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Complementarity-based complementarity: The choice of mutually unbiased observables
shapes quantum uncertainty relations
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Quantum uncertainty relations impose fundamental limits on the joint knowledge that can be acquired from
complementary observables: Perfect knowledge of a quantum state in one basis implies maximal indetermination
in all other mutually unbiased bases (MUBs). Uncertainty relations derived from joint properties of the MUBs
are generally assumed to be uniform, irrespective of the specific observables chosen within a set. In this work,
we demonstrate instead that the uncertainty relations can depend on the choice of observables. Through both
experimental observation and numerical methods, we show that selecting different sets of three MUBs in a five-
dimensional quantum system results in distinct uncertainty bounds, i.e., in varying degrees of complementarity,

in terms of both entropy and variance.

DOI: 10.1103/v24q-sl6n

I. INTRODUCTION

A property of a quantum system is described by an observ-
able, namely, a Hermitian operator O. Each of the possible
values o of the property O is connected to an eigenstate |0).
The Born-rule probability that the measurement of a system
property has outcome equal to the value o is given by | (o] )|,
where |¢) is the system state. This state of affairs formalizes
the principle of complementarity [1,2]: A system can possess
a definite value of a property, i.e., measurement outcomes
have probability 1, only if its state is an eigenstate |¢) = |o)
of that property. Otherwise, the value of that property is unde-
fined, and only probabilistic predictions of measurement out-
comes are possible. This implies that complementary proper-
ties exist: From a set of properties of the system, in general we
can assign a definite (i.e., fully determined) value only to one.

In particular, maximally complementary properties exist:
Assigning a definite value to one of them renders all the others
maximally indeterminate; namely, each of their outcomes will
have uniform probability. This happens when we consider a
set of observables whose eigenstates are mutually unbiased
bases (MUBs). Indeed, the square modulus of the scalar prod-
uct of any two states |a;), |b;) pertaining to two different
MUBs is always [{a;|b;) | = 1/d, where d is the Hilbert space
dimension.

Surprisingly, it was shown [3-5] that one can have large
information on more than one complementary observable
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provided that the value of none of them is known with
certainty (which would render the values of all the others
completely indetermined). Namely, if the system is prepared
in a state that is a nontrivial superposition when expressed
in all the MUBs, then it is possible to have nontrivial joint
information on multiple complementary properties.

Different complementary properties (MUBs) can be
grouped and classified in terms of equivalence classes of
complex Hadamard matrices [6-8]. We say that two sets of
MUBs are equivalent if one can be mapped into the other
by unitary transformations, permutations, and phase factor
multiplications. In this context, it was pointed out in Ref. [8]
that in dimension d = 5 there are two inequivalent classes
of triplets of MUBs. For larger dimensions, a rich and in-
volved structure of inequivalent sets of MUBs is known to
exist [7,9,10]. In Ref. [11], a notion of operational inequiv-
alence of sets of MUBs has been introduced, such that the
inequivalence is detected whenever distinct sets of MUBs
feature a different noise robustness, used as an incompatibility
quantifier.

The existence of inequivalent sets of MUBs was shown
to have practical consequences on Quantum Random Access
Codes, since it prevents to generalize the analytic expres-
sion of the optimal average success probability for protocols
2¢ — 1 to protocols n¢ — 1 with n > 3 [12]. Applications
have also been found in entanglement detection based on
complementary observables: in Ref. [13], it was shown that
the lower bound on a given correlation function, used as an
entanglement witness, depends not only on the dimension and
the number of measurements, but also on the choice of the
specific set of MUBs.

While these contributions were mainly focused on proving
and/or detecting the existence of inequivalent sets of MUBs,
here we present a fundamental implication of this: their im-
pact on the uncertainty relations (URs). The URs are the
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FIG. 1. Alice and Bob are both interested in joint values of
observables with MUBs as eigenstates. In dimension 5, there are
six of them: Bob measures observables A, B, C, and Alice measures
D, E, F. Alice gets more information: she can divide the DEF phase
space into smaller uncertainty blocks than Bob’s, even though they
are both looking at MUBs.

very expression of the complementary properties of quantum
observables and yield a direct link between experimental ob-
servations and quantum theory. While providing experimental
validation of the URs for MUBs and high-dimensional sys-
tems, we detected different minimal uncertainties for distinct
triplets of MUBs in d = 5. Then, the inequivalence proved
in Ref. [8] unveiled a finer structure of quantum URs: The
information that a system can possess on three of the six
complementary properties depends on which of the proper-
ties are considered. We show this by calculating the lower
bound of the sum of the entropies or of the variances of the
measurement outcomes of three complementary observables,
complemented with Monte Carlo simulations, and prove that
such a lower bound depends explicitly on the choice of
complementary observables: complementarity-based comple-
mentarity (Fig. 1). Most importantly, the validity of distinct
URs for triplets in the same complete set of MUBs opens
foundational questions, finds application in a plethora of
quantum protocols, and leads to experimental verification,
which we report here.

II. UNCERTAINTY RELATIONS FOR INEQUIVALENT
TRIPLETS OF MUBs

Consider three maximally complementary observables
A, B, C with mutually unbiased eigenstates {|a;)};, {|b;)};,
{Ic;)};. One can have partial knowledge of all three of them
if the state |y) is a nontrivial superposition when expressed
in any of the bases {|a;)};, {Ib;)};, {Ic;)};. How much joint
information on them can one obtain? We need a quantifica-
tion of how uncertain the outcomes of measurements of all
three observables are. This is precisely what we learn from
URs. In the following, we concentrate on two quantifiers
[14]. On the one hand, we consider the sum of the Shannon
entropies H(0) = — Y jPjlog, p; of the Born probabilities
p;j = l{ojl¥r) | pertaining to the measurement of O. The en-
tropies are all positive quantities, so a small sum implies large
joint knowledge. The sum of entropies for maximally com-
plementary observables has always a nontrivial lower bound
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FIG. 2. Monte Carlo evaluation of the sums of entropies in (1)
and (2) on pure states chosen randomly using the Haar measure.
The histograms (250 bins) represent the number of states whose
sum of entropies of three maximally complementary observables is
equal to the value in the abscissa. (a) Simulation over 10° random
states. (b) Detail of the tails of the distributions for a simulation over
10" random states. The orange (blue) curves refer to the entropies
of A,B,C (D, E,F). The black dashed line is at 2log, 5 and is
approached by the left tail of the orange distribution; the blue dashed
line approaches the lower bound of (2). The dotted lines are the
(matching) average values of the two distributions at ~5.55.

given by the entropic uncertainty relations (EURs) [15-17].
On the other hand, we consider the sum of the variances
[18] of A, B, C. Differently from the entropy, the variance
depends also on the eigenvalues of the observables, not only
on the probabilities. We will choose observables with eigen-
values equal to a permutation P(j) of the basis index j, i.e.,
A= Zj P(j)la;){a;|, and then minimize the variance AA? =
(A%) — (A)? over the permutations, to avoid effects due to the
arbitrariness of the eigenvalue assignments. Also, the sum of
variances has a nonzero [19] lower bound for maximally com-
plementary observables [20,21]. We now show that the UR in
terms of entropies or variances of three different maximally
complementary observables A, B, C depends on the choice of
the maximally complementary observables.

We start from dimension d =5 where there exist six
maximally complementary observables A, B, C, D, E, F with
eigenvectors equal to the six MUBs [7,8] presented in the
Appendix. In this case, we find that

HA)+H®B)+ H(C) >2log, 5 ~ 4.64386, (1)

HD)+HE)+H(F) > 4.43223. )

Bound (1) was known [17] and was implicitly assumed to
hold for every possible choice of MUB triplet, whereas bound
(2), obtained numerically (see the Appendix), was found
while experimentally testing the EURs. The states that min-
imize the first bound are eigenstates of any of the three
A,B,C,e.g. |¥) = |ag). The states that minimize the second
bound, instead, have a single null component when expressed
in the computational basis |a,), e.g., a state _; ¥;e%i|a;)
with {¥;} = (0.544 88, 0.45067, 0, 0.450 67, 0.544 88) and
{¢;} = (0, -2n/5,0,7,—m/5).

To validate the numerical minimization, we calculated the
minimal sum of the entropies on a large number of pure
states chosen randomly [22,23] with Haar measure (Fig. 2),
confirming that no state beats either bound (1) or (2). We
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FIG. 3. (a) Histograms of the Monte Carlo evaluation of the sum
of the entropies of two MUBs in dimension d = 5 (250 bins over 10°
Haar distributed random pure states). As expected, all histograms
match (here, the histograms refer to A, B in orange and C, D in
blue). The lower bounds of the left tails (orange-blue vertical dashed
lines) approach the Maassen-Uffink bound log, 5 (black dashed line).
(b) Histograms (250 bins over 10° states) of the sum of variances of
three MUBs, evaluated over A, B, C (orange) with lower bound 1.67,
and D, E, F (blue) with bound 1.37.

also checked that the sum of any fwo entropies never beats
the Maassen-Uffink bound [16] of log, 5 (Fig. 3) and that the
sum of four entropies has the unique lower bound found in
Ref. [17] for every choice of the MUBs, confirming that the
effect presented here requires exactly three MUBs. We in-
spected all the (2) = 20 possible combinations of three MUBs
out of six and found only the two bounds reported in Eqs. (1)
and (2). Moreover, if a triplet could attain one bound, the
remaining triplet would obtain the other bound. In particular,

the triplets that only achieve the bound 2 log, 5 are the ones in
the set

S1 ={ABC,ABF, BEF,ADE, BCD, CEF, CDF, BDE,

ACE, ADF}, 3)

whereas the ones that achieve the bound in Eq. (2) are the
triplets in the set

8> = {ABD, ABE, ACF, BCE, DEF, CDE, BDF, ACD,

BCF, AEF}. 4

We report in Table I a list of optimal states saturating the
bound in Eq. (2), one for each triplet in S;. We show in the
Appendix that these states are all related to each other by spe-
cific unitary transformations. Moreover, we prove there that
triplets belonging to the same set feature the same entropic
uncertainty.

In the case d =4, there is a three-parameter family of
triplets of MUBs [8], but just for a specific choice of the
parameters a triplet can be extended to the unique complete
set, considered in Ref. [17]. Triplets selected from the com-
plete set are all equivalent. Indeed, in this case we could not
find a similar mismatch in the URs for three MUBs: in the
complete set, for d = 4 there are five MUBs connected to
five observables (A, B, C, D, E), and we checked all (g) =10
combinations of triplets X.?,Zin {A, B,C.D,E }. They all
have the lower bound H(X) + H(Y) + H(Z) > 3 identified in
Ref. [17]. It is worth mentioning that, while in the case d = 3
the states achieving the lower bound are the same for every

TABLE 1. Optimal states saturating the bound in Eq. (2). This
bound can be achieved only by the triplets in S, listed here in the
first column. We report one state for each triplet, having set ¢y = 0.

{h, L, 13} Yo Vi ¢ V2; ¢ V3 @3 Va5 Py

ABD 0.23 0.67 0.67 0.23 0
4 /5 -1 /5 b4 0

ABE 0.23 0 0.23 0.67 0.67

0 T /5 —47m /5

ACD 0 0.23 0.67 0.67 0.23

0 47 /5 /5 /5
ACF 0.67 0.23 0.23 0.67 0
—37/5 4 /5 /5 0
AEF 0.23 0.67 0.67 0.23 0
2 /5 /5 —37/5 0

BCE 0.45 0.45 0.55 0 0.55
- /5 2w /5 0 T

BCF 0.45 0.45 0.55 0 0.55

—37/5 4 /5 0 3 /5

BDF 0.45 0.45 0.55 0 0.55
b4 —4m /5 0 /5

CDE 0.55 0.55 0.45 0 0.45

- /5 /5 0 47 /5

DEF 0.55 0.45 0 0.45 0.55

-2 /5 0 b4 - /5

triplet, in d = 4 the optimal states depend on the choice of the
MUBSs. We note that they share a common structure; i.e., they
all have two non-null components.

Interestingly, if one does not fix the parameters of the fam-
ily of triplets of MUBs in d = 4 to get a complete set, a richer
scenario of inequivalent triplets depending on three parame-
ters can be explored. Then, different URs may be obtained,
with lower bounds presumably depending on the parameters.
We will not explore this case here, as our analysis focuses on
the complementary properties of a same set of MUBs, but we
point it out as a relevant issue for further research.

By studying the sum of variances ind =4 and d = 5, we
find URs featuring the same behavior as the one found for the
EURs: In d = 4, the optimal states attain the same minimum
for every choice of the bases, while in d = 5 there are two
distinct lower bounds dividing the triplets of MUBs into the
same two sets as for the EURs. For d = 4, all the URs for
every choice of the three MUBs read

AX? + AY? 4+ AZ? > 0.75, ®)
withX #Y £Z e {A,B,C,D,E}.

For d = 5, the UR corresponding to the EUR in Eq. (1)
reads

AX? + AY? + AZ% > 1.67, (6)

with XYZ € §;, while the one related to the triplets in Eq. (2)
is

AX? + AY? + AZ% > 137, (7)

with XYZ € S;.
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III. EXPERIMENTAL VERIFICATION

We experimentally tested the entropic results presented in
Egs. (1) and (2) by encoding information in photonic time-
frequency modes [24]. Namely, we consider a Hilbert space
generated by broadband frequency bins and their superpo-
sitions encoded in coherent light pulses. In this encoding
alphabet, the five-dimensional computational basis |a;) (as-
sociated with observable A) is defined as a set of five
Gaussian-shaped frequency bins centered at different frequen-
cies, and the MUBs are generated by superimposing the
fundamental bins with different phases. We note that the cho-
sen alphabet falls in the category of pulsed temporal modes as
the superposition states overlap in both time and frequency.

We perform the projective measurements using a so-called
multi-output quantum pulse gate (mQPG) [25], a high-
dimensional decoder for time-frequency pulsed modes based
on sum-frequency generation in a dispersion-engineered
waveguide. This device projects a high-dimensional input
state onto all the eigenstates of a user-chosen MUB, selected
via spectral shaping of the pump pulse driving the process,
and yields the result of each projection in the corresponding
output channel defined by a distinct output frequency.

Mathematically, we can describe the mQPG operation as a
positive-operator-valued measure (POVM) {7}, where each
POVM element 77 describes the measurement operator of a
single channel set to detect mode y [25-27]. Ideally, 7V =
|v){y|; however, experimental imperfections lead to system-
atic errors in the POVMs, necessitating the more general
description w7 = Zij mlyj la;) (a;|, with |a;) and |a;) eigen-
states of the computational basis. When measuring a pure
input state p® = |£)(£| from the chosen five-dimensional
Hilbert space, we will obtain output  with probability p?¢ =
Tr(p’m?). In the measurement process, we use an mQPG
with five channels, which can be programmed to perform
projections onto any arbitrary MUB in the selected Hilbert
space by assigning to each channel an eigenstate of that basis.
Then, for each probed input state |£), we calculate the entropy
in each measurement basis by estimating the probability p;
for each measurement outcome j as the normalized counts in
the corresponding channel.

A schematic of the experimental setup is shown in Fig. 4.
The signal and pump pulses, centered at 1545 and 860 nm,
respectively, are generated by a combination of a Ti:sapphire
ultrafast laser with an optical parametric oscillator (OPO) at
a repetition rate of 80 MHz. The signal pulse is shaped by a
commercial waveshaper to generate the frequency-bin states
in input, whereas the pump pulse is shaped by an in-house-
built 4f waveshaper to generate the frequency-bin basis for
the measurement. Both beams are coupled into the mQPG
waveguide, where the signal modes are up-converted into a
different output channel (corresponding to a distinct output
frequency) based on their overlap with each pump mode, i.e.,
with each eigenstate of the chosen measurement basis. The
output beam, centered at around 552 nm, is separated from the
unconverted signal and pump beams by a shortpass (SP) fil-
ter and then detected by a commercial charged-coupled device
(CCD) spectrograph (Andor Shamrock 500i). The number of
counts detected at each output frequency indicates the number
of photons measured in the corresponding mode.

Input state
preparation

Commercial

waveshaper
A
2
Ea

FIG. 4. Schematic of the experimental setup. The signal
(1545 nm) and pump (860 nm) pulses are generated by a Ti:sapphire
ultrafast laser with an OPO at a repetition rate of 80 MHz. Two
waveshapers generate the frequency-bin states in input from the
signal pulse and the frequency-bin basis for the measurement from
the pump pulse, respectively. In the mQPG waveguide, the signal
modes are up-converted into a distinct output frequency based on
their overlap with each pump mode. The output beam (552 nm) is
separated from the unconverted signal and pump beams by an SP
filter and then detected by a commercial CCD spectrograph (Andor
Shamrock 500i).

IV. RESULTS AND DISCUSSION

For the experimental verification of the bounds in Egs. (1)
and (2), we probed different types of input states and, for each
state, we calculated the entropy sum H(X)+ H(Y) + H(Z)
from the measured output probabilities. The results for the
two MUB triplets CDF and ABE are shown as filled markers
in Fig. 5, and compared to their respective lower entropy
bounds from Egs. (1) (green dashed line) and (2) (red dash-
dotted line). For each input state, the error bars are calculated
by sampling 500 sets of counts from a distribution with the
measured mean and standard deviation of the original dataset
and taking the 10%—90% spread of the corresponding entropy
distribution. The error bars are not visible in most points due
to their narrow extent.

The figure also shows the entropy values predicted via
realistic simulations of the measurement process. These sim-
ulations are obtained by first characterizing the performance
of the mQPG-based decoder through a quantum detector to-
mography [25,28,29] to reconstruct the actual POVMs. The
average measurement error (cross-talk) per basis falls be-
tween 0.5% (for basis {|a;)};) and 1.9% (for basis {|f;)};).
From the reconstructed POVMs, we calculated the expected
entropy that one would observe measuring each state with
this imperfect system, obtaining the hollow markers in
Fig. 5. These estimates almost perfectly match the measured
values, confirming that discrepancies with the theoretical
predictions are to be attributed to the imperfect detection
system.

The first type of probed input states are the eigenstates
of all six MUBs, labeled “internal” if they are eigenstates
of X, ¥, or Z, and “external” otherwise. The entropy sum
of the internal eigenstates (green squares) is always equal to
the value predicted in Eq. (1), which, for the triplet CDF, is
the minimum possible entropy sum. Contrarily, the external
eigenstates (blue diamonds) always maximize the entropy
sum.
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FIG. 5. Sum of the entropies calculated in d = 5 for the two MUB triplets CDF (left) and ABE (right) for different types of input states:
eigenstates of the MUBs in the selected triplet (green squares), eigenstates of the other MUBs (blue diamonds), random states (yellow circles),
and low-entropy states that violate the previous assumption of bound (1) (red triangles). The filled markers show the experimental data, whereas
the hollow markers describe the predicted results based on the characterized imperfect POVMs. The dashed green line and dash-dotted red line

indicate the two lower bounds (1) and (2), respectively.

Then, we probed pure random input states (orange circles),
generated by sampling amplitude and phase coefficients from
a uniform distribution and renormalizing the amplitudes. We
note that this method does not allow for truly uniform sam-
pling of the parameter space; however, this is not relevant in
the scope of this work, as we only look at random input states
to verify that they fall within the predicted entropy boundaries.

Finally, we probed states that are a superposition of four
states of the computational basis |a;), e.g., Y ; ¥;e%|a;)
with {y;} = (0.19323,0.680 19, 0, 0.680 19, 0.19323) and
{¢;} = (=37/5,7/5,0,0,0) (red triangles in Fig. 5). These
states were initially proven to minimize the sum of entropies
in four, five, and six MUBs in d = 5 [17]. However, while
testing this assumption, we observed that the sum of entropies
in the ABE triplet violated bound (1), previously assumed
to hold for any possible choice of MUB triplet. This con-
tradiction led to the discovery of bound in Eq. (2) for the
basis triplet ABE, while CDF maintains the known bound,
revealing the immediate experimental consequences of the
underlying asymmetry between sets of inequivalent MUBs.

Interestingly, while our primary goal in this demonstration
was to highlight the effect of inequivalent sets of MUBs on
uncertainty relations, our findings also provide an experimen-
tal verification of their existence that can, in principle, be
extended to higher dimensions. In fact, while the existence
and implications of inequivalent classes of MUBs have been
theoretically understood, their experimental verification has
remained elusive until very recently due to the subtlety of
these effects, which could only be observed by a setup capable
of performing simultaneous projections across a complete
and arbitrary basis. Reference [30] provided an important
verification in d = 4 using hybrid path-polarization encod-
ings; however, their method is based on indirect estimations
and lacks straightforward scalability to higher dimensions.
In contrast, our demonstration relates the existence of in-
equivalent sets of MUBs to the simplest and most direct
type of measurements. The versatility of the mQPG oper-
ating in the time-frequency degree of freedom makes our
approach naturally extensible [25,31], enabling experimental
verification of similar UR bounds if they are discovered in
higher-dimensional systems.

V. CONCLUSIONS

In conclusion, we have shown that the URs are shaped
by the inequivalence of sets of MUBs, which is a physical
fundamental proof that the amount of joint information that
one can have on maximally complementary observables can
depend on which of them are considered, even though the
overlap between the eigenstates of all maximally complemen-
tary observables is all the same, since they are MUBs. We
showed that two distinct URs appear for triplets of MUBs
in dimension d = 5, when the maximum joint information is
gauged by minimizing the sum of the entropies and of the
variances.

This effect has several implications that will be explored
in future work. For instance, in quantum key distribution, the
entropic uncertainty relations are known to provide a tight
bound on the secret key rate and are crucial for security proofs.
In addition, high-dimensional systems provide better key rates
and larger maximum tolerable errors. Then, complementarity-
based complementarity may be exploited to add a further
level of security. Moreover, uncertainty relations are at the
basis of many quantum information procedures (e.g., quantum
metrology). Another implication refers to the foundations of
quantum mechanics, where the investigation of URs in large
dimensional systems can shed light on their complementary
properties.
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APPENDIX

MUBEs, explicit form. In the case d =5, six MUBs are
known. The explicit expression of the vectors for each basis is
reported below as columns of the following matrices [8]:

1 0 0 0 O
0O 1 0 0 O
{lapy—,=|0 0 1 0 of, (A1)
0O 0 0 1 O
0O 0 0 0 1
1 1 1 1 1
1 1 o o & o
{1b;) ?:1 =—|1 & o o o],
' V5 1 & o o o
1 o & o w
1 1 1 1 1
2 3 4
{lepye, = L 43)4 CZ) 23 ai 432
Jij=1 =" >
V5 ot w? 1 o o
w 1 ot @ W?
1 1 1 1 1
1 0 ot 1 o0 @
dp)Y, = —=|e* o* o o 1],
o V5 w? 1 & o o
0 0 w 1 wt
1 1 1 1 1
1 0?0 ot 1 w
{|ej)}§=1 =—]o® 1 o o o],
V5 © o ot & 1
0w 1 ot @
1 1 1 1 1
1 ot 1 0 o @
o =—7le o 1 o o] (AY
V5 o o o 1 o
ot @ w w 1
where @ = ¢?7/3.
In dimension 4, we have five MUBs. Again, we display

them as columns of the following matrices [8]:

{laj)yio, =

1
by, =

SO o

2

oSO = O

o= OO

—1
—1

—
—

|

flep)i, (a3)

—i

-1 1 1

20 i
-1

Numerical minimization. The numerical minimization we
adopted here is very similar to the one exploited in Ref. [17].
We used the software package wolfram mathematica. We
parametrized the states in dimension 5 as follows:

|¥) = sina; sin &y sin a3 sin ase™'|0)
+ cos a; sin &, sin o3 sin aue'® [1)
+ cos &z sin a3 sin a4e'®|2) 4 cos s sin aze'®|3)

+ cos age'? |4), (A4)

i.e., a parametrization yielding the normalization of the state
intrinsically. Differently from Ref. [17], we checked the re-
sults of our optimizations by repeating the procedure twice:
The first one on reparametrized states where the weights in
Eq. (A4) were permuted with respect to the states of the basis,
and the second one on each of the reparametrized states but
expanded on the eigenstates of other MUBs.

For each MUB {|x;)}x in Eq. (A1), we retrieved the Born
probabilities in terms of the coefficients in Eq. (A4) through
the superpositions between the states of the MUB and the
generic state 1), namely,

plx) = (a1 (A5)
Then, we considered the Shannon entropies
5
H({lx)h) = =Y pu) log, pxc) (A6)
k=1
and the variances
AX? = (YIX?|y) — (WX |y)?, (A7)

with X = >y P(k)|xi) (xx|. We then minimized numerically
the sum of three entropies and the sum of three variances
for all possible triplets of distinct MUBs. The minimization
was performed by using the routine NMinimize of wolfram
mathematica, which finds the minimum of a function over a
given set of parameters and constraints.

Effects of the inequivalence of MUBs on the EURs. Here,
we inspect in more detail the effect of the inequivalence of
triplets of MUBs on the pertaining EURs. In particular, we
show that the combination of the MUBs in the triplets from S
and S, identifies two related subsets of the Born probabilities
inspected so far.

The MUBs shown in the Appendix are Hadamard
matrices related to each other through the unitary
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4 w*, w), with w = exp (i2 /5), as follows:

{lej)y = Uflb))},
{lej)} = U*{1b;)},
{ldj)} = U{1b))},
RERAINE

This structure inherently prevents from mapping any triplet in
the set S; of Eq. (3) into a triplet in S, of Eq. (4) by means
of a unitary matrix [8]. In the following lemma, we show how
these relations impact on the Born probabilities appearing in
the URs. In particular, the proof outlines how the structure of
the five-dimensional MUBs implies the same EUR in Eq. (1)
[Eq. (2)] for the triplets in the same set S (Sy).

Lemma Al. Let S; and S, be the two inequivalent subsets
of triplets of MUBs ind = 5. Let

U = diag(1, o,

— ) (" ("
P] = {pX1,l/fr)’ Py]"/,o, le’wo}j’j/,j” (A8)
and
— ) (" ("
PZ = {pXZJ/fU’ PYZ,,/,U, pzz,,/,U }j,j’.j” (A9)

be the two disjoint sets of probability vectors with X;Y,Z; €
S and XoY,7, € S5, where p(TJ’)% is the Born probability
of the superposition of the jth eigenstate of a basis T €
{A,B,C,D,E,F} with a five-dimensional pure state |y)
and { p(T/!)%}ﬁ=1 is the pertaining probability vector. Consider
the unitary U = diag(1, w, o*, »*, ), with o = exp (i27/5),
and the Fourier matrix ® = {b;};. Then, the transforma-
tions in the set V = {UN®MUL}y 1y, with N, L € {0, 1
mod 5, +2 mod 5} and M € {0, 1}, are automorphisms of
Pl and ’Pz. )
Proof. The probability p(T]!)% reads

Py, = 1(Wolt) %,
where {|t;)}; are the eigenstates of T, identifying one of
the MUBs. Due to the construction of the MUBs in terms
of Hadamard matrices, the probabilities p(T”)wO can always be
expressed as

(A10)

P = ol U™ @™ U Pyrlar) 2, (A11)

where {|a;)}; is the computational basis and Pj; is the permu-
tation exchanging the vector |ax) with |a;). U being a periodic
matrix such that U3 = I, we have [, ny € {0, £1 mod 5, +2
mod 5}, while for the Fourier matrix, we just need my =
0, £1. Permutations map the probability vectors {p(T"’)]/,O} j in
themselves and are therefore automorphisms for P; and P;.
Similarly, the action of U’ on the states of the computational
basis reduces to the multiplication for a global phase factor,
thus leaving p(T]_)d/0 unchanged. Conversely, the exponents my
and ny determine the basis T. If my = 0, the transformation
U" ™, again, rescales |a;) by an irrelevant phase factor,
while for my = %1, maps it to the state of another MUB, iden-
tified by nr. Now, we evaluate the probabilities in Eq. (A11)
on a state |y) = Vi), with unitary V. By definition of P;
and P,, if V1isan automorphism of the set of MUBs, namely,
V' :T — T, with T and T mutually unbiased, as

vigmemr = yrrenT, (A12)

then it is an automorphism of P; U P,, and

vi=ymrerrmyn = yNoMyt e p. (A13)

Now, we have to show that the transformations in ) identify
the two disjoint sets P; and P,. The application of the same

unitary V to the state |y) relates the triplets of probability

) (O G0) () (D] G"
vectors {py,, py,. Pz} and {pY’%, pYJ,wo’ pzj‘%} through

the equations

UN q)MULJrI‘lX q)mx — Uﬂyq)my’ (A14)
uNoMyltn omr = ynr e (A15)
uNoMylttrzom: = yrzemz, (A16)

Without loss of generality, we can restrict to the cases where
M =0,L#0and M # 0, L = 0, the remaining cases being
retrieved by shifting ny, ny, and nz by L. For the sake of
simplicity, we will set the triplet XY Z in the so-called standard
form, where one of the MUBs is the computational basis,
say X = {|a;)};, implying mx = 0. The proof with my = %1
follows the same line of argument and leads to the same
conclusions.

In the case M = 0, note that we can also set N = 0.
Then, Eqgs. (A14)—-(A16) fix mzy = mx =0, my = my # 0,
and mz; = mz # 0, respectively. Note that the last two must be
both non-null, or we would have repetitions of the computa-
tional basis in the same triplet. Finally, Eqs. (A15) and (A16)
set An = nz — ny = ny; — ny, implying that the application of
V fixes a relation between {V, Z} and {Y, Z}. From the pe-
riodicity of U, again An € {0, =1 mod 5, 2 mod 5}. We
must have An # 0 to avoid ¥ and Z being the same basis.
Moreover, the order in the difference An is irrelevant, and so
is its sign. These considerations leave us with two distinct
possibilities, either An = +£1 mod 5 or An ==+2 mod 5.
However, these identify two disjoint sets of triplets, the one
in Sy, featuring An = £1 mod 5, and the one in S,, with
An = £2 mod 5. If all the bases in the triplet are assumed to
be different from {a;};, then it is simple to see that one ends
with a similar set of conditions for ny, ny, and ny separating
the two sets of triplets as before. Hence, U’ maps the elements
of P, in elements of P; and the elements of P, in elements of
Pa.

In the case M #0,L =0, we need the following
identities:

d'U® =UDPLU, (A17)

DU = U OU’P),. (A18)

Again, we will neglect the contributions of permutations and
global phase shifts. From Eq. (A14), we have my = M and
ny = N. By exploiting Eqs. (A17) and (A18), we find that the
left members of Egs. (A15) and (A16) yield

U mx ™ =8nk,0(1 _ SnjA,O)UnY + Snk,il
X (1= 8, 2 U o™
+ 8p (1 — 8,,/,,2)5”1?’_] Ut g

+ 8y —2(1 — 8”!___2)3”%1U;1y+nk—lq)mk’
(A19)
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where §, 5, is the Kronecker delta, k # j, and k, j € {Y, Z}. By
requiring the equality with the right members of Eqgs. (A15)
and (A16), we find that the deltas identify the following
cases:
(i) ny =ngy+1 mod 5
ny =ny F+ 1 mod 5
implying An =nz —ny =n; —ny = £2 mod 5: the
transformations are automorphisms of P,;
(11) ny = I’ly:l: 1 mod 5
n7 =ny — 2 mod 5
implying An =n; —ny —1 and we have that either
An=1 mod 5 or An = —2 mod 5; in the first case, the
transformations are automorphisms of P, while in the second
one those of P5;
(iii) ny =ny £+ 1 mod 5
nzy=ng+2 mod 5
implying An =n; —ny+1 and we have that either
An=—1 mod 5 or An =2 mod 5; in the first case, the
transformations are automorphisms of P;, while in the second
one those of P;;
(iv) ny =ny —2 mod 5
}’IZ = I’ly —+ 2 mod 5
implying An = n; —ny +2 =1 mod 5: the transforma-
tions are automorphisms of P;.

Then, the automorphisms of the whole set of triplets of
probability vectors P; U P, are automorphisms of the disjoint
sets P; and P. [ |

Note that, while it has been proved [8] that the elements
of & cannot be mapped into elements of S, via unitary
transformations, Lemma A1 does not imply that there are no
unitaries mapping elements of P, into elements of P,. This is
a relevant distinction between the sets Sy, S, and the sets Py,
P,. Lemma A1 establishes that P; and P, are distinct equiva-
lence classes, which does not rule out that their elements can
be unitarily related. For instance, this is trivially the case if
[Yo) and |) = V|yg) are states of MUBS: given two inequiv-
alent triplets of MUBs, one can always pick two states from
different MUBs providing the same triplets of probability
vectors.

Since the Shannon entropies in the EURs here addressed
depend on the Born probabilities only, Lemma Al is a suf-
ficient condition for the EUR in Eq. (1) [Eq. (2)] to hold
for all the triplets in the set S (S;). On the other hand, the
existence of distinct lower bounds is a necessary, but not
sufficient, condition for the inequivalence of P; and P, since
it implies that there is no unitary transformation that can map
the optimal states saturating the EUR for the triplets in S, into
equivalent optimal states for the triplets in S;.
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