PHYSICAL REVIEW RESEARCH 8, 013062 (2026)

Network localization governs social contagion dynamics with macro-level reinforcement
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The spread of ideas, behaviors, and technologies generally depends on feedback mechanisms operating across
multiple scales. Previous studies have extensively examined pairwise transmission and local reinforcement.
However, the role of macro-level social influence—where widespread adoption enhances further adoption—
remains understudied. Here, we focus on a contagion process that incorporates both pairwise interactions and
macro-level reinforcement. We show that the contagion undergoes a shift from continuous to mixed-order tran-
sition as macro-level influence exceeds a reinforcement threshold. Simulations on various real-world networks
indicate that network localization governs the contagion outcomes by determining the critical point and the
reinforcement threshold. Building on this insight, we develop a structural metric linking network localization
to contagion dynamics, revealing a key trade-off: Networks that facilitate weak contagion tend to experience
slower diffusion and lower adoption rates, while networks that suppress weak contagions enable faster and more
widespread adoption. These findings challenge the conventional belief that stronger local connectivity uniformly

promotes contagion.
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I. INTRODUCTION

Contagion processes characterize the dissemination of new
ideas, technologies, products, and behaviors, playing a central
role in the functioning of socioeconomic systems. Under-
standing the mechanisms underlying these processes provides
key insights into collective decision-making and adoption dy-
namics across a wide range of disciplines [1-3], including
management science, economics, sociology, psychology, and
physics [4-6]. Because empirical studies often face substan-
tial confounding factors, modeling approaches have become
essential tools for analyzing and predicting social diffusion
patterns [7,8]. Network science offers a principled framework
to examine contagion pathways and uncover the mechanisms
driving emergent collective behaviors in diffusion processes
[9,10].

Classical contagion models typically assume pairwise
transmission with a constant and independent probability be-
tween susceptible and adopting individuals [11,12]. However,
real adoption behaviors frequently require reinforcement from
multiple exposures before individuals commit to new behav-
iors [13—16]. This has motivated the development of threshold
models [17], simplicial and higher-order contagion models
[3,18], and hypergraph-based frameworks [19]. These models
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primarily emphasize the role of local reinforcement through
interacting neighborhoods [20], communities [21,22], sim-
plices, or hyperedges [3,18,19,23,24], in producing nonlinear
adoption patterns.

However, the rise of digital communication, large-scale
media exposure, and platform-driven recommendation sys-
tems has amplified the influence of macro-level social signals
on individual adoption decisions. Empirical studies have
documented abrupt increases in adoption rates driven by vis-
ibility, popularity, and network effects at the population scale
[25-29]. Examples include the rapid spread of online plat-
forms such as Facebook, Twitter, and Threads [26,30,31], as
well as viral dissemination of digital content and artificial
intelligence tools [32,33]. These dynamics highlight that the
global fraction of adopters can directly reinforce micro-level
transmission, thereby creating a positive feedback loop that
accelerates adoption.

Macro-level reinforcement can arise from various mecha-
nisms, including psychological conformity to emerging social
norms [16,34-36], network effects that enhance product util-
ity in large user bases [37-39], and cost reductions driven
by economies of scale [8,40,41]. Regardless of its origins,
such system-level reinforcement couples the global state of
adoption back into local transmission dynamics. Capturing
this macro-micro interaction requires a modeling framework
that integrates global reinforcement with local contagion pro-
cesses while accounting for underlying network structure, a
connection that remains insufficiently explored in existing
contagion models.

To close this gap, we develop a model that cap-
tures the interplay between macro-level reinforcement and
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local pairwise transmission, incorporating varying levels of
feedback intensity. The contagion process is modeled us-
ing a susceptible-infectious-recovered (SIR)-like framework
[11], where word-of-mouth effects [42] drive initial adop-
tion. Macro-level influence is represented as the increasing
adoption likelihood as the total number of adopters grows.
Specifically, transmissibility 8’ is defined by two key compo-
nents: (1) the inherent initial attractiveness of the contagion,
B, and (2) a macro-level social influence or reinforcement
term 051%’), where R(¢) and N denote the number of adopters
and the total population size, respectively, and o represents
the feedback strength.

Simulations on diverse real-world networks reveal a critical
threshold in inherent attractiveness, B., below which out-
breaks cannot occur. When macro-level influence exceeds a
critical value «, (i.e., the reinforcement threshold), the out-
break size at B, exhibits an abrupt jump associated with
critical scaling behavior. This indicates that sufficiently strong
global feedback transforms gradual diffusion into an abrupt
mixed-order (hybrid) transition.

We identify o, as the onset of mixed-order criticality and
show that it is closely tied to network localization strength,
providing a clear structural interpretation. To quantify this
relationship, we propose a localization metric that predicts
o, directly from network topology and reveals a fundamen-
tal trade-off: For networks with fixed density, lowering S,
inevitably raises ¢, and vice versa. Consequently, strongly
localized networks can trigger contagion with low intrinsic
attractiveness but restrict the final adoption size, whereas
weakly localized networks require higher intrinsic attractive-
ness yet can sustain a much broader spread.

Our findings challenge classical diffusion theory, which
posits that networks with high-degree heterogeneity or strong
clustering are optimal for lowering contagion thresholds. In-
stead, we show that such structural features can localize
spreading dynamics and restrict global outbreaks, especially
when macro-level reinforcement interacts with network local-
ization. By bridging micro-level transmission and macro-level
reinforcement, our framework provides a unified perspective
on how network structure shapes diffusion dynamics, offering
strategies for both promoting beneficial adoption and mitigat-
ing undesirable contagion.

II. MODEL

Consider a socioeconomic system represented as a network
of N individuals (nodes) connected by L links (edges). Ini-
tially, most nodes are in a susceptible state (denoted by S) and
can transition to an adopter state (denoted by A) when influ-
enced by neighboring adopters. The adoption occurs with a
probability S’, representing the reinforced transmission prob-
ability along local connections. Additionally, adopters may
lose interest and transition to a recovered state (denoted by
R) with probability u per time step. The contagion dynamics
are described as follows:

St — D) +A; -1 2 A0+ A0, (D)

At — 1) 5 Ri(), 2)

where Y;(t) (Y € {S, A, R}) denotes the state of node i at time
t. Local transmission occurs only between directly connected
nodes i and j. The contagion process stops once all adopters
have transitioned to the recovered state.

To incorporate macro-level reinforcement [34,43,44], we
adopt a linear feedback mechanism inspired by the classical
Bass diffusion model [7], where the adoption rate increases
linearly with the cumulative number of adopters. This formu-
lation is supported by empirical studies [1,7,35], which report
approximately linear increases in adoption likelihood dur-
ing the early and intermediate stages of diffusion. Although
real-world reinforcement mechanisms may display nonlinear
effects such as thresholds or saturation, this linear approx-
imation provides a parsimonious yet empirically grounded
representation that captures the core features of macro-level
reinforcement while maintaining analytical tractability for ex-
ploring the role of network structure in contagion dynamics.

Specifically, the time-dependent transmissibility B’ is de-
fined as

Rt —1)

B'(t) = min (1, Bta—y

), a>0, B el01]
3

Here, B represents the intrinsic attractiveness of the contagion
[1], while a@ captures the macro-level influence from
cumulative adoption. As R(t — 1) increases, the probability
that a susceptible individual adopts also increases, reflecting
the reinforcing effect of collective behavior. The parameter o
controls the level of feedback intensity, and the upper bound
ensures that B'(¢) remains within the valid probability range.
An overview of the model is illustrated in Fig. 1(a).

III. RESULTS
A. Phase transition

To characterize the behavior of our model, we perform
simulations across a range of 8 and « values on various real-
world networks. Results for three representative networks are
shown in Fig. 1(b). Additionally, we apply the DMP method to
theoretically track the final market penetration, i.e., @. The
theoretical predictions exhibit strong agreement with simula-
tion results. The simulation procedures and the DMP method
are described in Appendixes A and C, respectively, while
information on the network datasets and additional results is
provided in the Supplemental Material [45].

Through extensive analysis, we identify key phenomena
that shed light on the contagion process. In the absence of
macro-level reinforcement (i.e., « = 0), our model reduces
to the classical SIR model. As S surpasses a critical thresh-
old B., the system undergoes a continuous transition from
the “vanished” state, where contagion fails to spread, to the
“prevalent” state, where a finite fraction of individuals even-
tually adopt. The introduction of macro-level reinforcement
fundamentally alters these dynamics. When this feedback
strength is sufficiently high, the final adoption size at 8, ex-
hibits an abrupt jump, while still displaying critical scaling
behavior near the critical point (see Sec. B 2 of the Supple-
mental Material [46]).

013062-2



NETWORK LOCALIZATION GOVERNS SOCIAL ... PHYSICAL REVIEW RESEARCH 8, 013062 (2026)

(a) (b) a=0.0 a=0.8 (C) Mixed-order
1 1 =
@ Susceptible 2 5
) < 1 Prevalent
O Adopted ‘8’ (O  Simulation [+ UE) :
p QE mms Theoretical 05 g ifc: ac)
@ Recovered 3 0- e ol 5 :
, B 1 o 1 Continuous
B(®) gk g 2 1
; ‘ B = !
' ® <
R(t—1 > |5} (Be, ac)
B =p+ Ml 3 3 T
N ) g 0+ % 0
ﬁ (—(;/v\ 5 1 %) . I
o 1Y) g g (Be, 0
\@\)J §' n
ﬁ o i ,,»"’ !.
Intrinsic Strength 0 &€ . (o . s . 0 i :
attractiveness  of social influence 0.05 0.25 0.05 0.25 0.05 0.25 0.01 0.05

Intrinsic attractiveness, 8

FIG. 1. Definition and behavior of the proposed model. (a) The diagram depicts the contagion process within a simplified network
consisting of eight nodes. The transmissibility, 8'(¢), of the SIR-like model depends on both intrinsic attractiveness, 8, and macro-level
reinforcement, a%. At time ¢, an adopter tries to convert two susceptible neighbors, with the macro-level influence contribution to
transmissibility being a%, since there are three recovered nodes in the system. At time 7 + 1, the level of feedback intensity rises to oe%
due to the addition of one more recovered node. (b) The final proportion of recovered nodes, R(co)/N, is depicted as a function of 8 for three
different values of o across three real-world networks (Advogato, Enron-Large, and CondMat networks). Dots represent simulation results,
while solid lines denote theoretical predictions derived from the dynamic message passing (DMP) method. As the level of feedback intensity
increases, the contagion exhibits a finite jump in the outbreak size, as indicated by the gray backgrounds. Additional details are provided in
the main text. (c) Phase diagrams for the same networks as in panel (b) are divided by a vertical line at the critical point ., separating the
“vanished” and “prevalent” contagion states. In the former state, the contagion decays, while in the latter state, it spreads widely. Solid lines

(¢ < o) indicate continuous transitions, while dashed curves (¢ > «,) indicate transitions that develop a finite jump in outbreak size. The

white dot marks the value of «. at which this qualitative change in transition behavior occurs.

This qualitative change reflects the emergence of a mixed-
order transition, in which an abrupt jump coexists with critical
behavior rather than a purely first-order transition. In par-
ticular, the intrinsic threshold S, remains unchanged across
different values of o (see Sec. B 3 of the Supplemental Ma-
terial [47]), since macro-level reinforcement only becomes
operative once adopters already exist, requiring 8 > B, for
contagion to spread initially.

We further identify a reinforcement threshold, ¢, beyond
which contagion exhibits a mixed-order phase transition [see
plots with gray backgrounds in Fig. 1(b)] [48,49]. We refer
to this threshold as the onset of mixed-order criticality and
provide a numerical estimation method in Appendix D. The
model’s behavior is thus characterized by the tuple (8., «.),
which partitions the phase space into distinct regions, as
shown in Fig. 1(c). These thresholds have important real-
world implications: S, represents the intrinsic attractiveness
required to trigger an outbreak, while o, determines the level
of feedback intensity needed to induce an abrupt but hybrid
global adoption surge. Networks with lower o, values gen-
erally exhibit faster diffusion and higher adoption rates (see
Sec. B 1 of the Supplemental Material [50]).

B. Quantifying the critical point and reinforcement
threshold of phase transition

Given the critical roles of B, (the critical point) and «, (the
reinforcement threshold), accurately estimating their values
is essential to understand contagion dynamics in networked

populations. While these thresholds can be determined numer-
ically, the process requires extensive simulations, making it
prohibitively expensive (see Appendix A for details). Here, we
demonstrate that both 8, and «, are inherently determined by
the network structure and can be efficiently calculated using
simple algebraic expressions derived from the nonbacktrack-
ing matrix B [51].

In the previous section, we established that the simulated
value of . is independent of the macro-level feedback. There-
fore, it can be approximated by the epidemic threshold of the
SIR model [52]:

_
pB)+p—1

where p(B) is the largest eigenvalue of the nonbacktracking
matrix B. For simplicity, we set & = 1, yielding a threshold
approximation of 1/p(B). To validate this approximation,
we compare the predicted and simulated values of B, across
74 real-world networks, as shown in Fig. 2(a). The results
demonstrate a strong agreement, with minor deviations con-
sistent with previous reports [53].

The case for o, is more complex. When macro-level re-
inforcement is sufficiently strong, the final adoption size at §,
exhibits a finite jump, reflecting an avalanchelike activation of
susceptible individuals once 8 surpasses the threshold. This
abrupt collective response arises when a positive feedback
loop forms between the increasing number of adopters and
the reinforced transmissibility 8’. However, the presence of
macro-level reinforcement alone is insufficient to produce

Be “
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FIG. 2. Critical point (8.) and reinforcement threshold (c.) for real-world networks. (a) Comparison between simulated and predicted
values of B, based on Eq. (4). (b) Comparison between simulated and predicted values of «., derived from Eq. (7). Each dot represents a
real-world network, and the solid diagonal lines (y = x) indicate where predicted values match simulated results. The mean squared logarithmic
errors (MSLESs) between simulations and predictions are annotated in each plot.

such behavior. For an avalanche to occur, a substantial frac-
tion of individuals must have similar adoption probabilities,
enabling many of them to become activated nearly simulta-
neously. These probabilities vary across individuals due to
differences in network connectivity [11,20,54]. For example,
well-connected individuals are more likely to be exposed to
contagion and adopt compared to those with fewer connec-
tions. Previous studies suggest that adoption probability can
be approximated using the nonbacktracking centrality [55,56],

defined as
Xi = E Aijvjsi,
J

where x; represents the centrality of node 7, A;; is an element
of the adjacency matrix A, and v;_,; denotes the component of
the principal eigenvector associated with the nonbacktracking
matrix B.

Based on this heuristic, mixed-order transition behavior is
more likely to occur in networks with smaller variances in
their node centrality measures. To illustrate this, we present
diffusion outcomes on two synthetic networks in Fig. 3. While
these networks share the same degree sequence, differences in
their connectivity patterns result in distinct nonbacktracking
centrality distributions, the reinforcement threshold «,, and
final states. In particular, the network in Fig. 3(a) has a small
subset of highly central nodes, while the rewired network in
Fig. 3(b) displays a more homogeneous centrality distribution.
By definition, network (a) has stronger localization strength
than network (b). Consequently, in network (a), recovered
nodes tend to be more central, with diffusion concentrated
around highly connected nodes, whereas in network (b), con-
tagion spreads more evenly across the network.

To quantify this property, we define the localization
strength L as

&)

VAL )
G

where the numerator represents the standard deviation of
node nonbacktracking centrality measures. The denominator,
given by the product of the average centrality and the average

, (6)

degree, ensures comparability of £ across different networks.
The value of £ for both networks in Fig. 3 illustrates how this
metric quantifies localization strength.

By analyzing the values of £ and «, across different net-
works, we observe a positive correlation between them, which
we capture with the empirical relationship

o, = AL, )

where X and 7 are parameters determined empirically. To
avoid overfitting on real-world networks, we fit Eq. (7) using
a collection of synthetic networks, resulting in A = 2.63 and
n = 1.00 (see Appendix D for details). We then validate this
relationship by comparing the simulated «, values with their
predicted counterparts, 2.63L, across our collection of real-
world networks in Fig. 2(b), finding excellent agreement. This
relationship enables prediction of «, for any network based
solely on its topology, eliminating the need for extensive sim-
ulations. For practical applications, Eq. (7) can also be fitted
directly on specific real-world networks to refine the estimates
of A and 7.

We acknowledge that alternative methods exist for quanti-
fying network localization strength. For instance, the inverse
participation ratio (IPR) is widely used in the literature for this
purpose [51]. Other measures include substituting x; in Eq. (6)
with eigenvector centrality [57] or using the Gini coefficient to
measure the variance [58]. However, our definition in Eq. (6)
provides the most accurate predictions for «. (see Sec. B
4 of the Supplemental Material [59] for a comparison with
alternative definitions).

Beyond predicting the reinforcement threshold, Eq. (7)
allows us to analytically examine the relationship between
B and «.. For random uncorrelated networks, we have the
following relationship:

1
pe= (k)3 (ot /)M + (k) — 17
where the average degree (k) quantifies the network’s edge
density [see Appendix E for the derivation of Eq. (8)]. Since
all networks considered satisfy (k) > 2, Eq. (8) indicates that
B. decreases monotonically with ¢, and that higher (k) values
lead to lower values of both g, and «..

®)
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FIG. 3. Effect of network localization on the contagion process. We simulate the proposed model with the parameters « = 1 and 8 = B,
(the theoretical critical value) on two synthetic networks, shown in panels (a) and (b), respectively. The network in panel (b) is generated
by randomly rewiring the edges of the real-world network in panel (a), while preserving its degree sequence. Node sizes correspond to
nonbacktracking centrality, with gray nodes indicating the final susceptible states and blue nodes indicating the final recovered states; the
initial seed is marked in orange. The histograms display the distribution of node nonbacktracking centrality indices, with each bar’s color
reflecting the proportion of recovered nodes within the respective bin. The figure also includes annotations for the localization metric, £,
for both networks. For the critical thresholds, we observe 8. = 0.104 and «. = 1.17 for network (a), and . = 0.183 and o, = 0.58 for

network (b).

As previously noted, a smaller 8, allows contagion with
lower attractiveness to spread, whereas a smaller ¢« enables
faster diffusion and higher adoption. Thus, networks with
lower B, and «, values are generally more effective at facilitat-
ing broad diffusion. To assess real-world networks’ efficacy,
we plot them in the (8., o) plane in Fig. 4(a), including
a reference curve from Eq. (8) with (k) = 2, which serves
as an upper bound. Most networks align closely with or fall
below this curve, supporting our theoretical framework. Many
networks cluster near the origin, suggesting that real-world
networks tend to be optimized for social contagion. There are
a few exceptions, primarily among collaboration networks,
which may be hindered by cultural or knowledge barriers in
knowledge transfer [60].

To better visualize these relationships, Fig. 4(b) reproduces
Fig. 4(a) using a logarithmic scale, incorporating troughs
from Eq. (8) with varying (k) values and color-coded mark-
ers representing network average degrees. Most networks fall
within the predicted troughs, validating our theory on the
relationship between the intrinsic threshold g, and the rein-
forcement threshold .. As shown earlier, §. and «, regulate
the contagion processes: To maximize the number of adopters,
one would need to minimize both of them. However, Eq. (8)
suggests that this is only achievable by increasing the density
of the networks (i.e., adding new connections). When the net-
work density is fixed, Eq. (8) introduces a trade-off: Increasing
localization strength (larger £) would reduce . but increase
o, and vice versa.

Under this constraint, we show that rewiring the network
while preserving edge density can adjust the values of S,

and «,. A particularly effective method is the Xulvi-Brunet-
Sokolov algorithm [61], which modifies the localization
strength by tuning network assortativity (see Sec. B 7 of
the Supplemental Material [62]). Increasing assortativity en-
hances localization strength, raising «, while lowering S,.
Figure 4(c) illustrates this effect on four networks, confirming
that Eq. (8) holds. This approach extends to synthetic net-
works, as shown in Fig. 4(d). Additionally, scatter plots of
the predicted o, and S, values exhibit patterns consistent with
Fig. 4, further validating our theoretical framework regarding
the relationship between them (see Sec. B 6 of the Supple-
mental Material [63]).

IV. DISCUSSION

In this paper, we present a comprehensive analysis of a
contagion process that explicitly couples micro-level pairwise
transmission with macro-level positive feedback. Without
macro-level reinforcement, the system undergoes a continu-
ous transition from a vanished state to a prevalent state as
the intrinsic attractiveness of the contagion increases. Once
the reinforcement strength exceeds a threshold «, the final
outbreak size exhibits an abrupt jump that is nevertheless
accompanied by critical behavior, a hallmark of mixed-order
criticality. This demonstrates the profound impact of macro-
level reinforcement on contagion dynamics.

To contextualize these findings within the broader land-
scape of contagion research, we note that abrupt or explosive
epidemic growth has been observed in other irreversible
spreading models, including those driven by higher-order
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FIG. 4. Relationship between the critical point and the reinforce-
ment threshold. Values of B, and ¢, are obtained through numerical
simulations. Each marker represents a network, with its position
indicating the corresponding intrinsic threshold and reinforcement
threshold. Solid lines illustrate the relationship between B, and ¢, as
described by Eq. (8) for the specified average degree. (a) Equation (8)
is plotted with (k) = 2. (b) Networks are categorized by average
degree, with lines representing different (k) values. A logarithmic
scale is used to highlight finer details. (c) Adjusting network assor-
tativity yields configurations with varying g, and «, values for four
selected real-world networks (InterdisPhysics, Delicious, Advogato,
Fb-pages-artist). Arrows indicate the directions of these changes.
(d) Similar to panel (c), but applied to three scale-free networks
generated by the configuration model.

interactions [64] and collapse phenomena in limited-resource
detection processes [65]. In these systems, strongly non-
linear outbreak curves emerge even though the underlying
phase transition remains continuous. Our work complements
these studies by revealing a distinct mechanism that produces
mixed-order transitions—characterized by an abrupt order-
parameter jump accompanied by critical behavior—through
the interplay between global reinforcement and structural lo-
calization.

Based on this insight, we identify network localization
strength as a key structural factor governing the onset of
mixed-order behavior. To quantify this property, we introduce
the metric £, derived from nonbacktracking centrality, which
captures heterogeneity in node-level infection probabilities for
percolation-like (irreversible) dynamics. By accounting for
path redundancy and avoiding overcounting from short cycles,
L enables accurate prediction of the reinforcement threshold
o, directly from network topology. Its predictive power stands
in contrast to classical localization measures such as the in-
verse participation ratio [66], which were designed for linear
Susceptible—Infected—Susceptible (SIS) processes and are less
suited to percolation-like contagion with feedback. Across
diverse networks, £ consistently outperforms IPR and other
localization metrics in estimating «.. Its algebraic simplicity

also suggests its potential applicability to other dynamical
processes on networks.

Beyond predicting the onset of mixed-order behavior, £
also reveals a quantitative relationship between the intrinsic
critical point 8. and the reinforcement threshold «.. This
relationship provides a practical framework for evaluating and
optimizing contagion efficiency in socioeconomic systems.
When promoting contagion, low values of both thresholds are
desirable and can be facilitated by increasing network edge
density. When edge density is fixed, however, a fundamental
trade-off emerges: Lowering one threshold inevitably raises
the other. Consequently, highly attractive contagions benefit
from targeting populations with large g, (and thus smaller «,),
while less attractive contagions can still achieve global spread
in populations with lower 8., albeit more gradually.

Finally, although our analysis focuses on linear macro-
level reinforcement, real contagion processes often involve
nonlinear forms of global influence, including thresholds,
saturation, and diminishing returns. Linear reinforcement nev-
ertheless serves as a standard first-order approximation that
maintains analytical tractability while exposing the funda-
mental interaction between feedback and topology. Therefore,
this framework establishes a solid foundation for future ex-
tensions incorporating nonlinear reinforcement functions in
networked diffusion systems.
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APPENDIX A: NUMERICAL SIMULATIONS

In each realization, one node is randomly assigned the
A (adopter) state to initiate the diffusion process, while all
other nodes are set to the S (susceptible) state. The diffusion
then proceeds according to the model rules until it reaches
an absorbing state, where no further transmission is possible.
Throughout this study, the recovery probability u is fixed at 1
for simplicity.

In our model, the critical point 8. is determined numer-
ically by identifying the maximum value of susceptibility,
defined as

_ V{(r(00)) — (r(0))?
(r(c0)) '

(AD)
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To ensure reliability, we perform 10* independent realizations
to compute the first and second moments of r(co) for a given
network under identical parameters.

To determine o, we classify phase transitions by examin-
ing the mass distribution of r(0co) at the predicted S, values,
varying o across numerous independent realizations. Abrupt
transitions are identified by the appearance of an isolated peak
representing giant recovered clusters [54]. Additional details
and illustrative examples are provided in Sec. B 5 of the
Supplemental Material [69].

APPENDIX B: NONBACKTRACKING MATRIX
AND NONBACKTRACKING CENTRALITY

Given the central role of the nonbacktracking matrix in
our theoretical analysis, we provide a brief introduction here.
In an undirected network with L edges, the nonbacktracking
matrix B is a 2L x 2L nonsymmetric matrix in which rows
and columns correspond to directed edges j — i, representing
edges directed from node j to node i. The elements of B are
defined as follows:

L, if =z j#i

. (B1)
0, otherwise.

Bzai, j—7 =

When all nodes in the network belong to a strongly con-

nected giant component, the nonbacktracking matrix is non-

negative and irreducible. According to the Perron-Frobenius

theorem [70], there exists a positive leading eigenvector v;_,;
associated with the largest eigenvalue Ag:

ABVj i = E Bk mVksm-

k—>m

(B2)

The element v;_,; of this leading eigenvector represents the
centrality of node j, excluding any influence from node i. The
nonbacktracking centrality of node i is then defined as

Xi = E Aijvj—>i~
J

Unlike eigenvector centrality, nonbacktracking centrality mit-
igates the “self-inflating” effect associated with hub nodes
[51,53].

(B3)

APPENDIX C: DYNAMIC MESSAGE PASSING METHOD

To analytically determine the outbreak size and threshold,
we use the DMP method. DMP is widely applied in contagion
studies as it prevents backtracking to the source node, thereby
avoiding mutual transmission effects [52,71,72]. This method
effectively predicts the probability of each node being in a
given state at time ¢, particularly in treelike networks, and is
robust to various initial conditions.

First, we derive the exact equations that govern the DMP
method. Let Pi(t), Pi(t), and P;(t) denote the probabilities of
node i being in the susceptible (S), adopted (A), or recovered
(R) state at time ¢, respectively. These probabilities satisfy the
following constraint:

Pi(t) + Pi(t) + Pp(t) = 1. (C1)

The recovery of an adopted node i occurs independently,
regardless of its neighbors’ states. Therefore, the probability

of node i being in the recovered state at time ¢, denoted P,é(t),
is given by

Pi(t) = Pi(t — 1)+ pPi(t — 1),

where p is the fixed recovery probability. To find the overall
fraction of recovered nodes in the network at time ¢, we sum
Py () across all nodes:

(€2

N
R(t) = ZP,@(:).

i=1
Inserting Eq. (C3) into Eq. (3) yields

N i(4
B'(t) = min (1, ﬂ—i—aw), (C4)

(€3

N

where B’(t) increases with R(r — 1) until it reaches a maxi-
mum value of 1.

For a susceptible node i, the probability of remaining in the
susceptible state up to time ¢, denoted Pé (1), can be described
as

Pi(t) = Pi(0)D;(1), (C5)

where ®;(¢) is the probability that node i has not received
successful transmissions from any adopted neighbors by time
t. The DMP approach assumes that the network is treelike, so
each neighbor of node i evolves independently. However, if
node i is influenced by a neighbor node z and switches to the
adopted state (A), it may attempt to influence another neighbor
node 7'. This interdependence introduces a challenge, as the
transitions of nodes z and 7z’ become correlated once i adopts
the contagion.

To address this issue, we assume that the focal node i is in
a cavity state and define *~/(¢z) as the probability that node
i has not been successfully influenced by node z up to time .
Consequently, ®;(¢) can be factorized as ]_[Z€ ai 0>i(t), where
di represents the set of neighbors of node i. Substituting this
expression into Eq. (C5) gives

Pit) = P;(O)]_[eﬁ"(r).

z€di

(Co)

In message passing, directionality is preserved, meaning
that 6'~%(¢) % 677/(¢) in undirected networks. We treat each
undirected edge as two directed edges pointing in opposite
directions. Initially, we set 87~%(0) = 1 for all edges in the
network. As time progresses, §7/(t — 1) decreases as the
contagion is transmitted from node z to node i with probability
B'(t)p*~i(t — 1), where ¢*i(t — 1) represents the probabil-
ity that the adopted node z has not yet passed the contagion to
node i by time ¢ — 1. Accordingly, #*~(¢) updates according
to the rule

92%1’([) — Gzﬁi(t _ 1) _ ﬂ’([)(pzﬁi(t — 1) (C7)

To derive the expression for ¢“~/(¢), we first recognize that
¢*~(t) decreases when node z (currently in the adopted state
A) recovers, or it transmits the contagion to node i, or both
events occur simultaneously. The probabilities for these events
are u, B'(t), and up'(t), respectively. Additionally, ¢=~(¢)
can increase if node z, originally in the susceptible state S,
switches to the adopted state A. The rate of this change,
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AP;‘”(I), can be expressed as the difference between the
probabilities of node z remaining susceptible at consecutive
times, i.e., PS7'(t — 1) — P&7'(t). Here, PS7'(t) represents
the probability of node z remaining in state S after interacting
with the node i in the cavity state. Combining these elements,
we have

¢TI = ¢TI = 1) = BT — 1)
— TN = D)+ pup (6T @~ 1)
+PTI = 1) = PST)
=1 =B )1 - we~'t~1)
+ P — 1) — PE). (C8)

Next, we need to explicitly define Pg_’i(t). Since we are
treating node i as a cavity, node z will remain susceptible
as long as it is not influenced by any of its neighbors other
than i. Using Eq. (C6), the probability that node z remains
susceptible while i is a cavity is given by

Pty = P30) [ 077,

jedz\i

(C9)

where 0z \ i represents the set of neighbors of z, excluding i.
At t = 0, we set the initial condition as Pfﬁ" O)y=1ifzis
not the initial adopter, and PSH" (0) = 0 if z is the seed node.
This can be compactly represented by PSZ_’i (0) =1—1340),4,
where §, (04 is the Kronecker delta function indicating the
initial state of node z.

Using Egs. (C4) and (C7)- (C9), we can finally compute
the trajectories of 07(¢), $*~(¢), and P§~(t), starting with
the following initial conditions:

0°710) = 1, (C10)
71 0) = P5(0) = 8, 0)a, (CI1)
PEH0) = PA0) = 1 — 8,0y (C12)

Additionally, by incorporating the initial conditions P;(0) = 0
and B/(0) = B into Egs. (C1), (C2), (C4), and (C6)— (C9), we
can compute the complete trajectories of Pi(t), Pi(t), P(t),
ultimately determining the order parameter R(co). The DMP
approach used here has a computational complexity of O(L),
where L denotes the number of edges in the network.

APPENDIX D: RELATIONSHIP BETWEEN
REINFORCEMENT THRESHOLD
AND LOCALIZATION STRENGTH

To characterize the relationship between the localization
strength £ and «,, we begin by calculating their values across
various network models and real-world networks (see Sec. A 2
of the Supplemental Material [73]) and visualizing them. We

observe that o, increases linearly with £ on a logarithmic
scale, suggesting a relationship of the formIna, = nln £ + §,
or equivalently, a. = AL", where A = ¢°. The parameters n
and § are estimated from the data. To avoid overfitting the real-
world networks, we apply the least squares method to fit this
relationship to a set of network models, yielding n = 1.00 and
A = 2.63. Therefore, we have o, = 2.63L. This relationship
allows us to estimate o, based on network topology.

APPENDIX E: RELATIONSHIP BETWEEN CRITICAL
POINT AND REINFORCEMENT THRESHOLD

With the analytical expressions of «, and ., we can now
explore their relationship. In uncorrelated random networks,
the components of the leading eigenvector in the nonback-
tracking matrix are determined by node degrees, as expressed
in Eq. (E1) [53],

vj_>,-~kj—1. (El)

Using this approximation, we can represent the nonbacktrack-
ing centrality for node i as

e 2y
D SY VITNNED g NS P
J

N (k) (k)
where we replace A;; by its expectation in annealed networks,

n . k,'kj
Aij = §-

J

The first moment of x; then becomes

N D i %i T
(xi) = -~ (k7) — (k). (E3)

Substituting Egs. (E2) and (E3) into the expression for local-
ization strength [Eq. (6)], we obtain

k2) — (k)
g:J%ﬁLL (E4)

This result shows that £ depends solely on the first- and
second-order moments of (k). Similarly, in annealed networks
[53], B can be written as

(k)
(k2) — (k)
Combining Eqgs. (E4) and (ES), we have
1
(kY3L2+ (k) —1°

Finally, by incorporating the relationship o, = AL", we
can express S, in terms of «,:

Be = (E5)

Be = (E6)

1
Pe = @+ =1 ED
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