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Nonequilibrium states of matter, when driven periodically, can exhibit exotic properties and emergent behav-
iors that are fundamentally distinct from those in equilibrium systems. To investigate the dynamical behavior
of a particle system under time-periodic external forces, we performed numerical simulations of the motion of
a particle initially trapped in an inverted Gaussian potential. Under strong driving, the center of motion of the
particle shifts away from the origin of the trap potential, either toward the positive or negative direction. This
behavior is explained by a time-averaged effective potential of the periodically driven system, which becomes
double-well shaped under strong driving and thereby induces bistability with respect to the center of motion.
Once the center of motion converges to either of the two local minima of the effective potential, inversion
symmetry breaking occurs, giving rise to even-order harmonic generation despite the centrosymmetric nature of
the original system. We show that the time-averaged position of the particle can be switched between the bistable
points by additional control pulses. Conditions under which subharmonic generation occurs are also discussed.
The demonstrated inversion symmetry breaking by periodic driving may lead to a scheme for manipulating

localized particles and nonlinear optical responses that are inaccessible in the near-equilibrium regime.
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I. INTRODUCTION

Understanding the behavior of a system driven out of equi-
librium by a time-periodic force is one of the central issues
in the research of nonequilibrium phenomena. One intrigu-
ing prospect is the dynamical control of material properties
and the realization of novel quantum phases that are absent
in equilibrium—a concept recently termed “Floquet engi-
neering” [1-7]. Experiments in ultracold atomic gases have
proven the effectiveness of this concept by demonstrating
dynamic control of, e.g., the matter-wave tunneling [8], quan-
tum phase transition [9], artificial magnetic fields and spin
interactions [10,11], and topological properties [12—16]. Flo-
quet engineering has also been applied to solid-state systems,
and various captivating phenomena have been theoretically
proposed, as exemplified by optical control of topological
properties and quantum degrees of freedom [17-25]. Exper-
imentally, Floquet-Bloch states have been identified in the
surface states of topological insulators and in semiconductors
through time- and angle-resolved photoemission spectroscopy
[26-31]. Coherent modulations of the material’s properties
by laser fields have recently been examined. Light-induced
modulation of linear and nonlinear optical properties has
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been observed in semiconductors, insulators, and semimetals
[32-35]. Light-induced anomalous Hall conductivity has been
reported in graphene [36] and a Dirac semimetal [37], and is
attributed to the modulation of the band topology.

Although Floquet engineering inherently relies on a
quantum-mechanical description based on the Floquet theory,
a simple classical approach can often capture the essence
of the nonequilibrium dynamics under periodic driving. A
well-known example is the Kapitza’s pendulum, in which a
high-frequency vibration stabilizes the pendulum at an in-
verted position that is unstable in equilibrium [38]. Kapitza’s
pendulum vividly demonstrates how periodic driving can
modify the potential landscape of a system and is often re-
ferred to as an intuitive introduction to Floquet engineering.

Such a modified potential in a periodically driven system
may lead to a symmetry distinct from that in equilibrium. Re-
cent experiments have reported second-harmonic generation
of infrared or terahertz pulses from centrosymmetric super-
conductors [39—-41], although the interpretations provided in
those works do not explicitly employ the Floquet formalism.
The second-harmonic generation observed in Ref. [39] has
been attributed to the dynamics of magnetic vortices trapped
in a short-range pinning potential and driven by an oscillating
Lorentz force induced by the terahertz current. A similar setup
has been used to explain the nonmonotonic switching between
the superconducting and normal states observed in Ref. [42].
These results suggest that exotic phenomena may arise when
a particle in an anharmonic potential is exposed to strong
periodic driving.

In this study, we demonstrate a prominent example of such
nontrivial dynamics: Spatial inversion symmetry is broken by
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FIG. 1. (a) An inverted Gaussian potential V(x) where a particle
is trapped and (b) a pulsed oscillating force Fpy(f) used in the
simulation.

ac-pulse driving even in a centrosymmetric system, giving
rise to even-order nonlinear responses that are forbidden by
symmetry in equilibrium. To elucidate the essential behavior
of a periodically driven particle, here we adopt a minimal
model. We simulate the dynamics of a particle in an inverted
Gaussian potential driven by a time-periodic external force. In
Sec. II, we consider a pulsed oscillating force and show that,
under strong driving, the center of oscillatory motion shifts
away from the bottom of the trap potential, exhibiting bistable
behavior. To clarify the underlying mechanism, we employ a
ramped oscillating force in Sec. III and analyze the properties
of the resulting steady-state oscillation. The time-averaged
effective potential responsible for the bistability is explicitly
calculated in Sec. IV. In Sec. V, we discuss the implications
of the effective potential, namely, the convergence to the local
minima of the effective potential and the switching between
them by additional pulsed forces. We also demonstrate that
the emergent inversion symmetry breaking gives rise to even-
order nonlinear responses to additional perturbations. Finally,
in Sec. VI, we discuss the possible observation of subhar-
monic generation. We summarize our results in Sec. VIIL.

II. DYNAMICS DRIVEN BY PULSED
OSCILLATING FORCE

In the simulation, we apply an oscillating force to a particle
initially at rest in the inverted Gaussian potential [Fig. 1(a)].
At the initial state, the particle is located at position x = 0
with velocity v = 0, and the external force is gradually intro-
duced. First, we consider applying a pulsed oscillating force,
as depicted in Fig. 1(b), to emulate experimental conditions
relevant to laser-pulse-induced phenomena. Intense ultrafast
laser pulses are powerful tools for driving matter into nonequi-
librium states and have been widely used in experiments on
condensed-matter systems. The present setup corresponds, for
example, to a magnetic vortex in a pinning potential driven by
a Lorentz force generated by a terahertz oscillating current,
or more generally, to an electron confined in an impurity
potential and driven by an optical field.

We simulate the dynamics by numerically solving the clas-
sical equation of motion, which reads

d*x P av dx 0
my—s = Fouge — — — moy —,
Oqrz ~ e T gy T
2
Vx) = -V -, 2
(x) oexp[ 20[2} )
\2
Fpulse(t) =K Sin(_wt)expl:_(;> :|v (3)

where V(x) is the inverted Gaussian trap potential with the
depth Vp and the width a. Fpye(?) is the pulsed oscillating
force with a Gaussian envelope, where Fj is the peak ampli-
tude, w is the angular frequency, and 7 is the pulse duration.
We also include a relaxation term by introducing a viscous
drag coefficient y. A similar setup without a relaxation term
(y = 0) has been analyzed in previous studies of atomic sys-
tems exposed to strong laser fields, where the suppression of
ionization in the superintense-field regime has been predicted
[43-45]. In the absence of friction, however, the system tends
to exhibit chaotic dynamics, which prevents systematic inves-
tigation of symmetry breaking and associated harmonic gener-
ation. In this study, a finite relaxation constant is introduced to
account for dissipation, which is ubiquitous in condensed mat-
ter. The inclusion of a friction term smoothens the dynamics,
allowing us to capture the essential features of the nonlinear
response and to interpret them intuitively in terms of spatial
inversion symmetry breaking. We analyze the dynamics in the
classical regime and discuss the resulting nontrivial behavior.

Below, we adopt my=1, Vo =1, a =127, y =
I, T =35, unless otherwise mentioned. We set the driving
frequency w/2m = 1, which is in resonance with the natural
frequency of the harmonic oscillation around the potential
minimum at the origin. The dependence of the dynamics on
each parameter will be discussed later.

Figures 2(a)-2(d) show the time evolution of the particle’s
position x calculated for different amplitudes of the external
force Fy. When F is sufficiently small, the particle oscillates
in the vicinity of the potential minimum. In this regime, the
particle experiences a nearly harmonic potential, and thus
exhibits sinusoidal oscillations with a Gaussian envelope, as
shown in Fig. 2(a). This leads to an equal distribution of
x in the positive and negative regions. However, as Fy in-
creases, qualitatively different dynamics appear. As shown in
Fig. 2(b), the center of oscillatory motion shifts toward the
positive direction at Fp = 21. With a further increase of Fy,
the oscillation amplitude first recovers a nearly symmetric
shape at Fy = 23.4 [Fig. 2(c)], and then the oscillation center
shifts toward the negative direction at Fp = 28 [Fig. 2(d)].
These results suggest the emergence of symmetry breaking
in the driven system, raising a possibility of a counterintuitive
phenomenon; when a particle trapped in a centrosymmetric
potential is irradiated by a linearly polarized light, even-order
harmonics can be generated.

Figure 2(e) shows the Fourier spectrum of the velocity at
Fy = 28. Indeed, when the particle exhibits polarized oscilla-
tion, even-order harmonic generation, including a rectification
effect, can be discerned, despite the original system being
centrosymmetric. We note that this symmetry breaking does
not originate from a tailored configuration of the driving force,
for example, as proposed in Refs. [46-50].

To quantitatively analyze the emergence of symmetry
breaking, we evaluate the quasistatic displacement of the par-
ticle defined by

T
Xave = / x(t)dt/2z. @

For the case of the pulsed force, x,, is calculated as the
time average of x while the pulsed force is applied [the shaded
time region in Fig. 2(d)]. Figure 2(f) shows x,. as a function
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FIG. 2. The position x(t) of the particle driven by Fy, with
(a) Fp = 0.5, (b) Fy = 21, (c) Fyp = 23.4, and (d) Fy = 28. (e) Fourier
spectrum of v(t) at Fy = 28. (f) Fy dependence of x,,.. Fy dependence
of (g) the second-harmonic intensity and (h) the third-harmonic
intensity.

of Fy, where several interesting characteristics are identified.
As seen earlier, x,,. = 0 in the small-Fp region; i.e., the os-
cillation motion is symmetric. On the other hand, a finite x,y.
appears above a threshold around Fy = 9. As Fy increases fur-
ther, the magnitude of x,,. grows while occasionally switching
its polarity (positive or negative). The growth curve of X,
appears to follow a certain envelope. Figures 2(g) and 2(h)
show the intensities of the second harmonic (SH) and the third
harmonic (TH), respectively, as a function of Fy. While the
SH intensity remains zero in the small-F; region, it emerges
above the threshold for producing a finite x,y.. In contrast, the
TH intensity continuously grows from Fp = 0 and saturates in
the large-Fj region.

III. DYNAMICS DRIVEN BY
RAMPED OSCILLATING FORCE

We now discuss the mechanism that leads to this ac field-
driven symmetry breaking. Under the pulsed oscillating force,
the dynamics is inherently transient and a steady state cannot
be reached, which complicates the stability analysis of the
particle’s trajectory. Therefore, in the following, we employ
a ramped oscillating force, as shown in Fig. 3(a), where the
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FIG. 3. (a) Ramped oscillating force Fump(t). (b) x(¢) driven
by Famp With Fy = 13. (c) Corresponding trajectory of (x(¢), v(t))
in phase space. The dashed line in panel (b) and the diamond in
panel (c) indicate the time-averaged position x,,. over one period of
the steady oscillation.

time-periodic force is gradually ramped up. This form of the
external force enables a smooth evolution from the initial
state to the steady state of the particle’s forced oscillation,
as described in detail later, thereby allowing us to analyze
the properties of the steady oscillation. Note that this setup
emulates experimental conditions in which a continuous ex-
ternal force (such as a continuous-wave laser field) is ramped
up from zero for a particle initially at rest.
The external force is given by

2
Fap) =F sin(—a)t)<1 — exp|:— (%) :|>, (®)]

whose amplitude is ramped up over a time constant T and
then maintained at a constant amplitude of F, [Fig. 3(a)].
Figure 3(b) shows a typical time evolution of x calculated
with Fy = 13, where a steady state of the forced oscillation
is reached in the late-time region. As in the case of the pulsed
force, the center of motion is shifted away from the origin
when F is sufficiently large. Figure 3(c) illustrates the dy-
namics of the particle in phase space; i.e., the trajectory is
plotted in the two-dimensional space spanned by x and v. The
realization of a steady oscillation corresponds to convergence
to a closed trajectory in phase space, namely, a limit cycle. The
center of the limit cycle, which we define as the time-averaged
position x,y over one period of the steady oscillation, is dis-
placed from the origin [Fig. 3(c)].

To analyze the convergence to a limit cycle, we com-
pute the stroboscopic map of the periodically driven
system. In the stroboscopic map, starting from an ini-
tial state (x(fp), v(fp)) in phase space, we calculate the
time evolution over one period of the external force to
obtain the final state (x(tp + 7T), v(to + 7)), where T =
27 /w. We then examine the phase-space difference AP =
x(to +T) —x(tp), v(to+T) — v(tp)). If AP =0, the point
(x(f9), v(fp)) lies on the trajectory of a limit cycle. Since
we are interested in the properties of the steady state at the
late-time region, we use a sinusoidal oscillation as the external
force (after the ramping of Fmp has been completed). The
initial time 7y is arbitrary, and we set o = 0.

In Fig. 4, the magnitude and the direction of AP are
mapped onto the phase space. When Fj is sufficiently small,
as shown in Fig. 4(a), there exists a point near x = 0 where
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FIG. 4. Stroboscopic map of the phase-space difference, AP = (x(to + T) — x(tp), v(to + T) — v(ty)), calculated for (a) Fy = 0.5 and

(b) Fp = 30.

the magnitude of AP is zero, indicating the presence of a
limit cycle. The surrounding AP arrows converge toward this
point, indicating that any trajectory starting from its vicinity
approaches this point after one period. Therefore, the corre-
sponding limit cycle is an attractor, which is robust against
perturbations. Figure 4(a) shows that the system possesses
a single stable limit cycle under weak driving, which corre-
sponds to the harmonic oscillation. The red regions (AP = 0)
on the positive and negative x sides in Fig. 4(a) are not relevant
because they represent trajectories of the forced oscillation
in free space, starting from the initial state outside the trap
potential. Although these trajectories also form limit cycles,
they are not stable against perturbations.

The property of the limit cycle changes qualitatively under
strong driving. As shown in Fig. 4(b), although there remains
a region of AP =0 near x =0, the AP arrows no longer
converge toward this point, indicating that it corresponds to an
unstable limit cycle. Instead, two red regions appear on both
sides of the unstable limit cycle near the origin, and the AP
arrows point toward these regions, indicating the emergence
of two stable limit cycles. These results reveal that the stability
of the limit cycles depends on the driving strength: while
a single stable limit cycle exists under weak driving, strong
driving gives rise to two stable limit cycles (bistability).

To investigate how this bistability emerges, we evaluate
Xave for the steady oscillations at different driving strengths to
determine the center of motion of the limit cycles. Here, xaye
is defined as the time-averaged position over one period of the
steady oscillation. Figure 5 shows x,,. as a function of Fy. The
sign of x,y in the steady state depends on the sinusoidal phase
of the external force, while its magnitude remains unchanged.
For a clearer view of the emergence of the bistability, Fig. 5
shows the results calculated with driving phases of 0 and &
superimposed. In the weak-driving regime, x,,. = 0, indicat-
ing the oscillation center lies at the origin. This is because
the particle oscillates near the bottom of the potential, where
the potential is almost harmonic. However, as Fp increases
and exceeds a threshold at Fy ~ 9, a pitchfork bifurcation
occurs: The oscillation center splits into two branches in the
positive and negative regions. These two branches embody
the bistability of the limit cycles observed in Fig. 4(b). As
shown in Fig. 5, since the Gaussian trap potential is isotropic,

the bistable branches appear symmetrically with respect to the
origin, and the displacement increases monotonically with Fj.
The displacement of the oscillation center persists without
saturation, and hence x,,. grows beyond the width of the
Gaussian trap potential (,/2a = 0.23).

In light of this emergent bistability, we can now inter-
pret the dynamics under the pulsed oscillating force observed
in Fig. 2. When driven strongly, two symmetric centers of
motion appear in the positive and negative x regions. The
stabilities of these two states are energetically equivalent, and
the particle becomes displaced toward either the positive or
negative region. The destination of the oscillation center is
determined by the amplitude and phase of the driving force
and depends on the viscous drag coefficient y. Although
the dynamics is deterministic, its dependence on these pa-
rameters is complicated and becomes chaotic at smaller y.
After the pulsed force ceases, the particle relaxes back to
the bottom of the trap potential. Such an adiabatic following
explains the seemingly counterintuitive motion observed in
Fig. 2. Comparison between Figs. 2(f) and 5 suggests that
the observed bifurcation behavior originates from the same
underlying mechanism. Therefore, the key features of the
behavior observed under the pulsed oscillating force can be

0.6 0
04} T
0.2 -
x% 0.0 stable unstable
02 Sfab/e —
0.4 o
06 ! ! ! ! ! ™~
0 5 10 15 20 25 30
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FIG. 5. Fy dependence of x,. calculated in the steady-state
regime. Results for the driving phases of 0 and 7 in F,n, are su-
perimposed. 7 = 15.
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consistently captured by investigating the steady oscillations
induced by the ramped oscillating force.

IV. EFFECTIVE POTENTIAL CALCULATED
BY THE TIME-AVERAGING METHOD

Through numerical calculations, we have found that
bistable oscillation centers emerge under strong driving in the
form of a pitchfork bifurcation. To elucidate the underlying
mechanism, we calculate the time-averaged effective poten-
tial, which provides an intuitive insight into the behavior of
the periodically driven system.

Here, our interest lies in the position of the oscillation
center of the particle, which shifts slowly compared to the
oscillation period of the external driving force, as shown in
Fig. 3. To highlight the motion of the oscillation center, it is
useful to decompose the dynamics of x(¢) into a fast com-
ponent e(¢), which oscillates at the same frequency as the
external force, and a slow component X(¢), which describes
the gradual shift of the oscillation center:

x(1) =X(t) +&(). (6)

We then introduce a time-averaging operation over one
period of the external force,

1 t+%
(x@)r = 7/ . x(t')dt', (N

which effectively coarse grains the motion over the time
T = 2m /w. Under this averaging, the fast component &(¢) and
its derivatives vanish, while the slow component X(¢) and its
derivatives remain unchanged:

EO)r = 0y = ()7 =0, ®)
X)) =X@), ©)

(X)) =X@), (10)

(X(O)y =X @), (1)

(F@)r =0. (12)

Consequently, the original equation of motion can be refor-
mulated in terms of X(¢), resulting in

.. . d
moX (1) +moy X (1) = <—d—XV(X(t)+8(f))> 13)

T

Equation (13) can be interpreted as describing the dy-
namics of X(t) under a force derived from a time-averaged
effective potential. In evaluating the right-hand side of
Eq. (13), we assume that the variation of X(¢#) during one
cycle of the external force is negligibly small compared to
that of &(¢), and hence approximate X(¢) as constant during
the time-averaging operation. With this approximation, the
right-hand side of Eq. (13) can be written as

CVer [y 14
X < X ( &( ))>T- (14)

Equation (14) indicates that the force derived from the
effective potential is given by the time-averaged force exerted

by the original potential over one oscillation cycle of the
particle around the position X. The time-averaging operation
in Eq. (14) can be transformed into a spatial convolution of the
original force [Fig. 6(a)] with an appropriate weighting func-
tion through a change of variables. The weighting function,
or “density of states,” corresponds to the dwell time, i.e., the
amount of time the particle spends at each position x during
one oscillation cycle.

To proceed, we rewrite Eq. (14) with a further approxima-
tion. Although an analytic solution for the rapidly oscillating
component &(¢) is not available, it exhibits a nearly sinusoidal
oscillation with period 7, as confirmed in Fig. 3. We therefore
approximate it by a simple sinusoidal motion with amplitude
o,

e(t) = o sin(wt + §). (15)

When &(¢) is sinusoidal, the weighting function can be
expressed as

p(x) = (16)

1
a1 =x%
which is shown in Fig. 6(b). Under these approximations,
Eq. (14) can be rewritten as

dVeir (X) Xtoo /¥ —X\dV(x)
_aremi i) _ 7 17
70,4 /X P o dx’' * 17

—a

It should be noted that the particle spends the least time at
the center of oscillation and the most time at the turning points
during the oscillatory motion. Consequently, the weighting
function given by Eq. (16) takes its minimum at the center
and reaches its maximum at the edges. This characteristic
of the weighting function plays a crucial role in determining
the effective potential in the periodically driven system. Since
Eq. (17) provides the derivative of the effective potential, we
integrate it to obtain the effective potential in real space.

The calculated results are shown in Figs. 6(c) and 6(d).
Figure 6(c) represents the derivatives (i.e., the effective force),
and Fig. 6(d) shows the effective potential in real space.
For a small oscillation amplitude (¢ = 0.2), the width of the
weighting function is narrow, and hence the shape of the
effective potential does not deviate significantly from that
of the original potential. Indeed, the curves for o = 0.2 ex-
hibit a slightly broadened Gaussian-like shape. At a larger
oscillation amplitude (o = 0.3), the bottom of the effective
potential becomes increasingly flat. At an even larger ampli-
tude (o = 0.5), the origin turns into an unstable point, and
new local minima emerge around x = +0.35. Consequently,
the effective potential takes on a double-well shape. The
newly developed potential minima correspond to the bistable
centers of motion observed in the numerical simulations. Fig-
ure 6(e) shows the more detailed o dependence of Vg (X).
The local minima of the double-well potential appear through
a bifurcation, as shown in Fig. 6(f). The depth of the potential
trap (activation energy necessary for hopping to the other
minimum) and natural frequency around the local minima
develop nonmonotonically as functions of F [Figs. 6(g) and
6(h)].

To assess the validity of the time-averaged effective po-
tential, the local minima of V.4(X) are compared with the
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FIG. 6. (a) Spatial derivative of the original inverted Gaussian potential —dV (x)/dx. (b) Weighting function p(x). (c) Effective force
derived from the time-averaged potential —d V(X )/dX calculated with different oscillation amplitudes o. (d) Corresponding landscape of
the effective potential V(X ). (e) Vegr(X) calculated for different values of o, from o = 0 to ¢ = 2. o dependence of (f) the position, (g) the
trap depth (activation energy required for hopping to the other minimum), and (h) the natural frequency derived from the curvature at the local

minima of Vg (X).

numerically calculated x,,. in Fig. 7(b). For this comparison,
a conversion between Fy and o, i.e., between the ampli-
tude of the external force and that of the steady oscillation,
is required. Here, o denotes the amplitude of a sinusoidal
oscillation that approximates the steady-state motion. To es-
tablish the relation between F, and o, we assume that o =
(Xmax — Xmin)/2, Where Xmax and xp;, are the maximum and
minimum values of x over one cycle of the steady oscillation,
and evaluate its dependence on Fy. The result is shown in
Fig. 7(a), which provides the conversion function between Fj
and o. Using this relation, the plot in Fig. 7(b) is obtained.
Although a slight deviation is observed in the threshold value
of Fy, the effective potential well reproduces the numerically
obtained bifurcation behavior of the steady oscillation.

We now give an intuitive explanation for why the effective
potential changes to a double-well form under strong driving.
As mentioned earlier, during the oscillatory motion, a particle
spends less time near the center and more time near the edges.
Then, consider a question: Under a forced oscillation with
a given amplitude, where should the center of oscillation be
located to minimize the energy cost? The answer can be found

(a) T T (b) '
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FIG. 7. (a) Fy dependence of the steady-state oscillation ampli-
tude, (Xmax — Xmin)/2. (b) Comparison between the local minima
of Ve (X) and the numerically calculated x,.. In plotting the Fy
dependence of the local minima of the effective potential, we assume
that o in Fig. 6(f) corresponds to (Xpmax — Xmin)/2 in panel (a).

by comparing Figs. 8(a) and 8(b). When the oscillation ampli-
tude is sufficiently large, the total energy over one cycle can be
reduced by shifting the center of oscillation either toward the
positive or negative side [Fig. 8(b)] to make the particle stay
longer at the bottom of the original potential. This energetic
advantage accounts for the emergence of bistable oscillation
centers that are symmetrically displaced from the origin.

V. IMPLICATIONS OF THE EFFECTIVE POTENTIAL

Hitherto, we have calculated the effective potential that
describes the center of the steady-state forced oscillation.
However, it is nontrivial whether the center of motion, starting
from the initial state (x = 0, v = 0), always reaches one of the
bistable minima of the effective potential. In other words, it
is not guaranteed that a trajectory converges to a stable limit
cycle of the driven system.

In this study, we consider the dynamics of a particle that is
initially at rest at the origin (x = 0, v = 0) and is driven by the
external force ramped up from zero over a finite rise time t.
In the following, we demonstrate that t has a crucial influence
on the destination of the trajectory, i.e., which steady state the
system eventually reaches.

(a) stay long  (b)
DR o €nnrrnans >
0.0 o— o 0.0 ' ' o
< 04 \ / 1 .04 i -
-0.8 B -0.81- \J n
L L L 1 1
-1.0 -0.5/ 00 05 1.0 -10 -05 00 05 1.0
pass quickly  x X

FIG. 8. Schematic drawing of the steady oscillation with the
center (a) located at the origin and (b) shifted away from the origin.
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FIG. 9. x(t) calculated with Fy = 12 and with rise times of
(a) T =5 and (b) T = 1. Fy dependence of x,,. calculated with (c)
t=10,(d)t =4,and (e) T = 1.

Figures 9(a) and 9(b) compare the dynamics under dif-
ferent rise times, while keeping other parameters fixed. In
Fig. 9(a), where the external force is ramped up slowly (t =
5), a steady oscillation around x = 0.18 appears, which cor-
responds to one of the stable points in the effective potential
for Fy = 12. In contrast, when the external force is ramped
up rapidly (with T = 1), as shown in Fig. 9(b), the particle
escapes from the trap potential and oscillates in free space.
In this case, the particle fails to reach the bistable points
of the effective potential. The destination of the trajectory
in Fig. 9(b) corresponds to the red region extending to the
positive side in Fig. 4(b), i.e., an unstable limit cycle.

The dependence on 7 is summarized in Figs. 9(c)-9(e),
where the time-averaged position x,y (evaluated over t =
120-150) is plotted as a function of Fy for different values of
7. When the external force is ramped up slowly, the particle
always reaches one of the bistable states, and the bifurcation
curve can be clearly identified, as shown in Fig. 9(c). On the
other hand, when the field is ramped up quickly, as shown
in Figs. 9(d) and 9(e), the particle is prone to escaping to
free space. In other words, the trajectory frequently fails to
converge to the bistable minima of the effective potential.
These results indicate that, to ensure a smooth transition from
the static state of an undriven system to a stable steady state of
the driven system, it is crucial to introduce the external force
gradually, in an adiabatic manner.

The connectivity to the bistable steady state also depends
on parameters other than t. Figures 10(a)-10(f) show plots
similar to Fig. 9, where the dependences on the viscous
drag (friction) constant y and the driving frequency w are
examined. In Figs. 10(a)-10(c), x,ye is calculated using dif-
ferent values of y, while other parameters are fixed. The
results show that larger friction leads to better convergence
to the bistable states, even under the same rise time of Famp.
Similarly, Figs. 10(d)-10(f) show that detuning the driving
frequency toward higher frequencies improves convergence
to the bistable states. These results indicate that “smoother”
dynamics, achieved by larger friction or higher driving fre-
quency, facilitate connection to the bistable points of the
effective potential of the driven system. For a complementary
perspective, the detailed dependence on these parameters is
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FIG. 10. y dependence of x,., calculated with (a) y = 1.5,
(b) y =1, and (c¢) y = 0.7. o dependence of x,., calculated with
(d) w/2r =1.2, (e) w/2w =1, and (f) w/27 = 0.8. For the cal-
culations shown in panels (a)—(f), a rise time of T = 4 is used, and
w/27 = 11n panels (a)—(c), and y = 1 in panels (d)—(f).

shown in Fig. 11, where the deviation of x,,. in the steady
oscillation from the bistable point is plotted as a function of
7, ¥, and w. The calculations were performed with Fy = 12.
In our simulation, the steady state was found to be sensitive to
the initial conditions of the external driving. In other words,
the steady oscillation is not uniquely determined unless the
initial state is specified, which can be a crucial factor in real
experiments. Simulations employing a ramped force naturally
incorporate this aspect. In Fig. 11, results for ¢ =0, 0.2,
0.4m, 0.6, and 0.87 are plotted simultaneously, where ¢ de-
notes the phase of the external force. Here, a finite value on
the vertical axis indicates a failure to converge to the bistable
points. Figure 11 demonstrates that a longer 7, larger y, and
higher w configuration facilitates convergence to the bistable
points. Overall, these results emphasize that the bistable state
under periodic driving is not trivially reached and critically
depends on the dynamical properties of the driven system.
The dependence of harmonic generation on the system
parameter is examined in Fig. 12. Figures 12(b) and 12(c)
compare the harmonic intensities generated from the steady
oscillation, calculated with y = 0.7 and 2. Although we
adopted a long rise time of v = 30, x,, sometimes fails to
converge to the bistable points in the case of y = 0.7. When
the particle escapes from the trap potential, it oscillates in
free space, and consequently, no harmonics are generated.

N
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FIG. 11. Dependence of the deviation of x,, from the bistable
points on (a) 7, (b) y, and (c) w. Different colors represent results
obtained for different phases of the external driving force. The calcu-
lations were performed with (a) Fy = 12,y = 1, w = 1; (b) Fy = 12,
t=4w=Land(c)Fp =12, 1 =4,y =1.
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FIG. 12. Fy dependence of (a) x,y and the intensity of (b) the
second and (c) the third harmonics generated from the steady oscil-
lation. The calculations were performed with T = 30, /27 = 1, and
y =0.7or 2.

Indeed, the SH and TH intensities fall to zero when x,,. fails
to converge to the bistable points [compare Fig. 12(a) with
Figs. 12(b) and 12(c)]. Apart from this behavior, the Fy depen-
dence of the SH and TH intensities does not show a significant
difference between y = 0.7 and 2. Since a larger y leads to a
smaller amplitude of the steady oscillation, the threshold for
the pitchfork bifurcation slightly increases at larger y, which
in turn affects the emergence of SH in Fig. 12(b).

Under appropriate conditions for Fiayp, the center of mo-
tion of the particle converges to one of the bistable points in
the effective potential. In the absence of other perturbations,
these bistable points are energetically equivalent, and the des-
tination of the particle is determined by the parameters of the
system in a nontrivial manner. This raises another question
of whether it is possible to switch between these bistable
points afterward. To examine this possibility, we apply an-
other pulsed stimulus to the periodically driven particle. First,
Framp with Fy = 12 is ramped up at # = 0 so that the bistable
steady state is reached. Then, we apply a control pulse

2
R(t)=F sin(—Q(t—td))exp|:—<t_Ttd> ] (18)

Here, we adopt a small amplitude of F; = 1 and a rela-
tively low frequency of €2 = 0.75, since the natural frequency
around the local minima in Vg (X) is relatively low, as shown
in Fig. 6(h). F; is applied at sufficiently later times, 7; = 100
and 200, as shown in Fig. 13(a). Figure 13(b) shows the sim-
ulated dynamics of the time-averaged position over one cycle
of the external force (x(¢)), calculated according to Eq. (7).
After Fiayp is ramped up, (x) reaches one of the bistable points
in the positive region at ¢ ~ 20. Then, upon application of a
control pulse F; at + = 100, (x) jumps to another stable point

(a) 1.0 T T T
0.5
uw 0.0
-0.5
-1.0 ' ! L

(b) 0.3 T T T T

0.1 .

0.0

-0.1 -
-0.2 .
0.3 | | | | |

0 50 100 150 200 250 300
Time

<>

FIG. 13. (a) Control pulse F.(¢). (b) Time evolution of (x(¢))
driven by Framp + Fe.

in the negative region. (x) remains constant until another F; is
applied, which again switches the sign of (x). This observation
suggests that switching between the bistable points can be
achieved by applying a weak pulsed force as a stimulus.

When the center of motion is shifted away from the origin,
as schematically illustrated in Fig. 8(b), the periodic motion
of the particle, i.e., the rapidly oscillating component &(¢),
becomes asymmetric between the positive and negative di-
rections. This asymmetry in &(¢) results in the generation of
even-order harmonics of the driving frequency w, as shown
in Figs. 2(e) and 12(b). In this case, the slow component
X(¢) stays localized at one of the minima of the double-well
effective potential, where the potential landscape is locally
asymmetric. Consequently, when the system is observed on a
timescale much slower than w, the periodic driving effectively
induces properties associated with broken spatial inversion
symmetry.

To examine the effect of the broken symmetry in the ef-
fective potential, we apply a low-frequency oscillating force
Ft on top of Fruyp and simulate the resulting dynamics. Fy is
given by

2
Fe(0)=F, sinQ(t —14)) x (l—epo%) Du(t—m,

where F) is the amplitude and 2 = 0.05 is the frequency
much smaller than @ =1 of Fayp. u(t) denotes the unit-step
function. In the simulation, Fiymp with Fo = 12 is ramped up at
t = 0, and Fjs is ramped up at a sufficiently later time, 7, = 50.
As shown in Fig. 9(a), the steady state is already reached at
t = t4. After a sufficiently long time, the oscillatory motion
in the new steady state is calculated. The Fourier spectra of
v(t) in the steady oscillation regime are shown in Fig. 14.
As Fj increases, higher harmonics, including even orders,
continuously emerge. This perturbative even-order harmonic
generation with respect to the additional pulse F¢ (¢ ) manifests
the inversion symmetry breaking of the driven system. Con-
sequently, effective nonlinear susceptibilities for even-order
harmonic generation become active in the periodically driven
steady state due to the inversion symmetry breaking associ-
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FIG. 14. Fourier spectra of v(¢) in the low-frequency region. The
particle is driven by Fy, + Fir, and the results are calculated with
different values of F.

ated with the local minima of the double-well-shaped effective
potential. This phenomenon can be contrasted with the widely
observed field-induced second-harmonic generation [51-53],
where static external fields break the inversion symmetry of
the system. In the present case, the rapidly oscillating external
force does not have a fixed polarity, and the inversion symme-
try is effectively broken only after the bistability emerges.

VI. SUBHARMONIC GENERATION

So far, we have focused on the bistability that emerges un-
der strong periodic driving. There, we have assumed that the
particle oscillates at the same frequency as, or at higher-order
harmonics of, the driving force Fymp. In the following, we
demonstrate that more complex dynamics emerge for specific
parameter values.

Figures 15(a), 15(d), and 15(g) show the dynamics of the
time-averaged position {(x(¢)) at different amplitudes of Fyymp.
The time averaging is performed according to Eq. (7), in the
same manner as in Fig. 13(b). Figure 15(a) shows the dynam-
ics at Fy = 12, where (x) converges to one of the bistable
points and remains constant at later times after # ~ 20. This
indicates that the particle is in a steady oscillation around
the local minimum of the effective potential, at the same
frequency as or at integer-order harmonics of the driving
frequency (@ = 1). The Fourier spectrum of the velocity v(¢)
in this steady oscillation [shaded time region in Fig. 15(a)]
is plotted in Fig. 15(b), where peaks at the fundamental fre-
quency and its higher-order harmonics can be identified. As
explained earlier, this spectrum contains even-order harmon-
ics, while the DC component is not included in the steady
oscillation. The corresponding limit cycle in phase space is
shown in Fig. 15(c).
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FIG. 15. Dynamics for (a)—(c) Fy = 12, (d)—(f) Fo = 18, and (g)-(1) Fy = 27.5. (a), (d), (g) (x(¢)). (b), (e), (h) Fourier spectrum of v(¢) for
the steady oscillation and (c), (f), (i) limit cycle corresponding to the steady oscillation.
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FIG. 16. F, dependence of (a) x,. and (b) (x).,. The region
where (n/2)w and (n/3)w harmonics appear are highlighted in red
and blue, respectively.

On the other hand, (x) exhibits persistent oscillations at
Fy = 18 and 27.5, as shown in Figs. 15(d) and 15(g). This
indicates that the steady oscillations contain frequency com-
ponents that are noninteger multiples of the driving frequency.
Indeed, the Fourier spectra of v(¢) of these steady oscillations
show peaks at (n/2)w for Fyp = 18 and (n/3)w for Fy = 27.5,
as shown in Figs. 15(e) and 15(h), indicating the occurrence
of subharmonic generation. The corresponding limit cycles in
phase space are plotted in Figs. 15(f) and 15(i). For example,
in the case of the dynamics containing (n/2)w subharmonics,
the trajectory closes after two cycles of the external force.

In Fig. 16, we visualize the parameter regions where
subharmonics are generated. As seen in Fig. 15, when sub-
harmonics are present, (x(¢)) exhibits persistent oscillations,
and therefore the standard deviation of (x(¥)), (x) .y, beCOmes
finite in the steady state of forced oscillation [shaded time
region in Figs. 15(a), 15(d), and 15(g)]. In contrast, if the
dynamics contain only the fundamental frequency or integer-
order harmonics, (x)., becomes zero. Thus, (x)., serves
as an indicator of the presence of subharmonic components.
Figures 16(a) and 16(b) show the Fy dependence of x,,. and
() qey» respectively. A comparison between Figs. 16(a) and
16(b) reveals that subharmonics emerge in the Fy region above
the threshold of the pitchfork bifurcation.

The emergence of subharmonics is sensitively affected
by the friction y and the frequency detuning of the driving
force. This system is prone to exhibiting chaotic dynamics
for smaller y and lower w driving, and subharmonics tend to
appear near the onset of such chaotic dynamics. In contrast,
larger y or higher w driving suppresses subharmonic genera-
tion.

In Fig. 16, the region where (n/3)w harmonics appear
is highlighted in blue for eye guide. A close inspection of
Fig. 16(a) reveals that, in the presence of (n/3)w harmon-
ics, Xy appears slightly on the inner side of the bifurcated
lines. This indicates that when (n/3)w harmonic components
emerge, the center of motion shifts from the local minima of
the time-averaged effective potential.

Another important aspect of the (n/3)w harmonics is that
they are not robust against fluctuations. As seen in Fig. 16(b),
the points with finite (x)., are discrete; (n/3)w subharmon-
ics do not appear continuously as F is varied. Similarly,
the generation of (n/3)w subharmonics is highly sensitive to
fluctuations in the driving phase and the rise time of Frymp (not
shown), indicating that the dynamics is inherently unstable.

The region where the (n/2)w harmonics appear is high-
lighted in red in Fig. 16. In contrast to the (n/3)w case, the
points with finite (x).., appear continuously with changing
Fy in the red-shaded region. This indicates that the generation
of (n/2)w harmonics is robust against the fluctuations in Fp.
It is also robust against fluctuations in the driving phase and
rise time (not shown). In particular, (n/2)w harmonics can be
generated with a smooth ramp of F,n, over a very long 1.
This suggests that the (n/2)w harmonics are easier to detect
experimentally. Such exotic harmonics may enable an uncon-
ventional approach to frequency division or down-conversion.

VII. SUMMARY

We investigated the dynamics of a particle initially trapped
in an inverted Gaussian potential and driven by a time-
periodic external force. While the motion of the particle is
a symmetric sinusoidal oscillation under weak driving, the
center of the oscillatory motion shifts away from the bottom
of the potential under strong driving, toward either the positive
or negative direction. To elucidate the underlying mechanism
of this emergent spatial inversion symmetry breaking, we an-
alyzed the properties of steady oscillations by simulating the
system dynamics under a ramped oscillating force, revealing
the emergence of bistable limit cycles through a pitchfork
bifurcation. This bistability can be intuitively understood in
terms of the time-averaged effective potential of the peri-
odically driven system, which becomes double-well shaped
under strong driving. The center of motion of the particle
converges to either of these bistable minima, which can be
switched by applying control pulses. Convergence to these
local potential minima depends on parameters such as the
rise time t and frequency w of the external force, and the
viscosity y. Our simulations also suggest that subharmonic
generations occur under certain conditions. The emergent
broken symmetry of the driven system could give rise to func-
tionalities inaccessible in equilibrium. For example, periodic
driving can effectively enable even-order nonlinear responses
in centrosymmetric materials, providing a mechanism for
even-order harmonic generations and inducing quasistatic po-
larizations or rectified currents. Subharmonic generation may
offer an alternative approach to frequency (photon energy)
conversion. The convergence to, and switching between, the
bistable centers of motion may provide a scheme for manipu-
lating localized particles. While we have adopted a Gaussian
shape for the trap potential, a similar behavior is also observed
with a Lorentzian potential, suggesting that our findings are
universal for short-range trap potentials.
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