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Exactly solvable population model with square-root growth noise and cell-size regulation
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Stochastic exponential growth is nearly ubiquitous across cellular life, but how its microscopic noise structure
shapes population growth remains poorly understood. Here, we introduce an exactly solvable population model
in which cells grow exponentially with fluctuations that scale with the square root of cell size and divide
according to general size-control mechanisms. Our first result is that the population growth rate is exactly equal
to the mean single-cell growth rate, for all noise strengths and for all division and size-regulation schemes that
maintain size homeostasis. Thus, square-root growth noise does not affect long-term fitness, in sharp contrast to
models with size-independent stochastic growth rates. Second, we derive an exact solution for the steady-state
distribution of cell sizes in the population and show that it is broadened by growth fluctuations. Third, the
mean-rescaled population size Nt/〈Nt 〉 converges to a stationary compound Poisson-exponential distribution that
depends only on growth noise. This distribution, and hence the long-time shape of population-size fluctuations,
is unchanged by division-size noise or asymmetric partitioning. These results identify Feller-type exponential
growth with square-root noise as an exactly solvable benchmark for stochastic growth in size-controlled
populations and provide concrete signatures that distinguish it from models with size-independent growth-rate
noise.

DOI: 10.1103/tld7-xr8p

I. INTRODUCTION

How microscopic growth fluctuations shape population
fitness and size statistics remains a central unresolved prob-
lem in quantitative cell physiology. Over the past decade,
a broad suite of single-cell technologies has enabled long-
term measurements of growth and division for individual
cells under tightly controlled conditions [1–4]. These data
have enabled a detailed characterization of division statis-
tics and cell-size control strategies across species and growth
conditions [5–14]. In contrast, the temporal statistics of
single-cell growth rate remain poorly constrained. To dis-
criminate between them, one needs analytically tractable
population models that connect microscopic growth fluctu-
ations to population-level observables in a way that allows
different growth mechanisms to be distinguished.

Early characterization of growth variability was limited to
the observation that the average rate of growth throughout the
cell cycle varies from cell to cell and relaxes to an average
value over a few generations [7,15,16], while some attempts
have been made to characterize instantaneous growth fluctua-
tions with limited resolution [17–19]. Many current theoreti-
cal treatments assume that cell size s(t ) grows exponentially,

ds

dt
= λ(t ) s, (1)
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with an instantaneous exponential growth rate λ(t ) that fluc-
tuates in time but is otherwise independent of the cell size s.
Within this broad class, explicit solutions have been obtained
for various growth-rate processes λ(t ), including models
with independent generation times and models in which
λ(t ) is an Ornstein-Uhlenbeck or related stationary process
[20–25]. These analyses show that growth-rate fluctuations
can substantially modify the population growth rate � relative
to single-cell averages but do not perturb snapshot cell-size
distributions. In particular, for size-independent λ(t ), the
population growth rate generally depends on the full statistics
of λ(t ) and increases with its variance and correlation
time under broad conditions [20,22,24]. Recent decoupling
theorems further show that, for this class of models, �

is determined solely by the growth process, whereas the
steady-state cell-size distribution is determined solely by the
statistics of division and size regulation [24,25]. However, all
of these results rely on the assumption that the noise amplitude
in the growth dynamics does not depend explicitly on cell size.

From a microscopic perspective, that assumption is not
a natural expectation for intrinsic fluctuations: larger cells
contain more molecules and should exhibit smaller relative
fluctuations [26]. Coarse graining discrete birth-death or auto-
catalytic reaction networks for cell mass leads, in the diffusion
limit, to Langevin equations in which the noise amplitude
scales as the square root of size, rather than as a size-
independent prefactor [27–29]. This limiting dynamics is the
Feller square-root diffusion, which preserves non-negativity
of the size variable and stationary mean-rescaled distributions
[29,30]. These theoretical observations, in combination with
experimental single-cell analyses that suggest fluctuations in
the instantaneous exponential growth rate d ln s/dt decay as
cells progress through the cell cycle [18,31], motivate the
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FIG. 1. Schematic representation of the single-cell model of growth and division (top row) and the resulting population properties (bottom
half). (a) Sample trajectory of the size s of an individual cell grows according to a stochastic exponential growth model with square-root noise.
(b) The division size sd is a random variable, with its probability density f (sd |sb) depending on the birth size sb. Particular choices of this
conditional density and its sb dependence reduce to known models of cell-size regulation. (c) At division, two daughter cells are born with
sizes sb = r sd and s′

b = (1 − r)sd with the ratio r drawn from a distribution π (r), with mean 0.5. (d) A sample population tree showing all
the division events until a given time. (e) Log-scale plot of the total number Nt of cells as a function of time for several populations with the
same initial conditions (thin gray lines). The trajectory corresponding to the population tree above is highlighted (thick blue line) with jumps
corresponding to division events. The asymptotic slope of these curves is the population growth rate. The mean-rescaled distribution ρW (w)
of the cell counts is shown for the final time. (f) The population cell-size distribution can be obtained by histogramming the sizes of all the
cells in the population at a given time. Analytical solutions for the population growth rate, mean-rescaled population number distribution, and
population cell-size distribution are the main results of this paper.

study of population dynamics under stochastic exponential
growth with square-root noise.

In this work, we analyze a size-structured population in
which individual cells grow according to a Feller square-root
process,

ds

dt
= k s + σ

√
2k s̄b s ξ (t ), (2)

where k is the mean exponential growth rate, s̄b is the mean
birth size, σ is a dimensionless measure of growth fluctua-
tions, and ξ (t ) is standard Gaussian white noise interpreted
in the Itô sense. Here, we ignore any temporal correlations
in the growth rate (colored-noise extensions are discussed
in Sec. VI). Division and size regulation are modeled at
the level of division size and partitioning statistics and are
otherwise left arbitrary, provided that they yield a stationary
lineage distribution of birth sizes [see Figs. 1(a)–1(c)]. De-
spite the apparent complexity of this model in combination
with the generality of cell-size regulation, we obtain a series of
exact results for the population growth rate, snapshot cell-size
distributions, and population-size fluctuations [see Figs. 1(d)–
1(f)].

Our first main result is that the asymptotic population
growth rate

� = lim
t→∞

d

dt
ln Nt (3)

is exactly equal to the deterministic single-cell growth rate,
� = k, for all σ and for all models of division and size-
regulation compatible with size homeostasis. This is in sharp
contrast to models with size-independent λ(t ), where � de-
pends sensitively on the statistics of λ(t ) [20,22,24]. It is also
notable because the Feller process (2) does not satisfy the
structural assumptions underlying recent general decoupling
results [25], yet it exhibits an even stronger form of decou-
pling: the population growth rate is completely insensitive to
both growth noise and division. As shown below, this stronger
decoupling follows from the additive square-root noise and
should not be interpreted as a generic property of stochastic
growth models.

Our second set of results concerns the steady-state snap-
shot distribution of cell sizes in the population. We show
that growth noise modifies this distribution in a simple way:
once the deterministic growth σ = 0 solution is known, the
full σ > 0 solution is obtained by a one-sided exponential
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convolution with a kernel of width σ 2. Thus, division noise,
asymmetric division, and size regulation enter only through
the deterministic solution, while growth noise introduces a
division-independent smoothing. In particular, the population
mean size is shifted by −σ 2, whereas the variance is modified
only at order σ 4 relative to the deterministic growth solu-
tion. The population cell-size distribution for the deterministic
growth model, σ = 0, has a known closed form in terms of the
lineage birth-size distribution.

Finally, we analyze fluctuations in the total number of
cells Nt . We compute the full asymptotic distribution of the
mean-rescaled population size,

W ≡ lim
t→∞

Nt

〈Nt 〉 , (4)

and show that this distribution has a closed form that de-
pends only on σ . In particular, Var(Nt )/〈Nt 〉2 = 2σ 2 at long
times, independent of division and size regulation. To the
best of our knowledge, this is the only nontrivial branch-
ing model, beyond the Yule process, for which the full
stationary distribution of W is known in closed form [32].
Importantly, division-size noise, partitioning noise, and size
regulation only modify the prefactor relating total mass to
total cell number; the mean-rescaled distribution W itself re-
mains unchanged. The shape of population-size fluctuations is
therefore completely independent of the division mechanism
and the details of size control.

Taken together, these results identify stochastic exponen-
tial growth with square-root noise as an exactly solvable
benchmark for growth fluctuations in size-structured popu-
lations. The model reveals a hierarchy of decouplings: (1)
the population growth rate � is independent of growth noise
and division; (2) the snapshot cell-size distribution depends
on cell-size regulation only through the stationary lineage
birth-size distribution and is modified by growth noise through
an exponential convolution; and (3) the distribution of the
mean-rescaled population size is fully determined by the
growth noise parameter σ , independent of the division mech-
anism and size regulation. Because these predictions differ
qualitatively from those of models based on size-independent
growth-rate fluctuations, they provide concrete, testable sig-
natures that can be used to distinguish competing microscopic
models of growth using existing and future single-cell data.

The remainder of this paper is structured as follows. We
first show in Sec. II that the population growth rate is equal
to the mean single-cell growth rate. In Sec. III, we study the
special case where cells divide symmetrically at a fixed divi-
sion size. For this case, we derive the steady-state population
cell-size distribution in Sec. III A. We then show in Sec. III B
that the corresponding population dynamics can be viewed as
a Bellman-Harris branching process and derive the division
time distribution as first-passage times of the Feller process.
Section III C derives the distribution of the total number of
cells. In Sec. IV, we allow noisy division sizes and general
size-regulation mechanisms, showing that they enter the pop-
ulation cell-size distribution only through the deterministic
growth solution. In Sec. V, we include stochastic partitioning
and asymmetric division, showing that the same convolution
structure persists. We conclude by discussing the implications
and possible extensions of these results in Sec. VI.

II. POPULATION GROWTH RATE

A defining feature of the square-root process in Eq. (2) is
its additivity, which greatly simplifies its population behavior.
In particular, the total population mass Mt ≡ ∑

i si obeys the
same equation as the single-cell size:

dMt

dt
= k

∑
i

si + σ
∑

i

√
2 k s̄b si ξi(t )

= k Mt + σ
√

2 k s̄b Mt ξ (t ). (5)

Here, we have used the fact that the single-cell noises {ξi(t )}
are independent standard Gaussian white noises. Thus, the
sum

∑
i
√

si ξi(t ) is again a Gaussian white noise with vari-
ance

∑
i si = Mt , which we rewrite as

√
Mt ξ (t ) for a new

standard white noise ξ (t ). Division is assumed to be mass
conserving, so the total mass Mt is unaffected by division
events.

Asymptotically, the noise term grows more slowly than
the deterministic term, giving rise to deterministic exponential
growth. At the long-time limit, when cell sizes are regulated,
the total number Nt of cells is given by the total population
mass Mt divided by the population average of cell sizes s̄p.
Using Itô’s lemma, the asymptotic population growth rate is
given by

� = lim
t→∞

d

dt
ln(Nt ) = lim

t→∞
d

dt
ln

(
Mt

s̄p

)

= lim
t→∞

⎛
⎝k − σ 2 k s̄b

Mt
+ σ

√
2 k s̄b

Mt
ξ (t )

⎞
⎠ = k. (6)

Unlike other models of growth, where growth fluctuations
change the population growth rate [20–22,24,33–37], in this
model, the population growth rate is exactly the mean single-
cell growth rate k, independent of the fluctuation strength σ or
any details of cell division.

Note that biologically, this closure seen in Eq. (5) is
expected only when the dominant intrinsic growth fluctua-
tions arise from many approximately independent production
events. It is not expected when fluctuations are dominated
by shared cell-wide variables, environmental fluctuations, or
long-lived inherited states that correlate the growth noise of
many components of the same cell.

III. CONSTANT DIVISION-SIZE MODEL

We start with the simple case, where there is no noise in
the division size. Each cell starts with the size s = s̄b and
divides when it reaches the division size sd = 2s̄b. Here, and
for the rest of the paper, without loss of generality, we set
k = 1 and s̄b = 1 by measuring time and size in units of 1/k
and s̄b, respectively. Dimensional results can be recovered by
replacing t → kt and s → s/s̄b in the formulas that follow.

A. Asymptotic size distribution

We examine the distribution of cell sizes within the popu-
lation. Let n(s, t ) be expected density of cells with size s at
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FIG. 2. Analytically calculated steady-state cell-size distribution
from Eq. (10) for σ ∈ {0.1, 0.2, 0.3} (solid lines) compared to the
cell-size distribution for deterministic growth (dashed line).

time t ; then, n would obey the partial differential equation

∂t n(s, t ) = −∂s(s n(s, t )) + σ 2∂ss(s n(s, t ))

+ 2 J (sd ) δ(s − sb) − � n(s, t ), (7)

for 0 < s < sd = 2, with absorbing boundaries at s = sd = 2
(due to division). The first two drift and diffusion terms ex-
press the change in density due to stochastic cell growth. In
the third term, J (s, t ) ≡ s n(s, t ) − σ 2∂s(s n(s, t )) is the net
current passing through size s. Its value at sd is the division
rate and affects the change in density at the birth size s = sb.
The factor 2 comes from binary division. The final term rep-
resents the dilution of the density due to population growth at
the rate � = 1. At the boundary s = 0, both the drift and the
diffusion coefficient vanish, so any trajectory that reaches zero
remains there [30]. This is a naturally absorbing boundary; no
externally imposed boundary condition is needed.

Let us define v(s) ≡ s n(s) at the steady state. For s 
= 1,
v(s) satisfies

σ 2s v′′(s) − s v′(s) − v(s) = 0, (8)

with the two independent solutions

v1(s) = s e
s

σ2 and v2(s) = σ 2 + s e
s

σ2 Ei
(
− s

σ 2

)
, (9)

where Ei(x) ≡ − ∫ ∞
−x

e−t

t dt is the exponential integral func-
tion. The solutions are linear combinations of v1 and v2 in the
intervals 0 < s < sb and sb < s < sd , with four conditions fix-
ing the four coefficients: v(0) = 0, continuity, v(s−

b ) = v(s+
b ),

current matching 2J (sd ) = J (s+
b ) − J (s−

b ), and the normaliza-
tion nabs + ∫ sd

0 n(s)ds = 1, where nabs ≡ −J (0) is the mass
absorbed at the s = 0 boundary (nabs is astronomically small
for σ � 1). The absorbing boundary v(sd ) = 0 is automati-
cally satisfied (for sd = 2sb) after imposing these conditions.
The final solution for the steady-state size distribution
n(s) = v(s)/s is given by

n(s) = A σ 2︸︷︷︸
nabs

δ(s)

+
{

A e
s

σ2 , 0 < s � sb,

B e
s

σ2 + C
(

σ 2

s + e
s

σ2 Ei
(− s

σ 2

))
, sb � s < sd ,

(10)

with

A = 2e
−sb
σ2

σ 2
− e

−sd
σ2

σ 2
+ 2sb

σ 4

(
Ei

(
− sb

σ 2

)
− Ei

(
− sd

σ 2

))
,

B = −e
−sd
σ2

σ 2
− 2sb

σ 4
Ei

(
− sd

σ 2

)
, and C = 2sb

σ 4
. (11)

Figure 2 shows the behavior of Eq. (10) for σ ∈ {0.1, 0.2, 0.3}
as well as the σ → 0 limit. For σ = 0, this equation simpli-
fies to the well-known inverse square law n(s) = 2sb/s2 for
sb < s < 2sb and zero otherwise [38–40]. For bacterial cells
in many growth conditions, the growth fluctuations are on the
order of σ ∼ 0.1 [7]. As shown in Fig. 2, the effect of such low
growth fluctuations on size distribution is small. Moreover,
the absorption probability nabs at s = 0 is exponentially small
in 1/σ 2 and is completely negligible for biologically relevant
values of σ . For σ = 0.3, the absorption probability at s = 0 is
about nabs ∼ 10−6, while for σ = 0.1, it is about nabs ∼ 10−45.

It is useful to evaluate the mean and variance of cell sizes
in the population

〈s〉pop = 2 ln 2 − σ 2 + O(e−1/σ 2
),

Var(s)pop = 2 − 4(ln 2)2 + σ 4 + O(e−1/σ 2
). (12)

The population mean of cell sizes shifts to the left by σ 2 as
we increase σ . The variance, however, is only affected at
order σ 4.

B. Bellman-Harris mapping and generation time distribution

In the absence of the division-size variability, the subse-
quent generation times of the cell are independent of each
other, and this model reduces to the case of the independent
generation time model (a special case of the Bellman-Harris
model [32]), with its division time distribution given by the
first-passage time of the square-root process. All population
properties in the Bellman-Harris process are determined by
the generation time distribution and its moment generating
function, which we find below. These results are used in
Sec. III C to compute the distribution of the number of cells,
and in Sec. IV A where the population division rate depends
on the moment generating function of the generation times.

For a cell of size 0 � s � sd = 2 at time zero, let T be the
time the cell size reaches the division size s = sd . The survival
probability S(τ |s) ≡ Prob(T > τ ) is the probability that a cell
of size s has not divided by time τ and obeys the backward
Fokker-Planck equation

∂τ S(τ |s) = s ∂sS(τ |s) + σ 2 s ∂ssS(τ |s), (13)

with the boundary conditions

S(τ |s = 0) = 1, S(τ |s = sd ) = 0,

and for s < sd , S(0|s) = 1. (14)

Taking the Laplace transform of Eq. (13) with respect to τ , we
have

p S̃(p|s) − S(τ = 0|s)︸ ︷︷ ︸
1

= s ∂sS̃(p|s) + σ 2 s ∂ssS̃(p|s), (15)

where S̃(p|s) ≡ ∫ ∞
0 S(τ |s)e−p τ dτ . For a given p, this is an

ordinary differential equation with the boundary conditions
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S̃(p|0) = 1/p and S̃(p|sd ) = 0, with the solution

S̃(p|s) = 1

p

(
1 − s

sd

1F1(1 − p; 2; −s/σ 2)

1F1(1 − p; 2; −sd/σ 2)

)
, (16)

where 1F1 is the confluent hypergeometric function (also
known as Kummer’s function). The probability density
ρ(τ |s) of the waiting time T to division is given by
ρ(τ |s) = −dS(τ |s)/dτ , and therefore, its Laplace transform
is given by ρ̃(p|s) = −p S̃(p|s) + 1.

The waiting time for division starting from the birth size
sb = 1 is the generation time of the cell, and the Laplace
transform of its density is given by

ρ̃(p) = sb

sd

1F1(1 − p; 2; −sb/σ
2)

1F1(1 − p; 2; −sd/σ 2)
, (17)

with sb = 1 and sd = 2. The moment generating function
MT (p) ≡ 〈ep T 〉 of the generation time distribution is given by
MT (p) = ρ̃(−p); therefore, ρ̃(0) should be 1 for a normalized
ρ. However, since there is a small probability that the cell size
hits zero and never divides, our expression for ρ̃ at zero gives
the probability that a cell divides (one minus the probability
of absorption at zero)

pdiv = ρ̃(0) = 1 − e−σ−2

1 − e−2σ−2 ,

pabs = 1 − pdiv = e−σ−2 − e−2σ−2

1 − e−2σ−2 . (18)

The lineage absorption probability pabs differs from
the steady-state population mass nabs at s = 0 in

Eq. (10); both quantities are nevertheless expo-
nentially small in 1/σ 2, for σ � 1. For example,
the probability of absorption for σ ∼ 0.1 is about
pabs ∼ 10−44.

For cells that do divide, the moments of their generation
times are given by the derivatives of ρ̃(−p)/pdiv at p = 0. For
small σ , the mean and the variance are given by

〈T 〉 = ln 2 + 1
2σ 2 + 3

4σ 4 + O(σ 6),

Var(T ) = σ 2 + 3 σ 4 + O(σ 6). (19)

In Bellman-Harris, many asymptotic properties of the pop-
ulation are linked to the value of ρ̃(p) at integer values of p.
To obtain these, we can use the following identity:

1F1(1 − p; 2; −x) =
p−1∑
n=0

(
p − 1

n

)
xn

(n + 1)!
. (20)

This gives the values of ρ̃(p) at integer values of p = m as

ρ̃(1) = 1

2
, ρ̃(2) = 1 + 2σ 2

4 + 4σ 2
,

ρ̃(3) = 1 + 6σ 2 + 6σ 4

8 + 24σ 2 + 12σ 4
, . . . ,

ρ̃(m) =
∑m−1

k=0

(m−1
k

)
1

(k+1)! σ 2k∑m−1
k=0

(m−1
k

)
2k+1

(k+1)! σ 2k

. (21)

In particular, the relation ρ̃(1) = 1/2 is exactly the Euler-
Lotka equation ρ̃(�) = 1/2 and confirms the population
growth rate � = 1. The rest can be used to calculate the
moments of the population size, as we will see below.

C. Distribution of total numbers of cells

For the Bellman-Harris process, the total number of cells Nt is a random variable whose average grows exponentially as
〈Nt 〉 = c e�t at long time, where the prefactor c can be computed using the Laplace transform of the generation time distribution
at p = � = 1 [32],

c = − 1

4 ρ̃ ′(1)
=

[
2

(
ln 2 + Ei

(
− 1

σ 2

)
− Ei

(
− 2

σ 2

))
− σ 2(1 − e−1/σ 2

)2

]−1

≈ 1

2 ln 2 − σ 2
+ O(e−1/σ 2

). (22)

The mean-rescaled distribution of Nt approaches a station-
ary distribution

W = lim
t→∞

Nt

〈Nt 〉 . (23)

There are two different ways to derive the distribution of W .
The standard method for the Bellman-Harris process is to
write the moments am ≡ 〈W m〉 of W in terms of the Laplace
transform of the generation time distribution evaluated at in-
teger multiples of the population growth rate (see Appendix A
for derivation),

a1 = 1 and am = ρ̃(m)

1 − 2ρ̃(m)

m−1∑
j=1

(
m

j

)
a j am− j . (24)

Substituting for ρ̃(m) from Eq. (21), solving the recurrence re-
lationship, and then converting moments to cumulants, after a
substantial amount of combinatorics calculations, we can find

the surprisingly simple expression for the cumulant generating
function (CGF)

KW (p) ≡ ln〈epW 〉 = p

1 − σ 2 p
, (25)

which is the CGF of a compound Poisson-exponential random
variable with the density

fW (w) = e−σ−2
δ(w) + e−(1+w)/σ 2

σ 2
√

w
I1

(
2
√

w

σ 2

)
, (26)

where I1(x) is the first-order modified Bessel function of the
first kind. The exponentially small term in front of the δ

function is the probability that the first cell (or all of the cells
in the population at a later time) gets absorbed at s = 0 and
never divides.

It is exceptionally rare for the Bellman-Harris process to
give a closed-form solution for the asymptotic population
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distribution. In fact, with the exception of the exponentially
distributed generation times (the Yule process), I am not aware
of any other generation time distribution that makes Bellman-
Harris solvable in closed form. This drastic simplification is
not a coincidence. The reason for the simplicity in this model
is apparent from Eq. (5), and provides an alternative method
that allows us to find the full time-dependent distribution of
the number of cells in the population. Equation (5) shows that
the total population mass obeys the same stochastic differ-
ential equation as that of a single cell. While at early times,
the number Nt of cells does not track well with the total
population mass Mt , asymptotically, when the distribution of
sizes of the cells settles to its steady state [given in Eq. (10)],
the number of cells is given by Nt = Mt/s̄p, where s̄p is the
steady-state population average of cell sizes. The probability
density fM (s, t ) of Mt obeys the Fokker-Planck equation

∂t fM (s, t ) = −∂s(s fM ) + σ 2∂ss(s fM ), (27)

with the initial condition fM (s, 0) = δ(s − 1). These types
of PDEs with coefficients linear in s were first studied
by Feller [30]. Laplace transform reduces this second-order
PDE to a first-order partial differential equations (PDEs),
∂t p̃(x, t ) + (x2σ 2 − x) ∂x p̃(x, t ) = 0, with the initial condition
p̃(x, 0) = e−x. This can be solved using the method of char-
acteristics, with the solution p̃(x, t ) = exp[−x et/(1 + (et −
1) x σ 2)]. Using the identity L−1{e1/s} = I1(2

√
x)/

√
x + δ(x)

and standard properties of the Laplace transform, we can
invert this to find the full time-dependent solution of the
probability density

fM (s, t ) = exp

(
− 1 + s e−t

σ 2(1 − e−t )

)

×

⎛
⎜⎝

√
et

σ 2(et − 1)

I1
(
2
√

et s
σ 4(et −1)2

)
√

s
+ δ(s)

⎞
⎟⎠. (28)

We know that 〈Mt 〉 = et , so the mean-rescaled variable
U (t ) ≡ e−t Mt would approach a stationary distribution at
long time. The density of U is given by

fU (u, t ) = fM (s(u), t )

∣∣∣∣ ds

du

∣∣∣∣
= exp

(
− 1 + u

σ 2(1 − e−t )

)

×

⎛
⎜⎝ 1

σ 2(1 − e−t )

I1
(
2
√

u
σ 4(1−e−t )2

)
√

u
+ δ(u)

⎞
⎟⎠,

(29)

which reduces to Eq. (26) at the long-time limit.
We can also recover the prefactor to the exponential growth

given in Eq. (22) by noting that at the long-time limit,

〈Nt 〉 = 〈Mt 〉
s̄p

= et

s̄p
, (30)

and therefore, c = 1/s̄p. This can be confirmed by directly
calculating the average cell size in the population s̄p by inte-
grating Eq. (10) times s, recovering precisely the inverse of the

expression in Eq. (22). Two useful takeaway identities from
this section are the long-time mean and variance of the total
number of cells:

〈Nt 〉 ≈ et

2 ln 2 − σ 2
, and

Var(Nt )

〈Nt 〉2 = 2 σ 2. (31)

We have derived these results for a model without division-
size variability. However, as mentioned in Sec. II, Mt is
unaffected by division. Therefore, for a population of cells
starting with a single cell of size sb = s̄b, regardless of the
model of division and cell-size regulation, we obtain the
same mean-rescaled distribution of population number as in
Eq. (26). The prefactor (and therefore, the mean population
size 〈Nt 〉), however, is affected by the model of division and
cell-size control through the population mean s̄p of the cell
sizes, 〈Nt 〉 = et/s̄p. Next, we will derive a closed-form expres-
sion for the population cell-size distribution in the presence of
noise in division size and cell-size regulation, whose mean s̄p

will give us the full distribution of the number of cells at long
times.

IV. NOISE IN DIVISION SIZE AND CELL
-SIZE REGULATION

So far, we have assumed that all cells are born at size sb = 1
and divide at size sd = 2. As we will show, the randomness in
the division size contributes significantly to the shape of the
cell-size distribution. Different cell division strategies have
been studied in the context of division-size variability and
cell-size control. A naïve model of cell division, known as the
timer model, assumes that cells would attempt to double their
size, such that the division size sd (conditioned on the birth
size sb) is a random variable with the mean 2sb. In this case,
the log-birth-size of the cell performs a random walk along
a lineage and will not converge to a stationary distribution. In
practice, cells that are born larger than average tend to grow to
less than double their size (on average) before dividing. This
process is called cell-size regulation. The simplest strategy
to do this is to have the distribution of division size sd be
independent of the birth size sb; this is called the sizer model.
Many biological cells do not do this; instead, they adopt a
strategy closer to the simplified model where the added size
� ≡ sd − sb is independent of the birth size [5–7]. This is
known as the adder model. In the context of our model,
the cell-size control strategy is encoded in how the division
size depends on the birth size. We denote the conditional
probability density of division size given the birth size by
f lin(sd |sb). Timer, sizer, and adder models can be represented
by choices of f lin(sd |sb) such that sd − 2sb, sd , and sd − sb

are, respectively, independent of sb.
Here, we do not specify a particular model of cell-size

regulation f lin(sd |sb). Instead, we assume only that the depen-
dence of sd on sb is such that the birth sizes sb along a lineage
converge to a stationary distribution with density f lin

b (s) (there
is some mechanism of cell size control, to which we are ag-
nostic). We will show that, given f lin

b , the population snapshot
cell-size distribution is completely determined and does not
depend on the microscopic details of the division noise or
size-regulation mechanism that generated f lin

b . An analogous
decoupling between growth dynamics and size control has
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been obtained in models with size-independent growth-rate
fluctuations [24].

A. Population division and birth rates

In a model with division-size variability, the dynamics of
cell-size distribution in Eq. (7) is modified by source and sink
terms coming from birth and division rates at any given size.
Therefore, we first need to compute these rates. Let Bt (sb) be
the birth rate density of cells born at size sb at time t . That is,
Bt (sb) dt dsb is the number of cells born between size sb and
sb + dsb between time t and t + dt . Cells born with size sb

come in pairs, from mother cells that divided at a size 2sb that
were born at some point t − τ with the generation time τ , and
some birth size we denote by s−

b ,

Bt (sb) = 2
∫∫∫

Bt−τ (s−
b ) ρ(τ |s−

d , s−
b ) f lin(s−

d |s−
b )

× δ(sb − s−
d /2) ds−

d dτ ds−
b , (32)

where ρ(τ |sd , sb) is the conditional density of the generation
time at τ given the birth size at sb and division size sd . The
factor 2 comes from two daughter cells for each mother cell.
At the long-time limit, Bt (s) ∝ β(s) e�t , where β(s) is the
steady-state per-capita birth rate and � = 1 is the population
growth rate. Substituting this for Bt , we get

β(sb) = 4
∫

β(s−
b ) f lin(2sb|s−

b )

×
∫

e−τ�ρ(τ |sd = 2 sb, s−
b ) dτ ds−

b . (33)

The inner integral is the Laplace transform of the waiting
time density for the mother cell starting at the birth size s−

b
to reach s−

d = 2sb evaluated at �. We have already calculated
this Laplace transform in Eq. (17). Evaluating at p = � = 1,
we get

〈e−�T |s−
b , s−

d 〉 = s−
b

s−
d

. (34)

The conditional generation time distribution was the only
growth-dependent quantity in Eq. (32). Given that its Laplace
transform evaluated at the population growth rate is given
only in terms of sb and sd , whose lineage distributions are
independent of the model of growth, the details of the growth
model (namely, σ ) drop out of our calculations. After this
simplification, we arrive at a simple integral equation for the
per-capita birth rate,

β(sb) =
∫

2s−
b

sb
β(s−

b ) f lin(2sb|s−
b ) ds−

b . (35)

It is straightforward to check that β(s) ∝ f lin
b (s)/s satisfies

this integral equation:∫
2s−

b

sb

f lin
b (s−

b )

s−
b

f lin(2sb|s−
b ) ds−

b = 2 f lin
d (2sb)

sb
= f lin

b (sb)

sb
.

(36)

This is the second simplification: the integral equation for
β(s) is written in terms of f lin(sd |sb), which encodes the
model of cell-size regulation, but the solution ends up only

depending on f lin
b (sb), leaving all the subsequent calculations

independent of the model of cell-size control.
To fix the normalization, note that the per-capita division

rate is the population growth rate �, while the per-capita
birth rate is 2�. Hence, the population per-capita birth-rate
density must satisfy

∫ ∞
0 β(s) ds = 2� = 2, which uniquely

determines

β(s) = 2 f lin
b (s)

s 〈1/sb〉lin
. (37)

Since cells that divide at size s produce two daughters of size
s/2, the division rate density α at size s is related to β by
2 α(s) ds = β(s/2) ds/2, i.e., α(s) = 1

4 β(s/2).
In the language of lineage versus tree distributions, this

result corresponds to the following: the probability density
function of the birth size in the ensemble made of the entire
population tree (known as the tree ensemble) is given in terms
of the lineage ensemble by

f tree
b (s) = 1

〈1/sb〉lin

f lin
b (s)

s
. (38)

B. Population cell-size distribution

The cell-size distribution dynamics with division noise
obeys an analogous equation as that of Eq. (7), with the added
size-dependent division and birth rates α(s) and β(s) as sink
and source terms,

∂t n(s, t ) = −∂s(s n(s, t )) + σ 2∂ss(s n(s, t ))

+ β(s) − α(s) − � n(s, t ), (39)

where the birth rate β(s) is given in Eq. (37) and the division
rate α(s) = 1

4β(s/2). The steady-state solution is given by
setting the left-hand side to zero and solving

σ 2s n′′(s) + (2σ 2 − s) n′(s) − 2n(s) = α(s) − β(s), (40)

for n(s). There are three ways to solve this equation. The
straightforward method is using the Green’s function (see
Appendix B). However, to get a more interpretable solution,
it is helpful to factor the differential operator on the left-hand
side of Eq. (40) as

(−s ∂s − 2)︸ ︷︷ ︸
deterministic transport

(1 − σ 2 ∂s) n(s)︸ ︷︷ ︸
n0(s)

= α(s) − β(s). (41)

The operator on the left is the same differential operator we
began with [left-hand side of Eq. (40)], with σ set to zero.
Therefore, n0(s) ≡ (1 − σ 2 ∂s) n(s) is the solution to the de-
terministic growth model (σ = 0). For deterministic growth,
the population cell-size distribution n0(s) is given by the gen-
eralized inverse square law and can be written in terms of
the cumulative distribution function of the lineage birth sizes,
Fb(sb) ≡ ∫ sb

0 f lin
b (s) ds as [40]

n0(s) = 2

〈1/sb〉lin

Fb(s) − Fb(s/2)

s2
. (42)

This is the same as the inverse square law, with the discon-
tinuities at s = 1, 2 smoothened out over the range of sizes
at which cells are born and divided (see the left panel of
Fig. 3). We can solve n0(s) = (1 − σ 2 ∂s) n(s) for n(s) using
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FIG. 3. Steady-state population snapshot cell-size distribution for different variability σsb in lineage birth sizes. The left plot has close to
zero growth noise σ = 0.01, while the right plot has growth noise σ = 0.2. The noise in growth effectively changes the cell-size distribution
with an exponential moving average with the length scale σ 2.

the integration factor e−s/σ 2
with the solution

n(s) = nabs δ(s) + 2

〈1/sb〉lin

×
∫ ∞

s

Fb(s′) − Fb(s′/2)

s′2
e(s−s′ )/σ 2

σ 2
ds′. (43)

This is the one-sided exponential moving average of the de-
terministic growth solution with the length scale σ 2. The mass
nabs at s = 0 is on the order of e−1/σ 2

and is added to ensure
normalization.

The third method for finding the steady-state solution is to
use singular perturbation theory [41] for small σ to any order
K in σ 2 as (see Appendix C for derivation)

n(s) = 2

〈1/sb〉lin

K∑
k=0

σ 2k dk

dsk

[
Fb(s) − Fb(s/2)

s2

]
. (44)

The series can be easily recognized as the series expansion of
the operator (1 − σ 2 ∂s)−1 and has the exponential kernel with
the length scale σ 2 given in Eq. (43).

It is useful to evaluate the mean and variance of cell sizes
in the population:

〈s〉pop = 2 ln 2

〈1/sb〉lin
− σ 2 + O(e−1/σ 2

),

Var(s)pop = 2

〈1/sb〉lin
− 4(ln 2)2

〈1/sb〉2
lin

+ σ 4 + O(e−1/σ 2
), (45)

where one needs to assume that the lineage density of birth
sizes f lin

b decays sufficiently fast near zero. This is a safe
assumption, since in practice, biological cells cannot have
near-zero birth sizes. There are two interesting observations:
(1) the σ corrections (σ 2 shift in the mean and σ 4 increase
in variance) that we saw earlier in Eq. (12) are independent
of the division model, and (2) the mean and the variance are
affected by the division noise only through the term 〈1/sb〉lin

and are independent of the model of cell-size regulation.

1. Example: narrow Gamma distributed birth sizes

The distribution of birth sizes along a lineage can be well
approximated with a narrow Gamma distribution with the
mean s̄b = 1 and variance σ 2

sb
� 1, with the cumulative dis-

tribution function

Fb(s) = γ
(
σ−2

sb
, σ−2

sb
s
)

�(σ−2
sb

)
, (46)

where γ (a, x) is the lower incomplete gamma function. Fig-
ure 3 shows the population cell-size distribution for this
example for a range of σsb values at near-zero growth noise
(Left) and at σ = 0.2 (Right).

The term 〈1/sb〉−1
lin simplifies to 1 − σ 2

sb
, which gives the

mean and the variance:

〈s〉pop ≈ 2 ln 2
(
1 − σ 2

sb

) − σ 2 and

Var(s)pop ≈ 2 − 4(ln 2)2+(8(ln 2)2 − 2) σ 2
sb
−4(ln 2)2 σ 4

sb
+σ 4.

(47)

The division noise further shifts the mean down and increases
the variance.

V. PARTITIONING NOISE AND ASYMMETRIC DIVISION

So far, we have considered symmetric division, where each
cell of size sd divides into two cells of size sb = sd/2. Now,
we consider the stochasticity in the division ratio 0 < r < 1
such that the two daughter cells have the sizes sb = r sd and
s′

b = (1 − r)sd . We assume that the division ratio has the
probability density π (r), which is symmetric around r = 1/2,
and we assume that r is independent of sd .

To find the population cell-size distribution, we revisit the
decomposition

(−s ∂s − 2)︸ ︷︷ ︸
deterministic transport

(1 − σ 2 ∂s) n(s)︸ ︷︷ ︸
n0(s)

= α(s) − β(s). (48)

The asymmetric partitioning only affects the population per-
capita division and birth rates α(s) and β(s). If we can show
that both rates are independent of σ , then n0 satisfying this
equation would be truly the σ = 0 solution, and we can reuse
this decomposition to write n(s) for σ > 0 in terms of the
σ = 0 solution n0(s).

To find the per-capita birth rate β(s), we start with the total
birth rate density Bt (sb) of cells born at size sb at time t . Cells
born with size sb come from mother cells that divided at a
size s−

d = sb/r that were born at some point t − τ with the
generation time τ , birth size s−

b , and division ratio r,

Bt (sb) = 2
∫∫∫∫

Bt−τ (s−
b ) ρ(τ |s−

d , s−
b ) f lin(s−

d |s−
b )

× δ(sb − r s−
d ) π (r) ds−

d dr dτ ds−
b . (49)
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The only place where σ could influence the birth rate equa-
tion is through ρ(τ |s−

d , s−
b ). Replacing Bt (s) ∝ β(s) e�t , with

the population growth rate � = 1, we get

β(sb) = 2
∫∫∫

β(s−
b )

〈
e−�τ

∣∣s−
d , s−

b

〉︸ ︷︷ ︸
s−

b /s−
d from Eq. (34)

f lin(s−
d |s−

b )

× δ(sb − r s−
d ) π (r) ds−

d dr ds−
b . (50)

Every element in this integral equation is independent of σ , so
would be its solution β(s). The per-capita division rate α(s) is
related to β(s) by

β(sb) = 2
∫

α
( sb

r

) π (r)

r
dr, (51)

which makes α(s) also independent of σ . This allows us to
assume that n0(s) satisfying Eq. (48) is the σ = 0 solution,
and we can reuse this decomposition to write n(s) for σ > 0
in terms of the σ = 0 solution n0(s) as

n(s) = nabs δ(s) + 1

σ 2

∫ ∞

s
n0(s′) e(s−s′ )/σ 2

ds′. (52)

Thus, even with asymmetric partitioning, the effect of square-
root growth noise on the snapshot cell-size distribution is a
one-sided exponential smoothing of the deterministic solution
n0(s) with kernel width σ 2.

To the best of my knowledge, for deterministic growth
(σ = 0) with asymmetric division, the analog of the inverse-
square law is not known in closed form in terms of forward
(lineage) size statistics. In particular, given a division ker-
nel f lin(sd |sb) that leads to a stationary lineage birth-size
distribution, no simple expression for n0(s) in terms of f lin

b
alone is available. Recently, however, a closed-form formula
has been obtained in terms of backward (retrospective) size
statistics [42]:

n0(s) = 2

〈1/sd〉bck

〈
r F bck

d (s/r)
〉
π

− F bck
d (s)

s2
, (53)

where F bck
d (s) is the cumulative distribution function of divi-

sion sizes in the backward lineage ensemble and 〈·〉bck denotes
averaging in that ensemble. The backward ensemble is defined
by randomly selecting a cell from the steady-state population
and tracing its lineage backward in time. In terms of F bck

d , the
population cell-size distribution for σ > 0 is given by

n(s) = nabs δ(s) + 2

〈1/sd〉bck

×
∫ ∞

s

〈
r F bck

d (s′/r)
〉
π

− F bck
d (s′)

s′2
e(s−s′ )/σ 2

σ 2
ds′. (54)

For the simple case of symmetric division π (r) = δ(r − 1
2 ),

F bck
d (s) = Fb(s/2), and Eq. (54) simplifies to Eq. (43).

VI. DISCUSSION AND FUTURE DIRECTIONS

The statistics of single-cell growth are important evolu-
tionary traits that determine the fitness of an organism and
contain information about subcellular processes [43]. De-
spite the explosion of single-cell measurements over the past

decade [1,4] and the quantitative characterization of models
of division and cell size control [5–7,9], the source and statis-
tics of growth fluctuations remain poorly understood [21,44].
Growth rate is an emergent quantity, and many subcellu-
lar processes contribute to its fluctuations: stochastic gene
expression and regulation [17,45–48], noise in resource allo-
cation [21,44], fluctuations in ribosome number and activity
[49,50], and variability in cell-wall synthesis [51,52]. Asym-
metric partitioning of growth-limiting components at division
(e.g., ribosomes, enzymes) can induce systematic differences
in growth rate between sisters [21,31,53]. There is no consen-
sus on the dominant source of noise in cellular growth, and
therefore, no agreement on the microscopic description that
gives rise to the observed growth fluctuations. From the ex-
perimental point of view, extracting high-quality statistics of
growth fluctuations remains challenging: “mother machine”
type experiments can generate growth traces of hundreds of
lineages for hundreds of generations each, but the size of a
bacterial cell (∼1 µm) is on the order of the diffraction limit
of visible light (∼0.3 µm), and typical images contain only
tens of pixels per cell [1,7,54]. Small changes in focus and
segmentation can alter the inferred size by several percent per
frame, and the choice of proxy (length, area, inferred volume,
or mass) could change the apparent growth statistics [54,55].
Many mother machine datasets show significant channel-
to-channel variability in their lineage statistics, making the
characterization of growth statistics even more challenging
[7,56]. Larger eukaryotic cells are not resolution limited, but
their irregular shapes and complex cell cycles make volume
estimation harder [3,16].

All we know with certainty about growth is the following:
(1) Most biological cells grow approximately exponentially
on average. (2) The exponential growth rate over the cell
cycle varies from cell to cell, generation to generation, and
within a cell cycle. The within-cell-cycle variability can only
be confidently quantified after coarse graining over a signif-
icant fraction of the cell cycle. (3) Large fluctuations in the
average exponential growth rate of a cell over its cell cycle
decay toward a well-defined lineage mean over the course of
a couple of generations [1,7,17,31,57]. Instantaneous single-
cell growth rate is estimated by fitting an exponential growth
curve to the estimated size from a couple of frames before and
after a given time. Typical frame intervals are �t ∼ 1–5 min
for bacteria and ∼5–20 min for mammalian cells, so “instan-
taneous” growth rates inferred from finite differences already
average over many microscopic events and over significant
segmentation noise. This coarse understanding of growth fluc-
tuations in single-cell experiments motivates shifting focus
toward population-level predictions that can distinguish be-
tween different single-cell growth models.

The simplest model to understand the effect of cell-to-cell
variability on population dynamics is to assume that each
cell has a growth rate drawn from a random distribution that
remains constant throughout the cell cycle. In this model, the
population growth rate is less than the mean single-cell growth
rate [13,34]. However, if growth rates are selected not inde-
pendently but correlated with the growth rate of the mother
cell, there is a crossover to a regime in which growth-rate
variability becomes beneficial and increases the population
growth rate [36]. This is in contrast with the models in
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which the exponential growth rate λ(t ) of cells fluctuates
continuously (and independently of the cell size) around a
well-defined mean, where the growth-rate variability is always
beneficial and increases the population growth rate [20,22,24].
Here, by incorporating the square-root dependence of growth
fluctuations on cell size, we have obtained an exactly solvable
model.

For experimentally relevant values of σ , the effect of the
particular square-root form of growth noise over the approx-
imately factor-of-2 range of cell sizes over the cell cycle
is expected to be modest. The main point is therefore not
that square-root fluctuations produce a dramatic quantitative
change in the observables, but that they lead to a qualitatively
different population-level decoupling structure: (1) the pop-
ulation growth rate is completely unaffected by the details
of growth and division, and is given simply by the mean
single-cell growth rate; (2) the steady-state snapshot cell-size
distribution for σ > 0 is obtained by a one-sided exponen-
tial convolution with the deterministic σ = 0 solution; and
(3) the mean-rescaled population size W = Nt/〈Nt 〉 has the
closed-form distribution in Eq. (26), which depends only on
σ for a single founder of size one, and this W is unchanged
by division noise, cell-size control, and asymmetric partition-
ing. In models with size-independent single-cell growth rate
λ(t ), growth noise modifies the population growth rate � but
leaves the cell-size distribution n(s) invariant [20,24,25]. In
our square-root growth model, in contrast, growth noise leaves
� unchanged and instead appears in closed form in n(s) and in
the fluctuations of Nt . A model with size-independent additive
growth noise would be structurally different. The total popu-
lation mass would no longer be governed by the same closed
one-dimensional process as in Eq. (5), so the exact solution
strategy used here would not carry over. The model with the
square-root noise is mathematically the simpler model.

In experimental studies, growth-rate variability is often
quantified by looking at the cell-to-cell variability σκ in the
average growth rate of each cell over its generation time T ,
κ ≡ ln(sd/sb)/T . To connect the predictions of our model

to experiments, it is helpful to express the parameter σ in
terms of the experimentally measured variability σκ of the
cell-cycle-averaged growth rate. In the absence of division
noise κ = ln 2/T and for small σ , we can estimate σκ by

dκ = − ln(2)

T 2
dT ⇒

∣∣∣∣dκ

κ

∣∣∣∣ =
∣∣∣∣dT

T

∣∣∣∣ ⇒ σκ

κ
≈ σT

T
≈ σ

ln 2
,

(55)

where, in the last approximation, we have used Eq. (19) for
the mean and variance of T . In the presence of division noise,
the first part of this approximation, σκ/κ ≈ σT /T , does not
hold, since the generation time is broadened by the division
noise. However, the average growth rate over a period that
is slightly broadened by division noise is only affected at
order σ 2

sb
σ 2, which is generally negligible. Hence, it is safe

to use
σκ

κ
≈ σ

ln 2
(56)

to first-order approximation in σ and σsb . Experimen-
tally measured values for growth-rate variability in bacteria
are typically between 5% and 10% [7], which translates to
σ ∼0.03–0.07.

A particular quirk of the square-root growth model de-
scribed in Eq. (2) is that the noise term acts directly on cell
size s, so over very short time intervals, a cell can shrink.
On rare occasions, this shrinkage can drive the cell size to
zero, which is an absorbing boundary. We have already shown
that the probability of this absorption is astronomically small
(on the order of e−1/σ 2

, which is 10−90 for σ = 0.07); while
mathematically important, the absorption has no biological or
experimental consequences. However, the bigger concern is
whether the short-term shrinking itself is physical, observable,
and consistent with experimental data. To address this, we first
identify the timescale �t over which the change in the cell
size �s is unlikely to be negative. For a cell of size s = s̄b, we
have

�s

s
≈ k �t + σ

√
2k �t N < 0 ⇐⇒ N < −

√
k �t

σ
√

2
= −

√
�t

�tc
, with �tc = 2σ 2

k
, (57)

where N ∼ N (0, 1). This means �s is very unlikely to be
negative if �t � �tc = 2σ 2/k. For a bacterial cell with a
doubling time of 30 min and σ ∼ 0.07, �tc ∼ 25 s. This
is less than the typical 1–5-min frame rate of mother ma-
chine experiments, meaning that any negative growth in
cell size in consecutive frames is more likely due to imag-
ing/segmentation errors than actual shrinkage caused by the
growth noise. Note that the actual shrinking between frames
is at most on the order of (�s/s)max ∼ k �tc = 2σ 2 ∼ 1%,
so detecting such negative growth would require subpercent
resolution in single-cell size measurements even with high
time resolution, and would in practice be completely masked
by imaging and segmentation noise.

Here, we have studied a model of growth fluctuations
whose population dynamics is exactly solvable in combina-

tion with realistic models of division and size regulation,
and which we propose as a tractable benchmark for linking
microscopic growth noise to population-level observables.
We have shown that this model is (1) a natural one that
is (2) not ruled out by the current experimental data and
(3) has population-level properties that are distinct from ex-
isting models. Therefore, new experiments are required to
probe the nature of growth fluctuations at the single-cell
level. In theory, the exact analytical solutions for popula-
tion dynamics would allow a direct test of this model: one
would estimate its parameters from single-cell experiments
and then measure population properties such as the growth
rate, the population cell-size distribution, or the distribution
of the number of cells across many repeated population ex-
periments, comparing these with the analytical predictions.
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In practice, current technology does not allow for such control
over the growth conditions to reproduce the same exact con-
ditions in both single-cell and population experiments [58].

Mutational studies, on the other hand, provide an avenue
to test the qualitative differences across different models
of growth fluctuations. Conceptually, one can distinguish
“growthlike” mutants that primarily change the growth pro-
cess (and thus k and σ ) from “divisionlike” mutants that
primarily change division noise and size control [and thus
f lin(sd |sb) and f lin

b (s)] while leaving k and σ nearly un-
changed. Size-control mutants of the latter type already exist
in bacteria and yeast [59,60]. One can use a combination
of single-cell measurements (to characterize the effect of
mutations) with a population-level measurement to quantify
the population observables without the need to quantitatively
match all the model parameters across the two experiments.
Concretely, a mutation that alters growth statistics (for ex-
ample, increases the growth fluctuations) would shift the
population cell-size distribution under the square-root growth
noise, whereas in models where the growth rate fluctu-
ates independently of the cell size the population cell-size
distribution would remain unchanged, so comparing these
responses across mutants directly discriminates between these
two classes of models.

We leave this to future work to study the population dy-
namics of the extensions of this model such as including
correlations and non-Markovian effects [61]. One useful ex-
tension would be to substitute the white noise in Eq. (2) with
a colored noise

ds

dt
= k s + σ

√
s v(t ),

dv

dt
= −θ v + ξ (t ). (58)

This regulates the small-time behavior of the equation and
makes the instantaneous exponential growth rate a well-
defined quantity, significantly reducing the shrinking problem.
At the same time, the auxiliary process v(t ) allows us to
model temporal correlations in growth rate, representing the
memory stored in the concentrations of cellular components
in the cell. From the mathematical point of view, it would
be interesting to explore other constant-elasticity-of-variance
growth models [29]

ds

dt
= k s + σ sγ ξ (t ), 0 < γ < 1, (59)

in combination with cell-size regulation to explore which
aspects of our population predictions hold for this broader
class of models. Finally, given the importance of segmentation
and measurement noise, it would be useful to superimpose a
simple error model on the combination of square-root noise
plus size-regulation dynamics and compute the resulting “ob-
served” distributions of cell sizes, growth increments, and
population sizes. This would clarify which aspects of the
analytical predictions are robust to experimental artifacts, and
which are too delicate to be used as quantitative tests.

In summary, the model studied in this paper provides an
example in which growth noise is neutral with respect to
asymptotic fitness—� is fixed by k—yet still leaves clear
signatures in snapshot cell-size distributions and population-
size fluctuations. Because these signatures can be written in

closed form and disentangle the roles of growth noise and size
control, the Feller (square-root) growth plus size-regulation
model offers a useful benchmark for interpreting current and
future measurements of stochastic growth in size-structured
populations.
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APPENDIX A: MOMENT RECURSION
FOR BINARY BELLMAN-HARRIS

Consider a population tree starting from a single cell of
age zero; each cell either divides into two cells with the
probability pdiv or dies with the probability 1 − pdiv. Condi-
tioned on division, the generation time density is given by
ρ(τ )/pdiv [note the expression in the main text for ρ(τ ) is not
normalized without the 1/pdiv factor]. Let us define the ran-
dom variable X for each cell that is one if it divides and zero
if it dies. Asymptotically, we can write the total number of
cells Nt = We�t , with the population growth rate � satisfying
the Euler-Lotka equation 〈e−�T 〉 = 1

2 .
Now, removing the first generation, if the first cell divides,

we have two subtrees initiating from the first two daughter
cells, each growing for a time t − T would lead to populations
of size N1 = W1 e�(t−T ) and N2 = W2 e�(t−T ), which should
add up to N = We�t ,

N1 + N2 = X (W1 + W2) e�(t−T )

= We�t ⇒ W = X (W1 + W2) e−�T . (A1)

The mth moment am ≡ 〈W m〉 of W can be recursively com-
puted using this relationship as

am = 〈W m〉 = 〈X (W1 + W2)m e−m � T 〉

=
m∑

j=0

(
m

j

)
〈W j〉 〈W m− j〉〈X e−m � T 〉

= ρ̃(m�)
m∑

j=0

(
m

j

)
a j am− j . (A2)

Isolating j = 0 and j = m terms and solving for am, we get

am = ρ̃(m�)

1 − 2ρ̃(m�)

m−1∑
j=1

(
m

j

)
a j am− j, (A3)

which is the same as Eq. (24) for � = 1.

APPENDIX B: GREEN’S FUNCTION METHOD
FOR CELL-SIZE DISTRIBUTION

Similarly to the approach in Sec. III A, we define v(s) =
s n(s) and rewrite Eq. (40) as

s σ 2 v′′(s) − s v′(s) − v(s) = s (α(s) − β(s)), (B1)

with similar boundary conditions as before, v(0) = 0, de-
cays at infinity, and the normalization nabs + ∫

n(s)ds = 1,
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where nabs = −J (0) = −v(0) + σ 2v′(0) is the mass ab-
sorbed at zero. The homogeneous solutions v1 and v2 are
given in Eq. (9). v1 satisfies the left boundary condition
v(0) = 0, while v2 satisfies the right boundary condition
lims→∞ v2(s) = 0. A Green’s function can be constructed for
the equation

v′′(s) − 1

σ 2
v′(s) − 1

s σ 2
v(s) = δ(s − s′), (B2)

which has the form

G(s, s′) = v1(min{s, s′}) v2(max{s, s′})

W (s′)
, (B3)

where the Wronskian W (s) ≡ v1(s) v′
2(s) − v′

1(s) v2(s) =
−σ 2es/σ 2

. The population cell-size distribution is then given
by n(s) = v(s)/s = ∫

G(s, s′)(α(s′) − β(s′))/σ 2 ds′. Substi-
tuting α and β in terms of f lin

b , we get

n(s) = nabs δ(s) + 1

σ 4 s 〈1/sb〉lin

∫ ∞

0
v1(min{s, s′})

× v2(max{s, s′})
e−s′/σ 2

s′ [2 f lin
b (s′) − f lin

b (s′/2)] ds′.

(B4)

After some algebraic manipulation and integration by parts,
we get

n(s) = nabs δ(s) + 2

〈1/sb〉lin

∫ ∞

s

Fb(s′) − Fb(s′/2)

s′2
e(s−s′ )/σ 2

σ 2
ds′,

(B5)

nowhich is the same as Eq. (43). The mass term nabs at
s = 0 is given by the flux nabs = −J (0) = σ 2 v′(0), which is

given by

nabs = − 1

σ 2

∫ ∞

0

(
σ 2 e−s/σ 2 + s Ei

(−s

σ 2

))
(α(s) − β(s)) ds.

(B6)

With similar manipulations, we can rewrite nabs in terms of
Fb(s) as

nabs = 2

〈1/sb〉lin

∫ ∞

0

Fb(s) − Fb(s/2)

s2
e−s/σ 2

ds. (B7)

APPENDIX C: ASYMPTOTIC EXPANSION OF CELL-SIZE
DISTRIBUTION FOR SMALL σ

For Eq. (40), we look for a solution of the form [41]

n(s) ∼ n0(s) + σ 2n1(s) + σ 4n2(s) + · · · . (C1)

Substituting Eq. (C1) in Eq. (40) and collecting terms of
similar order in σ 2, we find the elegant recursive equation

nk+1(s) = d

ds
nk (s), k � 0, (C2)

and the leading term n0(s) is determined by the σ = 0 limit:

−sn′
0(s) − 2n0(s) = α(s) − β(s) ⇒ n0(s)

= − 1

s2

∫ s

0
s′(α(s′) − β(s′))ds′. (C3)

Using Eq. (37) for β(s) and α(s) = 1
4β(s/2), we have

n0(s) = 2

〈1/sb〉lin

Fb(s) − Fb(s/2)

s2
. (C4)

Combining Eqs. (C1), (C2), and (C4), we find

n(s) = 2

〈1/sb〉lin

K∑
k=0

σ 2k dk

dsk

[
Fb(s) − Fb(s/2)

s2

]
. (C5)

[1] P. Wang, L. Robert, J. Pelletier, W. L. Dang, F. Taddei, A.
Wright, and S. Jun, Robust growth of Escherichia coli, Curr.
Biol. 20, 1099 (2010).

[2] D. Falconnet, A. Niemistö, R. J. Taylor, M. Ricicova, T.
Galitski, I. Shmulevich, and C. L. Hansen, High-throughput
tracking of single yeast cells in a microfluidic imaging matrix,
Lab Chip 11, 466 (2011).

[3] S. Son, A. Tzur, Y. Weng, P. Jorgensen, J. Kim, M. W.
Kirschner, and S. R. Manalis, Direct observation of mam-
malian cell growth and size regulation, Nat. Methods 9, 910
(2012).

[4] P. Allard, F. Papazotos, and L. Potvin-Trottier, Microfluidics
for long-term single-cell time-lapse microscopy: Advances
and applications, Front. Bioeng. Biotechnol. 10, 968342
(2022).

[5] M. Campos, I. V. Surovtsev, S. Kato, A. Paintdakhi, B. Beltran,
S. E. Ebmeier, and C. Jacobs-Wagner, A constant size extension
drives bacterial cell size homeostasis, Cell 159, 1433 (2014).

[6] A. Amir, Cell size regulation in bacteria, Phys. Rev. Lett. 112,
208102 (2014).

[7] S. Taheri-Araghi, S. Bradde, J. T. Sauls, N. S. Hill, P. A.
Levin, J. Paulsson, M. Vergassola, and S. Jun, Cell-size

control and homeostasis in bacteria, Curr. Biol. 25, 385
(2015).

[8] I. Soifer, L. Robert, and A. Amir, Single-cell analysis of growth
in budding yeast and bacteria reveals a common size regulation
strategy, Curr. Biol. 26, 356 (2016).

[9] F. Si, G. Le Treut, J. T. Sauls, S. Vadia, P. A. Levin, and S.
Jun, Mechanistic origin of cell-size control and homeostasis in
bacteria, Curr. Biol. 29, 1760 (2019).

[10] L. Luo, Y. Bai, and X. Fu, Master equation approach to the
stochastic accumulation dynamics of bacterial cell cycle, New
J. Phys. 23, 083029 (2021).

[11] M. ElGamel and A. Mugler, Effects of molecular noise on cell
size control, Phys. Rev. Lett. 132, 098403 (2024).

[12] M. ElGamel, L. Ribaudo, and A. Mugler, General mechanism
for concentration-based cell size control, Phys. Rev. Res. 8,
033012 (2026).

[13] A. Genthon, From noisy cell size control to population growth:
When variability can be beneficial, Phys. Rev. E 111, 034407
(2025).

[14] A. Genthon and P. Thomas, Cell size control in bacteria is
modulated through extrinsic noise, single-cell-and population-
growth, arXiv:2601.05193.

033082-12

https://doi.org/10.1016/j.cub.2010.04.045
https://doi.org/10.1039/C0LC00228C
https://doi.org/10.1038/nmeth.2133
https://doi.org/10.3389/fbioe.2022.968342
https://doi.org/10.1016/j.cell.2014.11.022
https://doi.org/10.1103/PhysRevLett.112.208102
https://doi.org/10.1016/j.cub.2014.12.009
https://doi.org/10.1016/j.cub.2015.11.067
https://doi.org/10.1016/j.cub.2019.04.062
https://doi.org/10.1088/1367-2630/ac1976
https://doi.org/10.1103/PhysRevLett.132.098403
https://doi.org/10.1103/f7gw-wg5l
https://doi.org/10.1103/PhysRevE.111.034407
https://arxiv.org/abs/2601.05193


EXACTLY SOLVABLE POPULATION MODEL WITH … PHYSICAL REVIEW RESEARCH 8, 033082 (2026)

[15] S. Iyer-Biswas, C. S. Wright, J. T. Henry, K. Lo, S. Burov, Y.
Lin, G. E. Crooks, S. Crosson, A. R. Dinner, and N. F. Scherer,
Scaling laws governing stochastic growth and division of single
bacterial cells, Proc. Natl. Acad. Sci. USA 111, 15912 (2014).

[16] C. Cadart, S. Monnier, J. Grilli, P. J. Sáez, N. Srivastava, R.
Attia, E. Terriac, B. Baum, M. Cosentino-Lagomarsino, and M.
Piel, Size control in mammalian cells involves modulation of
both growth rate and cell cycle duration, Nat. Commun. 9, 3275
(2018).

[17] D. J. Kiviet, P. Nghe, N. Walker, S. Boulineau, V.
Sunderlikova, and S. J. Tans, Stochasticity of metabolism and
growth at the single-cell level, Nature (London) 514, 376
(2014).

[18] C. Cadart, L. Venkova, M. Piel, and M. C. Lagomarsino, Vol-
ume growth in animal cells is cell cycle dependent and shows
additive fluctuations, eLife 11, e70816 (2022).

[19] E. Levien, J. H. Kang, K. Biswas, S. R. Manalis, A. Amir,
and T. P. Miettinen, Stochasticity in mammalian cell growth
rates drives cell-to-cell variability independently of cell size
and divisions, Proc. Natl. Acad. Sci. USA 123, e2516372123
(2026).
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