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Entanglement transitions in a boundary-driven open quantum many-body system
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We introduce a numerical framework for integrating Markovian dynamics on tree tensor operator ansatz

states. This framework enables the simulation of both transient and steady-state regimes of systems governed
by the Lindblad master equation, while preserving positivity of the density matrix and providing direct access
to entanglement monotones. We demonstrate its capability to probe entanglement in open quantum many-body
systems and to distinguish it from other correlations by studying a boundary-driven XXZ spin chain. Our analysis

uncovers entanglement transitions driven by both the coupling to the environment and the anisotropy, revealing
a striking connection between spatial entanglement scaling and spin current.
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Introduction. Beyond its role as a vital resource for quan-
tum technologies, entanglement is crucial for classifying
complex quantum systems [1,2], is inherently connected to
their simulability by means of tensor networks [3], and is
predicted to be central to foundational questions in theoret-
ical physics [4-7]. This significance has sparked extensive
interest in studying entanglement in both equilibrium and out-
of-equilibrium scenarios [8—15]. Moreover, the exploration of
complex quantum systems in controlled experimental setups
has become increasingly feasible [16-20]. Due to inevitable
interactions with the environment, these systems are subject to
dissipation, necessitating an open-system description. While
dissipation is generally seen as detrimental to coherence and
entanglement, given sufficient control, it can be harnessed as
aresource [21], for example, to engineer quantum many-body
states [22,23] or perform quantum computation [24].

It is thus crucial to understand entanglement in open quan-
tum many-body systems. However, our knowledge is largely
confined to the idealized setting of closed systems, while
theoretical results for open systems are scarce, and typically
limited to analytically solvable models [25-27], or thermal
quantum states [28,29], where entanglement follows at best
an area law [30,31]. That said, open quantum many-body sys-
tems out of equilibrium explore richer scenarios, both during
the transient dynamics and in the stationary state. Potential
candidates are boundary-driven open systems [32-34], which
are known to attain nonthermal stationary states [35]. Fur-
thermore, recent studies highlighted that strongly protected
non-Abelian symmetries [36,37] and Hilbert space fragmen-
tation [38] may lead to highly entangled stationary states.
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Numerical methods based on tensor networks are among
the most successful frameworks in simulating both closed
and open quantum many-body systems [39-47]. In closed
systems, these frameworks offer straightforward access to
entanglement, enabling its study out of equilibrium. How-
ever, this is not as straightforward in open systems, as
currently used tensor network ansitze for simulating these
systems [48-50], including approaches based on quantum
trajectories [51-53], do not provide direct access to entan-
glement. It was only recently shown that the tree tensor
operator (TTO)—a specific tensor network ansatz for open
quantum many-body systems—grants direct access to entan-
glement [54], but so far it has only been employed to thermal
equilibrium [28,29].

In this Letter, we bridge the existing gap by developing
a numerical framework that enables to probe entanglement
in out-of-equilibrium open quantum many-body systems. We
leverage the TTO ansatz, which allows to efficiently compute
entanglement monotones, i.e., measures that satisfy a set of
properties, ensuring they exclusively probe entanglement and
not other correlations [55]. In particular, the TTO provides
access to the entanglement of formation [56] and the log-
arithmic negativity [57]. Our framework enables the study
of out-of-equilibrium open quantum many-body systems in
the presence of local dissipation, namely, systems governed
by the Lindblad master equation (LME) with local Lindblad
operators. We apply our framework to the boundary-driven
XXZ spin chain, discovering a link between entanglement and
spin current, which allows us to connect the known transport
regimes of the model to distinct entanglement scaling.

A deeper understanding of the intricate connection be-
tween entanglement and current could enable the engineering
of boundary-driven systems as a resource for entanglement
generation. More broadly, our framework unlocks the possi-
bility for exploring the uncharted territory of entanglement
in open quantum many-body systems. It holds the potential
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FIG. 1. Tree tensor operator (TTO): A positive and loopless tensor network ansatz for density operators p. (a) The TTO consists of two

branches, P and P, linked through the Kraus dimension K, such that p = PP’ =

Zk L P 1W) (Wk|. The root tensor R, whose size is

determined by K and the bond dimension y, encodes all information on entanglement between the system’s halves L and R. Computations
of entanglement monotones, such as entanglement of formation [56] and logarithmic negativity [57], thus only involve R. (b) The Lindblad
master equation (1) is approximated by successively applying Eq. (2), whose unitary part is implemented via the time-dependent variational
principle. The dissipative part is carried out via local Kraus channels, which are realized by connecting the Kraus tensor XC; to site j and
contracting it with its adjoint in the upper branch, as shown for j = 1. (c) Contracting ; with its connecting tensor in the TTO results in
a four-leg tensor, whose additional leg is moved toward R via consecutive singular value decompositions (SVDs) [see panel (d)]. (e) After
applying the Kraus channel, the bond dimension and the Kraus dimension are compressed via SVDs on the involved tensors.

to contribute to a fundamental understanding of the interplay
between entanglement and dissipation, an essential pursuit in
the era of noisy quantum technologies.

The framework. An open quantum system is described by
a density operator p, representing a statistical ensemble of
pure quantum states |\Wy) with corresponding probabilities
Pk, such that p = Zk D |[Wr) (Wi]. As an ansatz for p, the
TTO consists of two branches: P = Zszl A/ Pk 1¥x) (k| and
its adjoint PT, each represented as a binary tree of three-leg
tensors, where the outgoing legs in the lowest (upmost) layer
correspond to the local dimensions of the physical Hilbert
space. The branches are linked through the Kraus dimension
K, which determines the number of probabilities p; and re-
spective states |W;) in the density operator. Consequently,
the latter is given by p = PP'. By construction, the TTO is
loopless and positive, and can be understood to arise from
the global purification |P) = Zf:] A/ Pk W) k). Moreover,
it has the unique feature that information on entanglement
between the system’s halves is contained in the uppermost
tensor of P, i.e., the root tensor R, provided it is the center
of the unitary gauge [46,54] [see Fig. 1(a)]. If the required
bond dimension x and Kraus dimension K scale favorably
with the number of degrees of freedom, the computation of
entanglement monotones becomes efficient, as demonstrated
for thermal quantum many-body states [28,29,54]. Generally,
the TTO ansatz provides an efficient representation of the
quantum state only when it is neither too entangled nor too
mixed.

We embed the TTO ansatz in a nonequilibrium setting by
considering systems described by the LME [58]

=ilo, Hl+y Y _L;,pLE, ——{CT(,, e Pl (D)

j o

where H is the system’s Hamiltonian, j runs over the lattice
sites, and o over the local Lindblad operators £;, per site,
which describe the dissipative processes due to local cou-
pling to Markovian environments. To sketch the numerical

algorithm, consider that the evolution governed by Eq. (1) for
a time step 8¢ is determined by the propagator e“%, where
the Lindblad superoperator L = H + D consists of unitary
(H) and dissipative parts (D) (see Appendix for further de-
tails). We may approximate the propagator using a symmetric
second-order Suzuki-Trotter decomposition [59],

el:é‘l ’f‘L 'D(S[ 7‘L2 +0(5t ) (2)

thereby separating unitary and dissipative parts. The evolu-
tion governed by Eq. (1) is then carried out by successively
applying Eq. (2), where we employ the (second-order) time-
dependent variational principle [60,61] for the unitary part.
The assumption of local Lindblad operators further simplifies
the dissipative part, yielding eP* = @, e/, The action of
each eP/% is then realized via the corresponding local Kraus
channel, ), K kP IC;’K (see Appendix for further details). By
defining the three-leg Kraus tensor K;, where (K;), = Kj .,
applying the Kraus channel is achieved by connecting /C ;

and its adjoint IC; to site j in the lower and upper branches,
respectively, and connecting them via their Kraus leg « [see
Fig. 1(b)]. Since both branches encode the same informa-
tion, computations use only one; here, we focus on the lower
branch. To restore the initial TTO structure, C; is contracted
with its connecting tensor in the lowest layer, resulting in a
four-leg tensor [see Fig. 1(c)]. The additional leg of this tensor
connects to the upper branch and must be moved toward the
root tensor, where the two branches intersect. This is achieved
by employing consecutive SVDs and contracting the tensor
with the additional leg with its partner one layer above [see
Fig. 1(d)]. Applying the Kraus channel increases the bond
dimension x and the Kraus dimension K, which are sub-
sequently managed in a compression step. Accordingly, we
perform SVDs on the involved tensors such that x and K do
not exceed the maximal values ym.x and Kpn,x [see Fig. 1(e)].
In summary, we obtain a second-order approximation of the
LME from Eq. (1) with additional truncation errors due to the
compression steps. This algorithm is part of the QuantumTEA
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FIG. 2. (a) Pictorial sketch of the boundary-driven spin chain.
The XXZ model from Eq. (3) is coupled at its boundaries to Marko-
vian environments. The latter induce a current flowing through the
system, resulting in a nonequilibrium stationary state. (b) Spatiotem-
poral profile of the spin current {7;), following a quench with initial
state |Z—) for the different transport regimes, i.e., A = 1/2,1,3/2.
System size is £ = 32 and y/J = 1. Horizontal dashed lines mark
the arrival of the spin current at the system’s center.

library [62], enabling simulation of entanglement dynamics in
open quantum many-body systems beyond the limits of exact
diagonalization.

Boundary-driven XXZ spin chain. As a paradigmatic
open-system setup, we consider the boundary-driven one-
dimensional XXZ model. For ¢ lattice sites and open
boundary conditions, its Hamiltonian is given by

-1
Hxxz = ZJ(XijH + ViV +AZ; 241, (3)

j=1

where X;,);, Z; are the Pauli operators acting on site j,
J > 0is the nearest-neighbor interaction strength, and A is the
anisotropy parameter. The system is coupled to Markovian en-
vironments at its boundaries, with Lindblad operators £ | =
1 +/’LSI+’ Lio=4/1- //LSf, Lo =4/1 +MS;, Lon=
V1= /LSZF, where ZSji = X; £i));. The driving p > 0 in-
duces a spin current flowing from left to right, resulting in a
nonequilibrium stationary state [see also Fig. 2(a)]. This setup
is commonly employed to study quantum transport [63-66],
as it possesses various transport regimes depending on both
the anisotropy A and the driving u. In the following, we
consider the maximally driven case, © = 1, where analytical
expressions of local observables have been found [63,64]. Its
three transport regimes, characterized by the scaling of the
spin current in the stationary state, are known as ballistic
(A < 1), subdiffusive (A = 1), and insulating (A > 1) [35].
In the following, we explore the nonequilibrium physics of
this setup using the presented numerical framework. We refer
to the Appendix for additional details on the numerical data.
We initialize the system in a fully polarized product state
[Z—) = |{l{ - -), which is an eigenstate of the Hamiltonian
from Eq. (3). At¢ = 0, we connect the system to the environ-
ments by quenching the coupling y from zero to a finite value,
thereby driving the system out of equilibrium. The subsequent
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FIG. 3. Dynamics following a quench with initial state |Z—) for
the different transport regimes. System size is £ =32 and y/J = 1.
(a) Von Neumann entropy of the left half, S;, the right half, Sk,
and total system, S. (b) Logarithmic negativity N, and mutual in-
formation .z, quantifying the entanglement and the total correlation
between left and right halves, respectively. Vertical dashed lines mark
the arrival of the spin current at the system’s center.

propagation of the spin current (J;) = 4Im{(8j_8_7.”+1)} is
shown in Fig. 2(b) for three values of A, corresponding to
the aforementioned transport regimes. In all cases, the early
transient spin current propagates ballistically through the sys-
tem, evident from the visible linear light cone. We do not
observe significant differences in the velocity of this propaga-
tion as indicated by the horizontal dashed lines, which mark
the arrival of the spin current at the center of the system.
Although the transport regimes are linked to the stationary
state, they also manifest in the dynamics of early to interme-
diate times. In the ballistic regime (A = 1/2), the spin current
rapidly saturates to a finite value as it propagates through the
system. In contrast, both the subdiffusive (A = 1) and insu-
lating (A = 3/2) regimes exhibit back propagation, which is
most pronounced in the latter case, suggesting more localized
dynamics.

Our framework allows us to explore the dynamics from
a different perspective by examining entropic quantities and
entanglement. In Fig. 3(a), we display the dynamics of the
von Neumann entropy of the left half of the system, S;, the
right half, Sk, and the total system, S. Note that in open quan-
tum systems, Sy # Sk in general, unlike in closed systems.
At early times, only the entropy of total system and that of
the left half grow, as the Lindblad operator acting on the
right boundary does not impact the initial state. As the spin
current reaches the system’s center, correlations between the
two halves can build up, leading to growth in the entropy of
the right half. At this point, also entanglement between the
two halves can emerge, which we probe using the logarithmic
negativity [57], defined as Ny = log(||p*||,), where pT* is the
partial transpose of p with respect to the left half L and || - ||,
denotes the trace norm. The logarithmic negativity quantifies
entanglement between the left and right halves. To comple-
ment this measure, we also consider the mutual information,
I.r = Sp + Sg — S, which quantifies the total correlations
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between the two halves [67]. These two quantities are dis-
played in Fig. 3(b).

In the ballistic regime (A = 1/2), we observe a rapid
growth of the logarithmic negativity N, and the mutual infor-
mation I;.g upon the arrival of the spin current at the system’s
center, followed by a quick saturation to a finite value. Both
quantities exhibit similar behavior, while the logarithmic
negativity confirms that a sizable amount of correlations is
dedicated to entanglement. In the subdiffusive regime (A =
1), the logarithmic negativity shows fundamentally different
behavior compared to the mutual information, highlighting
our framework’s ability to differentiate between entanglement
from other correlations. While correlations grow monotoni-
cally, entanglement remains almost constant within the shown
time interval and is lower compared to the ballistic regime.
Interestingly, in the insulating regime (A = 3/2), we observe
no growth of either the logarithmic negativity or the mutual
information. Hence, the localized propagation of the spin cur-
rent is associated with the absence of entanglement growth.
Overall, the growth of entropy, correlations, and entanglement
is progressively suppressed as A increases, transitioning from
the ballistic to the subdiffusive and finally to the insulat-
ing regime, further indicating a shift toward more localized
dynamics. While this shift is also apparent from entropy
analysis, access to the logarithmic negativity and the mutual
information reveals a clearer distinction.

By examining the different transport regimes in more de-
tail, we uncover distinct spatial entanglement scaling laws. As
expected for a tensor-network-based approach, these scaling
laws manifest in varying computational complexity across
regimes. While the subdiffusive and insulating regimes allow
long-time simulations with moderate bond dimension x and
Kraus dimension K, the ballistic regime is more demanding
and limited to intermediate times and system sizes. There,
the logarithmic negativity N, saturates to an extensive value,
indicating a volume law, as shown in Fig. 4(a). Note that the
system is not yet stationary at these intermediate times.

In contrast, in the subdiffusive regime we can dynamically
reach the stationary state for up to £ = 128 sites. Figure 4(c)
shows the corresponding value of the logarithmic negativity
for various system sizes, which exhibit no scaling, indicating
an area law. We also compare this behavior to the mutual
information, which remains extensive, highlighting that total
correlations follow a different scaling than entanglement. To
further probe the entanglement structure, we compute the
logarithmic negativity N; ;i between pairs of neighboring
sites and the rest of the system, as shown in Fig. 4(d). This
reveals local entanglement throughout most of the system,
with a decay toward the boundaries.

In the insulating regime, the previously reported absence
of entanglement growth persists up to the longest times prac-
tically accessible. However, the time required to reach the
stationary state appears to scale exponentially with system
size, making it accessible only for small system sizes. Estab-
lished results for the stationary state indicate a kink-shaped
magnetization profile [64], suggesting that if any entangle-
ment is present, it would be confined to a small region in
the system’s center, implying at most an area law. This is
fundamentally different from the subdiffusive regime, where
we find a broader distribution of entanglement [see Fig. 4(d)].
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FIG. 4. Entanglement scaling across regimes: (a) Dynamics of
logarithmic negativity N, in the ballistic regime (A = 1/2) for vari-
ous system sizes £ at y /J = 1. (b) N, and mutual information /;.x at
t* = 10J for £ = 32, A = 1/2, and varying y. Solid line shows ana-
lytical spin current in the stationary state as £ — oo [64], exhibiting
similar y dependence. (c) Scaling of N, and I.x in the stationary
state of the subdiffusive regime (A = 1). (d) Logarithmic negativity
Nj j+1 of neighboring pairs of sites against the rest of the system in
the stationary state of panel (c) for £ = 128.

Interestingly, tuning the environmental coupling y rein-
forces the observed connection between entanglement and
spin current. In the ballistic regime (A = 1/2), entanglement
growth is strongly suppressed as y decreases. This is shown
in Fig. 4(b), which displays the logarithmic negativity and
mutual information at fixed time t* = 10J for various vy,
considering the same quench as before. The time #* is chosen
such that information has already propagated past the system’s
center. Both mutual information and logarithmic negativity
exhibit the same dependence on y, aligning with the analytical
value of the spin current in the stationary state [64]. Conse-
quently, increasing y from small values to y ~ J induces a
transition from vanishing to finite entanglement. Remarkably,
despite considering the logarithmic negativity and mutual
information at intermediate times, we observe a behavior con-
sistent with the spin current in the stationary state, providing
additional support that the previously reported extensive scal-
ing of logarithmic negativity in the ballistic regime also holds
in the stationary state.

Conclusions. We introduced a numerical framework based
on tree tensor operators, enabling large-scale simulations of
out-of-equilibrium open quantum many-body systems while
granting access to entanglement monotones. Leveraging this
framework, we provide insights into the boundary-driven
XXZ model by uncovering a connection between entangle-
ment and spin current. In particular, the established transport
regimes of the model correspond to distinct spatial entan-
glement scaling, highlighting the classificatory power of
entanglement even within the realm of open quantum systems.
Our results demonstrate that dissipation is necessary in this
setup for achieving a sizable amount of entanglement.
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Considering future works, our framework may be em-
ployed to investigate the phase diagram of the model beyond
the maximally driven case, u = 1. An extended analysis could
shed light on the crossover at the Heisenberg point (A = 1)
from subdiffusive to superdiffusive transport as u decreases,
addressing a currently open question [35]. Analyzing the
robustness of highly entangled states emerging from strong
non-Abelian symmetries, as proposed in Ref. [36], could fur-
ther clarify the feasibility of their realization with quantum
technology. The framework may help assess whether cur-
rent quantum technology can reach quantum advantage in
exploring highly entangled states via quench experiments. By
enabling controlled simulations of entanglement dynamics in
open systems, it offers a platform to test hardware limits in
experimentally relevant yet computationally demanding sce-
narios.
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Appendix. Here, we provide additional details on our
approach to the LME from Eq. (1) within our numerical
framework. To do so, it is useful to consider the vectorized
form of the LME [68], which is given by

1p)) = Llp)), (AD

where L is the Lindblad superoperator, consisting of unitary
and dissipative parts, i.e., £ = H + D. The unitary part is
given by

H=i(1QH-H®1) (A2)
and the dissipative partby D =y ) o Djas Where

Dj,aZEj,a(@Zj,a—%(ﬁf L. ®1+1®£TZ )

Ja~ Jo jo

(A3)

TABLE 1. Maximal Kraus dimension K, and maximal bond
dimension xm.x used for the presented numerical data.

A Y / J £ Kmax Xmax

32 1024 128
32 512 64
32 512 64

32 1536 192
32 512 64

Figure 2(b) 1/2
1
312

Figures 3(a) and 3(b) 1/2
1

— = = = e e e

32 32 512 64

Figure 4(a) 1/2 8 256 16
172 16 1536 128

172 1 32 1536 192

Figure 4(b) 172 All shown 32 1024 160
Figure 4(c) 1 1 8 256 16
1 1 16 512 48

1 1 32 512 64

1 1 64 512 64

1 1 128 768 64

Figure 4(d) 1 1 64 512 64

From Eq. (A1), it follows straightforwardly that the evolu-
tion for a time step 8¢ is determined by the propagator <%,
as stated in the main text. Considering the decomposition of
the Lindblad superoperator into unitary and dissipative parts,
a symmetric second-order Suzuki-Trotter decomposition [59]
then yields Eq. (2). Notably, the unitary parts of two con-
secutive time steps can be combined, which further reduces
computational cost.

To carry out the dissipative part of Eq. (2), we first ex-
ploit the assumption of local Lindblad operators, which leads
us to

(A4)

Dot ®eDi§[,
J

as discussed. Since each product in Eq. (A4) is a completely
positive trace-preserving map [69], there exists a set of Kraus
operators {K; .}, such that eP/* =} K;, ® K;,. The ma-
trix representation of ePi% has dimension d? x d?, where d
is the local dimension of site j. Obtaining the Kraus operators
{K} .} requires determining the eigensystem of ePi% | a pro-
cedure whose computational cost is negligible for small local
dimensions d. Once the Kraus operators {K;} are obtained,
the corresponding Kraus channel is applied as described in the
main text.

We report the maximal Kraus dimension Kj,,x and maximal
bond dimension ym.x used to obtain the presented numerical
data in Table I. For all results shown, we chose a time step
of 8t = 0.025, which is sufficient for convergence. For results
regarding the system size £ = 8, we chose the maximal possi-
ble Kiax and ymax, meaning we consider the full Hilbert space
and there is no compression error.
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