore opt for
smaller cutoffs in the transmon and upper normal modes, up
to N; = 6 and N, = 6, respectively. The convergence of all the
results has been checked with respect to these cutoffs.

We finally build the full Hilbert space of the coupled sys-
tem as the tensor product of the transmon and normal-mode
eigenstates, i.e., {|j;) ® |j.) ® |j;)}, where j; =0, ..., N, —
1, j,=0,...,N,—1,and j, =0, ..., N, — 1, and a total
Hilbert space dimension N = N; X N, X N;.

For the readout procedure, the state is initialized in the
vacuum of the normal modes and the ground/first excited state
of the transmon,

i)g/g(O) = |wg/e) (¢g/e|a

[Vgre) = 101) @ 104) ® g/e).

Note that these states are close to, but in general different from
the lowest-energy eigenstates of the undriven Hamiltonian.
They are exactly equal when the transmon-resonator coupling
g = 0. Equation (5) is finally numerically integrated for a total
readout time t and expectation values of fields and occupa-
tions are evaluated.

(AD)

(A2)

2. Parameters

Throughout this work and unless otherwise stated, we set
the transmon parameters to E./27 = 315MHz and E;/E. =
51. This yields a qubit frequency w,/27 = 6 GHz and an-
harmonicity «/27 = —349MHz. We take the couplings
g/2nm = 150MHz and J/2m = 30MHz. The frequency of
the resonator is w,/2m = 7.2 GHz, while that of the fil-
ter is wy/2m = 7.21 GHz. The dissipation rates are « /27 =
30MHz and y/2n = 8kHz, for the transmon and filter, re-
spectively. The frequency of the drive is taken to be w; /27 =
7.18 GHz.

3. Drive pulse shape

As mentioned in the main text, a microwave drive pulse
is applied to the Purcell filter modes at a frequency w,. The
drive pulse may generally have a time-dependent, complex
envelope given by ,4(¢). In this work, we begin by setting
Q4(t) to a square pulse shape and later generalize it to contain
many steps.

For the initial simulations with a square pulse shape, €2,(f)
is given by

Qa(t) = Q| x f(t,10,0) x [1 = f(t, 10+ T,0)],

where

(A3)

1
flt10,0)= ——=
: =y

+e

(A4)

is the logistic function [90]. The parameters fy and o set the
curve’s center and steepness, respectively. The time it takes
to go from an amplitude of zero to |€24|, referred to in the
main text as ramp-up time, is given by ~5o. In the present
work, we choose fp = 3ns and o = 0.5 ns, corresponding to a
ramp-up/down time of 2.5 ns.

The square pulse is then straightforwardly generalized to a
smoothed stepwise function. For a given list of ngeps heights
h and at a time ¢, the smoothed stepwise function outputs
Z';;‘ET (hjs1 —hj) x f(t, jT/Nseps» ). An illustrative exam-
ple of both the square and smoothed stepwise functions is
shown in Fig. 2(b).

4. Diagonalization of fl,f

We seek two normal modes ¢&; and ¢, such that

Hi=oda+off—J@ —a)f = f) (A3
can be written as
Hy = w6/¢) + w,éle,. (A6)
Therefore, we manifestly have
(A, &] = —wid, (AT)

where i = {l, u}. We define the normal modes in terms of the
bare operators @ and f as follows:

& =aa+ Bif +vid + 817 (A8)

Note that we must account for the particle-hole nature of
the ¢; modes due to the presence the terms —Ja' f* — Jaf.
This in turn yields the symmetry ¢; — @j bringing @ — —w
following directly from Eq. (A7).

Substituting Eq. (A8) into Eq. (A7), we find four equa-
tions for the four coefficients of ¢; by imposing that the terms
attached to each operator &, f, a', and f1 must match. These
equations can be succinctly written in matrix form

w, J 0 J
J wfr J 0
0 —J —o, —J

—J 0 —-J  —wy

Q= (A9)

Diagonalizing 2 yields the two normal modes w; and w,
along with their respective negative counterparts due to the
aforementioned symmetry.

We now seek the transformation from &, f to ¢y, ¢, in order
to express our Hamiltonian in terms of the normal modes. To
do so, we write the system of equations

c=UTa, (A10)

which express the vector of operators ¢ = (&), 6;, &, 6,7 as

linear combinations of a = (a, f ,at, f T)T. Note the ordering

T
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of these operators is done to match the ordered list of frequen-
cies, from —w, to w,, with w, > ;. The matrix U contains in
each of its columns the eigenvectors of £ normalized subject
to the condition

— 18 =1,

le)* + BI* — Iy ]? (A11)

given by the commutation relations of the normal operators
[ci, c;] = §;;. Note the difference with respect to the naive
normalization |a|? 4+ |B]*> + |y|> + 18]> = 1. One can verify
that the commutation relations are preserved by this transfor-
mation via the equality

ST.ST =3, (A12)

where we have defined S = inv U7 such that a = Sc, and

(Ea)ij = [aivaj] = (_01 é)y

(Z)yj = leive1 = (f ‘5’*).

The coefficients of the transformation from the bare to the
normal operators are the elements of the matrix S. Letting
(8)ij = sij, we can in particular denote

(A13)

a = s118 + 5128] + 51381 + S1484, (A14)

f = 52180 + 528] + 52381 + 52484, (A15)
and so on for a" and f7. Without loss of generality, we take
s;j to be fully real. The quantities of interest in the coupling
and drive, a” — a and f7 — f, respectively, take the following
forms:

a' —a = (s1a — s1)(E — &) + (513 — s12)(&] — &),
(A16)
Fr—f = (521 — 52)(@] — &) + (523 — s22)(&] — &).

(A17)

We can finally define the constants w, = si4 — 811, W1 =
$13 — 812, Vy = S24 — S21, and v = $23 — $2.

5. Rotating-wave approximation on H

We seek to isolate and eliminate the fast-rotating terms
from our Hamiltonian equation (8),

—a) + iQ24(t) sin(wat)(fT = f).
(A18)

H = H, + Hy + igh, ("

To identify these terms, we begin by expressing A in terms of
the normal modes ¢; and ¢,:

H = Hy + H + ighy [ (&), — &) + w1 (& = &)
+iQ,4(t) sin(wat)[v, (&) — &,) + vz(é,T -l (A19)
We then rotate into the frame of the drive by use of the unitary

U,=0,20,®0, (A20)

where Ul/u = exp(iwdtéj/uéz/u) and

N;
Oy = exp | iwgt Yy (j = DIy (W] +iont |,

j=1

(A21)

and w is the ground-state energy of the transmon Hamiltonian
H;. The Hamiltonian transforms according to H— U;I—? U, —
iUU0,.

The normal-mode operators will simply acquire a time-
dependent phase: ¢/, — & /ue’iwf” . To elucidate the trans-
formation of 7, it is useful to decompose it in terms of its
counterclockwise- and clockwise-rotating terms:

= DA+ YAk = A7 + A

Jj>k Jj<k

(A22)

The case j =k is omitted since 7, contains only zeros
on its diagonal. We then make the approximation ;" ~
o A7 j)(j + 1] and 51m11arly for 7, . In doing so, #,” now
transforms in the familiar way ;" — fA;fe=/@d!,

The total Hamiltonian now transforms in a straightforward
way. First, the bare Hamiltonians become

N

1/ = Z[wj —w; — w47 — DI (A23)
=1

Al = (o1 — 00)¢] ¢ + (0, — 02)E)8, (A24)

The Hamiltonian in this rotated frame is then
ﬁrot = ﬂt/ + Hr/f
+ igﬂu(ﬁ:—él — flt_cu — n""@ o~ Ziwat ) A—AT 21a)dt)

At 2iwgt
7

Yy
- ?Qd(t)(éz +é,—¢Cle

_ é\,uefziwdt)

+ W< 1), (A25)
where the last line should be understood as repeating the
second and third lines but with the index u replaced by I.
Equation (A25) is the Hamiltonian we use for the full and
LRA simulations in the main text.

To obtain the RWA Hamiltonian, we simply ignore all
explicitly time-dependent terms in the coupling and drive and
arrive at the slow Hamiltonian

Hua = H) + H} + igu (] — a7 ép)

i n R . Ak A PN
- 5 Q)@+ e + g, (el — ey

— 3@+ ). (A26)

We draw particular attention to the factor of 1/2 appearing
in the driving terms proportional to €2,4(¢), originating from
the sine function in the Hamiltonian (A 18). This departs from
the usual convention of writing an RWA driving Hamiltonian
as I-Ewa(t) = Q" (@)( f + f ™). In our convention, therefore,
values of €2,(¢) are twice as large as those quoted in Ref. [29].
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FIG. 7. Optimization of the measurement fidelity performed with a rank M = 80. (a) The optimal value of the loss function for various
readout times 7 between 40 and 100 ns. Inset: A typical variation of the loss function along the optimization schedule for = 40 ns. A minimum
is reached in roughly 100 epochs. (b) Real (solid) and imaginary (dotted) parts of the optimal pulse envelope (light blue) for t = 40 ns. The
envelope of the square pulse (dark blue) is plotted for comparison. Thin lines show the stepwise pulse before smoothing. (c) Phase-space
trajectories for the optimal readout schedule and T = 40 ns, computed with N, = 5, N, = 4, and N; = 100. The full and RWA trajectories are
taken from a simulation in a Hilbert space of increased dimension N; = 6, N, = 6, and N; = 100. Inset: Difference between M = 20 (dashed
purple) and M = 80 (dashed blue) low-rank evolutions compared to the full result (blue) in the region of phase space where the discrepancy is

most pronounced.

APPENDIX B: DETAILS OF THE FIDELITY
OPTIMIZATION

1. Loss function

We define a loss function that balances two compet-
ing effects: minimizing the assignment error while avoiding
transmon ionization. The assignment error is presented in
Sec. IV A. The ionization penalty, for its part, is quantified
by the population in higher transmon levels [29]:

1 Moo
T =-3" Z/O dt wllk) (ki |pj(t)).  (BI)

Jj=8e k=2

Here, p;(t) is the time-evolved density matrix of the full
system, obtained for an initial transmon state |j = g, e), re-
spectively. The transmon ionization during readout with a
square pulse is shown in Fig. 4(b). The loss function to mini-
mize is finally

A7) =logg [€a(T) + T ()], (B2)
where the logarithm is taken to ensure that the loss function is
of order 1.

We restrict the loss function to only these two contribu-
tions, as they are the most relevant, especially for increasing
drive strength. A more complete multiobjective optimization
may include additional contributions to penalize populating
the undriven normal mode or approaching the critical photon
number [29]. We find that the contribution of these terms to
the loss function is minimal for the case studied here, and
we therefore expect the minima of Eq. (B2) to remain close
to those of a more comprehensive multiobjective loss func-
tion. Nevertheless, in order to safeguard against any further
unaccounted ionization in the transmon and undriven normal
mode, we impose an upper bound on the driving field strength

as |Q)™|/2w < 400 MHz. This value coincides with that used
in Ref. [29]. We also verify that the optimal result is charac-
terized by very small values of these additional contributions.

2. Optimization process

We optimize the measurement fidelity by minimizing the
loss function [Eq. (B2)] for a given readout time t. The
optimization parameters are the drive pulse heights, which
generally consist of both real and imaginary parts. For ngeps
steps, there are therefore 2ng.ps parameters to optimize.

To avoid probing regimes that are not physical, we impose
that the drive must be off at # = 0 and r = t. We also add a
simple smoothing between neighboring steps, as discussed in
Appendix A 3. Finally, we impose a strict upper bound on the
amplitude of each step as [Q27*|/27 < 400 MHz. Due to a
different definition of €2,(¢), this upper bound coincides with
the one used in Ref. [29], as detailed above.

The drive pulse is initialized in the square pulse shape,
i.e., with all real pulse steps equal and of amplitude 2, /27 =
150 MHz, while all imaginary steps are zero. Each optimiza-
tion step is then performed using a simultaneous perturbation
stochastic approximation algorithm that approximates the full
gradient as a finite difference directional derivative in a ran-
dom direction [84,85]. Each step then requires only two
function calls, which in turn each require two evolutions:
one each for B, and B,. These evolutions are performed with
the LRA for a rank of M = 20. The optimized results are
validated with a single additional simulation in an enlarged
Hilbert space, with the full Lindblad equation [Eq. (9)]. For
these simulations, we also increase the rank to M = 80 in
order to further verify the convergence of our final results
with respect to the rank. We find no significant difference in
the final pulse shapes when performing the optimization with
M = 80 as opposed to the faster M = 20. The results of this
optimization with M = 80 are displayed in Fig. 7.
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