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Detecting remote synchronization from empirical data of brain networks
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The emergence of functional connectivity between distant brain regions that lack a direct structural link
remains a long-standing question in neuroscience. Remote synchronization (RS) offers a promising framework
for uncovering the underlying mechanisms. So far, RS has been well studied in artificial network topologies such
as star or starlike graphs but little attention has been paid to realistic brain networks with complicated topologies,
due to their completely different synchronization pathways. In this study, we address this gap by introducing an
efficient method, termed the noncompletely overlapping path algorithm, to detect RS using empirical structural
and functional brain network data. Under this approach, two nodes are considered to exhibit RS if they are
functionally synchronized despite being structurally disconnected. That is, they share neither a direct structural
link nor an indirect path composed of synchronized nodes. We demonstrate that the proportion of RS nodes in
a brain network strongly depends on the thresholds used to define both structural and functional connectivity,
with optimal threshold values existing for each. Furthermore, we show that the method can be generalized: It
applies not only to empirical time series but also to oscillator-based network models, and it admits a theoretical
interpretation. This indicates that the algorithm offers a general framework to detect RS in complex networks.
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I. INTRODUCTION

Brain networks are broadly categorized into two distinct
types: structural networks and functional networks. Structural
networks may differ from species and exhibit exponential,
small-world, or scale-free traits, whereas functional networks
follow an approximately scale-free distribution [1]. Notably,
functional connections can emerge between distant brain re-
gions that lack a direct structural link [2,3], in contrast to the
cases of long-range functional coupling, mediated synchro-
nization, or topological distance effects. Thus, this specific
functional correlation is in fact a phenomenon of remote
synchronization (RS), where the correlation between two dis-
tant nodes arises from neither a direct structural connection
nor any synchronized chains between them [4]. This raises
a fundamental question: How do such functional connec-
tions or RS arise from the underlying structural architecture?
Although this problem has recently attracted considerable in-
terest [5—10], a complete understanding remains elusive.

At the microscopic level, the structural network of the brain
comprises approximately 860 billion neurons, along with their
axons and dendrites. Here, neurons function as network nodes,
while axons and dendrites form the connections. Due to
the enormous number of neurons, it is impractical to study
them comprehensively through either experimental methods
or numerical simulations. A feasible alternative is to shift to
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a mesoscopic scale, where each region of interest (ROI) is
treated as a single node. This reduces the number of network
nodes, N, to the order of hundreds or thousands. At this scale,
the weight of a connection between two ROIs in the structural
brain network can be quantified by the number of neural fibers
identified using tractography algorithms [11].

In contrast to brain structural networks, brain functional
networks are defined by synchronization between nodes.
Evidence from both electroencephalography and magnetoen-
cephalography indicates that the synchronization of neural
activity across distant brain regions is crucial for functional in-
teraction, with neuronal coherence serving as a key underlying
mechanism [12,13]. For instance, synchronous neural firing in
the gamma frequency band has been linked to visual aware-
ness [14], while the slow waves of sleep synchronize cortical
regions with high precision and can recruit multiple subcor-
tical targets [15]. Furthermore, long-range synchronization of
oscillatory signals is thought to mediate interactions within
large-scale cortical networks, indicating that oscillatory syn-
chronization is fundamentally organized at this scale [16].
On the other hand, abnormal synchronization is closely as-
sociated with brain network dysfunction, such as the aberrant
synchrony in epilepsy [17,18]. Specifically, this phenomenon
can be leveraged for medical diagnosis, such as distinguishing
between children with attention deficit hyperactivity disorder
and healthy children [19,20].

Although these evidences come from diverse aspects of
brain activity, they converge on a central principle: Specific
brain functions are activated not by the entire brain, but by
particular sets of neurons. These sets form rhythmically acti-
vated and inhibited cognitive networks dedicated to specific
functions [21]. Broadly, the brain can be studied in two pri-
mary states: resting and task based. During the resting state,
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spontaneous brain fluctuations are not random but highly
structured, forming spatial patterns of correlated activity
across different regions known as resting-state networks
(RSNs). These include the attention, frontoparietal, default-
mode networks, etc. [22-25]. During task-based cognition,
invasive recordings reveal task-specific synchronization be-
tween focal cortical sites [26].

In sum, the structural and functional networks of the human
brain are fundamentally distinct. During adulthood, the struc-
tural network, composed of all 860 billion neurons, remains
largely stable over years or even decades. In contrast, the
functional network involves only a subset of neurons, is time
dependent, and continuously shifts between different cogni-
tive states [12,27]. To understand how functional networks
emerge from the structural substrate, a promising framework
is RS in star-graph networks, introduced by Bergner et al.
in 2012 [4]. They demonstrated that indirectly connected
leaf nodes can synchronize, whereas directly connected hub
and leaf nodes do not, provided that the hub’s natural fre-
quency differs significantly from that of the leaves [9,10].
Subsequently, RS has been extensively studied in various
starlike networks [28-34]. This concept was later extended
to complex networks [35], in which nodes with high degrees
are treated as hubs with high natural frequencies, and those
with lower degrees as leaves with low natural frequencies—
representing a bimodal frequency distribution.

However, the mechanism of RS derived from star-graph
networks cannot be directly extended to brain networks, for
two main reasons. First, in star graphs, RS occurs between
local nodes via a central hub, whereas in brain networks, RS
typically arises between distant nodes without the mediation
of a hub. Second, the RS of star graph requires a marked
difference between the natural frequencies of the hub and
leaf nodes, allowing the hub to act as a relay. In contrast,
brain networks are generally assumed to exhibit homogeneous
nodal natural frequencies; currently, there is no evidence indi-
cating substantial heterogeneity in the natural frequencies of
neurons. Therefore, explaining the mechanism underlying RS
in realistic brain systems remains an open question.

In this work, we address this problem by analyzing empir-
ical data from both brain structural and functional networks.
This data-driven approach allows us to circumvent the lim-
itations of the star-graph model, i.e., the requirement of a
hub-mediated topology and a significant frequency difference
between hub and leaf nodes. We introduce an effective method
for detecting RS directly from empirical structural and func-
tional network data. Our analysis reveals that the fraction
of nodes exhibiting RS depends critically on the threshold
choices for both structural and functional connectivity, and
that optimal thresholds exist for each network type. Further-
more, we demonstrate that this method can be extended to
oscillator-based brain network models and is supported by
theoretical reasoning, indicating its generality for detecting
RS in complex networks.

II. AN EFFECTIVE APPROACH TO DETECT REMOTE
SYNCHRONIZATION IN BRAIN NETWORKS

As discussed above, the functional network of brain
arises from the underlying structural network, yet the precise

mechanism of this emergence remains unclear. To address
this, we examine the underlying dynamics at different scales.
At the microscopic scale, the structural network consists of
neurons as nodes, interconnected by axons and dendrites.
Within such a network, the dynamics of each node are sig-
nificantly influenced by all other nodes through network
coupling. When the coupling strength is positive and mod-
erately large, collective network behavior can emerge. As
coupling increases further, various dynamic patterns may
arise, corresponding to different cognitive networks. Ex-
cessively strong coupling, however, can induce abnormal
synchronization, a state associated with epileptic seizures.
Given the impossibility of recording the activity of all billions
of individual neurons, we shift to the mesoscopic scale, where
networks are defined by hundreds to thousands of ROIs. This
scale remains computationally and experimentally tractable
while preserving essential network dynamics.

In details, we first measure the time series x(Z, t) of each
node (ROI), with i = 1,2, ..., N being the node index and
N being the total number of nodes in the structural brain
network. These nodes also serve as the nodes of the func-
tional network. To obtain the links of functional network, we
compute the Pearson correlation coefficients between the time
series of any two nodes i and j by the following formula [1]:

F o (D = 6@ DDEGD — GOD)
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where (x(i,t)) denotes the temporal average of x(i,?),
o2(x(0)) = ((x(i, 1) — (x(i, 1)))?), and (-) represents temporal
averaging. The coefficient F (i, j) lies between —1 and 1,
with F (i, j) = 1,0, and —1 corresponding to perfect positive
linear correlation, no linear correlation, and perfect negative
linear correlation, respectively. Subsequently, a threshold F is
introduced: A functional link between nodes i and j is consid-
ered present if their correlation F' (i, j) exceeds the threshold,
regardless of whether a direct structural connection exists.
Through this procedure, the resulting functional network de-
pends on the choice of F, and is fundamentally distinct from
the underlying structural network [1]. For example, studies
have reported that in the resting state, only about 30% of func-
tional connectivity can be attributed to direct white-matter
pathways, whereas the remaining 70% arises between regions
without direct anatomical links [36].

Generally, the resulting brain functional network is time
dependent and effectively represents a cognitive network.
Here, we examine RS within such cognitive networks, which
often comprise several communities, such as the attention,
frontoparietal, and medial default-mode networks. In these
networks, a functional link may or may not coincide with
an underlying structural connection. We are particularly in-
terested in functional connections that lack corresponding
structural links. To determine whether a functional connection
between two distant nodes constitutes RS, the following two
conditions must be satisfied: (1) There must be no direct struc-
tural connection between the two nodes, regardless of their
spatial proximity. Otherwise, the observed synchronization
would be direct, not remote. (2) There should be no chain
of synchronized nodes linking the two nodes; otherwise, syn-
chronization could propagate stepwise along the chain, which
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would not qualify as RS. In summary, a functional connection
is classified as RS only when both of these criteria are met.

Based on this analysis, we now propose a general method
to detect RS between any two nodes i and j. The central
idea rests on the noncomplete overlap between structural and
functional connections; we therefore term it the noncomplete
overlapping path algorithm (NCOPA). The procedure is out-
lined below:

(1) Determine the threshold matrices of brain struc-
tural and functional networks by given thresholds. Given a
weighted structural network S = (S(i, j)), we set a thresh-
old S, and define the corresponding binary structural matrix
SC = (SC(, j)) as follows: SC(i, j) =1 if S(@i, j) > S, and
SC(i, j) = 0 otherwise for i, j = 1,...,N. Thus, SC is the
thresholded structural connectivity matrix. Similarly, for the
measured functional network F = (F (i, j)) obtained from
Eq. (1), we apply a threshold F, and define the binary func-
tional matrix FC = (FC(i, j)) as FC(i, j) = 1 if F(i, j) > F;
and FC(i, j) = 0 otherwise for i, j = 1, ..., N. The resulting
matrix FC represents the thresholded functional connectivity.
Both binary matrices are of size N xN, where N is the total
number of nodes.

(2) Determine the optimal thresholds. We vary the thresh-
olds S. and F, to generate a series of corresponding binary
structural matrices SC and functional matrices FC. The
thresholds are considered optimal, or within the optimal
range, when the resulting matrices align with known empirical
properties. For example, in Ref. [1], the optimal thresh-
olds yield an approximate Gaussian distribution for structural
connections and an approximate power-law distribution for
functional connections. For other cases, however, the choice
of SC and FC thresholds may need to be modified accordingly.

(3) Generate an overlapping matrix. Based on the obtained
optimal threshold matrices SC and FC, we construct an over-
lap matrix OC = (OC(i, j)) to identify connections that are
present in both networks. The elements of OC are defined for
alli,j=1,...,N as OC(i, j) = 1 if both SC(Z, j) = 1 and
FC(i, j) = 1 and OC(i, j) = 0 otherwise. Thus, OC(i, j) =1
indicates that a link between nodes i and j exists simulta-
neously in the binarized structural and functional networks,
while OC(i, j) = 0 denotes the absence of such an overlap-
ping connection.

(4) Determine RS connection by two necessary conditions.
Condition 1 (structural-functional mismatch): For the selected
node pair (i, j), no direct structural link exists (SC(i, j) = 0),
but a functional link is present (FC(i, j) = 1). Condition 2 (no
overlapping path): There is no path between nodes i and j in
the overlap matrix OC. A pair (i, j) is classified as exhibiting
RS if and only if both conditions are satisfied.

Following these four steps, all instances of RS can be
identified by exhaustively examining all node pairs in the
structural and functional networks. A schematic illustration of
the algorithm is presented in Fig. 1, where the top node i and
bottom node j are the pair under evaluation, the intermediate
nodes represent possible relay nodes, and black, blue, and red
lines denote structural (SC), functional (FC), and overlapping
(OC) connections, respectively. Specifically, Figs. 1(a)-1(c),
respectively, show the networks corresponding to SC, FC,
and OC, while Fig. 1(d) integrates all connections from the
three panels. In Fig. 1(a), nodes i and j are connected via the

(a) (b) € © © (d)

0 0

FIG. 1. The noncomplete overlapping path algorithm for detect-
ing RS where the black, blue, and red lines represent the SC, FC, and
OC connections, respectively. Panels (a)—(c) represent the networks
of SC, FC, and OC, respectively, and panel (d) integrates all the
connections of panels (a)—(c) together.

structural network but not directly linked. Figure 1(b) indi-
cates that i and j are functionally connected, while none of
the intermediate nodes are functionally connected to both.
Figure 1(c) confirms that there is no path between i and j
in the overlap matrix OC, satisfying the condition of no syn-
chronized chain between them. Collectively, Fig. 1(d) depicts
a typical case of RS identified by the NCOPA approach.

A characteristic feature of the NCOPA approach is that
it is based on link connectivity, regardless of whether it is
represented by an adjacency matrix or a weighted matrix. In
this sense, the measured RS is the same when using either the
simplified adjacency matrix or the naturally weighted matrix,
as both share the same connectivity.

III. DETECTING REMOTE SYNCHRONIZATION
FROM EMPIRICAL DATA OF BRAIN NETWORKS

As discussed above, human brain dynamically reconfigures
its functional organization to support diverse cognitive task
performances [37,38]. RSNs exhibit a highly structured ar-
chitecture that mirrors task-induced activity patterns, thereby
enabling accurate predictions of task performance [39,40].
Given that RSN data are relatively easy to acquire exper-
imentally, they represent a robust proxy for investigating
brain function. Accordingly, we utilized the RSN dataset from
Ref. [41], which examines how the resting brain configures its
functional organization to balance segregation and integration
demands, thereby optimizing cognitive support. This dataset
comprises 833 healthy young adults from the Washington
University-University of Minnesota (WU-Minn) Consortium
Human Connectome Project [42]. Cortical parcellation was
performed using the multimodal parcellation atlas, segment-
ing the brain into N = 360 distinct regions [43]; consequently,
the resulting functional brain network consists of 360 nodes.
The demographic characteristics of the participants can be
represented as follows: The data contain 833 subjects (female
=455, male = 388, age range = 22-36 years), and all of them
are healthy young adults.

We begin by analyzing the structural brain networks de-
rived from diffusion tensor imaging data for all participants,
i.e., W;;, which denotes the connection weight (or probability)
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FIG. 2. Weighted connection matrices of brain structural net-
works from Ref. [41] where all the color bars are taken on the
logarithmic scale. (a) Case of the eight-hundredth subject. (b) Case
of averaging on all the 833 subjects. (c¢) The standard deviation of all
the 833 subjects.

between region i and region j [43]. Figure 2(a) illustrates
the weighted structural connectivity matrix for subject 800 as
a representative example, with the color bar presented on a
logarithmic scale. The matrix is characterized by high density
and heterogeneity. Given individual variability, the specific
configuration of W;; differs across subjects. To quantify this
variability, we computed the group-level mean (W;;) and o?
to be the average and standard deviation across all 833 partic-
ipants. Figures 2(b) and 2(c) depict the spatial distributions
of (W;;) and o2, respectively, both rendered on a logarith-
mic scale. Notably, Fig. 2(b) reveals a distinct community
topology within the averaged structural network. Furthermore,
as evidenced by Fig. 2(c), the standard deviation o is rel-
atively small (on the order of 10~3). We therefore conclude
that the overall structural connectivity strength is consistent
across subjects, indicating that interindividual variations are
quantitatively modest.

We next examined the functional brain networks, quanti-
fied by the Pearson correlation coefficients between BOLD
time series, denoted as F;; in Eq. (1). These data corre-
spond to cognitive behavioral measures spanning general
and domain-specific phenotypes, acquired during nine dis-
tinct task paradigms [41]. Figure 3(a) presents the weighted
functional connectivity matrix for subject 800. Similar to the
structural matrix in Fig. 2(a), this matrix exhibits high density
and heterogeneity. To characterize interindividual variability,
Figs. 3(b) and 3(c) display the group-averaged functional

matrix (Fj;) and its corresponding standard deviation o2,
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FIG. 3. Weighted connection matrices of brain functional net-
works from Ref. [41]. (a) Case of the eight-hundredth subject.
(b) Case of averaging on all the 833 subjects. (c) The standard
deviation of all the 833 subjects.

respectively. Unlike the modular (community) structure ob-
served in the structural average [Fig. 2(b)], the functional
average [Fig. 3(b)] appears relatively homogeneous, un-
derscoring the fundamental divergence between structural
connectivity and functional connectivity [1]. Furthermore,
Fig. 3(c) indicates that the standard deviation o> remains
relatively low, suggesting that the overall functional topology
is largely conserved across subjects.

Both Figs. 2(a) and 3(a) illustrate that the structural and
functional networks are fully connected at the macroscopic
level, contrasting with the sparsity observed in microscopic
neuronal networks. This discrepancy arises because each ROI
encompasses a vast number of neurons; while these neu-
rons predominantly link to a finite subset of ROIs, weak
connections to distant regions persist. It is well known that
brain neural networks exhibit a small-world topology, where
the majority of local connections conserve energy and the
minority of long-range connections enable high efficiency, re-
flecting the principles of segregation and integration [37,38].
This sparse architecture must be preserved at the mesoscopic
level of ROIs, as it can be considered a renormalization of
the microscopic network. To preserve the biological realism
of sparse connectivity, we applied binarization thresholds
(S, for structural, F, for functional networks) to remove edges
with negligible weights. Specifically, for structural networks,
connections were retained only if W;; > S;; likewise, func-
tional connections were preserved if W;; > F.. Consequently,
the resulting networks are sparse, leading to nonuniform nodal
degrees. The degree distribution P(k) was subsequently calcu-
lated for each network, with k being the node’s degree.

Building upon the data presented in Figs. 2 and 3, we
employed steps (1) and (2) of the NCOPA framework to deter-
mine the optimal threshold matrices for structural connectivity
and functional connectivity. Here, a key condition is that the
degree distribution of structural network should be approxi-
mately exponential while that of functional network should
be approximately scale-free [1]. By systematically varying the
thresholds S, and F., we observed substantial alterations in
both the topological structure of the networks and their corre-
sponding degree distributions, P (k). Figure 4(a) illustrates the
degree distributions for five representative structural thresh-
old values: S. = 0.0001, 0.001, 0.002, 0.004, and 0.01. In
the semilogarithmic insets, the distributions corresponding to
intermediate thresholds (S, = 0.001, 0.002, 0.004) conform
closely to a Gaussian distribution. This alignment satisfies
the theoretical feature identified in Ref. [1], indicating that
S. = 0.004 resides within the optimal range. Consequently,
we selected S, = 0.004 for subsequent analyses. Similarly,
Fig. 4(b) displays the degree distributions for functional
thresholds F, = 0.1, 0.6, 0.7, 0.8, and 0.9. The log-log insets
reveal that the distributions for F. = 0.6, 0.7, and 0.8 fol-
low an approximate power-law distribution, consistent with
the criterion established in Ref. [1]. Therefore, we adopted
F. =0.8 as the optimal functional threshold for the remainder
of this study.

Having established the optimal structural and functional
threshold matrices, we next applied the complete NCOPA
framework to identify RS between node pairs in the em-
pirical dataset from Ref. [41]. Specifically, we fixed the
thresholds at their optimal values (S, = 0.004, F, = 0.8) and
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FIG. 4. Degree distributions of the threshold matrices from the
data of Figs. 2 and 3. Panel (a) represents the case of the structure
threshold matrices SC, where the lines with “black squares,” “red
triangles,” “blue stars,” “yellow asterisks,” and “pink diamonds”
represent the cases of S. = 0.0001, 0.001, 0.002, 0.004, and 0.01,
respectively, and the inset shows their corresponding log-linear plots.
Panel (b) represents the case of the functional threshold matrices
FC, where the lines with “black squares,” “red triangles,” “blue
stars,” “yellow asterisks,” and “pink diamonds” represent the cases
of F, =0.1,0.6,0.7,0.8, and 0.9, respectively, and the inset shows
their corresponding log-log plots.

systematically iterated through all N nodes. For each seed
node i, we evaluated all possible target nodes j (j # i) to
determine whether the pair (i, j) satisfied the criteria for
RS. Our analysis confirmed the existence of RS in specific
node pairs. Figure 5 illustrates two representative examples
of RS detected in subject 800, where the network is plot-
ted as a topological network with the seed node i being the
center. In Fig. 5(a), node i = 330 exhibits three RS partners,
whereas node i = 288 in Fig. 5(b) has only one RS partner.
Furthermore, the topological distances differ: The partners in
Fig. 5(a) are separated by two or three steps, while those in
Fig. 5(b) are separated by three steps.

FIG. 5. Representative examples of RS identified in the empirical
data of the eight-hundredth subject with S, = 0.004 and F, = 0.8.
(a) RS configuration for seed node 330. The topological distance
(shortest-path length) between node 330 and its three RS partners
is two steps for the first two partners and three steps for the third.
(b) RS configuration for seed node 288, exhibiting a single RS
partner located three steps away.

0.4 0.4
(a) (b)
Q0.2 Q0.2
%‘.%001 0.005 0.01 0'%.0 0.5 1.0
SC FC

FIG. 6. Dependence of the fraction (p) of RS nodes on the
thresholds S. and F.. (a) (p) vs S. with F, = 0.8. (b) (p) vs F. with
S. = 0.004.

Given that the detection of RS is contingent upon the
selected thresholds (S, and F.), we systematically evaluated
their impact on RS prevalence. Let ngs denote the number
of unique nodes exhibiting RS with at least one other node
in the structural network. Using Fig. 5 as an illustrative ex-
ample (S, = 0.004 and F. = 0.8), node 330 contributes four
instances to nrs, while node 288 contributes two; these were
aggregated across the network while eliminating redundant
counts. Subsequently, we defined p; as the fraction of RS
nodes relative to the total number of regions or nodes N for
the subject i:

__ IRs

Pi = N @)

Then, we implemented this procedure for all 833 subjects to
compute the group average

1 N
m=ﬁ;m 3)

Figures 6(a) and 6(b) depict the dependence of (p) on the
thresholds S, and F,, respectively, with F. = 0.8 in panel
(a) and S, =0.004 in panel (b). Figure 6(a) reveals that
(p) increases monotonically with S.. This trend can be at-
tributed to two factors: (1) At low S,, the structural network
retains abundant connections (including long-range connec-
tions), facilitating direct connectivity between nodes i and j
[Fig. 1(d)]. This reduces the necessity for multistep relay path-
ways, thereby decreasing the incidence of RS. (2) Conversely,
higher S, values yield sparser networks by pruning weaker
connections. This sparsity limits the overlap between struc-
tural and functional connectivity pathways, thereby increasing
the likelihood of RS configurations.

More notably, Fig. 6(b) exhibits a peak at F. ~ 0.75, which
aligns closely with our previously selected optimal threshold
of F, = 0.8 [Fig. 4(b)], thereby validating our threshold se-
lection strategy. The nonmonotonic relationship between (p)
and F, can be explained as follows: (1) At low F_ values, the
functional network is densely connected. This high density
increases the probability of overlap between structural and
functional connections, leaving fewer instances where func-
tional links exist without structural support—precisely the
condition required for RS. Thus, (p) remains low. (2) Con-
versely, at excessively high F, values, the functional network
becomes too sparse. Even long-range functional connections
are pruned, drastically reducing the chance that any two nodes
i and j are functionally linked. Consequently, the scarcity of
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FIG. 7. Phase diagrams of p; and its average (p) in the phase
plane of F, and S.. Panels (a)—(c) represent three typical cases of all
833 subjects, i.e., p11, pPs1, and pss;. Panel (d) represents the case of
the averaged (p).

functional connections also leads to a lower fraction of RS. In
summary, an intermediate F, balances structural sparsity with
functional integration, maximizing the occurrence of RS and
giving rise to the peak observed in Fig. 6(b).

Figures 6(a) and 6(b) illustrate specific cases with fixed
parameters F, = 0.8 and S, = 0.004, respectively. To com-
prehensively characterize RS, we examine parameter spaces
beyond these fixed values and calculate p; for all 833 subjects.
We find that the phase diagrams of p; are largely consis-
tent across cases, suggesting that the detected RS patterns
are stable. As examples, Figs. 7(a)-7(c) illustrate the phase
diagrams of p; for three representative cases, i.e., p11, P61,
and p3s1, as a function of F. and S.. In contrast, Fig. 7(d)
presents the phase diagram of (p), which exhibits a markedly
smoother profile compared to those in panels (a)—(c). These
diagrams reveal an optimal region where the fraction of RS
nodes is maximized, indicating that the appropriate selection
of thresholds is critical for detecting RS in brain activities.

To elucidate the biological significance of the detected
RS pairs, it is essential to identify nodes that are recurrently
involved in RS. To this end, we performed a statistical analysis
on RS nodes at S, = 0.004 and F, = 0.8. For each subject, we
quantified the involvement of individual nodes by counting
their occurrences across distinct RS node pairs. Crucially, this
tally reflects the number of unique RS pairs a node partici-
pates in, rather than the binary indicator ngg (where a node
is counted once regardless of its frequency). Thus, a node
with degree k participating in m pairs contributes m counts to
the distribution. We computed these data for all 833 subjects
and then obtain their degree distribution Prs(k), plotted as
red points in Fig. 8(a). For comparison, the standard degree
distribution P(k), averaged across all subjects, is shown as
blue points. The close alignment between the red and blue
curves indicates that nodes with higher degrees are preferen-
tially engaged in RS formations.

However, an intriguing pattern emerges when examining
the topological distance D;; between RS node pairs (i and j).

0.08 0.6
—e— RS nodes —e— RS nodes
(a) —e— All nodes (b) —e— All nodes
S )
Q Q
g0.04 80'3
& &
0'000 20 40 60 80 0'00 2 4 6
k D

FIG. 8. Distributions of RS nodes on their degrees and topologi-
cal distances with S. = 0.004 and F, = 0.8. (a) Degree distributions
for RS nodes [red, Prs(k)] and all nodes [blue, P(k)]. (b) Topolog-
ical distance distributions for RS nodes [red, Prs(D)] and all nodes
[blue, P(D)].

For the thresholds of S, = 0.004 and F, = 0.8, we computed
the pairwise distances D between each individual pair of RS
nodes for all 833 subjects to construct a distance distribution
Prs(D), plotted as red points in Fig. 8(b). For comparison, we
also calculated the network distance distribution P(D) (blue
points), defined as the distribution of shortest-path lengths
from each node to all other N — 1 nodes. Notably, Prs(D)
exhibits a monotonically decreasing profile compared to the
unimodal distribution of P(D). This feature suggests that RS
pairs are most probably appeared among those nodes with
topological distance of two or three steps, a topological fea-
ture consistent with the organization of cognitive circuits,
which often integrate functionally different cortical regions
such as the attention, frontoparietal, default-mode networks,
etc. [22-25,49]. This finding also provide an evidence to sup-
port the paradigmatic model of star graph for RS [4].

To clarify the algorithmic cost, we recommend reporting
the computational complexity and scalability of NCOPA. Our
results show that the calculation takes just a few hours on a
standard workstation when all the empirical data are properly
preprocessed. Thus, this computational demand remains rea-
sonable even for larger or denser connectomes.

IV. EXTENSION TO DYNAMICAL OSCILLATORS

While the NCOPA approach was initially developed for
empirical brain network data, it may also be effective for other
complex networks. If so, it would become a general-purpose
method, thereby substantially advancing our understanding of
RS. However, its generalizability to such networks remains to
be verified. To address this, we retained the brain structural
connectivity matrix but replaced the experimental time series
x(i, t) in Eq. (1) with synthetic data generated from a dynam-
ical model. This generates an equivalent functional network
driven by network dynamics. Specifically, we modeled each
node using the Kuramoto phase oscillator:

N
6 = wi+ 1) Wijsin(6; — 6)). @)
j=1
where i = 1, ..., N, A is the coupling strength, and w; repre-

sents the natural frequency of node i, sampled from a Gaussian
distribution N (u, o). For this study, we fixed the parameters
at u = (w;) = 10.0 and 0> = 0.1. By substituting the phase
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FIG. 9. Two typical RS identified in the brain network of subject
800 using the nodal dynamics defined in Eq. (4). The structural
threshold is S, = 0.004 and the functional threshold is F. = 0.8.
(a) RS of node 358, where the topological distance to its RS partners
is either three or four steps. (b) RS of node 346, where the topological
distance to its RS partners is four steps.

time series 6; from Eq. (4) into Eq. (1), we reconstructed the
resulting functional network topology.

The dynamics described by Eq. (4) are highly dependent
on the coupling strength A. At low A, the oscillators remain
uncorrelated; at intermediate A, the system exhibits partial
synchronization; and at high X, full synchronization occurs.
Consequently, if the system possesses the potential to generate
RS, this state must manifest within the intermediate coupling
regime. To verify this, we utilized the structural network
of subject 800 (S, = 0.004) and set the functional threshold
at F, = 0.8. Through numerical simulations, we indeed ob-
served the emergence of RS. Figure 9 illustrates two typical
RS patterns at A = 0.28: panel (a) corresponds to a topological
distance of three steps, while panel (b) corresponds to four
steps. A comparison with Figs. 5(a) and 5(b) reveals striking
similarities, confirming that the NCOPA approach can suc-
cessfully detect RS in systems of networked oscillators.

V. A BRIEF THEORETICAL ANALYSIS

Building on the nodal dynamics of Eq. (4), we proceed to
develop a theoretical explanation for the emergence of RS. For
a pair of structurally unconnected nodes i and j, the governing
equations are given by

N
b = wi+ & ZWik sin(6y — 6;),
k=1
N
0; = wj+ 1Y Wysin(0 — 6)). 5)
k=1

The evolution of their phase difference can be expressed as

N
0 —6;=w; —w; + 1 Z[m sin(6, — 6;) — Wy sin(6x — 0,)].
k=1

(6)

Let Af;; = 0; — 6;. When the two nodes i and j are RS, we
have A6;; = 0, which gives

N
wj — i =LY _[Wysin( — 6;) — Wi sin(@ — 0))].  (7)
k=1

That is, RS can emerge when the coupling interaction between
nodes i and j compensates for their natural frequency mis-
match. This yields the following condition for RS:

_ w; — wj
S p (Wi sin(@y — 6;) — Wi sin(6; — 6,)]

Conversely, for two structurally unconnected nodes i and j
to exhibit RS, at least two neighboring nodes along every
connecting path must remain unsynchronized. Otherwise, if
all nodes on a path synchronize for A > A, nodes i and j
would become synchronized, precluding the formation of RS.
Suppose nodes p and ¢ are the specific unsynchronized pair on
the path between i and j. Since p and g follow the dynamics
of Eq. (5), we have

AZ A

®)

N
Op— Oy =wp — g+ 1Y [Wysin(O— 6,) — Wy sin(6— 6,)].
k=1

€))

Let ABy, =0, — 0,. When the two nodes p and g are not
synchronized, we have Af,, # 0, which gives

= wq _ wp .
S Wy sin(6y — 6,) — Wy sin(6; — 6,)]

A< A (10)
Consequently, the necessary condition for RS requires the
coupling strength A to satisfy both Egs. (8) and (10) simul-
taneously. Since the dynamics of nodes p and g and their
adjacency matrices in these equations are intrinsically linked,
the emergence of RS is contingent upon the precise matching
of multiple factors: local network topology, the thresholds
F. and S, and the coupling strength A. In this regard, the
conditions for RS vary for each node pair, leading to RS nodes
appearing heterogeneously across the network. This hetero-
geneity may explain why cognitive networks exhibit dynamic
reconfiguration during daily activities.

VI. DISCUSSIONS AND CONCLUSIONS

RS has emerged as a topic of significant interest in the
fields of nonlinear science and complex networks. While
early theoretical work primarily relied on the star-graph
topology [4], subsequent investigations have extended to
interconnected stars [29], partially coupled starlike struc-
tures [44], multistar configurations [31], community-based
networks [34,45], and triggered by external drives [33] or
noise [46]. Crucially, these theoretical frameworks are uni-
versally predicated on a specific assumption: a substantial
disparity between the natural frequencies of the hub and leaf
nodes. However, this prerequisite lacks empirical validation
in neurophysiological data. In contrast, the NCOPA approach
introduced herein circumvents this limitation. It provides a
generalizable and robust framework for detecting RS without
requiring specific frequency mismatches, making it uniquely
suited for analyzing real-world complex systems such as brain
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networks. Specifically, unlike graph-based or dynamical ap-
proaches that are restricted to star or starlike graphs, NCOPA
can measure RS between distant nodes and is readily appli-
cable to empirical data. This advantage carries considerable
practical importance, since the emergence and variation of
cognitive networks have always served as the starting point
for RS research.

So far, we have primarily focused on detecting RS in
empirical brain network data. A closely related question is
what causes pairs of nodes to become remotely synchronized
in networks where both structural and functional edges are
threshold dependent. To address this, we first examine firing
propagation at the microscopic level of neural networks. At
this level, recent studies have identified, alongside normal
diffusive firing propagation, an abnormal phenomenon termed
remote firing propagation. Here, the firing of a source neuron
propagates to a distant neuron without requiring the interme-
diate neurons to fire [47-49]. The underlying reason is that
each target neuron connects to the source neuron via multiple
parallel pathways, thereby integrating inputs from all of them.
When the summed influence exceeds the firing threshold, the
target neuron activates regardless of whether the intermediate
neurons are active. Building on this mechanism, we return
to the earlier scenario where each node represents an ROI
comprising thousands of neurons. At this mesoscopic level,
link weights are determined by the collective activity of the
majority of neurons within nodes, rather than by every single
connection between individual neurons; otherwise, the result-
ing network would be fully connected. Consequently, RS at
the mesoscopic level emerges because the majority of neurons
linking two nodes exhibit RS at the microscopic level.

It is important to emphasize that our study focuses on the
mesoscopic scale, with nodes representing ROIs rather than

individual neurons. This allows us to model nodal dynamics
using harmonic oscillators like the Kuramoto model. In con-
trast, a microscopic approach requires modeling each node
as a neuron (e.g., using integrate-and-fire models), for which
our current formalism is unsuitable. Moreover, microscopic
networks comprise hundreds of billions of units, making the
acquisition of time-series data exceptionally challenging.

In conclusion, we investigated RS from the perspective
of brain network time series, departing from the star graph
and starlike models used in prior studies. We proposed a
four-step NCOPA algorithm to measure RS in both empir-
ical time series and dynamical models. The core principle
of NCOPA is that recurrent functional connections occur be-
tween nodes that are structurally not directly connected, with
no intervening chain of synchronized nodes linking them.
We demonstrated that the thresholds F,. and S, are critical
determinants of RS, and that optimal values exist to align
with empirical observations. Furthermore, we showed that
this approach generalizes to arbitrary complex networks. Our
findings provide a comprehensive understanding of the brain’s
functional principles in supporting diverse cognitive demands
and advance theoretical frameworks in network neuroscience.
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