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We propose a decomposition of information flow into housekeeping and excess components for autonomous
bipartite systems described by Markov jump processes. We introduce this decomposition using the geometric
structure of probability currents and the conjugate thermodynamic forces. The housekeeping component arises
from cyclic modes caused by violations of detailed balance and maintains the correlations between the two
subsystems. In contrast, the excess component arises from conservative forces and alters the mutual information
between the two subsystems. With this decomposition, we generalize previous results, such as the second law
of information thermodynamics, the cyclic decomposition, and the information-thermodynamic extensions of

thermodynamic trade-off relations.
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I. INTRODUCTION

Information thermodynamics is the field that studies the
conversion of information into energy, and vice versa. This
framework can be traced back to Maxwell’s demon [1] and has
enabled the thermodynamic treatment of information process-
ing, most notably through Landauer’s principle concerning
information erasure [2,3] and the Szilard engine [4], which
addresses information-energy conversion. The development
of stochastic thermodynamics, which describes mesoscopic
nonequilibrium systems [5-8], has significantly advanced
the theoretical foundation of information thermodynamics
[9-11]. Information-energy conversion can now be analyzed
in a wide variety of systems, including quantum systems
[12-14] and biological processes [15-17]. Several experi-
ments [18-32] have demonstrated these concepts, such as
information erasure and information-energy conversion.

In the context of information thermodynamics for au-
tonomous information processing, information flow quantifies
the information exchanged between two subsystems [33—49].
When the system is out of equilibrium, the entropy change
associated with the subsystems can be negative, apparently
violating the second law of thermodynamics. However, taking
into account information flow resolves this apparent violation,
resulting in a modified inequality known as the second law of
information thermodynamics [9]. Information flow has been
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actively studied especially in the context of Markov jump pro-
cesses for bipartite systems [34,35], where the two subsystems
do not change simultaneously. It has been analyzed in vari-
ous contexts, including biological processes such as sensory
adaptation [15-17,33,50], membrane transport [51,52], and
molecular motors [30,47,53].

Information flow stems from the nonequilibrium nature of
a system and is closely related to its entropy production rate
(EPR). The EPR is considered a measure of irreversibility, and
its non-negativity is regarded as the second law of thermody-
namics [8]. In information thermodynamics, the partial EPR,
which is the contribution of the EPR within the subsystem,
provides a measure of irreversibility of subsystems, and its
non-negativity is considered the second law of information
thermodynamics [9,36]. Information flow is a contribution
from the interaction between the subsystems in the partial
EPR, and it also becomes nonzero when a subsystem is ir-
reversible.

There are two distinct aspects of the nonequilibrium nature
of Markov jump processes: nonconservativeness and nonsta-
tionarity. One way to determine whether irreversibility stems
from nonconservativeness or nonstationarity is by decom-
posing the EPR. A geometric decomposition of the EPR
into the excess and housekeeping EPRs [54-58] is a way
to separate the EPR into contributions of nonconservative-
ness and nonstationarity. Unlike other EPR decompositions
such as the Hatano—Sasa decomposition [59] or the adiabatic-
nonadiabatic decomposition [60], the excess EPR provides
tighter bounds on dynamic speeds, such as the speed lim-
its [46,57,58,61] and thermodynamic uncertainty relations
(TURSs) [56,57]. The housekeeping EPR, on the other hand,
can be expressed through the cyclic decomposition [57] or
the oscillatory mode decomposition [62], meaning it accounts
for oscillatory contributions of the EPR due to detailed bal-
ance violations. This geometric decomposition of the EPR is
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universal and can be generalized to various systems, including
deterministic chemical reactions, reaction-diffusion systems,
open quantum systems, and fluid systems [63—65]. However,
it is unclear whether this universal decomposition applies to
the partial EPR in information thermodynamics or to infor-
mation flow.

In this paper, we show that, similarly to the EPR de-
composition, information flow can be decomposed into two
nonequilibrium contributions for bipartite systems described
by Markov jump processes. The excess information flow,
which quantifies nonstationarity, induces temporal changes
in the correlation between the two subsystems. In con-
trast, the housekeeping information flow, which is caused by
nonconservativeness, enables information to be transferred
between the subsystems without altering their correlations.
The former has been partially discussed in the context of
nonautonomous information processing by a Maxwell’s de-
mon via a measurement-feedback scheme [9,10]. We can
also find concepts similar to the latter in information ther-
modynamics for Markov jump processes in the steady state
[35,66]. Therefore, our decomposition of information flow
appropriately separates the two concepts of information flow
in information thermodynamics.

The decomposition into housekeeping and excess infor-
mation flows leads to generalizations of the second law of
information thermodynamics. These generalizations offer a
fresh perspective on information thermodynamics, particu-
larly in situations where both the housekeeping and excess
information flows appear to violate the second law of ther-
modynamics. These two distinct types of apparent violations
suggest two concepts: Maxwell’s demons corresponding to
housekeeping and excess dissipation.

Moreover, by considering a geometrical interpretation of
the partial excess EPR, we can derive generalizations of TURs
and speed limits for subsystems in information thermody-
namics. We note that TURs for the partial excess EPR are
regarded as generalizations of TURs for the EPR [67-69] and
for the partial EPR [45,69,70]. These speed limits correspond
to the information-thermodynamic speed limits [46,71] based
on optimal transport theory [72] in Langevin systems. These
speed limits are obtained by extending the 2-Wasserstein
distance [57,73] for Markov jump processes to subsystems.
Our speed limits, which are based on the 2-Wasserstein dis-
tance, are directly related to the natural decomposition of
information flows. This differs from speed limits based on
the 1-Wasserstein distance [74-78] and its applications to
information thermodynamics [79—-81]. In contrast, the partial
housekeeping EPR and housekeeping information flow can be
decomposed into cycles, as in information thermodynamics in
the steady state [35,66]. Two information flows in the two sub-
systems satisfy an antisymmetric relation for a cycle, meaning
that they are identical except for their signs. We illustrate these
results numerically using a simple four-state model.

This paper is organized as follows. In Sec. II, we introduce
basic concepts and previous results. As a preliminary, we
present a geometric approach to nonequilibrium thermody-
namics based on Markov jump processes in Secs. Il A and
IIB. In Sec. IIC, we review the geometric housekeeping-
excess decomposition of the EPR and its consequences. In
Sec. III, we introduce a geometric reformulation of infor-

(a) Bipartite system (b) Graph_ - _ _ _ _ _ _ -
~ Batr - : . :
S ! I
e RN ! I
Information : :
flow o | |
- | |
\ o - - —
(c) Housekeeping and excess information flow
Housekeeping Excess
Information s 1
L+ 1
f|OW | v

—

» Conservative
* Nonstationarity

* Nonconservative
* Cyclic

FIG. 1. (a) Schematic of a bipartite system. Two subsystems in-
teract while in contact with (potentially multiple) baths. (b) Example
of a graph. The nodes represent the system’s states, and the edges
represent the transitions. (c) Information flow is decomposed into
housekeeping and excess components. The housekeeping informa-
tion flow arises from nonconservative cyclic modes, while the excess
information flow arises from conservative nonstationary modes.

mation thermodynamics for bipartite systems (see Fig. 1).
Our formulation allows for a geometric interpretation of the
second law of information thermodynamics. In Sec. IV, we
present our main results. In Sec. IV A, we introduce the
housekeeping-excess information flow, which is the core idea
of this paper. In Sec. IVB, we demonstrate the thermody-
namic interpretation of this decomposition by generalizing
the second law of information thermodynamics. In Sec. IV C,
we introduce the cyclic decomposition of the housekeeping
information flow and the partial housekeeping EPR. The latter
is a dissipation in a subsystem caused by nonconservative-
ness. In Sec. IVD, we derive TURs, which provide tighter
bounds than the second law of information thermodynam-
ics regarding the excess information flow. In Sec. IVE, we
formulate the Wasserstein geometry for subsystems. To this
end, in Sec. IVE 1, we first define the 2-Wasserstein distance
for subsystems, which is a quantity for discrete systems. We
also relate the 2-Wasserstein distance for subsystems to the
notion of housekeeping-excess decomposition of the partial
EPR in Sec. IV E 2. In Sec. IV E 3, we derive the information-
thermodynamic speed limits using the 2-Wasserstein distance
for subsystems. In Sec. V, we illustrate our results numerically
using a four-state model. In Sec. VI, we conclude the paper
with some remarks.

II. REVIEW OF GEOMETRIC APPROACH
TO STOCHASTIC THERMODYNAMICS

In this section, we briefly review a geometric approach to
stochastic thermodynamics. Throughout this paper, the vector
space of real column vectors of dimension d is denoted by
R4, and the space of real matrices of size d; x d, is denoted
by R4*%_ For a matrix A € R %% its kernel and image are
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defined as kerA = {v € R | Av = 0} and imA = {Av | v €
R}, respectively.

A. Master equation

We consider a Markov jump process in the system Z, and
the state of the system Z is represented by z. The set of states
of Z is denoted by Z = {z1, ..., z;z/}. We assume that z
does not contain any odd variables, such as velocity, where
the odd variable changes sign in the time-reversal operation.
The probability that the system Z is in state z € Z at time ¢
is denoted by p(z;t). The system is in contact with several
baths, and a bath is denoted by the symbol v. Each transition
between two states is associated with one of these baths. The
time evolution of p(z;t) is governed by the following master
equation:

dip(z)= Y RV()pEs0), M

7€Zv

Here, R™(z|z') is the transition rate from 7’ to z associated
with the bath v. For z # 7/, we require R (z|z’) > 0, and the
diagonal elements satisfy R")(z|z) = — D RY(Z|z). In
the following, we can omit the time argument ¢ for the sake of
simplicity. For convenience, we define the probability vector
p € RIZ! by giving its components as [p]., = p(z).

We introduce a graph-theoretic description of the master
equation. We write the transition from z to 7’ associated with
the bath v as (v,z — Z’) and interpret it as a directed edge
with source z and target z’. The set of all such edges is de-
noted by £ = {e = (v, z — 7) | RV (¢/|z) > 0}. We impose
the condition that for every e = (v,z > 7)) € £ all the reverse
edge —e := (v,7/ — z)isalsoin EW. Let £ = {ey, ..., eig|}
be a set of edges containing only either e or —e for each
pair (e, —e). In this way, we define a loopless directed
graph G = (Z, £). For convenience, we label each edge e =
(v(e), s(e) — t(e)) by its associated bath v(e), source state
s(e), and target state t(e), and write the corresponding transi-
tion rate as RV (t(e)|s(e)) = R,. The forward flux of edge
e is defined as J)F := R,p(s(e)), and the reverse flux is J, :=
R_.p(t(e)). Therefore, the reverse flux of the edge e is equal
to the forward flux of the reverse edge —e, i.e., J, = er. The
net probability flux of the edge e, given by J, :=J; — J ., is
called the current of e. We define the current vector J € RI¢!
by [J]. = J.. If we emphasize the distribution dependence of
J, we may write J(p). Hereafter, we assume that p(z) > 0 for
any z € Z, and hence J*(p) > 0 and J~(p) > O for allowed
transitions.

Next, we introduce a matrix V € RI€XIZl by [V],. =
8;.te) — 8z,5()» Where 8, , is the Kronecker delta. This ma-
trix can be regarded as the discrete gradient operator, since
[Vé]l. = ¢(t(e)) — ¢(s(e)) is equal to the change of ¢ in the
transition corresponding to the edge e. We can then rewrite the
master equation (1) as

dp=VTIp), 2)

where VT is the transpose of V, also known as the incidence
matrix of the directed graph G in graph theory [82] (see
also Fig. 2 for an example). Because V' is considered to
be the adjoint of the discrete gradient, namely, the discrete
divergence, Eq. (1) can be interpreted as a discrete version of

&
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FIG. 2. A graph and its incidence matrix (transposed, giving the
divergence). The graph G consists of the nodes Z = {1, 2, 3, 4} and
the edges £ = {ey, ez, €3, ey, €5, e6}. Each node represents a state of
the system, and the edges indicate reversible transitions between two
different states. We will refer to this graph repeatedly throughout the
paper.

the continuity equation, where V' multiplied by the current J
is equal to d; p. Note that the divergence of the current vanishes
in the steady state p*, i.e.,

viIph) =0. (3)

For simplicity, we assume that the directed graph G is
connected. Physically, this assumption limits our attention to
a single physical system. If G had multiple components, each
would correspond to an independent system. In this paper, we
do not consider such cases.

B. Entropy production rate

We discuss the local detailed balance and the detailed
balance conditions. In the setup of Sec. Il A, we assumed the
reversibility of the transitions: R, > 0 = R_, > O for all e €
£ As a first step to introduce thermodynamics, we impose
the local detailed balance condition:

Re o, )

R_.
The quantity s, € R represents the entropy change of the bath
v(e) in the transition corresponding to the edge e, with the
Boltzmann constant set to unity. Note that s, satisfies the
antisymmetric relation s, = —s_,.

Next, we introduce the equilibrium distribution, p®. It is

defined as the distribution that satisfies the following detailed
balance condition:

Je(peq) = Re[peq]s(e) - Rfe[peq]t(e) = O’ (5)

for any e € £. This condition can be written compactly as
J(p*) = 0, and thus the equilibrium distribution is a station-
ary distribution. Note that p®! exists if and only if there exists
an observable € € RIZ! with [€], = ¢, such that 5, = —e) +
€s(e) holds for all e € £. We refer to a system as being detailed
balanced if an equilibrium distribution exists. In this case,
the equilibrium distribution is expressed as p®d = e~¢/Z(e),
where the normalization factor is given by Z(e) =) e
and we use the notation [e¢], = e~%. By explicitly sepa-
rating the inverse temperature 8 > 0 and the energy level E
as € = BE, the equilibrium distribution takes the form of a
canonical distribution p® = ¢~ #E /Z.

Based on s, introduced by the local detailed balance con-
dition [Eq. (4)], we can define the EPR as

X(p) = d,SY(p) + S (p), ©6)
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with the system entropy $*** and the environmental entropy
change rate S defined as

S (p) == _ p@InpR), S™@P) =) sdep). (7)

If we define the thermodynamic force F (p) € RI! as

Fe(p) = s — [In p(t(e)) — In p(s(e))], 3
the EPR is rewritten into the insightful form [5]
S(p) =Y JpF.(p) = J(p). F(p)). ©)
ec&

Here, (-, -) denotes the inner product in RI€!. The thermody-
namic force is deeply associated with the current because we
have

F.(p) =InJ (p) —InJ, (p) (10)

due to the local detailed balance. The EPR is often regarded as
a quantitative measure of the irreversibility of thermodynamic
processes in a system and its environment. This is formal-
ized by the second law of t.hermodynamics, which states that
the EPR is non-negative: ¥ > 0. The expression in Eq. (10)
proves this inequality because it shows that J,(p) and F,(p)
always have the same sign.

The thermodynamic force is divided into a thermal part and
an informational part as

F(p) = F" + F"°(p), (11)

where  [F"], =In(R./R_.)=s. and [F™°(p)], =
In[p(s(e))/p(t(e))]. Note that these terms correspond to
Se™ and d,S®* in the EPR, respectively. The informational
component quantifies the Shannon entropy change, which
becomes clearer if we define h € RIZ! as [h]. = —In p(2);
then, it is rewritten as Fi“f"(p) = Vh. On the other hand,
the thermal part is given as a gradient only if the system
is detailed balanced. When s, = —¢€() + €5) holds for all
e € &, the thermal force reads F" = —Ve, and we obtain

F(p) = —V(e—h). (12)

As discussed in the next section, we define a thermodynamic
force as conservative if it is the gradient of a potential (i.e.,
a vector in R!Z1); the above discussion shows that the ther-
modynamic force is conservative if and only if the system is
detailed balanced.

We now introduce the geometric expression for the EPR.
First, we define the edgewise Onsager coefficient /, by the
ratio of J, to F, as

L) e @I I
T InJr(p) —InJ-(p)  F.p)

If Jj(p) =J,(p) >0 holds, we let [(p):= (Jj’(p) +
J; (p))/2 to ensure the continuity. The relation J, = [.F, can
be interpreted as a microscopic analog of the Onsager relation
in linear response theory [83,84], and [, is a discrete analog of
the diffusion coefficient in Langevin systems [85]. Introduc-
ing the diagonal matrix of the edgewise Onsager coefficients
L(p) = diag(le, (p). Lo, (P), . . . , Lo () € RIEXIE we obtain
the compact expression J(p) = L(p)F(p). We call a pair
of vectors (J, F) a conjugate pair if they are connected by

> 0. (13)

L(p) as J = L(p)F. Since L(p) is positive definite, we can
define an inner product and norm with the metric L(p) for
vectors v, v’ € RI€l as (v, V) = v L(p)v and [|v]l1p) =
(v, v}, respectively. The EPR is thus expressed as the
squared norm of the thermodynamic force in the vector space
of forces, and is therefore non-negative,

2(p) = IF®)ll7,, = 0. (14)

The inequality on the right-hand side is nothing more than the
second law of thermodynamics. In the following sections, we
sometimes make p dependence implicit for simplicity when
clear from the context.

C. Geometric housekeeping-excess decomposition of EPR

We briefly review the geometric housekeeping-excess de-
composition of the EPR. The content of this section follows
Ref. [57]. Important consequences of this decomposition are
summarized in Secs. [IC 1 and IIC 2.

We begin by introducing the conservativeness of ther-
modynamic forces, which plays a central role in geometric
decomposition. A force F is called a conservative force if
there exists a potential ¢ € R!Z! such that F = —V¢. Further-
more, we write the set of all conservative forces as im V and
call this set the conservative subspace (or the image of V). If
and only if the system is detailed balanced, the force is always
expressed as F (p) = —V(e — h), and thus is conservative. In
other words, the important point is that the nonconservative-
ness characterizes the violation of the detailed balance.

Although the thermodynamic force F is not necessarily
conservative, any dynamics can be reproduced by a conser-
vative force. Let us explain this fact concretely; for any p, the
following linear equation for J' has a unique solution:

Viip)=V'J, (15)
under the condition
J =L(p)F’

We write the solution as J* and the conjugate force as F* =
L~'J*. Let us explain the physical meaning of the solution.
We can rewrite the continuity equation (2) as

dp=V"'J*, a7

and F' eimV. (16)

so we can interpret J* as the current that effectively drives
the dynamics at each moment. Furthermore, considering that
J* is conjugate to F*, we obtain the picture that any time
evolution d,p can be interpreted as the dynamics driven by
a virtual conservative force F*. Note that J* satisfying only
Eq. (15) may not be uniquely determined because ker V' can
contain nontrivial elements. The addition of the condition (16)
to Eq. (15) establishes the existence and uniqueness of the
solution, as explained in the next paragraph.

We now interpret the solution J* from a geometric per-
spective by focusing on the conjugate force F*. Formally
decomposing the force as F = F* + (F — F*), we find that
F*eimV and F — F* eker V'L, since V'L(F — F*) =
VTJ — V'J* =0 holds. Note that V'L is the adjoint of V
with respect to the inner product (-, -),. Thus, we find that
the decomposition F = F* + (F — F*) is the orthogonal de-
composition of F into imV and ker V'L, with respective
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components F* and F — F*. Therefore, F* is given by the
orthogonal projection of F onto im V with respect to the inner
product (-, -),. We can express F* through the following two
equivalent minimization problems:

F*(p)=  argmin  |F'|7, (18)
F':F(p)—F'cker VT L(p)
= argmin|[F (p) — F'||} - (19)
F'cimV

The fact that the projection is uniquely determined justifies
the existence and uniqueness of the solution to Eq. (15) with
the constraints (16).

Let us now introduce the geometric housekeeping-excess
decomposition of the EPR. Take a potential ¢* € R!?! such
that F* = —V¢*. Note that ¢* is not unique; F* is invariant

under the transformation ¢* — ¢* + (1,1, ..., 1)T for any
scalar r, and there is no other freedom [86]. If the system
is detailed balanced, we have F = —V (e — h); hence, we

can set ¢* = € —h =: ¢°4. As a property of the projection,
F* and F — F* are always orthogonal with respect to (-, -)r,
or we can directly show (F*, F — F*), = (—V¢*,J —J*) =
—(@¢")TVT(J —J*) = 0. Using this orthogonality, we can de-
compose the EPR into two non-negative terms:

2(p) = ="™(p) + (), (20)
™ (p) := F(p) — F*(D)lI7 ) @21
2(p) = IF* (P} ) (22)

Here, X" and 2 are referred to as the housekeeping EPR
and the excess EPR, respectively [57].

Let us briefly characterize these two types of EPRs through
the following two situations. The first one is the steady
state, where V' J(p™) = VIL(PpHF (p™) = 0, ie., F(p*) €
ker VT L(p*) holds. Focusing on the minimization problem
(18), we find that F*(p) = 0 is the minimizer. Therefore, the
following two equalities hold:

P = 2@, 2% =0. 23)

Second, assume that the system is detailed balanced; i.e.,
F(p) € im V holds. Focusing on the second minimization
(19), we then find that F* = F(p) € im V is the minimizer,
which implies

X% (p) =0, () = Z(p). (24)

Therefore, we can interpret the housekeeping EPR and the
excess EPR as follows. The housekeeping EPR, which arises
from the nonconservative component of the thermodynamic
force (F — F*), quantifies the dissipation required to maintain
a steady state out of equilibrium. On the other hand, the
excess EPR, which is a contribution from the conservative
component of the thermodynamic force (F*), represents the
dissipation due to the system’s time evolution.

The physical meaning of the excess EPR can also be clari-
fied by rewriting it as follows:

2%(p) = d,SY(p) + 5™ (p), (25)

which provides the excess EPR as the sum of the Shan-
non entropy’s time derivative and the excess entropy change

rate in the environment Se% e (p) as in Eq. (6). Specifically,
SV (p) is defined as

Sex, eHV(p) — _(J*(p), Vé*(p», (26)

with the pseudoenergy €*, which is defined as a potential
satisfying the relation

€(p):=¢"(p)+h(p). 27

Note that this relation is analogous to € = ¢ 4 h in detailed
balanced systems. Because F* = —V¢* = V(h — €*), we ob-
tain Eq. (25) as

d,S + gexenv (VTJ*)Th —{(J*, Ve = (J*, V(h — €"))
= (J*, F*) = £ (28)

Moreover, we can find an alternative expression for the
excess entropy change rate in terms of the excess heat flow.
If the system is detailed balanced, we obtain Sexenv(py —
$e™(p). The pseudoenergy level €* is also equal to €, and it
could be the product of the inverse temperature B8 and energy
level E, i.e., € = € = BE. The heat flow Q is introduced as
Q := (J(p), VE) = (d,p)"E and we can obtain the relation
Sexenv — genv — _8() - Analogously to the case of the de-
tailed balance condition, we may define the excess heat flow
0% as 0% := B~ (J*, Ve*) = (d,p)" B~ '€* if the system is
attached to a single bath with inverse temperature 8. From
this definition, we obtain SV — —,BQCX. When multiple
baths are present, the excess heat flow becomes ambiguous,
and only the excess entropy change rate in the environment
S e may be well defined in general.

We note that the geometric housekeeping-excess de-
composition is different from the traditional Hatano—Sasa
(adiabatic-nonadiabatic) decomposition [59,60,87,88]. The
former requires only information about the time evolution at
that instant, while the latter needs details of the steady state.
The former is more closely connected to the speed of the time
evolution, which is advantageous for deriving thermodynamic
trade-off relations.

1. Cyclic decomposition

In this section, we review an expression for the house-
keeping EPR [57] that generalizes a well-known formula for
the steady-state EPR provided by Schnakenberg in Ref. [5].
To this end, we define a cycle C in G as a nonempty sub-
set of £ satisfying the following two properties: (1) C is
a closed path in G. When we express C explicitly as C =
{ei1y, - - eiqepls teigep) = seiy) and tlew)) = s(eig+1))
hold for k=1, ..., |C|] — 1. (2) C does not self-intersect;
that is, there is at most one e € C satisfying s(e) = z for any
z € Z, and there is at most one e € C satisfying t(e) = z for
any z € Z.

We can deal with cycles concisely in a linear-algebraic
manner. We define a vector S(C) € RI€! corresponding to a
cycle C by

1, eecC,
[SO).=1-1, —eeC, (29)
0, otherwise.

From a direct computation, we can find V'S&(C) = 0 for any
cycle C. Thus, every vector S(C) generated from a cycle
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€2

(33@(’5 €4 €g @ 03
—_— s s
€1
0 0 1
0 0 —1
1 0 0
0 1 0

FIG. 3. An example of cycles and their associated vectors in the
graph G presented in Fig. 2. The graph G has three fundamental
cycles C! = {—e;3, es}, C* = {—ey, es}, and C? = {e, —ea, —e3, €4},
whose corresponding vectors are denoted by S', 82, and S°, re-
spectively. Any cycle on G can be expressed as a superposition
of C!, C2, and C?, and the kernel of VT is given by ker VT =
{1’181 + 7282 + 7383 | r,rn,r3 e R}

belongs to ker V. Furthermore, it is known that by appro-
priately choosing cycles, we can create a basis of ker V' from
such vectors. We label cycles whose corresponding vectors
form a basis by a label u € M ={1,2, ..., dimker VT} so
that a basis is given by {S(C*)} e, and refer to such cycles
as fundamental cycles [82]. For simplicity, we write S(C*) as
8" and call the set {S"},c the cycle basis of G (see also
Fig. 3 for an example).

In his seminal work [5], Schnakenberg gave an expression
for the steady-state EPR in terms of cycles. Note that since
VTI(p%) = 0, the steady-state current J(p™) is in kerV ", and
can be expanded in terms of the cycle basis as

JphH =Y JE'cHst. (30)
nem

Here, the expansion coefficients J(p*;C*) represent the
cyclic current that flows along the cycle C*. Thus, the
steady-state current can be interpreted as a superposition of
such cyclic currents. We note that the set of the coefficients
{T(@"; C*)} yer is uniquely determined by J(p™) because
Span{&"},cam = ker V. The cycle affinity F(p™; C*) con-
jugate to J (p*'; C*) is defined as

F@Ch) = Y IS"LIF (). = (S*, F(p™). (1)

ee&

The cyclic currents and conjugate affinities lead to the de-
composition of the steady-state EPR into contributions from
individual cycles [5]:

E(PSt) — < Z J(pSt;C“)SM,F(pSt)>

nem

> T@ S F(ph)

nemM

Y T@HCHF@ECH). (32)

nemM

Reference [57] generalized this formula to nonstationary
situations, giving a similar expression for the housekeeping
EPR. For convenience, we write the housekeeping current and
the housekeeping force as follows:

J™(p)=J)—J*(p), F™@)=Fp)—F*p). (33)

Since V'J™(p) =0 and J™(p) € kerV', a decomposition
similar to Eq. (30) is obtained for the housekeeping current:

Iy =Y J™p: S, (34)

nemM

with coefficients {J™(p;C*)}uem. The cycle affinity
FPX(p; C*) conjugate to 7" (p; C*) is defined as

F(p;C*) =) [S*LIF™(p)l. = (8*, F™(p)). (35)

ee&

Therefore, " can always be decomposed into contributions
from each cycle, even in a nonstationary regime [57]:

S p)y =) T CHF ™ (p; Ch). (36)
nemM

This expression is a generalization of Eq. (32) in Schnaken-
berg network theory.

2. Wasserstein geometry

This section briefly reviews the connection between the
Wasserstein geometry and the geometric housekeeping-excess
decomposition.

The Wasserstein distance was originally introduced to
quantify the cost to transport one distribution to another in a
continuous space [72]. Extensions compatible with dynamics
with discrete degrees of freedom have been accomplished in
recent works [57,73]. The extension, which we simply call the
2-Wasserstein distance, is defined by the following minimiza-
tion problem: For two probability distributions p® and p",
we define

1 1/2
we©, p") = inf (/ IF' ()7 dr) :
@@O.F O \Jo L@

(37
subject to
dip(t) = VI L(p@)F'(t), p0) =p?, p(1)=p". (38)

If there is no pair of p(z) and F’(¢) that satisfies Eq. (38) for
a given (p @, p), we may let W(p®, p) = co. We can
equivalently express this 2-Wasserstein distance with the inte-
gration interval [0, t] by performing the change of variables
t — t/t for arbitrary positive values of 7. The minimization
problem is rewritten as

T 1/2
Wep®, phy = inf (r/ F'()|? dt) ,
@, p) POF s ; I ()”L(p(f))
(39)
subject to
dip(t) =V L(p0))F'(t), p©0)=p?, p(x)=p". 40)

It should be pointed out that the 2-Wasserstein distance
defined by Eqgs. (37) and (38) vanishes under the large rate
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limit. We clarify this fact in the following way. First, let us
rewrite the minimization problem [Eqgs. (37) and (38)] in terms
of the current:

1 1/2
W (0), (1) — inf (/ J/t 2 ~ dl) ,
LAR @OT e \Jo IO -
(41)
subject to
dipt)=V'J'@), p0)=p?, pl)y=p". 42

Here, we introduced a norm as ||J’(t)||L(I,(,))7| =
V@) TL(p(t))~1J (t), which is a norm because L(p(r))~"
is positive definite. For simplicity, let us consider the
situation where the rates that define YV are parametrized
by a dimensionless parameter A as R, = Ar, with reference
rates r, independent of A (note that VW is defined using
a matrix-valued function L that refers to some rates
R.). Then, if we write the Onsager coefficient matrix
as L, when R, = Ar,, we can obtain the simple relation
L,\(p(z‘))’1 =1L (p(t))’l, which leads to

Wi @, pVy = 272w (p @, p), (43)

where W, (p©, p(V) indicates the 2-Wasserstein distance at
the given value of A. Therefore, if the rates are simulta-
neously increased, the 2-Wasserstein distance decreases and
approaches zero.

The connection between the 2-Wasserstein distance and the
geometric housekeeping-excess decomposition is discussed
in terms of the instantaneous speed in the space of the 2-
Wasserstein distance. The instantaneous speed is defined as

. W(pQ), p(t + Ar))
vip() = Jim At '
Reference [57] shows that the square of the instantaneous
speed is equivalent to the excess EPR, ie., v(p))? =
X*(p(t)). Therefore, the instantaneous speed v(p(¢)) is al-
ways well defined. The relation v(p(t))? = Eex(p(t)) is useful
to obtain the thermodynamic speed limit [57,85],

W(p(0), p(v))*

T

(44)

< f T 2 (p(t))dt. (45)
0

This inequality indicates that the lower bound on the inte-
grated excess EPR (i.e., the excess entropy production) comes
from squaring the distance between the initial and final dis-
tributions and dividing by the time interval. We can interpret
the speed limit as follows: The speed required to change the
system’s state is limited by dissipation due to nonstationarity.

III. GEOMETRIC APPROACH IN INFORMATION
THERMODYNAMICS

In this section, we offer a geometric interpretation of
the conventional theory of information thermodynamics for
bipartite systems. This reformulation is more than just a math-
ematical rewrite. It refines the conventional formulation and
establishes a foundation for a deeper understanding of infor-
mation thermodynamics, which will be illustrated by the main
results.

Let us introduce the setup and notation. We restrict our
focus to a situation where the system Z consists of two subsys-
tems X and Y so that we can discuss information theory. The
states of X and Y are denoted by x and y, respectively, so we
write the state of Z as z = (x, y). Let X = {x{, ..., x)x|} and
Y ={y1, ..., ¥y} be the sets of states of X and Y, respec-
tively. Then, the set of states of Z is given by Z =& x ).
The joint probability of (x, y) is denoted by p(x, ), and we de-
fine a vector p € RIY>YI by [p]._(.,) = p(x, y). The marginal
distributions are given by px (x) = Zyey p(x,y)and py(y) =
Y cex P(x,y). Here, we define the marginalization matrices
Iy € RIFIXIXXVI and Iy € RVIXIAXYL a5 [HX]x’,z:(x,y) =
8y » and [Ty ]y .—(xy) = 8y, respectively. Using these matri-
ces, we can express the marginal distributions as follows:

px = Ilxp, py =Ilyp, (46)

where [py]l: = px(x) and [py], = py(y). We use the index
o € {X, Y} to denote either X or Y. For example, the above
equations can be written as p, = I1,p. We also write the other
subsystem as ¢ € {X, Y} (thus, X* =Y and Y° = X). We call
a¢ the complementary system of «.

A. Bipartite systems

We discuss bipartite systems [34,35,89], which are the sim-
plest setup for studying information thermodynamics based
on Markov jump processes. Bipartite systems are introduced
through the following condition on transition rates:

R ((x, »)I(x',y)) =0, 47

if x # x" and y # y'. That is, simultaneous transitions in sub-
systems X and Y are prohibited in the dynamics of bipartite
systems. In other words, jumps can induce a change in either
X or Y. Thus, when the bipartite system is designated by a
directed graph G = (X x ), &), the set of edges £ can be
partitioned into two sets £x and &y as

Ex ={0, () > . y)Nellx£xy=yl}
& ={v,,y) > @ yNellx=xy#y}, @)

which satisfy £ = E U &y and Ex N E = . We also split
the set of all the edges £ into &' = (J,.¢, {e, —e} with
ae{X,Y} (e, EMUEN = £l and £X N EN = 0).

For the sake of simplicity, we label edges by an index i €
{1, ..., |&| + |Ev|}ase; € EsuchthatEx = ey, ..., eg}
and & = {eig; 11, - - -, €& |+i&y|} Without loss of generality.
We also assume that the ith row of a matrix (possibly a vector)
with |£] rows corresponds to e;. Then, it is split vertically,
where the upper components correspond to £x and the lower
to & (examples follow soon). Similarly, assuming the corre-
spondence in matrices with |£| columns, we partition them
horizontally, where left components correspond to £ and
right components correspond to Ey.

We can find a special form of the discrete continuity equa-
tion [Eq. (2)] in bipartite systems. Note that the decomposition
E = & U &y leads to the two graphs Gy = (X x Y, Ex) and
Gy = (X x Y, &) [see also Fig. 4(a) for an example]. It
further provides us with the corresponding incidence matri-
ces Vgx and ng to Gy and Gy, respectively. The incidence
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(a) i
y Ex ={en,ea} Ey ={es,eq,e5,66}
€2
1
eses) G |ea e Gx + Gy

V&,

—1 0 —1 01 (0,0)
0 1 0.](0,1)
-1 0 —1](1,0)
1 0 1, (11

Condition for bipartite systems
11 0 0
x = (0 0 1 1)
0 0 0 O
T _

Ve, = (0 00 0)

FIG. 4. (a) An example of a graph representing a bipartite sys-
tem, which is structurally the same as the graph G presented in Fig. 2.
Let X ={0, 1} and Y = {0, 1}. The original states {1, 2, 3, 4} are
identified with {(0, 0), (0, 1), (1, 0), (1, 1)}. In this setting, the edges
are split into &y = {ey, €2} and &y = {es, e4, €5, €¢}, and the original
graph G is decomposed into the subgraphs Gy = (X x ), ) and
Gy = (X x Y, & ). (b) Corresponding to the decomposition of the
graph, the incidence matrix V' is partitioned into V/ and V( .
We also show the marginalization matrix I1,, and the condition for
bipartite systems 1, vgac =Ofora € {X,Y)}.

,,,,,,,,,,,,,,,,,,

matrix of the original graph G can be reconstructed as
T T ol
V' = (V4 Ve,) (49)

because [VT]Z,e is equal to [V(L]z,ef when the edge corre-
sponding to ¢’ € &, is the same as the edge corresponding to
the index e € £ [see also Fig. 4(b)].

The current J(p) is also decomposed into Jx (p) and Jy (p)
where the vector Jx (p) = (J.,(p), ..., Je‘gx‘ (p))T is the vec-
tor of currents associated with Ex, and the vector Jy(p) =
(Jelgxw(p), e, Jelgxwy‘(p))T is the vector of currents as-
sociated with & (the “vertical partition™). In particular, we
use a symbol @ to express the recomposition of partitioned
vectors; for example, we express the current J(p) as J(p) =
Jx(p) ® Jy(p). Generally, the symbol & represents the op-
eration of creating a column vector (v, ..., ve‘gxwgw)T €
RIEHE from the column vectors (ve,, ..., Vg, )" € RI&!
and (Ve s -+ - Veeye,) | € RIEL

With the partition of VT and J (p), the time evolution of
the joint probability distribution p governed by Eq. (2) can be
rewritten as

7
dip=V"J(p)= (Vg V) ( ig;)

=V Ix(p) + Vi Iy (p). (50)

This equation can be regarded as a discrete version of the two-
dimensional continuity equation.

The marginal distributions also obey a characteristic equa-
tion of motion. For an edge e = (v(e), (x,y) — (x',y)), we
introduce the notations sy (¢) = x, ty(e) = x/, sy(e) = y, and
ty(e) = y'. Using these notations, the (x, e) component of
195% ng for e € &y is calculated as

T T
[MxVE o= D0 Mxlewnl V6, lwe
. y)EX XY

Yo 8B — dwmse)
X' y)eXxy

Z Sx,x’ (8x’,tx (e)gy, ty(e) — sx’,sx (6)8)’, Sy (e))
(X, y)eXxY

=Y Grun@Byi () — Srsv@Bns )
yey

= Ox,tx(e) — Ox,sx(e)- (51)

For the third equality, we used the identities &y y)se) =
S yte) = Oxix(@)dy (o) Because
ty(e) = sx(e) for e € &, we obtain &y ¢ () = bxse(e) and
[TMx V{, 1v. = 0. Therefore, we find that TTx V), = O, where
O indicates the zero matrix. Due to symmetry, we also
have nyvgx = O and thus HQV&C =0 for x € {X,Y}.
Hence, the time evolution of the marginal distribution p, for
a € {X,Y}is given by

dipy = NaV§ Ju(p) + a Ve, Jue (p)
=V Jo (D). (52)

This equation can also be considered a discrete version of the
continuity equation (see also Appendix B for a more precise
explanation).

Let us see what happens in the steady state of a bipartite
system. Because the current satisfies d,p™ = V&—XJX ™)+

ng] y (@) = 0, we have

Ve k(0" = =V Iy (0. (53)

This equation shows that, in the steady state, the divergence
of the X component of the current is canceled by that of the
Y component globally. By using Havgdc = O in Eq. (53), we
also obtain

8¢ sx(e)dysy(e)  and

Havgﬂ.]a(PSl) = 0, (54)

for o € {X, Y}. It shows that the inflow and outflow of current
are balanced in each subsystem.

B. Information flow

In this section, we introduce a thermodynamic mea-
sure of continuous information flow for bipartite systems
called information flow [9]. First, we define the Kullback—
Leibler divergence between probability distributions p =
(p1s ..., pz)’ and ¢ =(q1, ..., qz)" as DxL(pllg) =
> . p-In(p./q;). Using the Kullback-Leibler divergence, we
can introduce mutual information, which is a measure of de-
pendence between two random variables. Mutual information
between the random variable for X at time s, denoted by )A(S,
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and the random variable for Y at time ¢, denoted by Y,, is
defined as

[(Xs;Y) = Do (P(s, 1) px (5) ® py (1)) (35)

Here, [P(s, t)](x,y) := P(x;s,y;t) is the joint probability of the
state x at time s in the system X and the state y at time ¢ in
the system Y, and [px (s) ® py ()ly) := px(x;5)py (y31) is
given by the marginal distributions px (x;s) = Zy P(x;s,y;t)
and py (y;t) = Zx P(x;s, y;t). Finally, information flow from
system Y to X and that from X to Y are defined as

Ix(p(t)) — lim ](XH-At;Yt) - I(X’ft)

’

At——+0 At
. I1(X,; 7, —1X:Y,
b= tim X, ML Fh) s

respectively [35,90]. Intuitively, information flow is expressed
in terms of the partial derivative of mutual information. The
quantity I, measures the rate of change of mutual information
due to transitions in the subsystem o € {X, Y'}. Alternatively,
it can be interpreted as the rate at which the subsystem o
learns about the other system «¢, and is thus also referred
to as the learning rate [34] or merely the change in mutual
information between the two subsystems [33,91,92].

We next introduce the explicit form of information flow
for bipartite systems. We define the vectors of stochastic
Shannon entropy h(p) € RI**YI hy(p) € RI*! and hy (p) €
R as [A(p)].—(ry) = —Inp(x, y), [hx(p)ly = —1In px(x),
and [ky (p)], = —In py (y), respectively. Using the stochastic
Shannon entropy, the vector of stochastic mutual information
i(p) € RIZ! is defined as

i(p) = —h(p) + Myhx(p) + My hy(p).  (57)
The (x, y) component of i(p(t)) is given by

. px, y1)
EPN) iy =In —————, (58)
0 px(i)py (v:i1)
and hence its expectation value gives the mutual information
whent = s:

(P(f))Tl(p(t)) = Zp(_x’ y;t)hl p(x, y;t)

px(x;t)py (y;t)
=1(X;:Y)). (59)

Using i(p(t)), we can express information flow as the inner
product of the current and the gradient of stochastic mutual
information, with respect to the subsystem « € {X, Y} (see
Appendix A for the derivation):

L(p()) = (Ju(p(1)), Ve, i(p(1))). (60)

An expression corresponding to Eq. (60) in continuous sys-
tems has also been found in two-dimensional overdamped
Langevin systems [36,39,46,90] where two-dimensional over-
damped Langevin systems with independent noises can be
regarded as bipartite systems.

The condition for bipartite systems enables us to split the
time derivative of the mutual information into the sum of
information flows:

d1(X;;Y) = Ik (pt)) + Iy (p(t)). (61)

To derive Eq. (61) from Eq. (60), we focus on the following
identity:

pldi(p) = Zp(x )i (In p(x. y) = In py (x) — In py (7))

= Zdtpoc »- Zdsz(x) Zdtpy(y) =0,

X,y

(62)

where we used d, Z p(x,y)=0and d; ), 4 pa(a) =0
for (o, A) € {(X, X), (Y ))}. Using this identity, we can ob-
tain Eq. (61) as follows:

dI(X;;Y,) = (dip(@)) Ti(p() + (p(1)) dii(p(1))
= [VEIx (@) + VE Ty (0] ip())
= (Ix(p()), Ve, i(pt))+ Ty (p(1)), Ve, i(p(t)))
= Ix(p()) + Iy (p(1)). (63)

We discuss information flow in the steady state.
In this case, d,I(X;; Yt)|1,(,)=pm =0 holds because the
steady-state condition d,p™ = 0 leads to d,I(X;;Y,)| p()=p* =
d,p")Ti(p*) = 0. Therefore, Eq. (61) implies that informa-
tion flow in the steady state satisfies the relation

Ix(p™) = Iy (p™). (64)

This relation means that information flow can be nonzero in
the steady state, where the time derivative of mutual informa-
tion is zero. Therefore, information flow between X and Y can
still exist in the steady state.

C. The second law of information thermodynamics

This section discusses the second law of information ther-
modynamics for the subsystems, which is a generalization of
the second law of thermodynamics.

First, we introduce the entropy change rate associated with
a subsystem « € {X, Y}, which we write as o,. It is given by
the sum of the entropy change rate in the subsystem «, that is
d;Sy”°, and the entropy change rate in the environment due to
trans1t10ns in ¢, that is S‘g“", as

O = d, S + 5, (65)
where S;° and S are defined as
S == pa(@)In pu(a), (66)
acA
S = s U =0, (67)
ec&y

respectively, for (o, A) € {(X, X), (Y,))}. If the comple-
mentary system «¢ does not exist, then o, corresponds to the
EPR and is non-negative. However, due to the influence of
the complementary system «°, o, can generally take negative
values. This negativity appears to contradict the second law
of thermodynamics, in which case the complementary system
acts as Maxwell’s demon. Nevertheless, the total system’s
EPR Z(p) remains non-negative, and the second law of ther-
modynamics is not violated.

Similarly to the expression for the EPR given by the inner
product between the current and force vectors [Eq. (9)], we
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can find an expression for the entropy change rate. We can
clarify this fact by introducing the concept of apparent ther-
modynamic force for subsystem « as F, := F™ + V¢ T h,,
which yields the expression

¢ = (Ja, Fut>~ (68)

It can be shown as follows. By using Eq. (52), we obtain
sz;ys = (dtpa )Thoz = (navganla )Thot = (Jou VGa H;rhoz>
and S = (J,, FM), so we arrive at d,57° + S =
(J«» Ve, HZha + Fg‘) = (Jo.F,). We can intuitively say
that F, functions as the thermodynamic force for a subsystem
a.

It is worth noting that Vg, 1] =: V,, can be interpreted as
the gradient operator on a graph g, that reflects the structure
of transitions in a subsystem «. The graph g, is constructed
using the graph projection method, the details of which are
explained in Appendix B. This method provides a unified
understanding of our framework. For example, we find that
V., tha = V, h, in the apparent thermodynamic force is
given by the gradient of the stochastic Shannon entropy for
the marginal distribution p,,.

Accounting for information flow I'D, from «€ to «, the ther-
modynamic irreversibility of the subsystem « € {X, Y} can
be properly quantified. Similar to the second law of thermo-
dynamics, the following inequalities can be proved for the
subsystems:

ox > Iy and oy > 1Iy. (69)

This type of inequality in a subsystem is generally referred
to as the second law of information thermodynamics [9].
Since ia can take negative values, o, can also be negative.
In this case, we can interpret that the complementary system
acts as Maxwell’s demon, and information flow compensates
for the negative entropy changes in the subsystem « and its
environment. Based on the second law of information thermo-
dynamics, we can define the partial EPR X, which quantifies
the thermodynamic irreversibility associated with subsystem
a, as

Yo =0y — I, > 0. (70)

Its non-negativity is due to the second law of information
thermodynamics [Eq. (69)].

We briefly outline the derivation of Eq. (69). First, we
decompose the thermodynamic force F (p) as follows:

F(p) =Fx(p) ® Fy(p), (71)

Fth — FS? @Ftyh, F]nf()(p) — FI)?TO(p) @Irlll’l‘fO(p)7 (72)

where F ,(p) means the force corresponding to &, in the sys-
tema € (X, Y} and F" = F,(p) — F"(p), with FI"®(p) =
Vg, h. We then use Egs. (60) and (68) to show the non-
negativity of the EPR as follows:

Oy _ia = Ja, VGo,l_[;,rhoz +Fgl>
— (Jo, Vg, (—h + Ty hy + Ty hy))
= (Jo, F® + Vg h) =FL,F, >0, (73)

where we define the positive-definite diagonal matrix
L, € Rl€IxI&l a5 [Lylee = 16, and used VGUI"IT =0,

at T

F, = Fg’ + Vg, h, and the relation J, = L,F,. Similarly to
Eq. (14), we can also express the partial EPR geometrically.
Here, we define the inner product and norm with respect to
L, as follows: (v, v');, = v L,v" and |v|;, = /(v, v), for
v, v € RI%! Using this norm, we obtain

Yo = (Ja. Fo) = [IFalf, >0. (74)

From Eq. (74), we find that 3, = 0 is achieved if and only
if F, = 0, and thus the equality condition of the second law
of information thermodynamics (69) is also given by F, = 0.
When this equality holds, the relation J, = L,F, = 0 pro-
vides o, = 0 and I, = 0. Thus, the equality condition is only
achieved when information flow does not exist. We note that
this fact does not prevent finite information transfer with zero
partial entropy production. This situation can be viewed as an
optimal information-thermodynamic engine, such as the Szi-
lard engine [4,93]. If we consider the situation where I, oc 7~
and 2«1 o 772 for a time interval 7, then its time integral
for dtl, could be finite but the partial entropy production
fOI dt3,, can become zero in the limit T — oo.

IV. MAIN RESULTS

In this section, we present our main result, a geomet-
ric decomposition of information flow, along with several
consequences that follow from it. These results connect
the two techniques presented in previous sections, that is,
the geometric housekeeping-excess decomposition and the
information-thermodynamic framework. Although both have
provided important insights into thermodynamic dissipation,
they have so far been developed separately. In this section, we
fill this gap by exploiting the geometric viewpoint introduced
in Sec. IIT A.

A. Geometric housekeeping-excess decomposition
of information flow

We will decompose information flow into housekeeping
and excess parts based on the decomposition of currents.
When the system is bipartite, currents that appear in the EPR
decomposition are partitioned into X and Y components. Re-
call that J*(p) is the current that reproduces the dynamics
as in Eq. (15) and is generated by a conservative force as
in Eq. (16), whereas the remainder J™(p) = J(p) — J*(p)
consists of cyclic contributions. Then, they are decomposed
as J*(p) = Jx(p) ® J3(p) and J™(p) = J¥'(p) ® J3"(p) in
bipartite systems. Given these decompositions, the continuity
equation (50) is rewritten as

dip =V i)+ V4§ T3 (p). (75)

Because of the condition Havg“c = O, the time evolution of
the marginal probability distribution in Eq. (52) can also be
rewritten as

dipy = T,V J5(p), (76)

for o € {X,Y}. Since V'J™(p)=0, the decomposition
J"™(p) = J¥(p) © J¥(p) leads to the antisymmetric relation

Ve I (p) = =V I (). 7
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Then, housekeeping and excess information flow are de-
fined by

™(p) = (I (p), V6, i(p)), (78)

I*(p) = U (), Ve,i(p)), (79)

for a € {X,Y}. Due to the relation J,(p) = J™(p) + J:(p)
and the explicit formula (60), we find that they actually de-
compose information flow:

L(p) = I*(p) + [ (p). (80)

We briefly demonstrate how I"*(p) and I®*(p) can be in-
terpreted as “housekeeping” and “excess,” respectively, by
considering the following two scenarios.

When the system is in the steady state, since we have
JL(p™) = 0, we can show that

ja (PSl) = I'Sk(PSt),
for a € {X,Y}; i.e., the housekeeping information flow coin-
cides with the total information flow in the steady state. If the

system is detailed balanced, we generally have J*(p) = J(p)
and we obtain

[Z(p™) =0, (81)

™(p)=0, L(p)=Ip) (82)

fora € {X, Y} and any p, which means that the housekeeping
information flow is absent if the system is detailed balanced.

The physical relevance of the housekeeping and excess in-
formation flow can also be demonstrated by the fact that they
generalize the properties of information flow. From Eq. (77),
we find that the housekeeping information flow satisfies the
antisymmetric relation for any distribution p:

I(p) = —[%(p). (83)

According to Eq. (81), the antisymmetric relation of steady-
state information flow [Eq. (64)] is reproduced from this
equality if p is chosen as p*'. Combining this property with
Eq. (61) further implies that the time derivative of the mutual
information is solely determined by the excess information
flow:

d1(X;Y) = [ (pt)) + X (p(1)). (84)

Let us conclude this section with some additional com-
ments on housekeeping and excess information. Originally,
information flow I,(p) in Eq. (56) represents the change in
mutual information caused by the time evolution in subsystem
o € {X, Y}. From Eq. (82), we see that it consists only of the
excess contribution if the detailed balance condition is satis-
fied; if not, fa (p) potentially consists of two distinct modes.
Specifically, I'* arises when J™(p) does not vanish. As al-
ready explained, J™(p) represents the cyclic contribution in
the whole dynamics, given as a sum of cyclic currents; there-
fore, we can interpret ['* as quantifying the “cyclic” mode in
the information flow. Since the cyclic current leaves the total
distribution unchanged, the housekeeping information flow
does not change the mutual information [Eq. (84)]. Neverthe-
less, I3 and I} have nonzero values, which are balanced as in
Eq. (83). Reproducing the antisymmetric relation for the total
information flow in the steady state, this relation reveals that

the housekeeping information flow provides the information
flow required to maintain the nonequilibrium steady state.

On the other hand, faex(p) can be interpreted as the conser-
vative mode, since it arises from J*(p), which is conjugate to a
conservative force. Because J*(p) gives the time evolution of
p in the continuity equation [Eq. (17)], this mode substantially
changes the mutual information, and thus Eq. (84) holds. In
the steady state, the mutual information does not change over
time. In fact, I* also vanishes in the steady state.

B. Generalization of the second law of information
thermodynamics

In this section, we derive a generalization of the second
law of information thermodynamics. We show that the second
law of information thermodynamics (69) can be expressed
as two inequalities, one corresponding to the housekeeping
contribution and the other to the excess contribution.

First, we discuss how to define the excess entropy change
rate of a subsystem « € {X, Y}. In Eq. (25), the excess EPR
is characterized as the sum of the time derivative of the Shan-
non entropy d,5%*(p) and the excess environmental entropy
change $°" (p), generalizing the definition of the total EPR
[Eq. (6)].

These formulas motivate us to define the excess entropy
change rate associated with «, o >*(p), by replacing the Shan-
non entropy of p, the optimal current J*(p), and the gradient
V with the Shannon entropy of p,, the subsystem component
of the current J7, (p), and that of the gradient V_, respectively.
Thus, we define 6% (p) as

ot (p) = dSY°(p) + S ™ (p), (85)
where $ ¢ (p) is defined as
e (p) = —I(P), Vo, € (p)). (86)

Using the definition of 4,55 (p), oS*(p) is calculated as
o (p) = JL(p). Vo, (T by — €)).

Then, we define the housekeeping entropy change rate
of subsystem « € {X,Y}, denoted by o, by focusing on
the definition of housekeeping EPR: " = (J — J* F — F*)
[Eq. (21)]. To this end, we decompose the projected force as
F*=F% & F}, and use the apparent thermodynamic force
F, instead of F, as in Eq. (68). Then, we define o;‘k as
ot = (Jy —J. Foy — F2), 87

o

which can be interpreted as an apparent housekeeping dissi-
pation of subsystem c.

Let us examine some basic properties of 6 >* (p) and O'(le (p).
If o represents the entire system and o« does not exist,
o (p) and o* (p) reproduce X (p)(=> 0) and S (p)(> 0),
respectively, because & = & and p, = p. However, in the
presence of ¢, the positivity of excess and housekeeping en-
tropy change rates 02 (p) and o"%(p) is no longer guaranteed.
In fact, they can generally be negative, as demonstrated by
numerical calculations in Sec. V. If the system is detailed bal-
anced, we have J,(p) = J*(p) and —Vg, €* = —V;,e = F™,
so that

ot (p)=0, oZ(p)=o0.(p) (88)
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When the system is in the steady state p*, we obtain
0 (") = ou(@™). o P =0 (89)

because J; (p™) = 0 and F(p™) = 0 are satisfied.
We note that o4 (p) # o(p) + 0(p) in general. The fol-
lowing calculation confirms this fact:

o+ o0 =Ja—JoFo—F3) + (J Vo, hy — €))
= (o =T FP—Fi)+ (dip,) 'ha — (T}, Vi, €)
= (d,py) e + (Jo, F)
— o, F) + (I3, Fis — F — Vi, €")
=0y — (J5, F* + F + Vg, €)
=0, — 2(J%, FhY), (90)

where we used F, = Fg‘ + Vg, H;ha, navga Jo —
J) =0, dp, =TV I, JoFy) =5 Fa), 04 =
(dp,) ho + (Jou, FY), and FY + Vg,€* =Fo + Vg, (" —
h) = F™. Due to the presence of the system o, (J%, F'¥)
cannot vanish in general, whereas the sum with (J*., F'%) is
always zero as

o F¥) + (Jo F) = g F™) =0. 1)

Given o and o with o € {X,Y}, we can generalize
the second law of information thermodynamics. Since both
o and o.* can take negative values, they do not quantify
irreversibility of thermodynamic processes as £ and % do.
On the other hand, combining o"* with I"* and o with [
results in the following two inequalities:

o (p) = ™ (p), (92)

oM (p) = LX(p). (93)

These inequalities can be interpreted as generalizations of the
second law of information thermodynamics [Eq. (69)].

These two generalizations of the second law of informa-
tion thermodynamics offer a fresh perspective on existing
discussions in information thermodynamics. According to
the conventional second law of information thermodynam-
ics [Eq. (69)], the entropy change of a subsystem is lower
bounded by information flow. The existence of Maxwell’s de-
mon is implied by a negative entropy change of the subsystem,
which necessarily leads to the negativity of information flow.
Our results reveal that information flow has two components:
housekeeping and excess information flows. These compo-
nents impose different bounds [Eqgs. (92) and (93)]. Therefore,
we can discuss the existence of Maxwell’s demon with regard
to housekeeping and excess dissipation separately, based on
the negativity of the respective quantities o™ (p) and o*(p).
We will refer to the former as the housekeeping demon and the
latter as the excess demon.

Let us briefly consider the existence of the housekeeping
and excess demons. Interestingly, due to the antisymmetric re-
lation 72% = —IPX, only one of /2% and 7I* has a negative sign.
The inequality [Eq. (92)] implies that, if o*(p) is negative,
I'* is negative, and I'* and o (p) are positive. Therefore, the
housekeeping demon can exist in only one of the two subsys-
tems, X or Y. In Sec. V, we provide a numerical illustration

of several cases in two examples: (1) no demons, oult’k > 0 and
af* > 0, (2) housekeeping demon only, ¥ < 0 and 6* > 0,
(3) excess demon only, o > 0 and 0 < 0, and (4) both
demons, 0% < 0 and 6% < 0.

We provide the proofs for Egs. (92) and (93). First, recall-
ing the definitions of i [Eq. (57)] and I'* [Eq. (78)], we can
perform the following calculation:

op — I = U3 F§ — Fy + Vg, ho) — (I35, Vi, i)
= (I FY — F* + Vg, h — Vg, hye)
= (/o Fo), (94)

where we used F, =F" 4+ Vg h, F'*=F,—F! and
Vg, . = O. From the linear relation Jff‘ = L F"™*, we ob-
tain o )% — ['% = (FI)TL,F* = |FE¥|7 > 0, which is the
desired bound [Eq. (92)]. Next, using the definitions of i
[Eq. (57)] and ig" [Eq. (79)], we obtain

o0& — I = (J%, Vg,(N hy — € —1i))
= (J%, Vi, (h — €) — Vg, T 1hye)
= (5. F;) =|F}l;, >0, (95)
where we used F* = Vg, (h — €*), Vg, I1). = O, and J* =

L,F}. This inequality is equivalent to the desired bound
[Eq. (93)].

Based on the inequalities [Eqs. (92) and (93)], we define
the partial housekeeping EPR X (p) and the partial excess

EPR ng(p) as
S (p) = o) — 1) = [F* @)}, (96)

NS (p) =08 (p) — () = IFs)IL, ). OD

respectively. Since these quantities are non-negative, the
quantities X1 (p) and 3¢ (p) can be considered measures of
dissipation.

We note that the partial housekeeping EPR and the partial
excess EPR satisfy the properties corresponding to Egs. (88)
and (89). If the system is detailed balanced, where F = F*
holds, we have

) =0, I&P) = S (p), (98)

for any p. On the other hand, if the system is in a steady state,
which is characterized by F*(p*) = 0, we can show

EEEY = 2", EE@pT) =0. (99)

The partial housekeeping EPR and partial excess EPR can
be interpreted in the following way: X1 quantifies the irre-
versibility due to nonconservative external driving forces that
prevent the subsystem o from reaching equilibrium, and 22"
quantifies the irreversibility arising from the nonstationarity
in the subsystem «.

Since the matrix L(p) is given by the direct sum of Ly (p)
and Ly (p), we obtain

SEE) + @) = IF™ @)}, = ™ @).  (100)
S8 + 55 (@) = IF @), = 2%(p).  (101)

Therefore, the housekeeping and excess EPRs in the total
system are decomposed into the partial components in the
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subsystems. In other words, adding both sides of the two
inequalities of*(p) — I*(p) > 0 and of*(p) — I*(p) > 0
yields the non-negativity of the housekeeping EPR - (p) >
0. In the same way, adding both sides of the two inequalities
o2 (p) — I (p) > 0 and of* (p) — I*(p) > O yields the non-
negativity of the excess EPR X*(p) > 0. This is analogous
to how the second law of thermodynamics ¥ (p) > 0 can be
derived from the two second laws of information thermody-
namics ox (p) — Ix(p) > 0 and oy (p) — Iy (p) > 0.

On the other hand, the partial EPRs are not recon-
structed from the partial housekeeping and excess EPRs; i.e.,
2K (p) + S (p) # Zu(p) for a € {X, Y} in general because
o (p) + 62 (p) # 0u(p). while I,(p) = I'*(p) + I (p). In-
stead, we can provide a geometric decomposition of the partial
EPRs based on the concept of local conservativeness, which
will be discussed in Sec. IV E.

C. Generalization of cyclic decomposition

Here, we present the cyclic decomposition of the partial
housekeeping EPR and the housekeeping information flow.
This result generalizes the cyclic decomposition of the house-
keeping EPR [Eq. (36)] for subsystems. Moreover, it extends
other information-thermodynamic results to nonstationary sit-
uations; the partial EPR [66] and the information flow [35] are
known to be expressed in the form of the cyclic decomposition
in the steady state, as is the total EPR. We will provide a
generalization of these results to nonsteady states, with a focus
on the housekeeping term introduced in preceding sections.

As a preliminary step to the cyclic decomposition, we cat-
egorize the cycles {C*},caq as either local or global. A cycle
C* ={eiqy, .- -, eigerp} (0 € M) is defined to be a-local
(@ € {X,Y}) if C* C &N holds. Due to the definition, the
edges in C* satisfy

Sac (€ik)) = Sac(€ik+1)), (102)

for any k € {1,2, ..., |C*|}, in addition to the cyclic con-
dition t,(eik)) = Sq(€ik+1)). Here, we impose the boundary
condition e;(cx|+1) = ej1y. That is, the state in o never
changes in an a-local cycle. We write the set of indices of
a-local cycles as M* C M (« € {X,Y}). Global cycles are
defined as cycles that are neither X-local nor Y -local, whose
set of indices is denoted by MXY; thus, M = M* U MY U
MY

To demonstrate the cyclic decomposition, let us define the
partial housekeeping cycle affinity of C* as follows:

Fp:C*) =) [S"LIF™(p)l..

ec&,

for o € {X, Y}. The quantity ]—';‘k(p; C") resembles the house-
keeping cycle affinity (35), but is not identical because the
sum range is restricted by &,, resulting in a different value.
They coincide only if the cycle is «-local; i.e., we have
Fik(p;C*) = F*(p; C*) only if u € M. In the other cases,
we M or ue MXY, we find Fi¥(p; C*) # F*(p;C*) in
general. In particular, F'%(p; C*) = 0 for 1 € M*" because
then [§*], = O foralle € &,.

Using the partial housekeeping cycle affinity F¥(p; C*)
and the housekeeping cyclic current 7™ (p;C*) [Eq. (34)],
we can decompose the partial housekeeping EPR of the

(103)

subsystem « € {X, Y} into the contributions from individual
cycles:

ey = Y

neMAUMXY

T (p; CHFR ;). (104)

This expression is a generalization of Eq. (36) for %, and
a generalization of the expression for the partial EPR in the
steady state discussed in Ref. [66].

Then, we discuss the cyclic decomposition of the house-
keeping information flow. To this end, we formally extend the
concept of information affinity, which was originally intro-
duced by Horowitz and Esposito for the steady state [35], to
include the nonsteady state. More specifically, the information
affinity along cycle C* is defined as follows:

f;nfo(p; CM) = Z[su]e([i(p)]t(é’) - [i(p)]s(e))f

ec&,

for a € {X, Y}. Note that }'é"fo(p“;C") coincides with the
conventional definition. We can interpret ﬂ“f"(p; CH) as de-
scribing the change in mutual information caused by the
changes specified by the edges in C* N &Y. Although we
formally defined F"°(p;C*) for all the cycles in G, this
quantity is zero for any local cycle: Fin®(p;C*) = 0 holds
for u € MX U MY (see Appendix D). Therefore, information
affinity can only be nonzero within a global cycle in which
information is exchanged between two subsystems.

The next step is to use the information affinity to derive the
cyclic decomposition of the housekeeping information flow.
Here, let us simply state the result (see also Appendix D for
the proof):

I'(i'lk (p) — Z jhk (p; C[L )f;nf()(p; Cy.).

neMXY

(105)

(106)

Therefore, I"%(p) is expressed solely by the contributions
from global cycles {C*}, caxr. For the steady state, the
representation of information flow by information affinity
and its decomposition into global cycles were discovered by
Horowitz and Esposito [35], and further analyzed in detail by
Yamamoto et al. [66]. Therefore, Eq. (106) is regarded as a
generalization of that result for the housekeeping information
flow in a nonsteady state.

To further characterize Eq. (106), we define the housekeep-
ing information flow along the global cycle C* (1 € MXY)
as ng(p;C“) = jhk(p;C“)f;“f"(p.; CH), which leads to the
decomposition [™(p) = D e I (p;C*). We point out
that fgk(p; C") satisfies the antisymmetric relation at the level
of individual cycles:

I (p: C*) = =L (p: C™). (107)
The antisymmetric relation can be verified as follows:
¥ (p; € + L (p: )
= T™(p; C")(FP™(p; C*) + FP™(p;C*)) =0 (108)
because
Filo(p; €) + F(p; €*)
= Y [8Mi(P)e) — [i(P)]s)

ee&
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= Z[S“]e Z [V]e.(x,y)[i(p)](x,)’)

ec& (x,y)EX XY

= (V8" Ti(p) =0, (109)

where the last equality follows from VTS* = 0.

D. Short-time thermodynamic uncertainty relation

We discuss a short-time TUR for the partial excess EPR,
which is a generalization of the short-time TUR for the excess
EPR in Ref. [57]. We use the geometric representation of the
partial excess EPR [Eq. (97)] to obtain a TUR.

To this end, we introduce the time-independent observable
¥, € imI1] with o € {X,Y}. Note that [¥,],,, depends
only on the state of the subsystem o. This fact can be
confirmed as follows. By introducing ¥, € R [(a, A) €
{(X, X), (Y, Y)}] such that ¥, = I1] ¥, we have [Wx] () =
[¢X]x and [‘I’Y](x,y) = ['ﬁY]y'

To obtain a TUR, we consider the following Cauchy—
Schwarz inequality with respect to the inner product (-, -)z, )

(F5(P). V6, ¥ ) 1,p)” < IFLDIZ, )1V, ¥allZ, -
(110)

for any time-independent observable W, € imII]. Be-
cause d;p, = HavguJ;(p) = V;J:(p) holds, we can rewrite
(F5(p), V6, Yo )1, (p) aS

(F2(D), V6, %) 1. = Je(D), Vo, ¥,) = (dp,) ¥,
=d,(plY,) =d(p'¥,). (111)

From the geometric representation 22" = ||FZ||%Q and
Egs. (110) and (111), we obtain the following TUR for the
partial excess EPR:

d(p V)’ _

A (112)
”VG(X Y, ”12‘&(1,) h

This inequality implies that Eg" is bounded by the time deriva-
tive of the expected value p' W, which quantifies the speed
of the subsystem o € {X, Y} measured by the observable ¥,.

We can estimate the denominator of the lower bound in the
TUR [Eq. (112)] by considering its upper bound, which is the
diffusivity of ¥,,.

To clarify this notion, we introduce a stochastic change
in the value of an arbitrary time-independent observable
® c RV over a sufficiently small Af(> 0) as 6@ :=
[@]i+an).y@+an) — [®lx),va)), Where x(¢) and y(¢) denote
the states of X and Y at time ¢, respectively. The diffusivity of
® is defined as

. Var[§®]
D(®) := lim
At—4+0 At

) (113)

where Var[6®] is the variance of §®. The upper bound is
obtained as

D(¥,)
2

The proof of Eq. (114) is provided in Appendix E. The equal-
ity holds if and only if J;- =J; for any e € &M such that

> Ve, ¥all, - (114)

[VG, ¥yl # 0. Thus, we expect the values on both sides of
Eq. (114) to be close to each other near equilibrium.

Finally, combining Eqs. (111) and (114) with Eq. (112)
yields the following looser TUR:

2(di(p" o))’
D(¥o)

Although this inequality is looser than Eq. (112), it has a
clearer physical meaning. That is, calculating the lower bound
only requires knowledge of how the expected value changes
and the diffusivity of the observable of interest, and both are
experimentally accessible. We also note that this result is an
information-thermodynamic extension of the TUR for excess
EPR in Ref. [57].

<3 (115)

E. Wasserstein geometry for subsystems

We present a formulation of Wasserstein geometry for
subsystems in Sec. IV E 1 and demonstrate two consequences
derived from it: the geometric housekeeping-excess decompo-
sition of partial EPR and a thermodynamic speed limit, which
are discussed in Secs. IV E 2 and IV E 3, respectively.

1. Wasserstein distance for marginal distributions

Here, we propose a formalization of the 2-Wasserstein dis-
tance for marginal distributions. As we reviewed in Sec. II C 2,
the 2-Wasserstein distance for joint distributions is defined
by the minimization problem (37) under the constraints (38).
Inspired by this formulation, we now define the 2-Wasserstein
distance between two marginal distributions, p{”’ and p{"’ with
o € {X, Y}, as follows:

1

T 2

War(pQ, p") = inf r/ O andt |
(1 23 PO fuaree \ Jo 1Ol i

(116)
subject to
Map(t) = p, (1), (117)
dip,(t) =V Ly(p())f (1), (118)
P.(0) = p?, p.(v) = p. (119)

Here, the infimum is taken over p(¢) that remains strictly
positive joint probability distributions. We refer to Wy (-, -)
as the 2-Wasserstein distance for the subsystem. Note that we
can choose the time 7 > 0 arbitrarily [94]. If there is no pair
(p(@), f,(t)) satisfying the constraints (117)—(119), we may
let Wi (-, -) = 00. We will later confirm that Wy, (-, -) is the
distance between the marginal distributions.

Let us discuss a property of the minimizer of Eq. (116). It
is known that the minimizer of the 2-Wasserstein distance is
given by a conservative force [57,73]. We can find that the
same property holds for the case of marginal distributions
as well. To explain this notion, we introduce the concept
of local conservativeness, which is conservativeness on the
projected graph g,. The local conservative subspace with
respect to the subsystem « is defined as im V, . The ele-
ments of im V,_ are called local conservative forces. Then, we
can demonstrate that the optimal force for the minimization
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problem in Eq. (116), denoted by {f7(t)};icf0.c1, is given by
a local conservative force. In other words, there is a po-
tential {@} (1) € R} 0.7 [(er, A) € (X, X), (¥, V)}] such
that f7 (1) = —V,, @2 (1) (see Appendix F for the proof). This
fact enables us to rewrite the 2-Wasserstein distance for the
subsystem « as follows:

Wsub (P,S,O) ) pL(x] ))

’ 3
= inf T V. t 2 dl i 120
ur(r)«pu(r»f)g,g,( /0 Ve 00 O, (pie)y ) (120)

subject to Egs. (117) and (119), and
dip,(t) = =V, La(p(t))Vy, @, ().

Here, the infimum is also taken over p(¢) that remains strictly
positive joint probability distributions.

We emphasize that this definition of the 2-Wasserstein dis-
tance for the subsystem is not simply equivalent to the existing
definitions [57,73] for the marginal distribution, which may be
defined via an optimization problem regarding the marginal
distribution. This is because the Onsager coefficient matrix
L,(p()) is introduced only for the joint distribution p(t),
and is not a function of the marginal distribution p, (¢). This
definition optimizes the joint distribution p(¢), rather than just
the marginal distribution p,(¢) of the subsystem o € {X,Y}.
Therefore, this quantity should be considered new. Since it is
unclear whether it satisfies the axioms of a metric, it must be
proved.

Assuming the existence of minimizers, we show that
Wi (-, -) satisfies the axioms of a metric. We note that the
same conclusion may hold without this assumption, by us-
ing paths whose costs are arbitrarily close to the infimum.
By definition, we confirm that Wgy(-, -) satisfies the ax-
ioms of non-negativity and nondegeneracy; i.e., W (-, -) = 0
and Wy (p?, p\’) = 0 if and only if p» = p{"). The 2-
Wasserstein distance Wy (+, -) also satisfies the axiom of
symmetry Wsub(pfxo), pfxl)) = Wsub(p((xl), pfxo)). This symmetry
is verified in Appendix G. In Appendix H, we also show that
the axiom of the triangle inequality

W (2D, 2) < Wan (0. b)) + Wawn (Y, PS) (122)

holds for any p@, p{, and p?’ satisfying W (p?, p¥) <
00

(121)

Using Wqu (-, -), we introduce the speed of a given trajec-
tory. We consider the trajectory {p(t)};e[0,r] and its projection
(Pa(}icio.0) = {Tap()}iepo.q) for @ € {X, V). The speed of
the trajectory {p,(f)}:c0.-], measured with the Wasserstein
distance, is defined as

Waun (Do (), P, (t + At))
0 At '

We can rewrite vy (p, (¢)) as the following minimization prob-
lem:

Vo (P, (1)) = lim (123)

Vo (P (1)) = inf || f oI, ) (124)
p.fo

with the conditions I1,p = p,(¢t) and d,p, = V;;La(p)fa on

p and f . Here, the infimum is also taken over p that remains

a strictly positive joint probability distribution. This form of

Ve (p,, (1)) is proved as follows. By substituting p» = p, (1),

o

() = p.(t + At), and T = At for sufficiently small At in

o

Eqg. (116), we obtain

Wsub(pot(t)v poz(t + At))

= At ;nff I folliom + o(AD). (125)

The same constraints imposed on Eq. (116) are imposed on
the minimization. Dividing both sides by Az and taking the
limit At — 0 yields Eq. (124).

We discuss the geometric properties of the minimizer
of Eq. (116), which we write by (p*, ). In terms of the
2-Wasserstein geometry for the subsystem, the trajectory
(P (®)}ier0,21 = {Iap™(t)}1e0,1 1 considered as a geodesic;
ie.,

Wsub (Pg)) i pfxl))

”fZ(l‘)”Lu(p*([)) = . = const. (126)
holds (see Appendix I). Moreover, we can also show
Vo (P (1)) = 1f O, an)- (127)

This property is analogous to the property that is discussed
for joint probability distributions in Refs. [57,95]. To prove
Eq. (127), we will examine the following inequality,
which is a consequence of the triangle inequality for the
2-Wasserstein distance for the subsystem: Wi (p?, p1) <
fOT vo (Pl (t))dt. Because p*(t) and f(¢t) satisfy the con-
straints of the optimization problem [Eq. (124)], we can obtain
Ve (PE()) < |Ifo()llL,pr¢y)» Which yields the inequalities
Wan (@, p") < [fi va@i@)dt < [y I1f 5Ol aprandt.
For these inequalities to satisfy Eq. (126) with equality,
Eq. (127) must hold based on the conditions for equality.

2. Geometric decomposition of partial EPR

~ We discuss the geometric decomposition of the partial EPR
Y, fora € {X, Y}. We consider a solution to the master equa-
tion {p(1)}rero.r) lie.. dp = VTJ(p) = VT L(p)F (p)] and the
corresponding marginal distribution {p,(t) = I1,p(t)}ie[0,7]-
To perform the geometric decomposition, we focus on the fact
that the following linear equation for f7, has a unique solution:

Ve Jo(p) =V, Lo(p)f . (128)
under the condition f, €imV,. We write the
solution to this linear equation as [, = —V, ¥..

8o T
Then, we find (f).Fo— fi).p=— (Ve ¥o Fo+
Ve ULy = =)V La(D)(F o + Vg, ¥.) = 0 because
V;La(p)Fa = V;Ja = —V;;La(p)vga Y. Thus, fo is
given by the projection of F, onto the local conservative
subspace im V, , with respect to the inner product (-, )., .
Inspired by the analogy between this projection and the
projection of F discussed in Sec. IIC, we define the
local housekeeping EPR and the local excess EPR of the
subsystem o € {X,Y} as XM lc(p):=|F, — f;f||1%a(p)
and X 1°(p) = If I, (p), respectively. Then, the
orthogonality leads to the following decomposition:

o (p) = ZE ¢ (p) + B (p). (129)

023292-15



MAEKAWA, NAGAYAMA, YOSHIMURA, AND ITO

PHYSICAL REVIEW RESEARCH 8, 023292 (2026)

This equality is verified as follows: i)a(p) = ||Fa||%n(p) =
||.(Fo: - f;k) + f:j“lz‘a(p) =|[|Fo — ffflli,(,,) + ”f::H%a(II) =
ik doc(p) + 2 10¢(p) because (fi, Foy — fi)r,p = 0.

We briefly discuss the connection between the local excess
EPR X% loc(p) and the 2-Wasserstein distance for the sub-

system. Specifically, the speed v, provides a lower bound of
z':ex, loc (p) as

[Ve (P)]* < S (p). (130)

We note that while this result corresponds to an equality
relationship between the excess EPR and the 2-Wasserstein
distance in the total system [57], this becomes an inequality
when focusing on the subsystem. This inequality is shown as
follows. The pair {p(z), f} is a candidate of the minimization
problem [Eq. (124)] because the pair satisfies I1,p(t) =
p,t) and d;p,(t) = V;;La(p(t))fg“. Thus, we obtain

Ve P @) < If 2 Lupy = VEES(p(1)), whose square
yields Eq. (130). This inequality arises because p(¢) is not nec-
essarily equivalent to the optimal distribution for Eq. (124).

The local excess and housekeeping EPRs are different
from the partial housekeeping and excess EPRs. For example,
we find X3 °°(p) + 3P °(p) # = (p) and =3 '(p) +
% 1¢(p) £ 3% (p) in general, while Egs. (100) and (101)
hold. This difference arises from the order in which the EPRs
are decomposed geometrically. The partial housekeeping and
excess EPRs th (p) and X5*(p) are obtained by decomposing
¥ (p) and Ee"(p) into COIItI‘lbuthIlS from the subsystem o,
where the housekeeping and excess EPRs %™ (p) and X% (p)
are obtained by decomposing the total system’s EPR X (p)
based on the conservativeness described by V. On the other
hand, Egk' lo¢(p) and 2;’“ lo¢(p) are obtained by decomposing
the partial EPR 3, (p) based on the local conservativeness
described by V,,

Although the local and partial excess EPRs, Ee" loc(p) and
Ee"(p) are fundamentally different quantities, they are linked
by the following inequality (see Appendix J for the proof):

2 (p) < 28 D). (131)

We can intuitively understand the inequality in the follow-
ing way. 2')2"’ lo¢(p) is the minimum dissipation required to
change (at least) the subsystem «, while Zg"(p) is the contri-
bution of subsystem « to the minimum dissipation required to
change the total system. Therefore, Ze" lo¢(p) is never greater
than Ee" We can also obtain the hlerarchy [ve (P, N <
Ze" 'Oc(p) < Ee"(p) by combining Eqgs. (130) and (131).

We conclude this section by introducing TURs for the
local excess EPR. The derivation of the TURs follows
the same logic used in Sec. IVD. Here, we consider
the same observable W, = I1] ¥, used in Sec. [V D. We first
introduce the TUR corresponding to Eq. (112), which is given
by the following inequality:

(di(p" W) _ (di(pg¥,))

Ve, WallZ, )
for any time-independent observable ¥, € R4 with
(o, A) € {(X, X), (Y, ))}. The inequality [Eq. (132)] can

be shown by considering the following Cauchy—Schwarz
inequality:  ((f7, Ve, ¥u) ) < 1o 17,01 Ve ¥alZ, )

< TS p), (132

”VGD(\I’a”%a(I,)

The left-hand side can be rewritten as (o, Vo, ¥,)1.(p)* =
(d/(pl¥,))*. On the other hand, ||f/*||L o = = 3 le(p)
by definition, so we have Eq. (132). Note that the
equality is always achievable by choosing ¥, = ¥ (recall
f (,: ==V, '/’::)

Then, by combining Eqs. (114) and (132), we obtain a
looser TUR:

2(di(p" W)
D(¥o)

_ 2Pl
~ DY)

SIS, (133
corresponding to Eq. (115). Although this inequality is looser
than Eq. (132), it may be more useful for inferring the local
excess EPR. Calculating the lower bound only requires knowl-
edge of how the expected value changes and the diffusivity of
the observable of interest. Both are experimentally accessible.

We discuss the tightness of inequalities between TURSs us-
ing the partial excess EPR [Eqgs. (112) and (115)] and the local
excess EPR [Egs. (132) and (133)]. Since the lower bounds on
the left-hand sides are the same, and since there is an inequal-
ity between the partial EPR and the local EPR [Eq. (131)], the
following hierarchy of inequalities is obtained:

2(d, (PT‘I’a))2 (d(p" W)
D(¥o,) || Vv,

< I (p) < ().

SR
(134)

This implies that when performing the inference by maxi-
mizing the quantity on the left-hand side while varying the
observable ¥,, one can obtain only the local excess EPR, not
the partial excess EPR. However, in situations where the par-
tial excess EPR and the local excess EPR are nearly identical,
the partial excess EPR can also be inferred. We will discuss
specific examples of such situations later.

3. Speed limit

We now introduce the thermodynamic speed limit. We
consider a solution to the master equation and the correspond-
ing marginal distribution: {p(¢)};cj0.r; and {p,(*)}ep0,c] =
{IIep()}icro,r1 for o« € {X,Y}. We write the initial and final
distributions as p©@ = p(0), pV = p(x), p¥ = p,(0), and
P = po (7).

First, the triangle inequality yields W (p,(0), p, (7)) <
fOI vy (P, (t))dt. From the Cauchy—Schwarz inequality, we ob-
tain

T 2 T
Wsub<pa<0>,pa(r>>2<(/ vadr) <t f v2dt
0 0

T T
<t / £e gy < 1 / £edr,
0 0
(135)
where we used Egs. (130) and (131). Here, we intro-
duce the quantities Eg"(r)zfof oJdt and Ay lxy(t) =
for I:th, which satisfy flg"(t)— Aolyy(T) = fof ngdt =
X¥(7). Therefore, Eq. (135) is rewritten as

Wsub(Pa(O)’ pa(f))z

. < EJ(0) = Agdxy (1),

(136)

which is called the information-thermodynamic speed limit.

023292-16



GEOMETRIC DECOMPOSITION OF INFORMATION FLOW: ...

PHYSICAL REVIEW RESEARCH 8, 023292 (2026)

This inequality can be understood in three different con-
texts. First, Eq. (136) corresponds to the thermodynamic
speed limit [Eq. (45)] in the information-thermodynamic
scheme for bipartite systems. The main difference between
these two inequalities is that the right-hand side of the former
comprises both an entropic quantity (i)g") and an informa-
tional quantity (A,lxy). Second, Eq. (136) provides a tighter
bound than the generalization of the second law of informa-
tion thermodynamics [Eq. (93)], which can be rewritten as
ig"(r) > Aylxy(7) for a finite time. Third, Eq. (136) corre-
sponds to the information-thermodynamic speed limit, which
was originally proposed by Nakazato and Ito for overdamped
Langevin systems [46].

We briefly characterize the quantity A,Ixy (7). This quan-
tity AqIxy(7) implies the change in mutual information due
to subsystem «. Specifically, according to Eq. (84), we have

AxIxy(t) + Aylxy(T) = / d I(X;;Y,)dt
0

=I1(X;Yp) — 1Ko %), (137)
We note that A,lxy(r) does not diverge for stationary
systems in the limit lim,_ o |A4Ixy(7)] < 00, even when
the detailed balance condition is violated and I,(p%) #
0 is satisfied. On the other hand, the integral of I;,
defined as Aglyy(t):= [y L,dt, formally satisfies the re-
lation equivalent to Eq. (137): Axlxy(t) + Aylxy () =
I(XT;YT)—I(XO;YO). However, A,lxy(7) may diverge in
the limit lim,_ o |AyJxy(T)| = 0o since the housekeeping
contribution of the information flow exists. Therefore, the
quantity A,lxy(t) has a physically sound property in this
sense.

Finally, we derive a tighter inequality by defining the ther-
modynamic length as L, (t) := fot vedt. From Eq. (135), we
obtain

2
B0 < 5o - ), (138)
for t € (0, r]. While Wy (p, (0), p, (7)) corresponds to the
geodesic, £, quantifies the length of the path {p,(t)};cf0.7]-
Therefore, unlike the 2-Wasserstein distance for subsystems,
this quantity £, (¢) requires information not only about the
initial and final states p,(0) and p, (7), but also about the path

P (®)}ier0,01-

V. EXAMPLES

We illustrate our results using a simple model. The model,
shown in Fig. 5(a), consists of two binary-state systems
X and Y. The state of X is represented by x € {0, 1} =:
X and the state of Y by y € {0, 1} =: ). The state with
no particle in X (Y) is represented as x = 0 (y = 0), while
the one with one particle is x = 1 (y = 1). Accordingly, the
system is described by the four states (x,y)e X x )Y =
{(0,0), (0, 1), (1,0), (1, 1)}. The system X is coupled to a
particle bath vy characterized by the inverse temperature By
and the chemical potential uy. The system Y exchanges
particles with two baths vy, and vg. The baths vy and vy
are characterized by the inverse temperature S (< Bx) and
their respective chemical potentials, p, and ug, which satisfy

(a) (b)

- - - -

FIG. 5. (a) Schematic of the model. The system X exchanges
particles with the particle bath that has the chemical potential py
and the inverse temperature Bx. The system Y exchanges particles
with the two particle baths that have different chemical potentials pt;.
and ur (< pr) and the same inverse temperature 8 (< By ). There is
also an interaction between X and Y. (b) The graph corresponding
to the model. The presence or absence of a particle in each system
represents the states of X and Y, which are written as x and y,
respectively. All possible states of the system can be described as
(x,y) € {(0,0), (0, 1), (1, 0), (1, 1)}, where 1 represents an occupied
state and O an unoccupied one. The nodes are connected by edges
{ei}ie(l.“,,6)~

uL > ur. The energy is set to 0 when neither subsystem
is occupied, i.e., when (x,y) = (0,0). It is set to Ex (Ey)
when only one state is occupied, i.e., when (x,y) = (1,0)
[(x,y) = (0, 1)]. When both states are occupied, i.e., when
(x,y) = (1, 1), an interaction energy u arises, and the total
energy of this state is given by Ex + Ey + u.

The graph corresponding to the model is shown in

with
er = (vx, (0,0) — (1, 0)),
ez = (v, (0,0) — (0, 1)),
es = (1R, (0,0) — (0, 1)),

e = (vx, (0, 1) > (1, 1)),
€4 = (ULv (15 0) - (1’ 1))9
e = (WR, (1,0) — (1, 1)).
(139)
Thus, the graph G := (X x ), &) satisfies the condition for
a bipartite system [Eq. (48)]. The set of edges is split
into Ex = {e1, e} and & = {e3, e4, €5, €6}. The incidence

matrix of G and its marginalization matrices are given as
follows:

10 -1 0 -1 0
s lo 110 1o
Vi=lr 0o 0 -1 o -1 @40
o 1 0 1 o0 1
1 1.0 0 10 1 0
HX:(O 0 1 1)’ HYZ(() 10 1)' (141)

For e; € & (i € {1,2}), we define the transition rates
as R, =Tfi, R.,, =T —-f1), R, =Tfp, and R_,, =
I'd—f) with fi =1/(14ePE=#) and f, = 1/(1 +
ePx(Extu=ix)y - where T' is a positive constant. For e; €
Ey (i € {3,4,5,6}), we define the transition rates as R,, =
I'ifi and R_,, = I';(1 — f;), where I'; are positive constants
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FIG. 6. The second law of information thermodynamics [Eq. (69)], the generalized second laws of information thermodynamics [Eqs. (92)
and (93)], the thermodynamic uncertainty relation [Eq. (115)], and the information-thermodynamic speed limit [Eq. (138)]. (a) In the left
panel, we observe an apparent violation of the second law of thermodynamics oy < 0 for ¢ roughly greater than 1.1. We also see that of*
is negative for ¢ roughly greater than 0.2 in the central panel, while oy* is always positive in the right panel. (b) In the left panel, oy is
negative when 0.1 < ¢ < 0.15. Unlike panel (a), we see that o is positive, while o¢* is negative when 0.08 < ¢ in the right panel. Note
that oy is always negative, as are of* and o;*. (c) The thermodynamic uncertainty relations with respect to the partial excess EPR and the
local excess EPR [Eqs. (115) and (133)]. The observable used to obtain the lower bound is defined as ¥y := H;(O, 1)T. The upper right
panel shows the ratios of the lower bound to the partial excess EPR and to the local excess EPR: py := 2(d,(pT‘Ily))2/(2,3xD('Ily)) and
Py i= 2(d,(pTWy))* /(5" "“D(Wy)). (d) The information-thermodynamic speed limit £2 /t < [j S§¥dt =: ¥ = £¢X — Aylyy. The bound

is relatively tight when ¢ € [0, 0.6].

with f3 = 1/(1 + eﬁ(EY_//«L))’ fa=1/0+ eﬂ(EY‘Hfi_liL))’ f5=
1/(1 + e.B(EY_#R))’ and fs = 1/(1 + ePErtu—ir)y,

For the numerical calculations, we consistently use the fol-
lowing parameters: By = 10,8 =1, = 16,3 =I's = 1.5,
F4 = FS = 05, EX = Ey = 1, u= 02, ML = 11, MR = 09,
and uy = 0.9.

Apparent violations of the second law of thermodynamics
are represented by the negativity of entropy change rates of
subsystems, which is necessarily accompanied by negative
information flow. In Sec. IV B, we discussed that this ef-
fect can be separated in terms of two factors: excess and
housekeeping information flows. To numerically confirm this
fact, we sequentially illustrate the second law of information
thermodynamics [Eq. (69)] and the generalized second laws of
information thermodynamics [Egs. (92) and (93)] in Figs. 6(a)
and 6(b).

We can observe cases (1) of > 0 and o* > 0, and (2)
0% < 0 and o¢* > 0 in Fig. 6(a). We can also observe cases
(3) of* >0 and o* <0, and (4) of* <0 and o <0 in
Fig. 6(b).

First, let us discuss Fig. 6(a), in which the initial distribu-
tion is set to be p(0) = (0.85, 0.05, 0.05, 0.05)". In the left
panel, oy is negative for ¢ roughly greater than 1.1, which
can be interpreted as the conventional concept of an apparent

violation of the second law of thermodynamics in the subsys-
tem Y. In the central panel, we see that of* turns negative at
t >~ 0.2, while in the right panel, o5* remains positive.

Therefore, the apparent violation shown in the left panel
is caused by the housekeeping information flow from ¥ to X
where the subsystem X is considered to be a housekeeping
demon.

For the system X, we can also observe that both of* and
oy are positive. We also note that the antisymmetric relation
I8 = —[7% [Eq. (83)] is confirmed.

Second, we refer to Fig. 6(b), in which the initial distribu-
tion is set to be p(0) = (0.01, 0.49, 0.49, 0.01)". In this case,
the left panel shows that ox is temporarily negative around
t = 0.1. In the central panel, of* remains positive throughout,
while in the right panel, o¢* temporarily becomes negative and
converges toward zero as the system relaxes.

Therefore, the apparent violation of the second law for the
subsystem X can be understood as arising from an excess
demon (the subsystem Y).

Note that oy is always negative and X always acts as
Maxwell’s demon. Furthermore, since both of* and o are
negative, the apparent violation of the second law of ther-
modynamics arises from the combined effects of excess and
housekeeping information flows. Due to the antisymmetric
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relation /8% = —JP% the two subsystems never behave as
housekeeping demons simultaneously. However, as shown
in this case, both systems can temporarily become excess
demons.

In Fig. 6(c), we illustrate the short-time TURs with re-
spect to the partial excess EPR and the local excess EPR
[Egs. (115) and (133), respectively]. The initial distribution is
given as p(0) = (0.85, 0.05, 0.05, 0.05)". We use an observ-
able ¥y = H;(O, DT=(0,1,0,1)T €im 1'[}— to give the
lower bound 2(d, (p " Wy ))?/D(¥y ), which is common to both
Egs. (115) and (133). Note that observables that depend only
on y give the same lower bound [96]. It is also observed that
the inequality ¥ > £ [Eq. (131)] holds.

In the inset of Fig. 6(c), we plot the ratios of the lower
bound to the partial and local excess EPRs, denoted by

L 2dipT ) 2d(p W)
Py = oy — Y = Sox Toco~ o <° (142)
RED(Wy) N D (W)

Regarding the ratios, the inequality py < py < 1 is satis-
fied because of the hierarchy [Eq. (134)]. After a long time,
both values approach 1. This demonstrates that it is possi-
ble to infer both the local and partial excess EPRs from the
observable Wy.

In Fig. 6(d), we demonstrate the information-
thermodynamic speed limit [Eq. (138)] for the
subsystem Y. The initial distribution is given as p(0) =
(0.85,0.05, 0.05, 0.05)". We define the partial €xcess entropy
production of the subsystem Y as X§* := fot Xy*dt so that
Eq. (138) is expressed as ﬁ%/l <XY = flf,x(t) — Aylxy(t).

As t increases, X7* also increases monotonically and con-
verges to a finite positive value. In contrast, the lower bound
L2/t exhibits a peak around ¢ >~ 0.6 and asymptotically ap-
proaches zero. Therefore, in this case, the speed limit is
relatively tight for 7 € [0, 0.6]. We also note that the infor-
mational term Ay Ixy is significantly smaller than the entropic
term flf,". This implies that while AylIxy is expected to be of
the same order as the change in mutual information, no such
constraint is imposed on £¢*.

VI. DISCUSSION

In this paper, we propose a geometric housekeeping-excess
decomposition of information flow for bipartite systems de-
scribed by Markov jump processes. Our decomposition is
based on the orthogonal decomposition of a thermodynamic
force into its conservative and nonconservative components.
The housekeeping information flow, driven by the nonconser-
vative force, satisfies the antisymmetric relation [Eq. (83)].
Consequently, it does not contribute to the time deriva-
tive of mutual information between the two subsystems.
Conversely, the excess information flow, driven by the con-
servative force, substantially changes the mutual information
[see Eq. (84)].

Our decomposition yields four main consequences.

The first is the generalization of the second law of informa-
tion thermodynamics. We derived two inequalities [Egs. (92)
and (93)] by combining the housekeeping/excess entropy
change rates with the housekeeping/excess information flows.
These two generalizations of the second law of information

thermodynamics allow us to classify Maxwell’s demons into
those related to housekeeping dissipation and those related to
excess dissipation.

The second consequence is the generalization of cyclic
decomposition. By extending partial cycle affinity to non-
steady states, we decomposed partial housekeeping EPR into
contributions related to each cycle [Eq. (104)]. Furthermore,
by formally defining the information affinity for nonsteady
states, we demonstrated that the housekeeping information
flow can be expressed solely in terms of contributions from
global cycles [Eq. (106)].

The third consequence is the short-time TUR [Eq. (112)].
Although Eq. (115) is weaker than Eq. (112), it enables us
to obtain a lower bound for partial excess EPR using only
quantities that are more easily accessible: the rate of change of
the expected value and the diffusivity of an observable. Thus,
Eqg. (115) may be useful for inferring the partial excess EPR.

The fourth is the information-thermodynamic speed limit
[Eq. (136)], which is based on optimal transport theory. We
also proposed a geometric decomposition of partial EPR and
discussed its connection to the Wasserstein distance for sub-
systems.

We discuss the application of optimal transport theory
to information thermodynamics. This theory is employed to
analyze minimal dissipation of information processing in in-
formation thermodynamics [46,71,79,80,97] and to derive the
finite-time Landauer principle [46,75]. Because the problem
of minimal dissipation depends on what is fixed and how
optimization is performed [78,98], various approaches are
possible to formulate the problem of minimal dissipation.
For example, while the 2-Wasserstein distance is typically
employed in information thermodynamics for Langevin sys-
tems [46,71], the 1-Wasserstein distance is mainly used for
Markov jump processes [79-81]. Although this use of the
1-Wasserstein distance simplifies the analysis, it has some
drawbacks. The 1-Wasserstein distance is not directly re-
lated to housekeeping and excess EPRs, and it requires
the treatment of activity, which is a kinetic quantity. Our
extension of the 2-Wasserstein distance to the subsystems
of Markov jump processes allows us to derive thermo-
dynamic trade-off relations and analyze the optimality of
information heat engines, as in the Langevin systems. It
also naturally connects to the housekeeping-excess decom-
position in information flow. It would be interesting to
compare our generalization of the 2-Wasserstein distance
with a variant of the 1-Wasserstein distance that focuses on
subsystems [79-81].

We note that there may be alternative approaches to de-
composing information flow. In this study, we decompose
information flow using the geometric decomposition of the
EPR, which is based on our definition of the inner product
with the edgewise Onsager coefficients. This method is di-
rectly related to optimal transport theory and enables us to
derive thermodynamic trade-off relations. For example, there
are other options for the housekeeping-excess decomposition
of the EPR in Markov jump processes: the traditional Hatano—
Sasa decomposition [59,60], the decomposition based on
Hessian geometry induced by the Legendre duality between
force and current [99], and the decomposition based on in-
formation geometry of unidirectional fluxes [77]. Although
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it is unclear how to decompose information flow using these
options, it may also be possible to do so based on these other
options. Even if the decomposition succeeds, it is unlikely that
alternative approaches will possess natural properties, such
as Eqgs. (83) and (84), in our decomposition of information
flow. However, since information-geometric decomposition
has advantages when decomposing the total EPR into partial
EPRs in nonbipartite systems [44], it may have other desirable
properties when an information-geometric decomposition is
successful.

Finally, we discuss future perspectives. Information
thermodynamics is studied in settings broader than bi-
partite systems described by Markov jump processes.
These settings include nonbipartite systems [33,40,45,100],
overdamped Langevin systems [17,33,36,46,90,101], un-
derdamped Langevin systems [36,102-104], deterministic
chemical reaction networks [30,105], and open quantum
systems [12—14]. The geometric housekeeping-excess decom-
position of the EPR is possible in these systems [55-57,65].
Thus, the information exchange in these systems could
also be decomposed into housekeeping and excess parts. In
linear Langevin systems, the housekeeping EPR can also
be decomposed into oscillatory modes [62]. Therefore, we
may be able to decompose the housekeeping information
flow into oscillatory modes. This notion is analogous to
decomposing the housekeeping information flow with the
cycle basis in this study. It would also be interesting to
clarify how the housekeeping and the excess information
flows behave in concrete systems, such as the macroscopic
limit of electric circuits [106,107], information-driven heat
engines [47], and biological processes such as membrane
transport [51].
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APPENDIX A: DERIVATION OF THE EXPLICIT
FORM OF INFORMATION FLOW

We derive the explicit form of information flow given by
Eq. (60). Because of the symmetry between X and Y, it is
sufficient to consider Iy. Here, we write the probability of
the transition from (x’, y") to (x, y) occurring within the time
interval [¢,t + dt] as P(x, y;t +dt|x’,y';t). As X and Y can-
not change simultaneously in a bipartite system, P(x, y;t +
dt|x',y';t) = o(dt) holds if x #x’ and y #y’, where dt
is an infinitesimal time interval and o(dt) is the Landau
symbol.

The joint probability P(x;t + dt, y;t), which is needed to
compute the mutual information 7(X; ;4 Y,), is given in terms
of the transition probability as

P(t+di,y;t) =) Y POyt +dily, y;0)p, yi0),

xXeX yey
(A1)
Because
Z P(x,y'st +dt|x', y;t)
yey
P(x,yit +dtlx', y;t) +o(dt), (x #x'), A2)
- Zy/ey P(x,y';t +dt|x, y;1), x=x"),

it can be further rewritten as
P(x;t +dt,y;t)
= Y Pyt +dilY, y;np(x, yit)
X ()
+ DO P(Ly'st +dtlx, yit)p(x,yit) + o(dt). (A3)

y

In the short-time limit, the transition probability is given by
the transition rates as

P(x,y'st +dt|x', y;t)
R(x, ylx', y)8yydt + o(dt), (x #x),
= { R(x, Y'[x, y)8y vdt + o(dt), O #Y),
1-— Z(X/’y,)eAw R(X',y'|x, y)dt + o(dt), (otherwise),
(A4)
where R(:|-) = Y, R")(-|-) and we defined
Ary ={()Y) | (' =x&Y #y)or & #x &Y =)}

P(x;t +dt,y;t) = Z R(x, y|x', y)p(x', y; t)dt + Z R(x,y |x, y)p(x, y;t)dt + p(x, y;t)

()

— ) R, Y y)px, yitdt + o(dr)

(. y)eAy,

= p(r, ;1) + Y ROy, y)p(, yin)de — ) RO, ylx, y)p(x, y;1)di + o(dr).

X/ (#x)

(AS)
Therefore, we find
V' (F#y)
(A6)
(A7)

X(#2)
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For fixed y, each choice of x'(# x) and v corresponds to
an element in & as e = (v, (x,y) — (', y)) or (v, (x',y) =
(x, y)). Thus, we can easily see

> (RGyI, y)p( yit) — RO, ylx, y)p(x, yit))
X' (#x)
=Y Byt — Syse)e(P(1)).

CEEX

(A8)

Because the coefficient on the right-hand side coincides with
the incidence matrix as [Vgx](x,y),e = 8k ).te) = O(x,y),s(e)s WE
obtain

P(x;t +dt, yit) = p(x, yit) + [V Jxlwydt + old?).
(A9)
Multiplying ITy, we can also find

px(x;t +dt) = px(x;1) + [Mx Ve, Jx Ledt + o(dt)
(A10)

because [IIx]yv (x,y) = 8v.x
px (x,t + dt).

We derive Eq. (60) from Egs. (A9) and (A10). Recall that
the mutual information / (Y,ert; Y,) is defined as

and Y P(x;t +dt,y;t) =

IXvars )
= Dy (P(t + dt,1)||px (t +dt) ® py(t))

P(x;t +dt, y;t)

= P(x;t +dt,y;t)In .
Z Y px (x;t +dt)py (y; 1)

X,y

(Al1)

Through straightforward computation, those relations lead to

n( P(x;t +dt, y;1) )_n< p(x, y:1) )
px(it +dtpy(yit))  \ px(st)py (vit)

([ngJx]<x,y>  [MxVEJIx

)dt +o(dt). (Al12)

p(x, y;t) px(x;1)
We also find
. [VEXJX](XJ') [HX Vgx‘]x ]x
Z p(-x’ yi t) | - |
e px, ;1) px (1)
=Y [Vadx]o, — 2 [MxVEIx], =0.  (A13)
X,y i X
Therefore, the mutual information / ()?,+d,; Y,) reads
[Rias¥) =) Pt +dt, y;1)
X,y
9 ;t
X ln( px. i) > + o(dt)
px(x;t +di)py (y;1)

=1X: %) + Y _diVE Ix iy
X,y
px, y;t)

B LA S dr). (Al4
x n(px(x;t)py(y;t))+0( O (Al

FIG. 7. An example of the graph projection method using the
graph G shown in Fig. 4. We can confirm that the incidence ma-
trices of gx and gy are given by Vng = Iy Vgx and V;y =TIy ng,
respectively.

Combining the above equality with Eq. (58) leads to
](}?H-dt; ?z) - I(Xﬂ ?z)

= (Vg Jx () i(p(1)) + o(dt)

dt
= Ux(p(®)), Vg, i(p(1))) + o(d1),
(A15)
and taking the limit dt — +-0 yields
L (p) = Jx(p)), Ve,i(p(1))). (Al6)

APPENDIX B: GRAPH PROJECTION

Here, we explain the graph projection method for a
graph G = (X x Y, Ex U &y) (see also Fig. 7 for an exam-
ple). A projected graph g, = (A, &) is defined for («, A) €
{(X, X), (Y,))} by a set of edges &, constructed from &,
as follows. For an edge e = (v, (x,y) —> (¥, y)) € E)"}”, the
one-to-one map my is defined as wx(e) = ((v,y),x — X).
Here, to ensure that the map is one to one, we include
y =sy(e) =ty(e) in the label of mx(e) in addition to v.
Similarly, foranedge e = (v, (x,y) — (x,y')) € ¥, the one-
to-one map my is defined as 7y (¢) = ((v, x),y — y’). Using
these maps mxy and my, the sets of edges ex and gy are
defined as ex = {mx(e) | e € Ex} and gy = {my(e) | e € &y},
respectively.

We can confirm that the incidence matrix of the projected
graph g,, written as V; , is obtained by marginalizing the
incidence matrix of G, for o € {X, Y}. First note that since
every ¢’ € g, has a unique counterpart e in &, [i.e., 7, 1], a
matrix whose rows/columns correspond to edges in &, can be
labeled by e € &,. Indicating the element of V; representing

the pair (x, x(e)) € A X g, by [V;( Ix.e, we can show

M.V, =V, . (B1)

This is because, when o =X, [MxV{ lce = 8rie) —
Ox sy(e) = [VgTX ] holds for any node x € X and edge e € .
Similarly, we also obtain [ITy V{, .. = [V, ],.. for any node
y €)Y and edge e € . Using Eq. (B1), we can interpret
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Eq. (52) as a continuity equation on the projected graph g,:
dipy =V Ju(P). (B2)

APPENDIX C: PROOF OF EQ. (104)

We prove the cyclic decomposition of partial housekeeping
EPR [Eq. (104)].

To this end, we first introduce a matrix notation for cycles
in bipartite systems. Let us recall the vector §* and decom-
pose it vertically as 8" = S & S}. By explicitly specifying
the cases in which the cycle is local, we can write the vector
cycle 8* as follows:

Sk®0, (neM),
St=1088y, (neM), (Ch
SkdSy, (ne M),
It is worth mentioning that the equality
Ve Sh=0 (ueM® (C2)

holds for any u € M* with o € {X, Y'}. This equality follows
fromV'S* =0and V' = (V-er ng) [Eq. (49)].

Then, let us derive Eq. (104). Focusing on the expansion
of Ji [Eq. (34)], the decomposition Jk = Jﬁ}k ® J*, and
Eq. (C1), we obtain the following expansion:

Irey= > J™@p:chse. (C3)
neMeUMXY

On the other hand, we can also rewrite the partial cycle affinity
as

Fp:C*) = ) [S"LIF™ @)l = Y [S4],[Fi ()],

ect,y ec&y
= (S, FX(p)). (C4)
Therefore, we finally obtain the desired equality [Eq. (104)]:
) = (1K), FF (p)

=< S TSt ng(p)>
neMeuUMXY
> TM@CM(SE FE(p))
HEMAUMXY

R A (el Vol (el N (o)

neMAUMXY

APPENDIX D: INFORMATION AFFINITY FOR A LOCAL
CYCLE AND PROOF OF EQ. (106)

We derive the cyclic decomposition of the housekeeping
information flow [Eq. (106)]. Let us first show fé“f"(p; cHty =
0 for 1 € MX U MY by rewriting the information affinity as
follows:

Fio(p:c*) = 3 18" L)) — i@)e))

ec&y
= Z [SZ]E Z [VGa]e,(x,)')[i(p)](qu)
ect, (x,y)eX xYy

= (8%, Ve,i(p))- (D1)

Because 8% = 0 for 4 € M® and V[ 8% =0 for u € M”
[Eq. (C2)], we find that F."°(p; C*) = 0 for u € MX U MY
based on this expression.

We next prove Eq. (106). From Egs. (C3) and (D1), we
obtain

() = (I8 ), Ve, i)

=<Z

neMrUMXY

T™(p;C*)S", vcni<p)>

> TN @ CM(SY. Va,ip))
neMeUMXY
= ) THmCHFE @),

peMXY

(D2)

where we used Fi"°(p; C*) = 0 for u € M.

APPENDIX E: PROOF OF EQ. (114)

We prove Eq. (114). First, we derive an explicit expression
for the diffusivity of a time-independent observable ®. Then,
we apply this expression to W, and show Eq. (114).

Here, let us calculate the diffusivity of ®, which is given
by the short-time limit of the variance of §®. The variance is
defined as

Var[§®] := E[(5®)*] — (E[§®])?, (E1)

where E[-] denotes an ensemble average. To calculate the
ensemble averages, it is necessary to consider the joint prob-
ability of z(¢) = z and z(¢t + At) = 7/, denoted by P(Z/;¢ +
At,z;t). Also, we write P(Z';t + At|z;t) for the condi-
tional probability of z(t + Ar) =7 given z(t) = z. Since
P(Z;t + Atlzt) = 8,0 + Y, RV(Z|z) At + o( At) for suffi-
ciently small Az, we have

P(Z;t + At, z:1) = P(Z3t + Atz 0)p(z;t)
= 8,op@t)+ Y RV [)p:t) At + o(At)
v

8.2Ipz:t) + Y R (zl2)p(z; 1) At]

+ ALY TSP b +o(AD.  (E2)

ec&all

To obtain the last equality, we used the fact that for
7#2, RV(Z|z) >0 < (v,z— 7/) € EY. Therefore, the
ensemble average of §® is asymptotically given as

E[5@]= Y (®l: — [®L)PE:t + A, z;1)

(2,2)EZXZ
= At Z Z ([®], — [Q]Z)J;(P(l))&r,[(e)
(2,7)EZX Z eckull
X 8z 5(e) + O(AL)
= A Z IS P@)([®lie) — [®se) + o(AT). (E3)

ec&all
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In the same way, we have

E[(6®)]1= Y (®]: —[®L) P&t + AL, z:1)
(z,7)EZXZ
= At Y IS ([ @) — [@lse)” + o(Al)
ec&ll

=AYy Y IH(@he) — [®le)) + o(AD)

ec& e'ele,—e}

= ALY (UF+ I @) — [Blie)) + o(AL).
ec&

(E4)

Here, we used J*, = J, and t(—e) = s(e) to obtain the last
equality. Combining the above calculations with Eq. (E1)
yields

Var[§®] = At Y (" + I, )([@lie) — [@se))” + 0(AD),
ee&

(E5)

which leads to the following formula:

o
D@) = lim Yo%
At—+0 At

=D UF+HID[@Te) — [Rlie))-
ec&

(E6)

We now prove Eq. (114) by applying Eq. (E6) to ¥, =

Hli/la. To this end, we focus on the fact that for e € &,

[Wolie) — [Wolsey = 0. It can be confirmed by [W,].) =

[wa]tu(e)’ [‘I’C(]S(E) = ['ﬁa]s&(e)s and ta(e) = Sa(e) for e € 50t°-
Therefore, we can rewrite D(W¥,, ) as follows:

D(Wo) =Y () + 1) ([Walie) — [¥alse)’

ee&

D U+ ¥a e — [Walie))?

ec&y

= > UF + D)V, Wl (E7)

ec&y

Here, we used [Vg, Wole = [Walie) — [Wolse) to obtain the
last equality. Finally, by using the inequality J} +J >
2 =J7)/(InJf —1InJ;) = 21, we arrive at

2| Ve W, =2 )
(e, )€€y xEy

=2

(e,e')eEy X Ey

=" 21[Ve, W]

ec&,

<Y U+ Ve, Y]l = D(W,).  (ES)

ee&,

[VGO( \I’a]e[La]e,e’ [VGn \I’a]e’

[VGa ‘I’a]eleae,e’ [vGu ‘I’a]g/

APPENDIX F: THE CONSERVATIVENESS
OF THE MINIMIZER

We prove the formula (120), which implies the con-
servativeness of the minimizer f)(¢) = —V,, 0, (t). First,
we consider the following functional associated with a

triple (p € RV f e RI%! o, e RAN with (a, A) e
{X, X), ¥, M)}

T 1
[p, for 0] = /0 <§||fa<r>||ia(,,m) — (9, (1)) [d Tap(t)

- V;Law))fa(t)])dt. (F1)

The Lagrange multiplier method corresponding to Eq. (116)
under the constraints Eqs. (117) and (118) provides the opti-
mization problem:

1
W@, p)? = inf maxI[p, f,. ¢,], (F2)
2t p.f

@ o

subject to I,p(0) = p¥ and M,p(r) = p!. The functional
derivative of I with respect to [f, (t)], =: f.(t) is given by

SI[p, fos @l
8fe()
and the minimizer (p*, f7, ) satisfies
SIip*, [, @3]
8 fe()

for all e € &, and ¢ € [0, t]. Therefore, we find that the opti-
mal force f), is given by

fa@) =

= L(p@)fe®) + L(p(1)[ Vg, 90 (D]e,  (F3)

=0, (F4)

—V,, @5 (1). (F5)

APPENDIX G: PROOF OF THE SYMMETRY

We prove the symmetry Wiy (pfxo), pfxl)) = Waw (pgll), pfxo))
under the assumption that a minimizer of Eq. (116) exists.
Let {(p*(?), fi(t)}ici0.r) be the minimizer of Eq. (116).
Then, the time-reversal pair {(pT @), f; EN}iefo.r] 1=
{(p*(t — 1), —f2(r — t)D}epor) satisfies conditions
[Egs. (117)—(119)] for the optimization problem [Eq. (116)],
where p©@ and p" are exchanged. Therefore, the following
inequality holds:

T 12
(T / ”fl(t)”Iz‘a(P:(l))dt> 2 Wsub(pt(xl)’ pfxO)).
0

Combining

(GD

T 1/2
Wsub(P((zo), P((xl)) = <T/ ||f:[(t)||%u(p*([))dt)
0

. 1/2
:(r /0 IIf;‘;(t)Iliu(,;(,))dt) . (@)

with the inequality [Eq. (Gl)] yields Wsub(P((xO), pél)) >
Wb (P, p). The reverse inequality Wi (p?, p1’) <
Wi (P, pi?) can also be obtained in the same way, thereby
proving the symmetry W (p, p) = Wan (1, p).

APPENDIX H: PROOF OF THE TRIANGLE INEQUALITY

Here, we prove the triangle inequality of the 2-Wasserstein
distance for the subsystem under the assumption that a mini-
mizer exists. Since a geodesic travels at a constant speed, i.e.,
l.f o (OllL, pr)) = const (see also Appendix I), the definition of
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the 2-Wasserstein distance for the subsystem can be rewritten
as follows:

1
T 2
W@, p") = min T / IF oL et
e Pa PO f o<t o o )

/ 1o Ollgendt, (HI)
0

= min
@), f o )o<ic
under the constraints [Eqs. (117)-(119)]. This definition has
the same minimizer as the one in Eq. (116). For simplicity, we
set T = 1. Let (p'?, 19y and (p@", f@V) be the minimiz-
ers that give Wi (p?, p{1’) and Wy (p1, p$?)), respectively.
Then, we define the pair (p', f/,) as

/ p102), it [0, 1/2], o
P = pe@r — 1), iftre(1/2,1], (H2)
2fU921), ifr €0,1/2],

o H3
1 {2fff‘)(2t_1), meapn

Note that the pair (p’, f/,) satisfies the constraints [Eq. (118)],
,p'(0) = p», and I, p'(1) = p?. Therefore, we can derive
the triangle inequality as follows:

1
W@, p2) < / O ot
0

1/2
=2 / (FSien) dt
0

Lo (pU(21))

1
+ 2/;/2 ||f(£121)(2t - l)”La(p(zn(z,,]))dt

= Wsub(p(()lo), P((ll)) + Wsub(p((xl)’ P((),z)),
(H4)

1/2 10
where we used 2./, | 12 (26) 1, oo oy dt=Wan (p?, pD)

and 2 [, 1fZV Q2 = Dl pene—iydt = Wan(@, p2).

APPENDIX I: PROOF OF THE CONSTANT
SPEED PROPERTY OF A GEODESIC

We show here that a geodesic has a constant speed un-
der the assumption that a minimizer exists. First, using the
Cauchy—Schwarz inequality, we obtain

T T 2
: fo ||fa(,)||ia(,,(,))dr>(/o ||fa(t>||La@<,>>dr>, an

for any pair (p, f,). Second, as we will show later, the mini-
mizer (p*, f,, = —V,,¢}) of Eq. (116) satisfies the following

o
inverse inequality:

T T 2
r / ||f;<r>||ia@*(,))dr<(/ ||f;<t>||La@*(,>>dt). 1®)
0 0

Combining Egs. (I1) and (I2) yields

T 2 T
</ IIfZ(t)Ilmp*(t))df) =Tf FEONZ, et
0 0

= W (02, p")". (13)

Since the equality in the Cauchy—Schwarz inequality holds
if and only if [|f}(*)II7, ) = const, we conclude that the
geodesic has constant speed and satisfies

Wsub (P((,,O) > p((xl))
—‘L' .

1f e O,y = a4

To complete the proof, we next show Eq. (I2). Let (p/, f)
be a pair satisfying the constraints [Eqs. (117)-(119)]. We
define a functional of the pair (p/, f,,) parametrized by
n > 0as

1/2 4

5,(1) = /0 (0 + UL, ) Pt (5)

Since d,5,(t) > 0, the inverse function 7, := 5, I'is well de-

fined. Using 7,, we introduce the following quantities:
B(s) = p'(E(9)), Po(s) = Mo p(s), a6)
Fa(s) = ity (), Gy (5)). an

The pair (p, fa) also satisfies the constraints [Eqgs. (117)—
(119)] on the time interval s € [0, §,(7)]:

P.(0) = T,p'(0) = pY’, P, (3, (x)) = Map'(r) = p’ (18)
and
dipo () = (dly(Ndipo )|,
= (dify () [V L@ O DI _;
= Vo La(B(s)f 4 (5). 19)

Therefore, we obtain the following inequality:

5@
Wan(@S, p)* < 5,(1) / 1F o« N, 51y
0

T
=50 [ (), PULOR 0
0
x d 5, (t)dt

i d If o OZ, ey
= Sn(T) , 2 1/2
o (n+IfLOIF, i)

< 5 ()7,

dt

(110)

where we performed the variable transformation ¢ = 7,(s) and
used the following relation:

diy)] ) = @5 = 0+ 1O )
ain

Taking the limit n — 0O yields

W@, p) < / W Oleaods,  @12)
0

which is an equivalent restatement of Eq. (I2).

APPENDIX J: PROOF OF EQ. (131)
We prove Eq. (131) by deriving the following formula:
B =inf |Fo = f,l3,. an

a
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such that f, € ker VgTu L,. This formula can be shown by the
following transformation:

IFo — Foll, = Ifi+ Fo— fu = FOl7,
= f213, + IFa — £ — Fall3,
> IFNL J2)

where we used the orthogonality (f, Fo — fi), = 0 and
(fosfole ==V, Lof, =0 to obtain the second
equality. Since the second term in the second line vanishes

when f, = F, — f € ker VgTu L,, we can conclude that the
right-hand side of Eq. (J1) yields ng’ loc,

Note that F, —F} € ker V;Lo, because V;;LO,(FO, —
F!)=T,V'L(F — F*) = 0. From Eq. (J1), we thus obtain
the desired inequality:

X3 = ||Fy — (Fo — F)I7,

> inf  |[Fo—f,l7, =3 (33)

fo€ker V;X L,

[1] J. C. Maxwell, Theory of Heat (Courier Corporation, Mineola,
New York, 2012).

[2] R. Landauer, Information is physical, Phys. Today 44(5), 23
(1991).

[3] M. Esposito and C. Van den Broeck, Second law and Landauer
principle far from equilibrium, Europhys. Lett. 95, 40004
(2011).

[4] L. Szilard, Uber die entropieverminderung in einem thermody-
namischen system bei eingriffen intelligenter wesen, Z. Phys.
53, 840 (1929).

[5]1 J. Schnakenberg, Network theory of microscopic and macro-
scopic behavior of master equation systems, Rev. Mod. Phys.
48, 571 (1976).

[6] K. Sekimoto, Stochastic Energetics (Springer, Berlin, 2010).

[7] U. Seifert, Stochastic thermodynamics, fluctuation theorems
and molecular machines, Rep. Prog. Phys. 75, 126001 (2012).

[8] U. Seifert, Stochastic Thermodynamics (Cambridge University
Press, Cambridge, 2025).

[9] J. M. Parrondo, J. M. Horowitz, and T. Sagawa, Thermody-
namics of information, Nat. Phys. 11, 131 (2015).

[10] T. Sagawa and M. Ueda, Generalized Jarzynski equality under
nonequilibrium feedback control, Phys. Rev. Lett. 104, 090602
(2010).

[11] J. Goold, M. Huber, A. Riera, L. Del Rio, and P. Skrzypczyk,
The role of quantum information in thermodynamics—
A topical review, J. Phys. A: Math. Theor. 49, 143001
(2016).

[12] T. Sagawa and M. Ueda, Second law of thermodynamics
with discrete quantum feedback control, Phys. Rev. Lett. 100,
080403 (2008).

[13] K. Ptaszyriski and M. Esposito, Thermodynamics of quantum
information flows, Phys. Rev. Lett. 122, 150603 (2019).

[14] T. Yada, N. Yoshioka, and T. Sagawa, Quantum fluctuation
theorem under quantum jumps with continuous measurement
and feedback, Phys. Rev. Lett. 128, 170601 (2022).

[15] A. C. Barato, D. Hartich, and U. Seifert, Efficiency of cellular
information processing, New J. Phys. 16, 103024 (2014).

[16] P. Sartori, L. Granger, C. F. Lee, and J. M. Horowitz,
Thermodynamic costs of information processing in sensory
adaptation, PLoS Comput. Biol. 10, 1003974 (2014).

[17] S. Ito and T. Sagawa, Maxwell’s demon in biochemical sig-
nal transduction with feedback loop, Nat. Commun. 6, 7498
(2015).

[18] S. Toyabe, T. Sagawa, M. Ueda, E. Muneyuki, and M. Sano,
Experimental demonstration of information-to-energy con-

version and validation of the generalized Jarzynski equality,
Nat. Phys. 6, 988 (2010).

[19] A. Bérut, A. Arakelyan, A. Petrosyan, S. Ciliberto, R.
Dillenschneider, and E. Lutz, Experimental verification of
Landauer’s principle linking information and thermodynam-
ics, Nature (London) 483, 187 (2012).

[20] Y. Jun, M. Gavrilov, and J. Bechhoefer, High-precision test of
Landauer’s principle in a feedback trap, Phys. Rev. Lett. 113,
190601 (2014).

[21] J. V. Koski, V. F. Maisi, J. P. Pekola, and D. V. Averin, Exper-
imental realization of a Szilard engine with a single electron,
Proc. Natl. Acad. Sci. USA 111, 13786 (2014).

[22] M. D. Vidrighin, O. Dahlsten, M. Barbieri, M. S. Kim, V.
Vedral, and I. A. Walmsley, Photonic Maxwell’s demon,
Phys. Rev. Lett. 116, 050401 (2016).

[23] N. Cottet, S. Jezouin, L. Bretheau, P. Campagne-Ibarcq, Q.
Ficheux, J. Anders, A. Auffeves, R. Azouit, P. Rouchon, and
B. Huard, Observing a quantum Maxwell demon at work,
Proc. Natl. Acad. Sci. USA 114, 7561 (2017).

[24] S. Ciliberto, Experiments in stochastic thermodynamics: Short
history and perspectives, Phys. Rev. X 7, 021051 (2017).

[25] Y. Masuyama, K. Funo, Y. Murashita, A. Noguchi, S. Kono,
Y. Tabuchi, R. Yamazaki, M. Ueda, and Y. Nakamura,
Information-to-work conversion by Maxwell’s demon in a
superconducting circuit quantum electrodynamical system,
Nat. Commun. 9, 1291 (2018).

[26] M. Naghiloo, J. J. Alonso, A. Romito, E. Lutz, and K. W.
Murch, Information gain and loss for a quantum Maxwell’s
demon, Phys. Rev. Lett. 121, 030604 (2018).

[27] M. Ribezzi-Crivellari and F. Ritort, Large work extraction and
the Landauer limit in a continuous Maxwell demon, Nat. Phys.
15, 660 (2019).

[28] M. Rico-Pasto, R. K. Schmitt, M. Ribezzi-Crivellari, J. M. R.
Parrondo, H. Linke, J. Johansson, and F. Ritort, Dissipation re-
duction and information-to-measurement conversion in DNA
pulling experiments with feedback protocols, Phys. Rev. X 11,
031052 (2021).

[29] T. K. Saha, J. N. Lucero, J. Ehrich, D. A. Sivak, and J.
Bechhoefer, Maximizing power and velocity of an informa-
tion engine, Proc. Natl. Acad. Sci. USA 118, €2023356118
(2021).

[30] S. Amano, M. Esposito, E. Kreidt, D. A. Leigh, E. Penocchio,
and B. M. Roberts, Insights from an information thermody-
namics analysis of a synthetic molecular motor, Nat. Chem.
14, 530 (2022).

023292-25


https://doi.org/10.1063/1.881299
https://doi.org/10.1209/0295-5075/95/40004
https://doi.org/10.1007/BF01341281
https://doi.org/10.1103/RevModPhys.48.571
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1038/nphys3230
https://doi.org/10.1103/PhysRevLett.104.090602
https://doi.org/10.1088/1751-8113/49/14/143001
https://doi.org/10.1103/PhysRevLett.100.080403
https://doi.org/10.1103/PhysRevLett.122.150603
https://doi.org/10.1103/PhysRevLett.128.170601
https://doi.org/10.1088/1367-2630/16/10/103024
https://doi.org/10.1371/journal.pcbi.1003974
https://doi.org/10.1038/ncomms8498
https://doi.org/10.1038/nphys1821
https://doi.org/10.1038/nature10872
https://doi.org/10.1103/PhysRevLett.113.190601
https://doi.org/10.1073/pnas.1406966111
https://doi.org/10.1103/PhysRevLett.116.050401
https://doi.org/10.1073/pnas.1704827114
https://doi.org/10.1103/PhysRevX.7.021051
https://doi.org/10.1038/s41467-018-03686-y
https://doi.org/10.1103/PhysRevLett.121.030604
https://doi.org/10.1038/s41567-019-0481-0
https://doi.org/10.1103/PhysRevX.11.031052
https://doi.org/10.1073/pnas.2023356118
https://doi.org/10.1038/s41557-022-00899-z

MAEKAWA, NAGAYAMA, YOSHIMURA, AND ITO

PHYSICAL REVIEW RESEARCH 8, 023292 (2026)

[31] T. Yada, P-J. Stas, A. Suleymanzade, E. N. Knall, N.
Yoshioka, T. Sagawa, and M. D. Lukin, Experimentally
probing entropy reduction via iterative quantum information
transfer, Phys. Rev. X 15, 031054 (2025).

[32] S. Oikawa, Y. Nakayama, S. Ito, T. Sagawa, and S. Toyabe,
Experimentally achieving minimal dissipation via thermo-
dynamically optimal transport, Nat. Commun. 16, 10424
(2025).

[33] S. Ito and T. Sagawa, Information thermodynamics on causal
networks, Phys. Rev. Lett. 111, 180603 (2013).

[34] D. Hartich, A. C. Barato, and U. Seifert, Stochastic thermo-
dynamics of bipartite systems: Transfer entropy inequalities
and a Maxwell’s demon interpretation, J. Stat. Mech. (2014)
P02016.

[35] J. M. Horowitz and M. Esposito, Thermodynamics with con-
tinuous information flow, Phys. Rev. X 4, 031015 (2014).

[36] J. M. Horowitz and H. Sandberg, Second-law-like inequalities
with information and their interpretations, New J. Phys. 16,
125007 (2014).

[37] N. Shiraishi and T. Sagawa, Fluctuation theorem for partially
masked nonequilibrium dynamics, Phys. Rev. E 91, 012130
(2015).

[38] J. M. Horowitz, Multipartite information flow for multiple
Maxwell demons, J. Stat. Mech. (2015) P03006.

[39] M. L. Rosinberg and J. M. Horowitz, Continuous information
flow fluctuations, Europhys. Lett. 116, 10007 (2016).

[40] S. Ito, Backward transfer entropy: Informational measure for
detecting hidden Markov models and its interpretations in
thermodynamics, gambling and causality, Sci. Rep. 6, 36831
(2016).

[41] R. E. Spinney, J. T. Lizier, and M. Prokopenko, Transfer
entropy in physical systems and the arrow of time, Phys. Rev.
E 94, 022135 (2016).

[42] G. E. Crooks and S. Still, Marginal and conditional second
laws of thermodynamics, Europhys. Lett. 125, 40005 (2019).

[43] A. Auconi, A. Giansanti, and E. Klipp, Information thermody-
namics for time series of signal-response models, Entropy 21,
177 (2019).

[44] S. Ito, M. Oizumi, and S.-I. Amari, Unified framework for
the entropy production and the stochastic interaction based on
information geometry, Phys. Rev. Res. 2, 033048 (2020).

[45] D. H. Wolpert, Uncertainty relations and fluctuation theorems
for Bayes nets, Phys. Rev. Lett. 125, 200602 (2020).

[46] M. Nakazato and S. Ito, Geometrical aspects of entropy pro-
duction in stochastic thermodynamics based on Wasserstein
distance, Phys. Rev. Res. 3, 043093 (2021).

[47] M. P. Leighton, J. Ehrich, and D. A. Sivak, Information ar-
bitrage in bipartite heat engines, Phys. Rev. X 14, 041038
(2024).

[48] K. Tojo, R. Nagase, K. Funo, and T. Sagawa, Optimizing
optimal transport: Role of final distributions in finite-time
thermodynamics, arXiv:2509.11314.

[49] K. Matsumoto, S. Sasa, and A. Dechant, Learning rate ma-
trix and information-thermodynamic trade-off relation, J. Stat.
Mech. (2025) 093202.

[50] D. Hartich, A. C. Barato, and U. Seifert, Sensory capacity:
An information theoretical measure of the performance of a
sensor, Phys. Rev. E 93, 022116 (2016).

[51] S. Yoshida, Y. Okada, E. Muneyuki, and S. Ito, Thermo-
dynamic role of main reaction pathway and multi-body

information flow in membrane transport, Phys. Rev. Res. 4,
023229 (2022).

[52] S. Flatt, D. M. Busiello, S. Zamuner, and P. De Los Rios, ABC
transporters are billion-year-old Maxwell demons, Commun.
Phys. 6, 205 (2023).

[53] R. Takaki, M. L. Mugnai, and D. Thirumalai, Information flow,
gating, and energetics in dimeric molecular motors, Proc. Natl.
Acad. Sci. USA 119, 2208083119 (2022).

[54] C. Maes and K. Neto¢ny, A nonequilibrium extension of the
Clausius heat theorem, J. Stat. Phys. 154, 188 (2014).

[55] A. Dechant, S.-I. Sasa, and S. Ito, Geometric decomposition of
entropy production in out-of-equilibrium systems, Phys. Rev.
Res. 4, L012034 (2022).

[56] A. Dechant, S.-I. Sasa, and S. Ito, Geometric decomposition
of entropy production into excess, housekeeping, and coupling
parts, Phys. Rev. E 106, 024125 (2022).

[57] K. Yoshimura, A. Kolchinsky, A. Dechant, and S. Ito, House-
keeping and excess entropy production for general nonlinear
dynamics, Phys. Rev. Res. 5, 013017 (2023).

[58] S. Ito, Geometric thermodynamics for the Fokker—Planck
equation: Stochastic thermodynamic links between informa-
tion geometry and optimal transport, Inf. Geom. 7, 441
(2024).

[59] T. Hatano and S.-I. Sasa, Steady-state thermodynamics of
Langevin systems, Phys. Rev. Lett. 86, 3463 (2001).

[60] M. Esposito and C. Van den Broeck, Three faces of the second
law. I. Master equation formulation, Phys. Rev. E 82, 011143
(2010).

[61] E. Aurell, K. Gawedzki, C. Mejia-Monasterio, R. Mohayaee,
and P. Muratore-Ginanneschi, Refined second law of thermo-
dynamics for fast random processes, J. Stat. Phys. 147, 487
(2012).

[62] D. Sekizawa, S. Ito, and M. Oizumi, Decomposing thermody-
namic dissipation of linear Langevin systems via oscillatory
modes and its application to neural dynamics, Phys. Rev. X
14, 041003 (2024).

[63] R. Nagayama, K. Yoshimura, A. Kolchinsky, and S. Ito,
Geometric thermodynamics of reaction-diffusion systems:
Thermodynamic trade-off relations and optimal transport for
pattern formation, Phys. Rev. Res. 7, 033011 (2025).

[64] K. Yoshimura and S. Ito, Two applications of stochastic ther-
modynamics to hydrodynamics, Phys. Rev. Res. 6, L022057
(2024).

[65] K. Yoshimura, Y. Maekawa, R. Nagayama, and S. Ito, Force-
current structure in Markovian open quantum systems and its
applications: Geometric housekeeping-excess decomposition
and thermodynamic trade-off relations, Phys. Rev. Res. 7,
013244 (2025).

[66] S. Yamamoto, S. Ito, N. Shiraishi, and T. Sagawa, Lin-
ear irreversible thermodynamics and Onsager reciprocity for
information-driven engines, Phys. Rev. E 94, 052121 (2016).

[67] A. C. Barato and U. Seifert, Thermodynamic uncertainty rela-
tion for biomolecular processes, Phys. Rev. Lett. 114, 158101
(2015).

[68] J. M. Horowitz and T. R. Gingrich, Thermodynamic un-
certainty relations constrain non-equilibrium fluctuations,
Nat. Phys. 16, 15 (2020).

[69] S. Otsubo, S. Ito, A. Dechant, and T. Sagawa, Estimating en-
tropy production by machine learning of short-time fluctuating
currents, Phys. Rev. E 101, 062106 (2020).

023292-26


https://doi.org/10.1103/5lp2-9sps
https://doi.org/10.1038/s41467-025-66519-9
https://doi.org/10.1103/PhysRevLett.111.180603
https://doi.org/10.1088/1742-5468/2014/02/P02016
https://doi.org/10.1103/PhysRevX.4.031015
https://doi.org/10.1088/1367-2630/16/12/125007
https://doi.org/10.1103/PhysRevE.91.012130
https://doi.org/10.1088/1742-5468/2015/03/P03006
https://doi.org/10.1209/0295-5075/116/10007
https://doi.org/10.1038/srep36831
https://doi.org/10.1103/PhysRevE.94.022135
https://doi.org/10.1209/0295-5075/125/40005
https://doi.org/10.3390/e21020177
https://doi.org/10.1103/PhysRevResearch.2.033048
https://doi.org/10.1103/PhysRevLett.125.200602
https://doi.org/10.1103/PhysRevResearch.3.043093
https://doi.org/10.1103/PhysRevX.14.041038
https://arxiv.org/abs/2509.11314
https://doi.org/10.1088/1742-5468/adf4be
https://doi.org/10.1103/PhysRevE.93.022116
https://doi.org/10.1103/PhysRevResearch.4.023229
https://doi.org/10.1038/s42005-023-01320-y
https://doi.org/10.1073/pnas.2208083119
https://doi.org/10.1007/s10955-013-0822-9
https://doi.org/10.1103/PhysRevResearch.4.L012034
https://doi.org/10.1103/PhysRevE.106.024125
https://doi.org/10.1103/PhysRevResearch.5.013017
https://doi.org/10.1007/s41884-023-00102-3
https://doi.org/10.1103/PhysRevLett.86.3463
https://doi.org/10.1103/PhysRevE.82.011143
https://doi.org/10.1007/s10955-012-0478-x
https://doi.org/10.1103/PhysRevX.14.041003
https://doi.org/10.1103/PhysRevResearch.7.033011
https://doi.org/10.1103/PhysRevResearch.6.L022057
https://doi.org/10.1103/PhysRevResearch.7.013244
https://doi.org/10.1103/PhysRevE.94.052121
https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1103/PhysRevE.101.062106

GEOMETRIC DECOMPOSITION OF INFORMATION FLOW: ...

PHYSICAL REVIEW RESEARCH 8, 023292 (2026)

[70] T. Tanogami, T. Van Vu, and K. Saito, Universal bounds
on the performance of information-thermodynamic engine,
Phys. Rev. Res. 5, 043280 (2023).

[71] T. Kamijima, A. Takatsu, K. Funo, and T. Sagawa, Optimal
finite-time Maxwell’s demons in Langevin systems, Phys. Rev.
Res. 7, 023159 (2025).

[72] C. Villani, Optimal Transport: Old and New (Springer, Berlin,
2008), Vol. 338.

[73] J. Maas, Gradient flows of the entropy for finite Markov
chains, J. Funct. Anal. 261, 2250 (2011).

[74] A. Dechant, Minimum entropy production, detailed balance
and Wasserstein distance for continuous-time Markov pro-
cesses, J. Phys. A: Math. Theor. 55, 094001 (2022).

[75] T. Van Vu and K. Saito, Thermodynamic unification of opti-
mal transport: Thermodynamic uncertainty relation, minimum
dissipation, and thermodynamic speed limits, Phys. Rev. X 13,
011013 (2023).

[76] T. Van Vu and K. Saito, Topological speed limit, Phys. Rev.
Lett. 130, 010402 (2023).

[77] A. Kolchinsky, A. Dechant, K. Yoshimura, and S. Ito, Gen-
eralized free energy and excess entropy production for active
systems, Phys. Rev. Res. 8, 023025 (2026).

[78] R. Nagayama, K. Yoshimura, and S. Ito, Infinite variety of
thermodynamic speed limits with general activities, Phys. Rev.
Res. 7, 013307 (2025).

[79] R. Nagase and T. Sagawa, Thermodynamically optimal infor-
mation gain in finite-time measurement, Phys. Rev. Res. 6,
033239 (2024).

[80] T. Kamijima, K. Funo, and T. Sagawa, Finite-time ther-
modynamic bounds and trade-off relations for information
processing, Phys. Rev. Res. 7, 013329 (2025).

[81] R. Nagase and T. Sagawa, Thermodynamic optimization of
finite-time feedback protocols for Markov jump systems,
Phys. Rev. E 112, 024118 (2025).

[82] R. B. Bapat, Graphs and Matrices (Springer, London, 2014).

[83] L. Onsager, Reciprocal relations in irreversible processes. 1.,
Phys. Rev. 37, 405 (1931).

[84] L. Onsager, Reciprocal relations in irreversible processes. 1.,
Phys. Rev. 38, 2265 (1931).

[85] T. Van Vu and Y. Hasegawa, Geometrical bounds of the irre-
versibility in Markovian systems, Phys. Rev. Lett. 126, 010601
(2021).

[86] Since kerV = {r(1,1,...,1)T | r € R}, this fact can be
shown as follows. For a potential ¥ € R!Z! satisfying Vi = 0,
[¥]se) — [¥]ie) = O holds for all e € £. Since G is connected,
there exists a path connecting any two states (z, ') € 22, so
we obtain [Y],, = [¥],, = - = [¥], -

[87] M. Esposito, U. Harbola, and S. Mukamel, Entropy fluctua-
tion theorems in driven open systems: Application to electron
counting statistics, Phys. Rev. E 76, 031132 (2007).

[88] H. Ge and H. Qian, Physical origins of entropy production,
free energy dissipation, and their mathematical representa-
tions, Phys. Rev. E 81, 051133 (2010).

[89] A. C. Barato, D. Hartich, and U. Seifert, Information-theoretic
versus thermodynamic entropy production in autonomous sen-
sory networks, Phys. Rev. E 87, 042104 (2013).

[90] A. E. Allahverdyan, D. Janzing, and G. Mahler, Thermody-
namic efficiency of information and heat flow, J. Stat. Mech.
(2009) P09011.

[91] T. Sagawa and M. Ueda, Fluctuation theorem with information
exchange: Role of correlations in stochastic thermodynamics,
Phys. Rev. Lett. 109, 180602 (2012).

[92] S. Still, D. A. Sivak, A. J. Bell, and G. E. Crooks, Ther-
modynamics of prediction, Phys. Rev. Lett. 109, 120604
(2012).

[93] T. Sagawa, Thermodynamic and logical reversibilities revis-
ited, J. Stat. Mech. (2014) P03025.

[94] For any t’ > 0, applying the variable transformation ¢ —
t(t /1) allows us to change the integration interval from [0, 7]
to [0, T'].

[95] M. Erbar and J. Maas, Ricci curvature of finite Markov chains
via convexity of the entropy, Arch. Ration. Mech. Anal. 206,
997 (2012).

[96] This is because such observables can be obtained by adding
a constant vector or multiplying a scalar to ¥y, and these
manipulations do not change the lower bound.

[97] Y. Fujimoto and S. Ito, Game-theoretical approach to min-
imum entropy productions in information thermodynamics,
Phys. Rev. Res. 6, 013023 (2024).

[98] D. Mulder, T. E. Ouldridge, and P. R. T. Wolde, Bit reset
protocols that obey activity-constrained speed limits do not
minimize work for a given speed, Phys. Rev. E 111, 044141
(2025).

[99] T. J. Kobayashi, D. Loutchko, A. Kamimura, and Y.
Sughiyama, Hessian geometry of nonequilibrium chemical
reaction networks and entropy production decompositions,
Phys. Rev. Res. 4, 033208 (2022).

[100] R. Chetrite, M. Rosinberg, T. Sagawa, and G. Tarjus, In-
formation thermodynamics for interacting stochastic systems
without bipartite structure, J. Stat. Mech. (2019) 114002.

[101] T. Sagawa and M. Ueda, Nonequilibrium thermodynamics of
feedback control, Phys. Rev. E 85, 021104 (2012).

[102] S. Ito and M. Sano, Effects of error on fluctuations under
feedback control, Phys. Rev. E 84, 021123 (2011).

[103] K. Kumasaki, K. Tojo, T. Sagawa, and K. Funo, Thermody-
namic uncertainty relation for feedback cooling, Phys. Rev. E
113, 024134 (2026).

[104] A. Dechant, J. Hiipfl, S. Kobayashi, S. Ito, and S. Rotter,
Precision and cost of feedback cooling, arXiv:2508.12875.

[105] E. Penocchio, F. Avanzini, and M. Esposito, Information ther-
modynamics for deterministic chemical reaction networks,
J. Chem. Phys. 157, 034110 (2022).

[106] N. Freitas and M. Esposito, Maxwell demon that can work at
macroscopic scales, Phys. Rev. Lett. 129, 120602 (2022).

[107] N. Freitas and M. Esposito, Information flows in macroscopic
Maxwell’s demons, Phys. Rev. E 107, 014136 (2023).

023292-27


https://doi.org/10.1103/PhysRevResearch.5.043280
https://doi.org/10.1103/PhysRevResearch.7.023159
https://doi.org/10.1016/j.jfa.2011.06.009
https://doi.org/10.1088/1751-8121/ac4ac0
https://doi.org/10.1103/PhysRevX.13.011013
https://doi.org/10.1103/PhysRevLett.130.010402
https://doi.org/10.1103/r48t-dghl
https://doi.org/10.1103/PhysRevResearch.7.013307
https://doi.org/10.1103/PhysRevResearch.6.033239
https://doi.org/10.1103/PhysRevResearch.7.013329
https://doi.org/10.1103/td2s-819q
https://doi.org/10.1103/PhysRev.37.405
https://doi.org/10.1103/PhysRev.38.2265
https://doi.org/10.1103/PhysRevLett.126.010601
https://doi.org/10.1103/PhysRevE.76.031132
https://doi.org/10.1103/PhysRevE.81.051133
https://doi.org/10.1103/PhysRevE.87.042104
https://doi.org/10.1088/1742-5468/2009/09/P09011
https://doi.org/10.1103/PhysRevLett.109.180602
https://doi.org/10.1103/PhysRevLett.109.120604
https://doi.org/10.1088/1742-5468/2014/03/P03025
https://doi.org/10.1007/s00205-012-0554-z
https://doi.org/10.1103/PhysRevResearch.6.013023
https://doi.org/10.1103/PhysRevE.111.044141
https://doi.org/10.1103/PhysRevResearch.4.033208
https://doi.org/10.1088/1742-5468/ab47fe
https://doi.org/10.1103/PhysRevE.85.021104
https://doi.org/10.1103/PhysRevE.84.021123
https://doi.org/10.1103/4pq6-7djm
https://arxiv.org/abs/2508.12875
https://doi.org/10.1063/5.0094849
https://doi.org/10.1103/PhysRevLett.129.120602
https://doi.org/10.1103/PhysRevE.107.014136

