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Higher-order exceptional points in composite non-Hermitian systems
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We show that a composite quantum system described by the tensor product of multiple systems each with a
leading-order exceptional point (a non-Hermitian degeneracy at which not only eigenvalues but also eigenstates
coalesce) exhibits a single leading-order exceptional point, whose order surpasses the order of any constituent
exceptional point. The formation of such higher-order exceptional points does not require coupling among the
subsystems. We determine explicitly the order and the spectral response strength of this exceptional point.
Moreover, we observe that the energy eigenstates that do not merge are entangled. Finally, we demonstrate
that general initial states disentangle during time evolution due to the presence of the higher-order exceptional

point of the composite system.
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I. INTRODUCTION

The time evolution of a wave system with gain and
loss is described by a non-Hermitian Hamiltonian H [1,2];
see, e.g., ultracold atoms in optical lattices [3], microwave
billiards [4], one-dimensional nanostructures [5], parity-time-
symmetric electronics [6], compound-nucleus reactions [7],
optical microcavities [8,9], and coupled laser arrays [10].
Such Hamiltonians can exhibit unique singularities known
as exceptional points (EPs). At an nth-order EP exactly
n eigenenergies (eigenfrequencies) and the corresponding
energy eigenstates (modes) coalesce [11-15]. This is in con-
trast to degeneracies of Hermitian Hamiltonians where only
eigenenergies degenerate while the eigenstates can be chosen
to be orthogonal.

The physical existence of EPs has been demonstrated in a
wide variety of classical settings, leading to the identification
of many intriguing effects with potential applications. These
include mode discrimination in multimode lasing [16], EP-
enhanced sensing [17-20], mode conversion [21,22], orbital
angular momentum microlasing [23], sources of circularly
polarized light [24], chiral perfect absorption [25], optical am-
plifiers featuring an improved gain-bandwidth product [26],
and subwavelength control of light transport [27].

While all of the above examples are classical wave sys-
tems, there has been progress of studying full quantum
systems with non-Hermitian Hamiltonians by using Hamil-
tonian dilation [28,29], postselection [30-33], non-Hermitian
absorption spectroscopy [34], and Bogoliubov—de Gennes
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models [35,36]. Additionally, researchers investigated the
non-Hermitian aspects and EPs of Liouvillian superoperators
generating the time evolution of density operators [34,37,38].

Non-Hermitian systems with EPs very strongly respond to
small perturbations. More concretely, a system with an EP
of order n experiences an energy splitting proportional to the
nth root of the perturbation strength ¢ [11]. For sufficiently
small ¢, this exceeds the linear scaling observed near a con-
ventional degeneracy. The strength of the response to small
perturbations can be characterized by a single measure: the
spectral response strength & [39,40]. A system with a large
& can detect extremely small perturbations or environmental
changes, making it highly sensitive and useful in particular
for sensing applications [17,18].

The reliable fabrication of higher-order EPs is still a chal-
lenge today. Only a handful of experimental implementations
are known so far, such as coupled acoustic cavities [41],
photonic cavities [19,42], high-dielectric spheres in the mi-
crowave regime [43], nitrogen-vacancy spin systems [29],
and dissipative trapped ions [34]. Proposals for a systematic
approach to achieve EPs of higher order are presented in
Refs. [44,45]. Higher-order EPs are particularly useful for
flat-top optical filters [46], EP-enhanced sensing [19,20], and
in the context of entanglement generation [47]. The latter
example is a composite quantum system consisting of two
non-Hermitian qubits. Mathematically, the Hilbert space of
this system is a tensor product of Hilbert spaces of the single
qubits. This is different to most of the higher-order EPs dis-
cussed in the literature which are constructed by a direct sum.

The aim of this paper is to shine some light into the
physics of composite non-Hermitian systems. In particular,
we demonstrate that the tensor product used to combine the
systems can enhance the order of EPs. We present a theory
for calculating the order of the EP and its spectral response
strength. The surprising effect of EP-induced disentanglement
is revealed.
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The structure of this paper is outlined as follows. Section II
briefly reviews the essential basics of composite quantum
systems. An illustrative example is presented in Sec. III to
demonstrate some of the peculiar properties of composite EPs.
The general theory is then developed in Sec. IV. Dynamical
aspects are addressed in Sec. V and a summary is provided in
Sec. VL.

II. BASICS ON COMPOSITE SYSTEMS

The Hilbert space of a composite quantum system is the
tensor product of the Hilbert spaces of the involved systems;
see, e.g., Ref. [48]. For bipartite systems, we call them system
A and B. To create operators in the full Hilbert space that act
only on a single component, one has to take the tensor product
of the operator acting on the subspace of interest, i.e., A and
B, with the identity operators 1, and 1y corresponding to the
components that are to be unchanged, A ® 1g and 1, ® B.
In a matrix representation the tensor product & is also called
the Kronecker product or matrix direct product. If there is no
interaction between systems A and B, the Hamiltonian of the
composite system is given by the system Hamiltonians A, and
Hjp via the Kronecker sum

H=H\®Hg =H\ @15+ 1, ® Hp. (1

Note that the Kronecker sum is distinct from the direct sum
of two matrices, despite both often being denoted by the same
symbol &.

Equation (1) also pertains to the Liouvillian of a composite
quantum system without interaction as well as to the Liou-
villian of a single system if quantum jumps are ignored; see
Ref. [49] and the Supplemental Material of Ref. [50], for ex-
ample. Moreover, Hamiltonians as in Eq. (1) appear naturally
in two- or higher-dimensional non-Hermitian lattices [51] and
for evolution matrices of higher-order operator moments [52].

III. ILLUSTRATIVE EXAMPLE

For illustration purposes, we first introduce a simplified
setting given by a dimensionless toy model. Consider a system
A with a two-dimensional Hilbert space and a 2 x 2 Hamilto-
nian at a second-order EP in the given basis

A 0 1

Such a Hamiltonian can appear in optical microdisks and
microrings with fully asymmetric backscattering [53]. The
eigenvalue is 0 with algebraic multiplicity of 2 and the only
eigenstate is |Y5) = (1,0)T with geometric multiplicity of 1;
the superscript T indicates the transpose. Now, we consider a
system B with, for simplicity, exactly the same Hamiltonian
Hg = H, at an EP of order 2 having eigenvalue 0 and eigen-
state [yg) = (1, 0)T.

The composite system with Hamiltonian in Eq. (1) is (after
a unitary transformation) equivalent to the one in Ref. [47] but
computationally more convenient. Does the composite system
contain an EP? And if so, what is its order? The answer given
in Ref. [47] is 4 and there is a simple and seemingly safe argu-
ment for it (which, however, has not been used in Ref. [47]):
each of the Hamiltonians A, and Hp possess exactly one

eigenstate (the geometric multiplicity is 1), |¥a) and |¥p),
and therefore the only tensor product to form is

1
Ve = [Wa) @ [ym) = | 3)

0

As a result, the geometric multiplicity is 1. Together with
an algebraic multiplicity of 4 (all eigenvalues are zero) this
indicates an EP of order 4. However, direct calculation of the
Hamiltonian in Eq. (1) proves that this hasty conclusion is
incorrect:

01 1 0

. lo o o 1

H=10 0 0 1 )
00 0 0

The eigenvalues are 0 with algebraic multiplicity of 4 and
there are rwo eigenstates

1 0
weer = o wor=]7 5)
0 0

up to a phase factor and normalization. The additional eigen-
state |Y) is not a tensor product of the EP eigenstates of
systems A and B; in fact, it is a (maximally) entangled state.
The geometric multiplicity is therefore equal to 2. To investi-
gate this further, we employ the unitary matrix

1 1
R
01:0LL0 (6)
2
0 0 0 1

to transform the Hamiltonian A in Eq. (4) to a Jordan normal
form

0 ______
010 1 01|
010 0 1! @
0100 0;
This clearly demonstrates that the composite system exhibits a
more complex degeneracy (see for such complex degeneracies
also Refs. [45,54-58]) consisting of a third-order EP and a
separate eigenstate, each with a zero eigenvalue. The result is
consistent with Ref. [52] which does not consider composite
quantum systems but evolution matrices of higher-order op-
erator moments of the form as in Eq. (1) with Hy = Hg at a
second-order EP.

It is worth taking a moment to think through the original

argument of Ref. [47] for the order of the EP in the composite
system. To do so, consider the perturbed Hamiltonians

A, = (2 (1)) — A ®)

These Hamiltonians are not at an EP for & £ 0. The
eigenvalues are Ey = +./¢ and the -eigenstates are
i) = (1, £/e)’. The tensor product of these states
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gives the eigenstates (up to normalization) of the Hamiltonian
in Eq. (1) with zero eigenvalue

1 1
wor=| L =05 ©)
—& —&

and the eigenstates with eigenvalues 2,/¢ and —2./¢

o= (V2] =] VE] (10)

In the limiting case ¢ — 0 all four eigenstates converge
to the EP eigenstate in Eq. (3). This appears to be an
unambiguous signature of a fourth-order EP. The fallacy lies
in the eigenvalue degeneracy of the eigenstates in Eq. (9),
which allows for alternative linear combinations such as

0 1
o= wo=|gl ()
0 —¢

The eigenstate |1/o) does not converge to the EP eigenstate
in Eq. (3). Instead, it is equal to the isolated eigenstate in
Eq. (5). This observation is quite remarkable. It demonstrates
that the more complex degeneracies consisting of an EP
and other states can complicate analysis and the physical
interpretation. Our general theory, which will be presented in
the next section, is immune to the pitfalls presented above.

IV. GENERAL THEORY
A. Preliminaries
A non-Hermitian m x m Hamiltonian can be expanded as

[11]
H= Z(EIPI +N)), (12)
/

where [ = 1,2, ... runs over the relevant part of the point
spectrum E; including isolated energy eigenvalues and
EPs. The operators P are projectors onto the generalized
eigenspaces of the corresponding eigenvalues E; with

PP =6;P (13)
and Kronecker delta § ;. The P, are not orthogonal projectors
in general, i.e., P, # ]3;. The operators N for a given EP of

order n; > 2 are nilpotent operators of index n;; hence NI”‘ =0
but N/"~" # 0. It holds that

PN, =N,B =N, (14)

The m x m Green’s function of the general Hamiltonian A
can be expanded as [11]

G(E) = b o~ N (15)
=2 |55 "X @-ar|

I k=2

For an energy E = Egp close to an EP energy Epp = Ej,
the contribution of the Green’s function with k = n; is the

dominant one. Using this Green’s function it has been shown
in Ref. [40] that for a generic perturbation H + sﬁp with
small perturbation strength ¢ > 0, the following inequality
holds for the split eigenvalues Ej, j=1,...,n, of the
perturbed Hamiltonian:

E; — Egp|™ < ellB2 &, (16)

with the spectral norm (operator norm) |||, [59] and the
so-called spectral response strength

& =[N, (17

The spectral response strength is a measure of how strongly
a non-Hermitian system with an EP can react to a generic
perturbation [39]. It has been calculated and discussed for
various systems [60,61]. The relation to the Petermann factor
is discussed in Refs. [62,63]. Recently, a scheme for the
computation of the spectral response strength directly from
numerical wave simulations has been presented [64].

B. Bipartite systems
1. Existence of a higher-order EP

For the sake of simplicity, we initially consider a composite
quantum system consisting of two quantum systems A and B.
The Hilbert space of the former is ma dimensional and that
of the latter is mp dimensional. The tensor product of these
two spaces gives the Hilbert space of the composite system
with dimension m = mamg. The m x m Hamiltonian of the
composite system is given by the Kronecker sum in Eq. (1)
with Hy being the ma x ma Hamiltonian and 1 5 the ma X ma
identity of the system A and analog for Ay and 1.

One of our basic assumptions is that the relevant part of the
spectrum of systems A and B is completely degenerated. The
eigenvalue of each subsystem, E5 and Eg, can be different.
With the above assumption, the algebraic multiplicity of the
degeneracy is ap = my for system A and oy = mg for system
B. Using the fact that the eigenvalues of a matrix A = B@® C
are given by b; + ¢;, where b; are the eigenvalues of B and
c; are the eigenvalues of € [59], we conclude that the only
eigenvalue of H is Ex = Ex + Eg with algebraic multiplicity
a=m.

Our second basic assumption is that each degeneracy ex-
hibits a dominant EP. The order of the EP, 2 < ny < ma and
2 < ng < mg, can be different. We place no limitations on the
geometric multiplicity of each degeneracy, other than the ap-
parent constraints ya < aa —na + 1 and yg < ag —ng + 1,
which result from the possible existence of additional (lower-
order) EPs.

We introduce the traceless part of the Hamiltonians

flA = HA—EA]IA, (18)
fig := Hy — Eplg, (19)
A :=H —Es1, (20)

with the identity 1 = 1, ® 1p for the composite system. As
the spectrum of system A is degenerate with a dominant EP
of order na, the matrix 715 is nilpotent of order n,. The same
logic implies that 71g is nilpotent of order ng.
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In terms of the traceless parts, Eq. (1) can be rewritten as
H =ia® 1+ 1s ® fip. 21

With the basic rules of the tensor product [59], we calculate
monomials, such as

HY =@l +2ia @ +1,®@05.  (22)

Using the binomial coefficient and the nilpotency of 715 and
g, it follows with the auxiliary quantity n := na + ng — 1
that

(}’l - 1)' AnA— ® 7 AnB 1 (23)

n—1 __
) T A —Dling — DA

and
(A" = 0. (24)

Hence A’ is nilpotent of order n. Note that the binomial ex-
pansion (23) contains only one term, as all other terms vanish
because either 715 or 7ig appear with an exponent greater than
na — 1 or ng — 1, respectively.

Given that the eigenvalues of H' are zero, the expansion in

Eq. (12) is
A =Y"K. (25)
!

From Egs. (13) and (14) follow
NNy =0 ifj#1, (26)

which we then apply in Eq. (25) to obtain

= Z Nt 27)

1

(ﬁ/)n—l

Using the fact that 27"~ "'and #%~" are rank-1 matrices and
that the tensor product of two rank-l matrices is a rank-1
matrix [59], we conclude that the right-hand side (RHS) of
Eq. (23) is a rank-1 matrix. And so is the left-hand side. This
in turn implies that the RHS of Eq. (27) must be of rank 1
as well. Moreover, since each of the nonzero 1\7[”_1 is of rank
1 and the N are linearly independent because of Eq. (26),
only one such term on the RHS of Eq. (27) exists. Hence in
the expansion (12) is an operator N; being nilpotent of order
n; = n. This leads to one of our key results: the composite
system has a dominant EP of order

n=np+ng—1, (28)

with eigenvalue E + Ep. Since na and np are larger than or
equal to 2, the order n is larger than both na and ng. For
determining the eigenstate of this EP, we mention that the
image of operators such as 23"~ "and A" is the respective
EP eigenstate, i.e., [{/4) and |1//B) see, e.g., Ref. [39]. From

Eq. (23) we then conclude

|Vep) = [¥a) @ |¥B). (29)

Additional EPs may be present, but their order must be
smaller than n. The geometric multiplicity therefore obeys

y<a-—-n+l (30)

The number of eigenstates of H that can be written as a
tensor product of the Hilbert spaces of systems A and B is

yays- If ¥ > yays there are additional eigenstates that must
be entangled.

In our illustrative example in Sec. III we have for sys-
tems A and B the dimensions ms = mg = 2, the EP orders
na = ng = 2, and the multiplicities «p = ap =2 and ys =
y8 = 1. According to Eq. (28) the resulting higher-order
EP has the order n = 3. Since n is smaller than the alge-
braic multiplicity ¢ = apag = 4, the geometric multiplicity
y must be larger than 1 and with inequality (30) we con-
clude y =2 > yays =1. Hence there is one tensor-product
EP eigenstate and one entangled eigenstate. This is entirely
in agreement with the direct calculation in Sec. III.

It is noted that the class of systems considered here differs
from that in Ref. [44]. In the latter, two coupled bosonic
oscillators with gain and loss are tuned to a second-order EP.
Populating them with photons leads to higher-order EPs.

2. Spectral response strength

In the previous subsection, we determined
(n—1)!

\rn—1 __ AnA 1 AnB l. 31
L T A Dl —niA 7 G

Using the fact that the spectral norm of a Kronecker product is
the product of the spectral norms of each factor [59] we write

( ATA— ANB—
[ A L 32)

\7n—1
HN[ HZ (nA _ 1)'(”B — 1)!

With the spectral response strengths qu (17)] of systems A

and B, £x = ||} '||2 and & = ||A{*" ||, we find for the
spectral response strength of the EP in the composite system
E=(m—1)! 5 LI (33)

(na — D! (ng — 1)!

This is the second key result of this paper. It allows a straight-
forward computation of the spectral response strength of the
leading-order EP in the composite system once the spectral
response strengths of the leading-order EPs in the individual
systems are known.

Keep in mind that the spectral response strength in Eq. (33)
quantifies the response of the composite system to a generic
perturbation. In a bipartite system that we discuss here, a
necessary condition for a perturbation to be generic is that it
involves both systems, i.e., it describes an interaction. Without
such an interaction the higher-order EP has no influence on the
eigenvalue splitting and the spectral response is described by
&a and &g alone.

C. Multipartite systems

The results of the previous subsections can be straightfor-
wardly generalized to systems consisting of N > 2 systems.
Again our basic assumptions are that each system labeled here
by « is completely degenerate with eigenvalue E,, and exhibits
a dominant EP of order n,; « = 1,..., N. We denote the
traceless part of the Hamiltonian A, by fi,. In accordance with
the reasoning outlined in Sec. IV B we find that the composite
system has an EP with eigenvalue Ex = ), E, and with the
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multinominal coefficient we get

N

Lo (n—1)! _
n—1 __ Ang—1
N, =11 Qg" : (34)

where n:=1+4) ,(n, —1). Hence the composite system
exhibits a dominant EP of order

N
n=1+Y (ng—1). (35)
a=1
This result is consistent with Refs. [52,65], which treated the
special case where all EPs are of second order.
For the EP eigenstate we find

N
Wer) = Q) V), (36)
a=1

where |/) is the leading-order EP eigenstate of H, .

Again, we exploit that the spectral norm of a Kronecker
product is the product of the spectral norms of each factor
[59] to obtain from Eq. (34) the spectral response strength of
the EP [Eq. (17)] in the composite system

N

§q
— (=1 S
E=n—1)! El TR (37)
Here &, = ||ﬁg°f‘1 ||> is the spectral response strength of the
respective individual leading-order EP.

It is worth mentioning that all the results for multipartite
systems presented in this section can also be directly inferred
from the results for bipartite systems derived in Sec. IVB
through the method of mathematical induction. As an exam-
ple, we briefly explain how Eq. (35) can be derived from
Eq. (28). We begin by examining the base case of N =2
where both equations coincide, thereby validating Eq. (35)
for this simple case. Next, we demonstrate the inductive step:
assuming Eq. (35) holds for N = k, we show it also holds for
N =k + 1. To achieve this, we group all systems with o < k
into a composite system and determine its EP order using
Eq. (35). This composite system, combined with the remain-
ing system, forms a bipartite system, which we then analyze
using Eq. (28). The resulting EP order agrees with Eq. (35)
for N = k 4 1. This completes the induction argument.

V. DYNAMICS

In this section we demonstrate that the dynamics in a
composite system made of degenerate systems with EPs gives
rise to an interesting and counterintuitive effect. As discussed
in the previous sections, the Hamiltonian H of the composite
system exhibits a dominant EP with order n, eigenstate |{gp),
and eigenvalue Egp = Ex.

We consider in the following the nonunitary time-evolution
operator:

R(t):= e il (38)

which maps the initial state |4 (0)) to the time-evolved state
[¥ (1)) = K(@)|¥(0)). We again define the traceless part of the
Hamiltonian A’ as in Eq. (20). In Sec. IV B it was shown that
A’ is nilpotent of order n. This implies that the expansion of

the following exponential function is truncated to its first n
terms:

g n—1 1 i . j
et =" — — ') . (39)

=gl

Next, using the fact that all eigenvalues of H are equal to Egp
we can write the time-evolution operator as

n—1 N

~ LE —it) . .

Riy=e 1Y (- ’3 223 (40)
im0 Jn

For a generic initial state, the relevant term for long times ¢ is

(=i
—(n_])!hn_lH . 41)

: EEp
it

Rit)=e

This result is in line with the studies of dynamics at EPs in
Refs. [39,66].

Next, we use again the fact that the image of A"~ is the
eigenstate |Ygp), which is a tensor product of the EP states
of the subsystems; see Eq. (36). Hence for long times the
image of K1) approaches |ygp). This let us conclude that
the state of the composite system |ir) approaches the state of
the dominant EP. Remarkable is that the dynamics in general
starts with an entangled state but ends in a nonentangled
state. We call this effect EP-induced disentanglement. It is
important to emphasize that this effect is not related to the
exceptional phase transition at an EP observed in Ref. [32]
and is not in contradiction with Ref. [47] reporting a speeding
up of entanglement near an EP.

To better illustrate this, we refer to our example in Sec. III.
To be more specific, we consider Egs. (1) and (8). Follow-
ing Ref. [47] we employ the concurrence C as a convenient
measure of entanglement. For a normalized state |¢) =
(2, 2,8,6 )T the concurrence is defined by

C:=2las — eI (42)

As initial conditions we choose the four Bell states (see
Ref. [47])

1 ’ 1
|e1>—%2 ? , |ez>=%f2 _81 “3)
and
- 0 0
|e3>=\% i , |e4>=\i5 ‘(1)1 @

For these maximally entangled states the concurrence C is
unity. Figure 1(a) shows that at the EP C decays for all Bell
states as predicted by the phenomenon of EP-induced disen-
tanglement, except for |e4) where C stays constant. The latter
is consistent with the discussion around Eq. (5) in Sec. III as
les) is an eigenstate of the Hamiltonian.

Slightly away from the EP, the situation can change drasti-
cally (here for ¢ > 0), as shown in Fig. 1(b). The concurrence
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(a) 10°
107"
107
103
10
10

\S)

FIG. 1. Time evolution of concurrence C [Eq. (42)] for four
initial Bell states |e;) [Eqs. (43) and (44)] in the composite
non-Hermitian system defined by Eqgs. (1) and (8). Time ¢ is in di-
mensionless units. (a) ¢ = 0, i.e., the system is at the EP. (b) ¢ =0.01,
i.e., the system is not at the EP but close to it.

recovers, reaching values up to unity. A similar phenomenon
is studied in Ref. [47] with a weak subsystem coupling,
which is referred to as the speeding up of entanglement in
the proximity of an EP. To see that this is not in contra-
diction to our finding, consider the Bell state |e;) defined
in Eq. (44). It can be expanded into the energy eigenstates
|¥r2) and |vr3) with eigenvalues 2./ and —2./¢, cf. Eq. (10),
as |es) oc|Y) — |¥3). When this state evolves in time, the
superposition leads to concurrence oscillations with a period
proportional to 1/4/¢ for ¢ > 0. For sufficiently large ¢ this
gives a speeding up of entanglement. We consider here the
opposite limit of ¢ — 0T where the time scale for concurrence
returning to unity goes to infinity, which effectively leads
to disentanglement. This is the EP-induced disentanglement
discussed in the present paper.

For ¢ < 0 we do not observe the recovering of the concur-
rence (not shown) which again is consistent with Ref. [47].
The system now is in a parity-time-symmetry broken regime
(see, e.g., Ref. [67]). The real part of all four eigenval-
ues is zero, which implies that there are no oscillations.
The nonzero imaginary part quantifies gain and losses of
the eigenstates. Taking the same example of the Bell state
les), it evolves to the energy eigenstate |y,) with con-
currence C = 0 due to this gain-loss imbalance. This is a
fundamentally different mechanism compared to EP-induced
disentanglement.

Finally, let us mention that Eq. (41) can be used for an
alternative proof of Eq. (28). To do so, we utilize the property
of the Kronecker sum [68]

A% — A g B, (45)

From Eq. (1) then follows for the time evolution operator (38)
of the composite system

K@) =e i @ e i = Ry(t) @ Rp(t),  (46)

where K4 (¢) and Kg(¢) are the time-evolution operators of sys-
tems A and B. From Eq. (41) we conclude that Ka(t) behaves
asymptotically as 72~ and Kg(t) as r~'. Hence, according
to Eq. (46), K(¢) behaves asymptotically as #2782 This is
in agreement with an EP of order n given by Eq. (28); see also
Ref. [69].

VI. SUMMARY

Our study on composite non-Hermitian systems formed
by a tensor product of degenerate systems has revealed a
number of interesting findings to be summarized in this
section.

If each individual system exhibits a leading-order EP of
some order n,, then the composite system exhibits a single
leading-order EP with order n [Eq. (35)] larger than any of the
n,. This is an interesting mechanism for creating higher-order
EPs that might have applications, e.g., for sensing. A perturba-
tion that involves all subsystems—a global perturbation—can
be a generic perturbation yielding a large splitting with ¢!/
scaling. In contrast, local perturbations restricted to two sub-
systems or just a single subsystem lead to a smaller splitting,
for example, in the case of a single subsystem with an &!/"«
scaling. Hence a sensor device where the signal is given by
a global perturbation is, in this sense, protected against lo-
cal perturbations, such as decoherence induced by the local
environment.

Since the order of the EP given by Eq. (35) is less than
the total algebraic multiplicity, there are additional eigen-
states that must be entangled. This is highly remarkable, but
it seems that it does not have any obvious physical con-
sequences. It is, for instance, not related to the reported
speeding up of entanglement in the proximity of an EP
[47].

A simple equation [Eq. (37)] for the spectral response
strength of the higher-order EP has been derived in terms of
the response strengths of the leading-order EPs in the individ-
ual systems.

Ultimately, we unveiled the surprising phenomenon of
EP-induced disentanglement, which occurs without any inter-
actions between the individual systems.

We believe that our findings contribute significantly to the
deeper understanding of non-Hermitian quantum systems and
may help to advance practical applications in areas such as
quantum optics, condensed matter physics, and open quantum
systems.
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