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Mechanical inhibition of dissipation in a thermodynamically consistent active solid
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The study of active solids offers a window into the mechanics and thermodynamics of dense living matter.
A key aspect of the nonequilibrium dynamics of such active systems is a mechanistic description of how the
underlying mechanochemical couplings arise, which cannot be resolved in models that are phenomenologically
constructed. Here, we follow a bottom-up theoretical approach to develop a thermodynamically consistent
active solid model and uncover a nontrivial crosstalk that naturally ensues between mechanical response and
dissipation. In particular, we show that dissipation reaches a maximum at finite stresses, while it is inhibited under
large stresses, effectively reverting the system to a passive state. Our findings establish a generic mechanism
plausibly responsible for the nonmonotonic behavior observed in recent experimental measurements of entropy
production rate in an actomyosin material and enzymatic activity in crowded condensates.
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Active solids constitute a fundamentally out-of-
equilibrium class of condensed matter systems, being
assembled from wunits capable of locally converting
environmental free energy sources into work. Examples
of active solids include cross-linked biopolymer networks
[1-3], confluent cell monolayers [4-7], phase-separated
self-propelled colloids with phoretic [8,9] and magnetic [10]
activity, vibrated mechanical networks [11], networks of
self-actuated microbots on substrates [12—14], and hydrody-
namically active crystals [15-17]. Models of active solids
assembled from active particles, in particular, can be broadly
categorized into two classes. The first class corresponds to
those systems that undergo an active phase separation arising
due to nonequilibrium interfacial (phoretic) interactions
[18-20] or motility-induced phase separation (MIPS) [21-23]
and its variants [24-26]. The second class corresponds
to active or motile particles that are coupled via passive
elastic linkers and exhibit collective actuation [12,27-29],
in a manner similar to active polymers [30-35].

The frameworks that have so far been developed to study
such dense arrays of active particles suffer from a number of
key limitations. First, they typically overlook the force-free
nature of self-propulsion mechanisms that are designed to
work in low Reynolds number conditions [36—40], and, in-
stead, incorporate self-actuation via unphysical “active force”
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monopoles. Second, and most importantly for the purpose
of this work, they are not thermodynamically consistent, in
the sense that they lack a systematic access to the relevant
equilibrium limit [41], which can be formally linked to the
vanishing of a microscopic affinity and the re-establishment
of global detailed balance. Third, they typically lack a sys-
tematic accounting of all relevant contributions to the entropy
production, which can, for example, be dominated by the
dissipation in the fluid medium [42], where implementation of
momentum conservation will introduce subtleties that affect
even the most basic definitions and thermodynamic relations
used in probing entropy production [43].

A number of works have begun to address these short-
comings by expanding the state space to include one or
more explicit chemical cycles [44-49]. When these cycles
are driven away from equilibrium, currents of the mechani-
cal degrees of freedom emerge, contingent on the existence
of nonseparable terms in the internal energy of the system
[50-55]. This nontrivial crosstalk between chemical and me-
chanical degrees of freedom becomes apparent under the
effect of external forces [56]: Similarly to how ATPase en-
zymes (e.g., kinesins) can be made to operate “in reverse”
as ATP synthases by application of forces exceeding the stall
force [57-59], so can the current associated with the internal
chemical cycle of a thermodynamically consistent active par-
ticle be inhibited, and even reversed, by the application of a
force opposite to the self-propulsion direction [45]. Perhaps
counterintuitively, this dissipative current might also be inhib-
ited by sufficiently large forces parallel to and in the same
direction as the swimming direction, a phenomenon known
as negative differential mobility [45,58,60—62]. No such ther-
modynamically consistent treatment is currently available for
active solids.

These phenomena point to a key feature of active matter
thermodynamics, namely, that the rate of free energy dis-
sipation must depend dynamically on the local mechanical
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FIG. 1. The mechanical response to externally applied forces in
a broad class of living materials can be represented by the “active
spring” model introduced in this work. Examples include DNA
tethers extruded by ATP-driven cohesin [68], cross-linked biopoly-
mer networks (active gels [1]), and membrane-embedded enzymes
[50,69-71], or active mechanosensitive channels [72]. These appli-
cations are further discussed in the Supplemental Material [73].

environment. In the context of MIPS, for instance, one may
wonder to what extent the dissipation of a particle embedded
in the condensed phase is inhibited due to bulk stresses. While
nontrivial bulk contributions are absent in field-theoretic
descriptions of MIPS [63-65], formally coarse-grained tight-
coupling models point to the existence of a contribution to the
local dissipation that is linear in the density [47]. However,
experimental observations suggest that nonlinear effects [59]
are likely to play a role at intermediate and large densities or
stresses [66,67].

In this Letter, we establish a thermodynamically consistent
active solid (TCAS) model to explore the nontrivial inter-
play of mechanics and dissipation in assemblies of strongly
interacting active units. We do so by introducing a class of
active solids, the elementary unit of which is an active elastic
element whose dynamics is accounted for in a thermodynam-
ically consistent way. This “active springs” can be effectively
realized in a number of biological scenarios, including DNA
loop extrusion by cohesin [68], active gels [1], and enzyme
inclusions [50,69-71], or active mechanosensitive channels
[72] in lipid bilayers, as shown schematically in Fig. 1. They
can also be engineered, e.g., similar to recent experiments on
active oscillating nanomotors [74] or by using DNA origami
[75]. Bead-connecting elements undergoing cycles of length
variation have been proposed in the context of self-propulsion
of synthetic microswimmers [37,39,58,76]. By considering
active elastic elements first in isolation and then assembled
into a one-dimensional chain, we show that local dissipation
in this system can be inhibited in the presence of sufficiently
large contractile and extensile forces.

The active elastic element. Let us consider a dimer of
passive Brownian particles connected by an active elastic
element in one dimension (Fig. 1). The positions of the two
particles are denoted by x; »(¢), while £(¢) indicates the in-
stantaneous rest length of the elastic element. For simplicity,
we henceforth assume the associated internal state y to be dis-
crete, with y € {A, B,C} and ¢, € IL = {{4, £p, £c}, noting

that three is the minimum number of states required to con-
struct a nonequilibrium chemical cycle [77]. Without loss of
generality, we introduce a unit of length, £, which represents
the typical scale of the rest length of the springs. This analysis
is generalized to the case of a continuous internal variable in
the Supplemental Material [73]. Upon including the effect of
an external (contractile or extensile) force of magnitude F', we
can write the total energy as

U(X1,X2, E) sprmg+Urep+U€+F(x2 _xl) (1)
where Uspring (X1, X2, £) = $k[(x —x1) — £,]* is the elastic
contribution, Upep(x1, Xx2) arises from short-range hard-core
repulsion between the beads, and U,(y) is the energy asso-
ciated with the internal state of the spring y. Denoting 1,
as the single-particle mobility, the Langevin equation for the
interparticle displacement L = x, — x; thus reads

T'n, (2

where kgT = B~! is the thermal energy scale and 7 is a
Gaussian white noise of unit covariance, (n(f)n(t’)) = §(t —
t'). The rest length ¢, evolves according to a Markov jump
process with master equatlon P(y) = M, ;P(5), where M,
is the transition rate from § to y. We assume summation
over repeated indices. Thermodynamic consistency of the dis-
crete dynamics is ensured by enforcing local detailed balance
(LDB) at the level of the transition rate matrix M [45,78].
LDB provides both an interpretation relating probabilistic cur-
rents to thermal quantities, such as heat and work flows into
reservoirs coupled to the system of interest, and, crucially, a
prescription for the dependence of the transition rates on the
interparticle displacement L. Accordingly, we write

L(t) = 2pp[—F = k(L — £,) = 9.Urep] + v/411,kn

kmeﬂA;wy,g/6

MVS(L) = —1 n eﬂAUya(L) s

3)
where k,, is a microscopic rate, whose inverse sets a nat-
ural unit of time. Here, Ap is the affinity of the chemical
cycle defined to be driven in the clockwise direction A —
B— C— A, and ¢,5 ==%1 depending on the direction
of the transition. Moreover, AU,s(L) denotes the change
in total energy associated with a transition from state
§ to state y, ie., AUys(L)=5[(L—¢,)* — (L —£s5)]+
Ui(y) — Ui(5). We thus have In(M,s/Ms,) = BlAw/3 —
AU,s(L)] and In(M,s/Ms,) = —Bl[Aw/3 + AU,s(L)] for
clockwise and anticlockwise transitions, respectively.

The dynamics given in Eq. (2) satisfies the fluctuation-
dissipation relation and, upon setting Ap = 0, the joint
distribution of L and ¢, relaxes to an equilibrium steady
state with Boltzmann measure Peq(L, y) o exp[—BU (L, y)]
characterized by zero entropy production. The marginal
steady-state probability distribution of the internal state, 7,
is obtained by integrating Pq with respect to the interparticle
displacement:

Ty, = % Erfc <\/>(F ke ))

F
X exp <ﬁz—k(F —2kty) — ﬁUe(V)>, “
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FIG. 2. Effect of an external force on a single active elastic element, for Bk = 1 and U,(y) = 0 for all y. In each case, we compare

equilibrium (Ap = 0, dotted curves) and driven (solid curves) cases: (a) Steady-state probability of the internal state, ,,, for L =

{2,2€,32}.

At equilibrium, the internal state corresponding to the shortest (longest) rest length is generically enhanced under compression (stretching),
while driving leads to a repopulation of less energetically favorable states. (b) Entropy production ¢ as a function of F for different choice of
the accessible rest lengths .. As F — oo, dissipation reaches a plateau, due to hard-core repulsion preventing the interparticle distance from
decreasing below zero. (c) Average elastic energy stored in the active elastic element.

where Z(F') is a force-dependent normalization factor. Here,
hard-core repulsion is taken into account by restricting the
support of Py to L € (0, 00). Equation (4) illustrates the
importance of thermodynamic consistency, as it leads to
a crosstalk between chemical and mechanical degrees of
freedom, thereby enabling mechanical forces to effectively
renormalize the energy landscape in chemical space. In par-
ticular, in the limit |F'| — 0o, we observe an accumulation
of probability in the chemical state £, € I that maximizes
F —2kt,. For F < 0, this corresponds to the largest acces-
sible rest length [see Fig. 2(a)]. Consequently, the probability
of states associated with intermediate rest lengths will often
be nonmonotonic in F'. This force-dependent distortion of the
chemical energy landscape is further discussed in the Supple-
mental Material [73] for the case of continuous £ (see also
Ref. [79]).

To determine the steady-state joint probability P(L,y)
for nonvanishing driving, Au # 0, we perform an adiabatic
approximation [80]. We consider a separation of timescales
between fast L and slow ¢, dynamics, corresponding to
the limit up, — oo in Eq. (2). The joint probability thus
factorizes as P(L,y) = m,P(L|y), with P(L|y) being the
steady-state conditional probability density of the process
(2) for constant £(t) = £,. Here, P(L|y) o exp[—B(k(L —
,)?/2 + FL)] with support L € (0, 00). After integrating the
associated Fokker-Planck equation for P(L, y) with respect
to L, we obtain an effective Markov jump process gov-
erned by the adiabatically averaged jump matrix A_/Iya(F )=
f0°° dL M, s(L)P(L|5), which leads to the steady-state solution
of the master equation shown in Fig. 2(a) for different values
of F. With this solution at hand, we can then explore how
the dissipation, quantified through the rate of entropy produc-
tion [77,81], as well as the average elastic energy stored in
the active spring depends on both F and the driving affinity
Ap. In order to calculate the entropy production o (F, Aup)
(that we make dimensionless by reporting it in units of kg),
we draw on Schnakenberg’s cycle-based decomposition [82],
noting that only the chemical cycle possesses a nonvanish-
ing affinity Ap [83]. Thus, 0 = BAuJchem With Jepem (F) =
Mpgams — M 4pmp the uniform current in the cycle. The results

are shown in Fig. 2(b). Remarkably, entropy production dis-
plays a nonmonotonic dependence on F, with a maximum at
a small positive force and inhibition for large (positive and
negative) forces. Therefore, we find that under sufficiently
large forces the active elastic element behaves effectively like
a passive spring. Additionally, we observe that the average
elastic energy (Uspring) increases in the presence of compres-
sive forces when Au # 0 [see Fig. 2(c)], consistent with the
intuition that driving allows to populate high-energy states
that are thermodynamically unfavorable at equilibrium.
Active solid. We now proceed to treat our active elastic ele-
ment as a fundamental unit from which we assemble a TCAS.
We work in one dimension and impose periodic Born-von
Karman boundary conditions, effectively working on a ring
of size R. A given bead with label i, where i € {1, ..., N}, is
located at position x;(¢) € [0, R) and connected to its left and
right nearest neighbors by active springs with internal states
£;—1(t) and ¢;(t), respectively, as shown schematically in
Fig. 3.Interparticle displacements are denoted as L; = x; 4| —
x; and satisfy the coupled Langevin dynamics
Ly = 2ppKij(—0p,U) + /41pksT 1, (%)
where U = Y, U (x;, xi11, £,,) and 1;(7) is a Gaussian white
noise that is nearest-neighbor correlated, i.e., (n;(t)n;(t")) =
K;;jé6(t —t'), with K;; = 8;; — &j,/2. The nondiagonal struc-
ture of the mobility matrix K is essential to ensure ), L; = R
under the stochastic dynamics. The contribution to the to-
tal energy from each spring, U, is defined analogously to
Eq. (1), although in this case we assume that no external
forces act on the chain. All chemical cycles are driven by
an identical affinity Ap. The transmon rate matrix governing
the dynamics of the ith spring, M 5, independently satisfies

LDB along the lines of Eq. (3), with AUV(; replaced by AU, (’)
See the Appendix for explicit expressions. Finally, hard- core
repulsion between nearest-neighbor beads is described via
a Weeks-Chandler-Anderson (WCA) potential [84]. We will
now examine the behavior of this spatially extended model us-
ing numerical simulations (details of the simulation algorithm
are given in Refs. [73,85]).
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FIG. 3. Active elastic elements assembled into a
one-dimensional bead-spring chain constitute a TCAS. The
interparticle displacement is controlled by a combination of thermal
noise, hard-core repulsion, and elastic forces, the last one evolving
in time according to the dynamics of the internal chemical state of
the springs. A representative realization of the dynamics is shown,
with the area between the trajectories of neighboring beads (solid
black lines) color coded according to the instantaneous internal state
of the spring.

The total average rate of entropy production is found as
Otot = NJchemB AU, Where Jopen 1 the steady-state probability
current of any given chemical cycle [86,87]. This quantity is
plotted in Fig. 4(a) as a function of the dimensionless bead
number density p = NZ/R, which we control by varying the
periodic domain size R.Crucially, we observe a nonmonotonic
dependence of ¢ on the bead density, with a maximum at
a characteristic spacing p~' = p*~! commensurate with the
set of accessible values of the rest length (IL). For p < p*,
i.e., upon stretching, & decays exponentially to zero, while a
slower dropoff is observed for p >> p*, i.e., upon compression
(see also Fig. S4 in the Supplemental Material [73]). Clearly,
this mechanical inhibition of dissipation originates from the
crosstalk between mechanical and chemical degrees of free-
dom induced, at the level of each spring, by the presence of
a nonseparable contribution to the internal energy in the form
of Uél'zsﬁc = 1k(L; — €,,)*. Accordingly, we can weaken this
effect by reducing the elastic constant k, with mechanochemi-
cal coupling being fully eliminated upon setting k = 0. In this
limit, the linear scaling of the total dissipation with density
is recovered [47]. Analogous results are obtained by plotting
o /N against the effective pressure [see Fig. 4(b)]. The effect
of activity on the associated compressibility is discussed in
the Supplemental Material [73]. To establish the locality of
this inhibitory effect, we additionally calculate the average
chemical current associated with any given elastic element
conditioned on a specific value L; of its length [Fig. 4(c);
see the Supplemental Material [73] for definitions]. In line
with the result for the total entropy production, we identify a
peak at L¥ >~ ¢ € IL, which quickly broadens with decreasing
k, indicating that the effective chemical mobility becomes
less sensitive to the spring length. Increasing (decreasing) the
typical values of ¢ in IL shifts the dissipation peak toward
larger (smaller) values of L; (see the Supplemental Material
[73]). The p dependence of the elastic energy stored in the ac-
tive solids and the probability of observing a particular value
of £,, € L are discussed in the Supplemental Material [73].
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FIG. 4. Mechanical inhibition of dissipation in a TCAS: (a) av-
erage entropy production per bead as a function of the dimensionless
bead density p = NZ/R, controlled by varying the ring size R at
fixed N, for different values of the elastic constant k. Here, we
take BAw = 10, pu, = 0.018k, 0%, Be =1, £, =0.97, £z = Z, and
£c = 1.112. The length scale associated with the WCA potential is
set to a = 0.1 £. The horizontal dashed line corresponds to gy /N =
éﬂA,u sinh(BAu/6), as obtained from Eq. (3) with AU, 5 = 0 for
all pairs y, § € L. (b) Average entropy production as a function of
the effective dimensionless pressure [73]. (c) Average conditional
current in the dissipative cycle of a given active spring (see the
Supplemental Material [73] for definitions) as a function of the asso-
ciated spring length L; for N = 64 and R = 64 £ [all other parameters
as in panel (a)]. Solid curves indicate the analytical expression [73].

Comparison of Figs. 2 and 4 suggests an analogy between the
bead number density of the periodic chain and the external
force applied to an isolated dimer. This correspondence can
be made exact by performing an explicit coarse graining, as
shown in the Appendix.

A nonmonotonic dependence of the average entropy pro-
duction on the persistence time (nondimensionalized by the
stiffness k) was previously reported in Ref. [25] for a nonther-
modynamically consistent active bead-spring model. We note,
however, that the aforementioned observation does not stem
from an underlying mechanochemical coupling; it originates
from the combined effect of confinement and inertia [88].
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Conclusion. We have introduced a class of TCASs as-
sembled from elementary active elastic elements, whose
rest-length dynamics are controlled by a dissipative chemical
cycle. This setup allows us to illustrate a fundamental property
of strongly interactive active matter, namely, the nontrivial
interplay between their mechanics and thermodynamics. In
particular, starting from generic (yet often misrepresented)
ingredients, we demonstrate that dissipation can be inhibited
in the presence of large stresses, effectively reverting the
active material to a passive state. The entropy production
rate exhibits a nonmonotonic behavior as a function of the
stresses and, in particular, reaches a maximum at some non-
vanishing intermediate force strength. Our framework is in
good agreement with direct experimental measurements of the
energy dissipation in crowded systems of myosins that gen-
erate active stresses, serving as a minimal model for similar
systems [66]. It also introduces a potential mechanism behind
recent observations of nonmonotonic enzymatic activity in
crowded condensates [89]. Our predictions can be further
tested in a number of biological systems, including DNA
tethers, biopolymer networks, and biological membranes (see
Fig. S1 in the Supplemental Material [73]). In this respect, we
note that, while direct measurements of entropy production
are generally challenging [45,90], in cases where dissipation
stems from nonequilibrium catalysis of a chemical reaction of
known affinity, the yield of one or more product species can
be used as a proxy to estimate the chemical current and thus
dissipation in the cycle [89].

While hydrodynamic effects were ignored in the discussion
above, we have verified that our findings are not affected qual-
itatively for sufficiently small systems when they are included,
as detailed in the Supplemental Material [73].

Due to the importance of out-of-equilibrium phase separa-
tion in many biological functions [91-94], characterizing the
role of mechanical inhibition of activity in the bulk of active
matter condensates remains a fundamentally important open
question. From an engineering perspective, a more rigorous
understanding of mechanochemical coupling in active solids
could also be leveraged to design “smart” mechanosensitive
materials capable of generating chemical signals in response
to local mechanical perturbations [56,95]. In particular, the
ability to control the location of the dissipation peak by en-
gineering a suitable . and M could be exploited to design
materials that catalyze specific sets of reactions only under
defined mechanical conditions.

In addition to providing a template for further studies
of the thermodynamics of active solids in higher dimen-
sions, the one-dimensional passive-active bead-spring model
studied here can be considered as a prototype for a ther-
modynamically consistent active polymer once embedded in
three-dimensional space (cf. Refs. [31-34]).
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Appendix: Coarse graining of the chain. In order to map
the dynamics of the active solid to a single active dimer, we
define the probability distribution Py (Ly,..., Ly, Y1,---s YN, 1),
which evolves according to the Fokker-Planck equation

N

Py = | D MO PNCrbiv.) = i |,

i 8
where
M;lfi = —B 719, Py — k[ALiy1 + ALi_y — 2AL;1Py
— [0, U + 3, USD — 29, UD Py

rep rep i rep
and AL; = L; — ¢,,. The transition rate matrices are

. k. ePOueys /6
M3 (L) = "

— 6
L+ ©

where

. k
AU (L) = S1(Li = €)= (L= )] + Ve = U8
7

The total state space is thus S = [0, R)®N @ L®. We now
integrate out 2(N — 1) coordinates associated with all but one
elastic element as defined below:

N
Pt =T1X [ azs |Pv ®)

JFL Vi
and truncate the resulting BBGKY hierarchy by

using the closure approximation P,(Ly, L, y1,y2) =~
Pi(L1, y1)Pi1(La, y2). We obtain

3
OP1 =) MysPi+ B 11pd; Py

5=1
+ 2'N/paL([Fl —k(L—-1¢,)— 8LUrep]lpl)v (&)

where

F = Z/dL’[_k(L/ _ ea) _ 8L’Urep]7)1 (L/, (3) (10)
§

We thus observe that Eq. (9) takes on the form of an effective
single-dimer Fokker-Planck equation [presented in Eq. (2)]
with an external force F;. Equations (9) and (10) can be solved
self-consistently to obtain the exact relationship between F)
and the bead number density. It is intuitively clear that large
densities will result in strong compressive forces, and vice
versa.
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