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Input-output theory is a well-known tool in quantum optics and ubiquitous in the description of quantum
systems probed by light. Owing to the generality of the setup it describes, the theory finds application in a
wide variety of experiments in circuit and cavity QED. We present an approach to input-output theory using the
Schwinger-Keldysh path integral formalism that gives us direct access to the full output field statistics such as the
first- and second-order coherence functions. By making the rich toolbox of nonequilibrium quantum field theory
accessible, our formalism greatly simplifies the treatment of nonlinear systems and provides a uniform way of
obtaining perturbative results. We showcase this particular strength by computing the output field statistics of a
Kerr nonlinear oscillator at finite temperatures through the use of diagrams and diagram summation techniques.
We find a reduction in reflection that is not due to photon leakage but rather associated to the squeezing of the
output light.
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I. INTRODUCTION

Numerous recent developments in quantum physics rely on
light-matter coupling. On the one hand, light can be used for
control and readout [1] and on the other hand, the coupling
to light can fundamentally alter the properties of quantum
systems [2]. For an enhanced coupling strength, as well as
targeted control over the emitted light, quantum systems can
be embedded in cavities (see Fig. 1). Such setups are at the
heart of the timely fields of circuit [3] and cavity QED [4],
optomechanics [5], and the emerging field of cavity mate-
rials engineering [2,6,7], where the light-matter coupling is
leveraged to alter the properties of many-body systems. The-
oretically, these setups require the use of driven-dissipative
theories such as master equations [8], nonequilibrium field
theories [9], methods based on matrix-product states [10], or
a range of other techniques (see, for instance, Ref. [7]). While
these approaches are well established to describe the dynam-
ics within the cavity, we are often interested in the properties
of the light coming out of the cavity [11–14]. This light is
what is typically measured and it can be further used as the
input for another quantum system. Importantly, it may feature
strikingly different behavior from the light within the cavity,
for instance, Wigner negativities for classical intracavity fields
[15] or unlimited squeezing [11,16].

Input-output theory allows for computing the light that
leaves the cavity using quantum Langevin equations. While
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constituting a powerful formalism, these equations are diffi-
cult to work with for nonlinear systems, where approximation
tools are needed. In contrast to the dynamics within the
cavity, there is a lack of theoretical methods for computing
the light that leaves a nonlinear cavity. This constitutes a
severe limitation in exploring the rich response of nonlinear
systems embedded in cavities. For a notable exception, see
Refs. [17,18], where a master equation approach is developed
to describe the light leaving a cavity that is driven by pulses
and Ref. [19] for an approach to equal-time Green’s functions
based on scattering theory.

Here, we fill this gap by combining input-output theory
with the Schwinger-Keldysh path integral formalism. Using a
dissipative action that only involves system degrees of free-
dom, and source fields for the output light, our formalism
allows for calculating the statistical properties of the outgoing
light, providing direct access to observables including the
reflection, as well as the first- and second-order coherence
functions. Through our approach, a rich toolbox of perturba-
tive techniques becomes accessible, facilitating the treatment
of nonlinear systems. In particular, we make use of diagrams
that greatly simplify calculations and show promise for intu-
itive explanations of the interactions between the system and
output modes. With our approach, we capture a reduction in
the reflection coefficient of a coherently driven Kerr cavity
that is not due to photon loss and that cannot be captured
by standard mean-field theory. For the same system, we fur-
ther demonstrate partial summation techniques that emerge
from the diagrammatic treatment of the system. Our approach
thereby offers a systematic method for determining the output
field statistics of nonlinear quantum systems and establishes a
connection between input-output theory, predominantly used
in quantum optics and optomechanics, and the broader field
of nonequilibrium field theory.
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FIG. 1. Sketch of the general setup described by input-output
theory. A system, placed inside a cavity and described by ĤS , is
probed by light. The incoming light is described by the input operator
b̂in, and the outgoing light is measured by the output operator b̂out.
Statistical quantities of the output light, such as the average output
field 〈b̂out〉 or the second-order coherence function G(2), can be deter-
mined perturbatively with diagrams in our approach.

The article is structured as follows. In Sec. II, we intro-
duce the general framework of our path integral approach to
input-output theory and showcase it with the example of an
empty cavity. We then consider nonlinear systems, e.g., the
Kerr oscillator, in our framework in Sec. IV and in Sec. V, we
detail our diagrammatic techniques. In Sec. VII, we evaluate
the perturbative results for the output field statistics of the Kerr
oscillator and in Sec. II C we present a detailed derivation of
the general formalism.

II. INTRODUCING THE PATH INTEGRAL APPROACH
TO INPUT-OUTPUT THEORY

A. Setup and models

The general setting of a quantum system placed inside a
cavity that interacts with light introduced in Fig. 1 is ubiqui-
tous in modern physics and multiple approaches to modeling
it exist. In this section, we briefly mention existing approaches
to modeling the intracavity system and then introduce our
approach that focuses on the output field directly. One of
the most prominent tools to model the dynamics of dissipa-
tive quantum systems are Lindblad master equations. In this
framework, we model the setup presented in Fig. 1 as

d

d
t ρ̂ = −i[ĤS + Ĥd(t ), ρ̂] + κnBD[â†]ρ̂ + κ (nB + 1)D[â]ρ̂,

(1)

where D[Ô]ρ̂ = Ôρ̂Ô† − 1
2 {Ô†Ô, ρ̂}. Here, we introduced

the system Hamiltonian,

ĤS = ωSâ†â + Ĥint, (2)

where Ĥint denotes any nonlinear term in the Hamiltonian, as
well as any additional degrees of freedom that couple to the
cavity mode. The input in this framework is captured through
the drive term,

Ĥd(t ) = −i
√

κ ( f (t )â† − f (t )â), (3)

with the input operator appearing implicitly through its av-
erage as f (t ) = 〈b̂in(t )〉. The second and third term on the
right-hand side of Eq. (1) describe the incoherent exchange
of photons with the Markovian bath provided by the input and

output modes, where the thermal occupation is given by

〈〈b̂†
in(t )b̂in(t ′)〉〉 = δ(t − t ′)nB, (4)

where 〈〈ÂB̂〉〉 = 〈ÂB̂〉 − 〈Â〉〈B̂〉. In this description, we do not
have access to the output field b̂out; we only model the intra-
cavity system.

In the framework of conventional input-output theory [20]
(see Appendix B), the dynamics of the very same setup are
captured by the Langevin equation of the system mode,

d

dt
â = i[ĤS, â] − κ

2
â − √

κ b̂in(t ), (5)

and the output field statistics become accessible through the
input-output relation,

b̂out(t ) = b̂in(t ) + √
κ â(t ). (6)

For linear systems, Eq. (5) can be solved and the output
statistics can be fully determined by the known statistics of
the input field. Alternatively, Eq. (6) can be used to cast
the statistics of the output field into correlation functions of
the intracavity mode, which may then be solved using estab-
lished techniques. For higher-order correlation functions, this
approach quickly becomes unwieldy due to the cross terms
between the input field and the cavity mode [13]. As it is
known that the statistics of the output field may be strikingly
different from the intracavity field [11,15,16], a theoretical
formalism that provides direct access to the former is highly
desirable.

A further tool to model the intracavity system described
by Eq. (1) is given through the Schwinger-Keldysh formalism
(see Appendix A). In this formalism, we capture the dynamics
of the system through a path integral with the central object
being the action [9,21,22]

S[φ] = S0[φ] + Sd[φ] + Sint[φ], (7)

with

S0[φ] =
∫

dt
[
φ̄q(t )

(
i∂t − ωS + i

κ

2

)
φcl(t )

+ φ̄cl(t )
(

i∂t − ωS − i
κ

2

)
φq(t ) + iκF φ̄q(t )φq(t )

]
,

(8)

Sd[φ] = i
√

2κ

∫
dt[ f (t )φ̄q(t ) − f̄ (t )φq(t )]. (9)

Here, S0 describes the linear cavity coupled to a Markovian
bath, Sd describes the coherent drive, and Sint captures the
interaction Hamiltonian Ĥint. The classical and quantum fields
φcl and φq describe the dynamics of the intracavity field,
the bar denotes complex conjugation, and we introduced the
distribution function

F = 2nB + 1. (10)

The classical field can be linked to the diagonal elements of
the density matrix, while the quantum field captures coher-
ences; see Appendix A for details. In this formalism, source
fields may be introduced in order to compute correlation
functions of the intracavity field. The power of the Schwinger-
Keldysh formalism lies in the wealth of approximative and
diagrammatic techniques for evaluating correlation functions.
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B. Path integral approach to input-output theory

In the path integral approach to input-output theory, we
access the correlation functions of the output field b̂out directly
and we therefore rederive the path integral describing our
system from the unitary description of the system together
with the bath. Our goal is to access time- and normal-ordered
correlation functions, since they are intimately connected to
photodetection [23]. To that end, we introduce source fields
χ, χ ′ for the b̂out(t ) and b̂†

out(t ) results in a moment generating
functional (MGF); see Sec. II C for a sketch of the derivation,

	out[χ, χ ′] =
∫

D[φ]eiSout[φ,χ,χ ′], (11)

with the action

Sout[φ, χ, χ ′] = S[φ] +
∫

dtiχ (t )χ ′(t )nB

−
∫

dtχ (t )

[
f (t ) +

√
κ

2
Fφq(t ) +

√
κ

2
φcl(t )

]

−
∫

dtχ ′(t )

[
f̄ (t ) −

√
κ

2
F φ̄q(t )+

√
κ

2
φ̄cl(t )

]
.

(12)

Equations (11) and (12) constitute the main technical result of
our paper as any normal- and time-ordered correlation func-
tion of the output field may be obtained by taking functional
derivatives of the MGF

〈b̂†
out(t

−
1 ) · · · b̂†

out(t
−
N )b̂out(t

+
M ) · · · b̂out(t

+
1 )〉

=
(

N∏
l=1

iδ

δχ ′(t−
l )

)⎛
⎝ M∏

p=1

iδ

δχ (t+
p )

⎞
⎠	out

[
χ, χ ′]

∣∣∣∣∣∣
χ=χ ′=0

,

(13)

where the time arguments obey the following ordering:

t−
1 � · · · � t−

N , t+
1 � · · · � t+

M . (14)

Similarly to actions including source fields for computing
intracavity observables, Eq. (12) reduces to the action de-
scribing the system in Eq. (7) when the source fields are set
to zero. These source fields are, however, markedly different
than how source fields for intracavity observables enter. This
is particularly evident by the term that is quadratic in the
source fields, which describes the white noise in the output
field that is also present in the input field [cf. Eq. (4)]. For
nB = 0, the terms multiplying the source fields in Eq. (12)
may be understood from the input-output relation in Eq. (6).
For normally ordered correlation functions and in the limit
of zero temperature, the input operators may be replaced by
their averages b̂in(t ) → f (t ). In addition, the source field χ

couples to the field φ+ = (φcl + φq )/
√

2 while the field χ ′
couples to the field φ̄− = (φ̄cl − φ̄q )/

√
2. This particular cou-

pling ensures normal ordering of the correlation functions, as
discussed in detail in Sec. II C below [see below Eq. (47)].
At finite temperatures, nB �= 0, the output noise acquires a
direct contribution from the input noise, the term quadratic
in the source fields. Additionally, the quantum fields coupled
to the source fields acquire a factor F , capturing correlations
between the input noise and the noise leaking out of the cavity.

In the following, it will be more convenient to make use of
the cumulant generating functional (CGF) that is given as the
logarithm of the MGF,

Sout[χ, χ ′] = ln(	out[χ, χ ′]), (15)

and yields the cumulants of the output field,

〈〈b̂†
out(t

−
1 ) · · · b̂†

out(t
−
N )b̂out(t

+
M ) · · · b̂out(t

+
1 )〉〉

=
(∏

l

iδ

δχ ′(t−
l )

)⎛
⎝∏

p

iδ

δχ (t+
p )

⎞
⎠Sout[χ, χ ′]

∣∣∣∣∣∣
χ=χ ′=0

,

(16)

here denoted by double brackets 〈〈· · · 〉〉.
For the specific case of a linear cavity, i.e., Ĥint = 0, the

path integral in the MGF (11) can be solved to find

S0
out[χ, χ ′, f ]

= ln 	0
out[χ, χ ′]

= −i
∫

dtχ (t )

[
f (t ) − iκ

∫
dt ′GR(t − t ′) f (t ′)

]

− i
∫

dtχ ′(t )

[
f̄ (t ) + iκ

∫
dt ′GA(t − t ′) f (t ′)

]

−
∫

dt χ (t )χ ′(t )nB, (17)

where we introduced the retarded and advanced Green’s
functions capturing the dynamics of the system, GR/A; see
Appendix C and Eq. (62) below. As described in Eq. (16), we
can find the cumulants of the output field by taking functional
derivatives. For the linear cavity, only the first two cumulants
are nonvanishing as the output light is in a Gaussian state. The
average reads

〈b̂out(τ )〉0 = f (τ ) − iκ
∫

dt GR(τ − t ) f (t ), (18)

which is given by the sum of the reflected input light and the
light leaking out of the cavity, as determined by the input-
output relation in Eq. (6). The light that leaks out of the cavity
also arises from the input, but is affected by the cavity through
the retarded Green’s function. We can interpret this term as
an input-photon entering at time t and then being propagated
through the cavity to exit at time τ .

The second cumulant reads

〈〈b̂†
out(τ1)b̂out(τ2)〉〉0 = nBδ(τ2 − τ1), (19)

and is thus identical to the noise in the input field [see Eq. (4)].
This is due to the process being Gaussian and is entirely
expected but we note the simplicity with which this result
arises. We further note that we did not need to specify the
input signal and that the results obtained so far are valid for
all input signals f (t ) describing an arbitrary time-dependent
coherent drive. Note that the fluctuations of the output light
are equal to the fluctuations of the input light even though the
corresponding cumulant of the intracavity field 〈〈â†(τ1)â(τ2)〉〉
is nontrivial. We mention this to further illustrate the fact that
the output field can show markedly different behavior than
the intracavity system. The whole formalism laid out in this
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section can equally well be applied in frequency space (see
Appendix D).

C. Glauber-Sudarshan P functional

The state of a bosonic mode can be described by the
Glauber-Sudarshan P function [24,25], which provides a
phase space representation of quantum states as statistical
mixtures of coherent states weighted by the P function. The
moments of the P function are normal-ordered expectation
values of creation and annihilation operators. This description
can be generalized to a continuum of modes, resulting in the
P functional [26,27]. This generalization is needed to describe
the output field, which consists of a continuum of modes. The
moments of the P functional are then exactly the expectation
values obtained from the MGF. Consequently, the P functional
is obtained by taking the Fourier transform of the MGF,

Pout[α] =
∫

D[χ, χ ′]ei
∫

dt[χ ′(t )α(t )+ᾱ(t )χ (t )]	out[χ, χ ′]. (20)

The Glauber-Sudarshan P function of a single mode, say
b̂out(τ ), is obtained by the path integral

P(ατ ) =
∫

D[α]δ(ατ − α(τ ))Pout[α], (21)

where all fields α(t ) are integrated out except the one at time
τ . For the linear cavity, the Fourier transform can straightfor-
wardly be evaluated to find

P0
out[α] = 1

nN
B

e
∫

dt |α(t )−〈b̂out (t )〉0 |2
nB , (22)

where N denotes the number of output modes, which tends
to infinity in the continuous-time representation used here.
The multitime P functional here describes a time-dependently
displaced thermal state, where the displacement is given by
the average of the output field 〈b̂out(t )〉, in complete agreement
with the cumulants given in Eqs. (18) and (19). In discrete
time, Eq. (22) is a product of N independent P functions, each
describing a displaced thermal state.

III. DERIVATION

In this section, we derive the MGF in Eq. (11) with the
general action in Eq. (12) that forms the central quantity in the
path integral approach to input-output theory. We start with
the general setting that consists of a system S coupled to a
bath of harmonic oscillators B,

Ĥ = HS (â†, â) + ĤB + V̂ , (23)

with HS being a normal-ordered function of the bosonic cre-
ation and annihilation operators â† and â, and where the
bosonic bath is described by the Hamiltonian

ĤB =
∑

k

ωkb̂†
kb̂k, [b̂k, b̂†

k′ ] = δk,k′ . (24)

The coupling is modeled by the rotating-wave interaction
term,

V̂ =
∑

k

(gkâ†b̂k + g∗
kb̂†

kâ). (25)

FIG. 2. The closed time contour of the path integral in the
Schwinger-Keldysh formalism. The top part of the contour from t0

to tN−1 is called the forward branch and the fields on it are labeled by
a plus sign superscript φ+. The lower part of the contour from tN to
t2N−1 is called the backward branch and fields on it are denoted by a
minus superscript φ−.

Furthermore, we assume that the time evolution starts in a
factorized initial state between system and bath,

ρ̂0 = ρ̂S ⊗ ρ̂B. (26)

In order to describe this setting in the framework of
Schwinger-Keldysh non-equilibrium field theory, we define
the partition function of system and bath as

	 = Tr{ρ̂(t )} =
∫

D[φ, ϕ]eiS[φ,ϕ], (27)

where the action takes the form

S[φ, ϕ] = SS[φ] + SB[ϕ] + SV [φ, ϕ], (28)

with the constituents

SS[φ] = [t]
2N−1∑

j=1

δt j

[
iφ̄ j

φ j − φ j−1

δt j
− HS (φ̄ j, φ j−1)

]

+ iφ̄0φ0 − i ln ρS (φ̄0, φ2N−1), (29)

SB[ϕ] =
∑

k

2N−1∑
j=1

δt j

[
iϕ̄k, j

ϕk, j − ϕk, j−1

δt j
− ωkϕ̄k, jϕk, j−1

]

+ i
∑

k

ϕ̄k,0ϕk,0 − i ln ρB(ϕ̄0, ϕ2N−1), (30)

SV [φ, ϕ] = −
∑

k

2N−1∑
j=1

δt j[gkφ̄ jϕk, j−1 + g∗
kϕ̄k, jφ j−1]. (31)

Here, the fields φ j denote the system mode and ϕk, j the
bath modes. Their indices denote time along the Keldysh
contour, wich goes from the initial time t0 to the final time
tN−1 = tN and back to t2N−1 = t0 (see Fig. 2). The time step
thus obeys δt j = sgn(N − j)δt , with sgn(0) = 0. We further
introduced ρr (a, b) = 〈a|ρ̂r |b〉, r = S, B with |a〉 denoting
coherent states, cf. Eq. (A1). For a more detailed introduction
to the Schwinger-Keldysh formalism, see Appendix A.

We now make the usual set of assumptions that are made
in the derivation of conventional input-output theory [20] (see
Appendix B). In order to assure Markovianity in our setup, we
assume the Fourier transform of our system operator â to be
peaked at a specific frequency 
 with a width γ . We further
introduce the bath spectral density

ρ(ω) =
∑

k

|gk|2δ(ω − ωk ), (32)

which we assume to be well approximated around the fre-
quency 
 by a constant value,

ρ(ω) ≈ 2πκ, ω ∈ (
 − γ ,
 + γ ). (33)
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Now, we introduce the input and output fields that are deter-
mined by the states of the bath at the initial t0/t2N−1 and final
tN−1/tN times,

ϕ
+/−
in (t ) = 1√

κ

∑
k

igke−iωk (t−t0 )ϕk (t0/2N−1), (34)

ϕ
+/−
out (t ) = 1√

κ

∑
k

igkeiωk (t−tN−1 )ϕk (tN−1/N ). (35)

The two possible values for the initial and final times come
from the fact that the Keldysh contour goes from the distant
past to the distant future and back. The superscript ± denotes
the forward (+) and backward (−) branch of the Keldysh con-
tour. The input field describes the relevant linear combination
of bath fields that interact with the system at time t before the

interaction, while the output field describes the same mode
after the interaction [1].

Since only the bath fields at the initial and final times
contribute to the input and output fields, we integrate out all
bath fields at intermediate times in Eq. (27), resulting in

	 =
∫

D[φ, ϕin, ϕout]e
Sio[φ,ϕin,ϕout], (36)

with the input-output action,

Sio[φ, ϕin, ϕout] = Sio
S [φ] + Sio

B [ϕin, ϕout] + Sio
V [φ, ϕin, ϕout],

(37)

with the following terms, here already given in the continuum
limit:

Sio
S [φ] =

∫ tN

t0

dt
[
φ̄+(t )

(
i∂t + i

κ

2

)
φ+(t ) − φ̄−(t )

(
i∂t − i

κ

2

)
φ−(t ) − HS (φ̄+(t ), φ+(t )) + HS (φ̄−(t ), φ−(t ))

]
,

Sio
B [ϕin, ϕout] = i

∫ tN

t0

dt (ϕ̄+
in (t )ϕ̄+

out(t )ϕ̄−
out(t )ϕ̄−

in (t ))

⎛
⎜⎜⎝

1 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

ϕ+
in (t )

ϕ+
out(t )

ϕ−
out(t )

ϕ−
in (t )

⎞
⎟⎟⎟⎠ − i ln ρB(ϕin),

Sio
V [ϕin, ϕout] = i

√
κ

∫ tN

t0

dt[φ̄+(t )ϕ+
in (t ) − ϕ̄+

out(t )φ+(t ) − φ̄−(t )ϕ−
out(t ) + ϕ̄−

in (t )φ−(t )]. (38)

In this step, we dropped the boundary term of the system ρ̂S

since we assume the initial time t0 to be in the distant past.
As for the input and output fields, the plus and minus super-

scripts on the system fields denote the forward and backward
branch of the Keldysh contour. In particular,

φ j →
{
φ+(t0 + jδt ), for j < N,

φ−(t0 + [2N − 1 − j]δt ), for j � N.
(39)

As the initial bath state, we consider a displaced thermal
state,

ρ̂B =
⊗

k

(
1 − e−βωk

)
D̂k (αk )e−βωk b̂†

k b̂k D̂†
k (αk ), (40)

with the displacement operator D̂k (α) = eαb̂†
k−ᾱb̂k (see Ref.

[28]) and the inverse temperature of the thermal state β. By
assuming that e−βωk � e−β
 for all bath frequencies ωk that
influence the system, the bath state ρB(ϕ̄0, ϕ2N−1) appearing
in the action can be expressed purely in terms of the input
fields as

ρB(ϕin ) = (1 − e−β
)N

× exp

{∫ tN

t0

dte−β
ϕ̄+
in (t )ϕ−

in (t ) + (1 − e−β
)

× [ f (t )ϕ̄+
in (t ) + f̄ (t )ϕ−

in (t ) − | f (t )|2]

}
. (41)

Note that N goes to infinity in the continuum limit and the
prefactor (1 − e−β
)N is simply a shorthand for the normal-
ization constant. The average of the input field is determined

by the displacement of all bath modes

f (t j ) =
N−1∑
k=0

αk√
Nδt

e−iωk (t j−t0 ). (42)

For f = 0, we obtain a thermal state, whereas for zero tem-
perature, we get a coherent state. At this stage, we introduce
the Keldysh rotation [29] in order to make use of the symme-
tries inherent in the approach. To this end, we introduce, for
system and bath fields, the classical and quantum fields that
are defined as

ψcl(t ) = 1√
2

(ψ+(t ) + ψ−(t )), (43)

ψq(t ) = 1√
2

(ψ+(t ) − ψ−(t )). (44)

If we make a stationary phase approximation of the action in
Eq. (37), we arrive at relations between the input and output
fields that are analogous to the operator relation in Eq. (6), for
the classical and quantum fields,

ϕcl
out(t ) = ϕcl

in(t ) + √
κφcl(t ), (45)

ϕ
q
out(t ) = ϕ

q
in(t ) + √

κφq(t ) = 0. (46)

We now introduce source fields χ and χ ′ for the output
field and its Hermitian conjugate,

	out[χ, χ ′] =
∫

D[φ, ϕin, ϕout]e
iSio[φ,ϕin ,ϕout]

× e−i
∫ tN

t0
dt[χ (t )ϕ+

out (t )+χ ′(t )ϕ̄−
out (t )]. (47)
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Note that the unbarred output field is located on the forward
branch of the Keldysh contour while the barred field is located
on the backward branch. This guarantees that any correlation
function derived from this generating functional will be au-
tomatically normal and time ordered according to Eq. (14).
Normal ordering is ensured because the barred fields, related
to creation operators, are evaluated on the backward-in-time
contour (−) and thus after the unbarred fields, related to anni-
hilation operators, which are evaluated on the forward-in-time
contour (+). To obtain the MGF introduced in Eq. (11) with
the action given in Eq. (12), we integrate out the input and
output fields in Eq. (47). Note that this generating functional
is still general and holds for any system action SS[φ], as long
as the bath is Markovian and can be described by a displaced
thermal state. This derivation can be extended to include arbi-
trary Gaussian bath states that also involve squeezing, as well
as multiple baths.

IV. NONLINEAR SYSTEMS

Having introduced the basic framework of our approach to
input-output theory and after treating a noninteracting system
with the linear cavity, we now turn toward solving systems
that contain nonlinear terms. In Eq. (7), we had already split
up the action into a Gaussian part that corresponds to the
action of a linear cavity and the non-Gaussian, interacting
part Sint. For completeness, we provide Sint[φ] for a general
single-mode interaction Hamiltonian in Appendix E.

As it turns out, the separation between the linear cavity and
the interaction can also be made on the level of the generating
functionals. We implement this by shifting the system fields in
the path integral by their average under the linear cavity action

〈φcl/q〉0[χ, χ ′] =
∫
D[φ]φcl/qeiS0

out[φ,χ,χ ′]

	0
out[χ, χ ′]

, (48)

where S0
out denotes the action in Eq. (12) with Sint set to zero.

We find

〈φq(t )〉0[χ ′] =
√

κ

2

∫
dt ′GA(t − t ′)χ ′(t ′), (49)

〈φ̄q(t )〉0[χ ] =
√

κ

2

∫
dt ′GR(t ′ − t )χ (t ′), (50)

〈φcl(t )〉0[χ ′] = −F 〈φq(t )〉0[χ ′]

− i
√

2κ

∫
dt ′GR(t − t ′) f (t ′), (51)

〈φ̄cl(t )〉0[χ ] = F 〈φ̄q(t )〉0[χ ] + i
√

2κ

∫
dt ′GA(t ′ − t ) f̄ (t ′).

(52)

In the absence of source fields, these expressions recover
〈φq(t )〉0 = 0 and 〈φcl(t )〉0 = √

2〈â〉0, as expected from the
conventional Schwinger-Keldysh formalism. In the presence
of source fields, the quantum field obtains a finite average
proportional to the source fields and the classical field obtains
a similar contribution that involves the distribution function
F . With the help of these averages, we define integration

variables as

δφcl = φcl − 〈φcl〉0[χ ′], δφq = φq − 〈φq〉0[χ ′],

δφcl = φcl − 〈φcl〉0[χ ], δφq = φq − 〈φq〉0[χ ]. (53)

Note that here we shift the fields and their complex conjugates
independently; see Appendix F for a justification of this step.
With this transformation, we can now separate the MGF as

	out[χ, χ ] = 	0
out[χ, χ ′]	int

out[χ, χ ′], (54)

where the MGF of the linear cavity is known from the previ-
ous section [see Eq. (17)], and the interaction functional takes
the form

	int
out[χ, χ ′] =

∫
D[δφ]eiS0[δφ]+iSint [δφ,χ,χ ′]. (55)

Here, S0 is given in Eq. (8) and Sint[δφ, χ, χ ′] is obtained from
Sint[φ] by replacing φcl and φq according to Eq. (53).

In effect, we thereby shift our treatment toward the devia-
tions around the exactly solvable, noninteracting linear cavity.
For a given interaction Hamiltonian Ĥint, we can now access
the statistics of the output field perturbatively in the interac-
tion strength. For this, we employ a cumulant expansion [30].
The interaction functional in Eq. (55) can be written as an
average over the action S0:

	int
out[χ, χ ′] = 〈

eiSint[δφ,χ,χ ′]〉
0. (56)

We note that whenever averages over δφ are taken, we use the
subscript 0 to denote averages over the linear cavity action
without a drive (or source fields), such that 〈δφcl/q〉0 = 0.
Equation (56) can be understood as the moment generating
function of the random variable Sint[δφ, χ, χ ′]. Similarly to
Eq. (15), the moment generating function can be written as
the exponent of the cumulant generating function. We may
thus write

	int
out[χ, χ ′] = ei〈Sint [δφ,χ,χ ′]〉0− 1

2 〈〈S2
int [δφ,χ,χ ′]〉〉0+···. (57)

See Appendix G for a detailed explanation of this step. The
cumulants in the last expression can be obtained through the
moments

〈Sn
int[δφ, χ, χ ′]〉0 =

∫
D[φ]Sn

int[δφ, χ, χ ′]eiS0[δφ]. (58)

Since the MGF factorizes, the CGF will split into a sum

Sout[χ, χ ′] = S0
out[χ, χ ′] + Sint[χ, χ ′]. (59)

To compute, for example, the first-order approximate expres-
sion in the interaction parameter for the average output field
〈b̂out(τ )〉, we only need to take into account the first term of
the cumulant expansion in Eq. (57) and evaluate Eq. (58) for
n = 1,

〈b̂out(τ )〉 = i
δSout[χ, χ ′]

δχ (τ )

∣∣∣∣
χ=χ ′=0

� 〈b̂out(τ )〉0 + iδ

δχ (τ )
〈iSint[δφ, χ, χ ′]〉0

∣∣∣∣
χ=χ ′=0

.

(60)

The averages of the form of Eq. (58) are taken with respect to a
Gaussian action and may therefore be evaluated using Wick’s
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theorem. They are thus fully determined by Eqs. (49)–(51), as
well as the Green’s functions

GR(t − t ′) = −i〈δφcl(t )δφ̄q(t ′)〉0,

GA(t − t ′) = −i〈δφq(t )δφ̄cl(t ′)〉0 = [GR(t ′ − t )]∗,

GK (t − t ′) = −i〈δφcl(t )δφ̄cl(t ′)〉0

= F [GR(t − t ′) − GA(t − t ′)], (61)

where the last equality reflects the fluctuation-dissipation the-
orem [9], which holds for the Gaussian action without the
drive. For the linear cavity, the Green’s functions are

GA(t − t ′) = iθ (t ′ − t )e−iωS (t−t ′ )eκ/2(t−t ′ ),

GR(t − t ′) = −iθ (t − t ′)e−iωS (t−t ′ )e−κ/2(t−t ′ ), (62)

GK (t − t ′) = −iFe−iωS (t−t ′ )e−κ/2|t−t ′ |.

As discussed in detail in the next section, a diagrammatic ap-
proach can be employed to compute the correlation functions
of the output fields perturbatively.

V. DIAGRAMMATIC APPROACH TO THE KERR
OSCILLATOR

As an example of a nonlinear system, we consider the Kerr
oscillator with the interaction Hamiltonian,

Ĥint = Uâ†â†ââ, (63)

and the corresponding interaction action [32,33],

Sint[φ] = −U
∫

dt
(
φ̄clφcl + φ̄qφq

)(
φ̄qφcl + φ̄clφq

)
, (64)

where we suppressed the time arguments of the fields for
ease of notation. To obtain Sint[δφ, χ, χ ′], we shift the system
fields as described in Eq. (53). In order to compute correlation
functions of the output field, we first introduce a pictorial
representation for each of the terms appearing due to the in-
teraction action and then explain how to form valid diagrams,
i.e., correction terms for the respective correlation function,
out of these terms.

A. Pictorial representation

The correlation functions of the output field may be ex-
pressed through the Green’s functions in Eqs. (61) and (62),
and the functional derivatives of the averages in Eqs. (49)–
(51). After performing the functional differentiation, one can
represent all terms through the averages of the classical cavity
field

〈φcl(t )〉0 = −i
√

2κ

∫
dt ′GR(t − t ′) f (t ′), (65)

〈φ̄cl(t )〉0 = i
√

2κ

∫
dt ′GA(t ′ − t ) f̄ (t ′), (66)

and the functional derivatives of the quantum field averages
appearing either with or without a prefactor given by the
distribution function F . For the functional derivatives, we
introduce the notation

〈φq〉′0(t − τ ) = iδ

δχ ′(τ )
〈φq(t )〉[χ ′]

∣∣∣∣
χ ′=0

, (67)

FIG. 3. Diagram building blocks. (a) Conventional way of de-
picting the Green’s functions that appear in the Keldysh formalism
[31]. The full (dashed) lines stand for classical (quantum) fields and
the arrows point from creation to annihilation. (b) Diagrammatic
depiction of the averages. Squares denote sources of photons (filled)
and antiphotons (empty) provided by the input field. Half-circles
denote sinks of photons (empty) and antiphotons (filled) reflecting
the detection in the output field. Every filled (empty) square thus
implies a factor of 〈b̂in〉 (〈b̂†

in〉), while the number of filled (empty)
half-circles is determined by the number of output operators b̂†

out

(b̂out) in the correlation function that is being considered.

〈φ̄q〉′0(t − τ ) = iδ

δχ (τ )
〈φ̄q(t )〉[χ ]

∣∣∣∣
χ=0

.

To be able to represent all terms pictorially, we introduce
representations for the three Green’s functions and the six
possible external legs in Fig. 3. These representations serve
as the building blocks for our diagrams.

As an example, we consider the average output field to first
order in U , cf. Eq. (60),

〈b̂out(τ )〉 � 〈b̂out(τ )〉0

Diagram (a) in Fig. 4︷ ︸︸ ︷
−2iU

∫
dt 2nB〈φ̄q〉′0(t − τ )〈φcl(t )〉0

−iU
∫

dt〈φ̄q〉′0(t − τ )〈φcl(t )〉2
0〈φ̄cl(t )〉0︸ ︷︷ ︸

Diagram (b) in Fig. 4

. (68)

This equation may be understood as an effective coherent
drive provided by the Kerr nonlinearity. Indeed, we may ob-
tain Eq. (68) through the replacement Ĥint → 2Uâ〈â†â†a〉0 +
H.c.

The perturbative terms can be represented through the di-
agrams in Fig. 4. To obtain these diagrams, we depict the
integral over t , together with the multiplication by −iU , as
a vertex that connects to four arrows. Each arrow belongs
to either one of the Green’s functions or one of the terms
depicted in Fig. 3. The only Green’s function that contributes
to Eq. (68) is the equal-time Keldysh Green’s function, which
equals to 2nB in our convention; see Appendix J for details.
We also call this a thermal loop. Finally, the diagrams come
with associated multiplicities that are explained in Sec. V C.

Similarly to Feynman diagrams, we can interpret the dia-
grams in Fig. 4 in terms of photons and antiphotons. While
photons move along the arrows, antiphotons move against the
arrows. The filled squares denote photons that enter the cavity
from the input drive. They are associated to the operator b̂in,
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FIG. 4. First-order diagrams for 〈b̂out〉. (a) An input photon (filled
square) travels into the cavity, interacts with a thermal excitation,
and then exits the cavity to be detected at time τ . The multiplicity is
equal to 2, since all legs connecting to the vertex are distinct. (b) Two
photons and one antiphoton from the input interact, resulting in one
photon exiting the cavity toward detection at time τ . The multiplicity
is 1 since two legs are identical.

because a photon that enters the cavity is removed from the
drive. The empty squares denote antiphotons from the input
drive, associated to the operator b̂†

in. Empty half-circles denote
photons that are detected in the output field. They are associ-
ated to the operator b̂out because a detection removes a photon
from the output field. Causality is ensured by the squares
being associated to times before the vertex and half-circles
being associated to times after the vertex. The cavity field can
therefore only be affected by the input field at previous times
and the detection can only be affected by the cavity field at
times previous to the detection. We do not include a time axis
in our diagrams. Instead, causality ensures that time grows as
we move from squares to vertices to half-circles.

B. Constructing the diagrams

We may determine arbitrary cumulants of the output field
[cf. Eq. (16)] perturbatively by finding the corresponding
diagrams. The mathematical terms making up the nth order
contribution to any cumulant arise from functional differ-
entiation of 〈〈(iSint )n〉〉/n! [see Eq. (57)]. The diagrams that
represent these terms include exactly n vertices and need to
be fully connected. Furthermore, due to the way the source
fields enter the CGF, the diagrams require one empty (filled)
half-circle for each b̂out (b̂†

out) that appears in the cumulant.
In order for the diagrams to correspond to actual terms that
appear in the interaction action, they need to obey a set of
rules. Here, we provide these rules without derivation. For a
justification of each rule, see Appendix H.

(1) Every vertex connects to two ingoing and to two out-
going lines.

The left diagram is valid but the right diagram not since it
contains three ingoing lines at the same vertex.

(2) Every vertex connects to either one or three dashed
lines.

The left and center diagrams show the two possible ways
that lines can attach to a vertex—either one full line or three
full lines. The rightmost diagram is not valid since the vertex
connects to two full lines and two dashed lines.

(3) The only loops that exist are those of the Keldysh
Green’s function.

Loops of dashed lines or mixed loops cannot exist.
These three rules are sufficient to find all contributing di-

agrams for a specific cumulant. However, taking into account
the application of Wicks theorem and the causality structure of
the Green’s functions yields additional constraints that ensure
certain expressions to invariably go to zero. These constraints
can also be formulated on a diagrammatic level and result in
the following additional rules.

(4) Whenever two vertices are connected by multiple
Green’s functions, the connecting Green’s functions have to
be arranged in such a way that all dashed lines connect to the
same vertex.

The right diagram will invariably equal zero because the
dashed lines of the connecting Green’s functions connect to
opposite vertices.

(5) (a) Any diagram that contains exactly two detector
symbols at the same vertex, one filled and one unfilled, where
exactly one connects to the vertex through a dashed line,
invariably vanishes.
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FIG. 5. Second-order diagrams for 〈b̂out〉. (a)–(e) Diagrams that can be obtained by concatenating first-order diagrams and can thus be
obtained from a finite-temperature mean-field approach. (f)–(h) Diagrams containing doubly and triple-connected vertices.

(b) Any diagram that contains exactly three detector legs at
one vertex, whereof two are identical, and one or two connect
to the vertex through a dashed line, invariably vanishes.

(6) Any diagram without sources, i.e., without square
symbols, vanishes.

(7) At zero temperature, two vertices cannot be connected
by three lines.

The terms contributing, e.g., to the second-order correction
of the average output field can now be determined by finding
all diagrams that (1) contain two vertices, (2) one empty
half-circle, and are (3) consistent with the diagrammatic rules
outlined above. Some of the resulting diagrams are illustrated
in Fig. 5.

C. Evaluating the diagrams

Once all diagrams that contribute to the desired cumu-
lant are found, they need to be translated to the equivalent
mathematical expressions in order to evaluate them. This is
done by replacing all the constituents of the diagram with the
corresponding expression according to Fig. 3 and each vertex
with a multiplication of −iU and integration over its time
argument,

Additionally, each diagram gets an integer factor that we
call its multiplicity that is comprised of three different
numbers:

(1) Each vertex contributes a multiplicity factor of 2 if and
only if all four legs connecting to the vertex are different; i.e.,
each building block in Fig. 3 appears at most once, and at most
two legs connect to detector symbols. Hence, we get for the
full diagram,

2#vertices with distinct legs and <3 detectors.

In this diagram, the left vertex inside the red box has two equal
legs, the two outgoing classical field lines, whereas the right
vertex has four different legs. The vertices thus contribute to
the multiplicity with a factor of 2.

(2) Each diagram is multiplied by the factorial of the num-
ber of empty half-circles and the factorial of the number of
filled half-circles,

(3) Finally, we multiply by the number of ways connec-
tions between vertices can be realigned. This factor is found
by cutting up each propagator that starts and ends at a vertex
and counting all possible ways of reconnecting the arrows
such that one recovers the original diagram.

After cutting the propagator lines, there are two ways of
reconnecting the dangling legs to recover the diagram. It
therefore needs to be multiplied by a factor of 2.
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A more detailed discussion of the multiplicities and their origins is given in Appendix I. We illustrate the evaluation procedure
with the following diagram, which contributes to the second-order correction of the cumulant 〈〈b̂outb̂out〉〉:

(69)

VI. PARTIAL SUMMATION METHODS

Our diagrammatic approach yields an expansion in the
interaction U in terms of diagrams for any given correlation
function. In many cases, physical effects are dominated by
specific classes of diagrams whose contribution cannot be
reliably captured at finite order [35]. Partial summation meth-
ods can address this limitation by summing infinite subsets
of diagrams that follow a specific pattern. In this section, we
explain how one can interpret a mean-field theory approach to
the average output field as a partial summation and we detail
a partial summation technique for diagrams including thermal
loops.

A. Finite-temperature mean-field theory

The average output field 〈b̂out〉, through the input-output
relation from Eq. (6), is directly linked to the average in-
tracavity mode 〈â〉 and knowledge of one quantity directly
implies knowledge of the other. The calculation of the average
output field with our diagrammatic approach can therefore
straightforwardly be connected to conventional approaches of
determining the intracavity field average.

We note that some of the diagrams contributing to the
second-order correction of the average output field may be ob-
tained by concatenating the first-order diagrams from Fig. 4.
This is done by taking a first-order diagram of 〈b̂out〉, removing
an input (anti)photon, and replacing it by the outgoing leg
of another first-order diagram of 〈b̂out〉 (〈b̂†

out〉). This pattern
suggests that these diagrams can be captured by a partial sum-
mation technique. It turns out that the result obtained by this
partial summation corresponds to a mean-field approach for
the intracavity mode. In order to show this correspondence,
we model the intracavity mode with the Langevin equation in
Eq. (5). We treat the Kerr resonator in a rotating frame, i.e.,
ωs → −�, and find, cf. Eq. (63),

d

dt
〈â〉 = −

(κ

2
+ i�

)
〈â〉 − √

κ f (t ) − 2iU 〈â†ââ〉. (70)

To approximate the last term, we write â = 〈â〉 + δâ and we
assume that thermal fluctuations are dominating, such that
expectation values of δâ are determined by a thermal state
with occupation nB. This results in

〈â†ââ〉 � 〈â†〉〈â〉2 + 2nB〈â〉. (71)

Substituting this approximation into Eq. (70) results in a
nonlinear equation for 〈â〉, our finite-temperature mean-
field equation that can be interpreted as introducing a
self-consistent detuning depending on the cavity mode and
temperature. This equation captures all diagrams that are
obtained by concatenating the first-order diagrams shown in
Fig. 4. To see this, we write

〈â〉 =
∞∑

n=0

〈â〉n, (72)

where 〈â〉n is proportional to U n. For n > 0, the coefficients
are given as follows:

〈â〉n = 2U
∫

dt ′GR(t − t ′)

[
2nB〈â〉n−1

+
∑
l,k,p

δl+k+p,n−1〈a〉l〈a〉k〈a〉∗p
]
. (73)

For n = 1, Eq. (73) reproduces the diagrams in Fig. 4. For
n = 2, we simply replace one input term 〈φcl〉0 by

√
2〈â〉1.

For our diagrams, this means removing one input leg and
replacing it with a first-order diagram where the detector is
removed. Similarly, an nth order diagram can be broken down
in lower-order diagrams. Repeating this process implies that
all diagrams that appear in Eq. (73) are built by concatenating
first-order diagrams. We note here that even though the mean-
field solution describes the behavior of the intracavity mode
â well [see Fig. 6(c)], it fails to capture the behavior of the
output field. Indeed, the reflection coefficient [see Eq. (77)
below for a definition] obtained from the mean-field solution
is equal to 1 for all parameters considered; see Figs. 6(a) and
6(b) for the actual behavior.

B. Summation of loop diagrams

As it conveniently turns out, all diagrams containing loops
can be automatically accounted for by implementing a shift in
the detuning in the Green’s functions (see Appendix K),

(74)
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FIG. 6. Reflection probability. (a) The dashed lines correspond to the exact solution [34] and the full lines show the second-order
approximation obtained with our diagrammatic method. For the red curves, the drive strength is 〈b̂in〉/√κ = 0.2 and for the mint curves
〈b̂in〉/√κ = 0.3. (b) Reflection probability of the Kerr oscillator for finite temperature, nB = 0.25 (black). The red lines are the same as in
panel (a). We observe that the result for the reflection coefficient where we include all loop diagrams to infinite order (dashed line) performs
better than the true second-order approximation (full line) compared to the numerics (dashed line). (c) Absolute value of the intracavity
field. Both partial summation methods, the mean-field approach (yellow line) and the loop summation (dashed line), describe the intracavity
dynamics well. For the reflection coefficient, the mean-field result, however, yields a constant value of 1. For all plots, U/κ = 0.1.

(75)

(76)

Using these dressed Green’s functions in all diagrams that do
not contain loops, as well as the zeroth-order term, we recover
all diagrams that include loops. For instance, all diagrams
in Fig. 5 that include loops are recovered by dressing the
Green’s functions in Fig. 4(b). The diagram in Fig. 4(a) is
obtained by dressing the Green’s function in the zeroth-order
term in Eq. (18). A partial summation of all diagrams up to
infinite order is obtained by summing over all diagrams with
up to n vertices that do not contain loops and dressing the
Green’s functions. Interestingly, the result of this partial sum-
mation may outperform the exact nth order approximation;
see Fig. 6(b) for an example. The exact nth order approxima-
tion may be recovered by simply neglecting all terms of higher
order than n in the Kerr parameter U . Employing the dressed
Green’s functions therefore removes the need to account for
loop diagrams altogether, simplifying the task of finding all
contributing diagrams.

VII. OUTPUT FIELD STATISTICS
OF THE KERR OSCILLATOR

Following the procedure outlined in the previous section,
we now turn to the output field of the coherently driven Kerr
oscillator. For simplicity, we consider a drive that is time
independent in a rotating frame, f (t ) = f .

Here, we focus on four quantities: the reflection, the G(1)

function, the squeezing spectrum, and the g(2) function. At
zero temperature, we benchmark our results for equal-time

correlators with the exact results of Ref. [34]. At finite temper-
atures, we provide numerical results to benchmark our results
for equal-time correlators [36].

A. Reflection

The reflection amplitude is defined as

〈b̂out〉
〈b̂in〉

=
√

Re−iθ , (77)

with R denoting the reflection probability. Having determined
the average output field 〈b̂out〉 to second order, we can directly
access the second-order approximation of the reflection prob-
ability (see Fig. 6). In the limit of no Kerr nonlinearity, U = 0,
we find R = 1, since the output light is just the reflected
displaced thermal state provided by the input. For finite Kerr
parameter U , the reflection probability decreases, since the
output light is no longer a displaced thermal state. We note
that all photons are still being reflected, 〈b̂†

outb̂out〉 = 〈b̂†
inb̂in〉;

hence, no photons are being lost in this system. Instead, the
Kerr nonlinearity reduces the average displacement of the
output mode while squeezing it as shown below. The finite-
temperature mean-field theory reproduces the intracavity field
well in this regime [see Fig. 6(c)]. The reflection probability
obtained through this approach is, however, identically one for
all parameters considered here. The mean-field approach fails
to capture the effect of the Kerr nonlinearity on the output field
since the effect cannot be captured by a (self-consistent) shift
in the detuning alone.

For zero temperature, we can benchmark our results with
the exact solution for the cavity mode from Ref. [34]. We
observe that our approximate solution captures the reduced
reflection well for small drive strength. However, it fails to
capture the shift in the effective resonant frequency observed
for larger drive strengths. At finite temperatures, we observe
a significant reduction in the reflection probability, as shown
in Fig. 6(b), as well as a shift in the resonant frequency
even for weak drives. While this shift is not captured by our
second-order approximation, it is partly captured by the loop
summation method at finite temperatures.
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FIG. 7. (a) Perturbative G(1) function for the Kerr oscillator at
zero temperature and at finite temperature, nB = 0.25, for the second-
order approximation (full lines) and for the loop summation (dashed
line) for �/κ = 0.3, 〈b̂in〉/√κ = 0.2, and U/κ = 0.1. We plot the
exact solution at τ = 0 (gray dashed line) and the exact solutions for
τ → ∞ at zero temperature (red dashed line) and finite temperature
(black dashed line). (b), (c) Example diagrams that feature in the
second-order correction to the G(1) function.

B. First-order coherence function

We now turn to the first-order coherence function of the
output light,

G(1)(τ ) = 〈b̂†
out(τ )b̂out(0)〉

= 〈〈b̂†
out(τ )b̂out(0)〉〉 + 〈b̂†

out(τ )〉〈b̂out(0)〉 . (78)

Since all photons impinging on the cavity eventually have to
be reflected, we find G(1)(0) = 〈b̂†

in(t )b̂in(t )〉. In the long-time
limit, 〈b̂†

out(t )b̂out(t ′)〉 factorizes, resulting in

G(1)(τ → ∞) = |〈b̂out〉|2, (79)

which, at zero temperature, we may compare to the exact
result from Ref. [34]. For finite temperature, we evaluate the
right-hand side of Eq. (79) numerically. Since the reflection is
smaller than 1, R < 1, we find that G(1)(0) > G(1)(τ → ∞).
As a function of τ , the G(1) function monotonously inter-
polates between these limits (see Fig. 7). Example diagrams
that contribute to the G(1) function are also shown in Fig. 7.
At finite temperature, we observe a marked reduction in the
first-order coherence for long times, consistent with the lower
reflection probability shown in Fig. 6(b).

C. Squeezing spectrum

We consider the squeezing spectrum as outlined in
Ref. [12]. To this end, we define the two Hermitian quadrature
operators,

X̂+(t ) = 1
2

(
e−iθ/2b̂out(t ) + eiθ/2b̂†

out(t )
)
,

X̂−(t ) = 1
2i

(
e−iθ/2b̂out(t ) − eiθ/2b̂†

out(t )
)
. (80)

FIG. 8. (a) Perturbative squeezing spectrum of the Kerr oscillator
for the X̂+ quadrature (red) and the X̂− quadrature (mint) for U/κ =
0.1, 〈b̂in〉/√κ = 0.2, zero temperature (full lines) and nB = 0.25
(dashed lines), and with θ = 1.49 and �/κ = 0.05, where we find
the maximal squeezing in the X̂+ quadrature. (b)–(e) Example dia-
grams that contribute to the squeezing spectra. Panel (b) shows the
only first-order correction to the correlator 〈〈b̂outb̂out〉〉 and panel (c)
is the conjugated diagram for 〈〈b̂†

outb̂
†
out〉〉. Panel (d) shows a second-

order correction term to 〈〈b̂outb̂out〉〉 quadratic in the input field, while
panel (e) is quartic in the input field.

The normal-ordered variances of these quadratures can be
expressed through the cumulants of the output field as follows:

〈〈: X̂±(t )X̂±(t ′) :〉〉
= 1

2 Re{±e−iθ 〈〈b̂out(t )b̂out(t
′)〉〉 + 〈〈b̂†

out(t )b̂out(t
′)〉〉}. (81)

Since the cumulants are time-translationally invariant, we
can determine the squeezing spectra of the quadratures as the
Fourier transforms,

Sout,±[ω] =
∫ ∞

−∞
〈〈: X̂±(τ )X̂±(0) :〉〉eiωτ dτ. (82)

As illustrated in Fig. 8, the output light of the Kerr oscillator is
squeezed at zero temperature; for finite temperature, squeez-
ing is strongly reduced.

D. Second-order coherence function

In order to quantify the bunching behavior of the output
photons, we evaluate the normalized second-order coherence
function of the output light at zero temperature,

g(2)(τ ) = 〈b̂†
out(0)b̂†

out(τ )b̂out(τ )b̂out(0)〉
〈b̂†

out(0)b̂out(0)〉2
. (83)

The denominator is determined by G(1)(0) = 〈b̂†
in(0)b̂in(0)〉.

The moment in the numerator can be expressed through
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FIG. 9. (a) Perturbative g(2) function of the Kerr oscillator as a
function of time at zero temperature and 〈b̂in〉/√κ = 0.2 for �/κ =
0.2 (mint) and �/κ = −0.2 (red). (b) Perturbative g(2) function at
τ = 0 (full line) and the exact solution (dashed line) from Ref. [34].
The intracavity g(2) function (gray) behaves markedly different from
the output field. (c), (d) Two diagrams that contribute to the second-
order correction of the cumulant 〈〈b̂†

outb̂
†
outb̂outb̂out〉〉 that features in

the g(2) function. Panel (b) can be found from panel (a) by reversing
all arrows and filling (emptying) all filled (empty) symbols—an
operation that will always yield another valid diagram for a cumulant
that contains the same number of creation and annihilation operators.

cumulants of the output field as discussed in Appendix L (see
also Ref. [37]).

As illustrated in Fig. 9(a), depending on the detuning of
the coherent drive, the output light may be bunched or an-
tibunched. Importantly, the g(2) function of the output light
behaves markedly different from the intracavity g(2) function
[see Fig. 9(b)].

VIII. CONCLUSIONS AND OUTLOOK

We introduced an approach to input-output theory [20],
based on the Schwinger-Keldysh path integral formalism [9].
This approach allows for using the theoretical tools from path
integral approaches to directly compute the properties of the
outgoing light, which can behave strikingly different from
the light inside the cavity. We illustrate our formalism with
a diagrammatic treatment of the Kerr nonlinear oscillator.
Our approach allows for including finite temperatures in a
straightforward way, by dressing the propagators of the theory.
Furthermore, partial summation methods to infinite order in
the Kerr nonlinearity are available, either based on the dressed
propagators or on a mean-field approach.

Although the specific diagrammatic rules and pictorial rep-
resentations used for the Kerr oscillator are system specific,
the overall approach is general, and we expect the diagram
rules to generalize straightforwardly to other models.

Our formalism can be extended to include squeezing, either
through a squeezed bath or a parametric drive. A particularly
interesting scenario is provided by the Kerr parametric oscil-
lator, which exhibits nonclassical behavior in the output field

even though the cavity field is characterized by a non-negative
Wigner function [15]. Further extensions of our formalism
include the generalization to few-level systems as well as spin
and fermionic degrees of freedom embedded in the cavity.
This may extend our formalism to the emerging field of cavity
materials engineering [2,6,7].
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APPENDIX A: PATH INTEGRAL FORMALISM

In the following, we give a short overview of the
Schwinger-Keldysh formalism for nonequilibrium quantum
field theory. We will stick closely to the exposition in Ref. [9];
recent developments and experimental applications of the for-
malism can be found in Ref. [21]. We follow the notation of
Ref. [9] and therefore use a bar to denote complex conjuga-
tion. We start by introducing the coherent states of the cavity
mode â and the bath modes b̂k ,

â|φ〉 = φ|φ〉, b̂k|ϕk〉 = ϕk|ϕk〉, (A1)

where the coherent states,

|φ〉 =
∞∑

n=0

φn

√
n!

|n〉 =
∞∑

n=0

φn

n!

(
â†

)n|0〉 = eφâ† |0〉, (A2)

are not normalized. This leads to the following identity for the
inner product of two coherent states:

〈φ|φ′〉 = eφφ′
. (A3)

Some heavily used identities for coherent states are mentioned
in the following equations:∫

d[φ]e−|φ|2 |φ〉〈φ| = 1, (A4)

d[φ] : = d (Re{φ})d (Im{φ})/π, (A5)

〈φ|HS (â†, â)|φ〉 = HS (φ, φ′)〈φ|φ′〉, (A6)

where the last relation holds for any normally ordered operator
HS (â†, â). To denote the tensor product of a state from the
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cavity and the states from the bath, we introduce the following
notation:

|�〉 = |φ〉
⊗

k

|ϕk〉, d[�] = d[φ]
∏

k

d[ϕk], (A7)

�̄� ′ = φ̄φ′ +
∑

k

ϕ̄kϕ
′
k, (A8)

with it we express the identity in the combined Hilbert space
as follows:

1 =
∫

d[�]e−|�|2 |�〉〈�|. (A9)

As a consequence, we compute the trace of an operator Ô as

Tr{Ô} =
∫

d[�]e−|�|2〈�|Ô|�〉. (A10)

As is customary in quantum field theory, we consider the
partition function of our state, here given by the trace of the
density matrix ρ̂ at time t with arbitrary initial state ρ̂0,

Z = Tr{ρ̂(t )} = Tr{Û (t )ρ̂0Û
†(t )} = Tr{ρ̂0} = 1, (A11)

where we used cyclic permutability of the trace, the time-
evolution operator Û (t ) = e−iĤ (t−t0 ) with Ĥ given in Eq. (23),
and the normalization condition. As a next step, we write Û (t )
and its Hermitian conjugate as a product of time-evolution
operators for the infinitesimal time Û (δt ). We then insert iden-
tities of the type from Eq. (A9) in between these infinitesimal
time evolutions, resulting in

Z =
∫

D[�]e− ∑2N−1
j=0 |� j |2〈�2N−1|eiδt Ĥ |�2N−2〉〈�2N−2|eiδt Ĥ |�2N−3〉

× · · · 〈�N+1|eiδt Ĥ |�N 〉〈�N |1|�N−1〉〈�N−1|e−iδt Ĥ |�N−2〉 · · · 〈�1|e−iδt Ĥ |�0〉〈�0|ρ̂0|�2N−1〉. (A12)

We now turn to evaluating the infinitesimal time-evolution
steps,

〈� j |e−iδt j Ĥ |� j−1〉 = 〈� j |
(
1 − iδt jĤ + Oδt2

j

)|� j−1〉
= e�̄ j� j−1−iδt jH (�̄ j, � j−1)e�̄ j� j−1+Oδt2

j

≈ e�̄ j� j−1 e−iδt j H (�̄ j ,� j−1 ), (A13)

with H (�̄ j, � j−1) defined analogously to Eq. (A6).
Here, we introduced the time step

δt j = sgn(N − j)δt . (A14)

Notice that the last relation in Eq. (A13) is exact in the limit
δt → 0. We further use the common notation for path inte-
grals,

D[�] =
2N−1∏

j=0

d[� j]. (A15)

With this notation and the evaluated infinitesimal time step
evolution, we can write the Keldysh partition function as a
path integral,

Z =
∫

D[�]eiS[�], (A16)

S[�] =
2N−1∑

j=1

δt j

[
i�̄ j

� j − � j−1

δt j
− H (�̄ j, � j−1)

]

+ i�̄0�0 − i ln ρ0(�̄0, �2N−1). (A17)

The sum in the action can be interpreted as a (discrete) time
integral along the closed-time contour sketched in Fig. 2. Time
first increases along the forward-in-time branch that arises
from the time-evolution operator Û (t ). Time then decreases
along the backward-in-time branch that comes from Û †(t ).
To distinguish between fields on these branches, we use plus
superscripts to denote fields on the forward branch and minus

superscripts for the backward branch,

�+
j = � j, �−

j = �2N−1− j, for j ∈ {0, . . . , N}.
(A18)

Using these fields, we can rewrite the action in Eq. (A17),

S[�] =
N−1∑
j=1

δt

[
i�̄+

j

�+
j − �+

j−1

δt
− H (�̄+

j �+
j−1)

]

−
N−1∑
j=1

δt

[
i�̄−

j

�−
j − �−

j−1

δt
− H (�̄−

j �−
j−1)

]

+ i�̄+
0 �+

0 − i ln ρ0(�̄+
0 , �−

0 ). (A19)

1. Example: harmonic oscillator

We consider the action of a simple harmonic oscillator

ĤS = ωSâ†â, (A20)

in the limit of zero coupling to the bath, i.e., κ = 0, and we
evaluate the action according to Eq. (A19)

S[φ] =
N−1∑
j=1

δt

[
iφ̄+

j

φ+
j − φ+

j−1

δt
− ωφ̄+

j φ+
j−1

]

−
N−1∑
j=1

δt

[
iφ̄−

j

φ−
j − φ−

j−1

δt
− ωφ̄−

j−1φ
−
j

]

+ iφ̄+
0 φ+

0 − i ln ρS (φ̄+
0 , φ−

N ). (A21)

As a notational shorthand, we can introduce the continuum
limit and if we neglect the boundary terms, the action takes
the following form:

S[φ] =
∫ tN

t0

dt[φ̄ + (t )(i∂t − ω)φ+(t )

− φ̄−(t )(i∂t − ω)φ−(t )]. (A22)
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We now introduce the Keldysh rotation, i.e., the classical and
quantum fields,

φcl = 1√
2

(φ+ + φ−), φq = 1√
2

(φ+ − φ−). (A23)

Using these fields, the action takes the following form:

S[φ] =
∫ tN

t0

dt[φ̄q(t )(i∂t − ω)φcl(t ) + φ̄cl(t )(i∂t − ω)φq(t )].

(A24)

2. Dissipative dynamics

So far, we have been modeling unitary dynamics of the
system states φ governed by some Hamiltonian ĤS . In order

to arrive at the dissipative dynamics we describe in the main
text, we consider a joined state � that consists of a system
state φ and the bath modes ϕk and time evolution governed
by the Hamiltonian Ĥ in Eq. (23). Since this Hamiltonian is
bilinear in the bath creation and annihilation operators, we can
perform the resulting Gaussian integral over the bath modes
and arrive at a dissipative description of the system alone.
With the initial state given by Eqs. (26) and (40), we find

Z =
∫

D[φ]eiS[φ], (A25)

with the system action,

S0[φ] =
∫

dt

[
φ̄q(t )

(
i∂t − ωS + i

κ

2

)
φcl(t ) + φ̄cl(t )

(
i∂t − ωS − i

κ

2

)
φq(t ) + iκ (2nB + 1)φ̄q(t )φq(t )

]

=
∫∫

dtdt ′
[(

φ̄cl(t )
φ̄q(t )

)T (
0 [G−1]A(t − t ′)

[G−1]R(t − t ′) [G−1]K (t − t ′)

)(
φcl(t ′)
φq(t ′)

)]
. (A26)

From this action, we can read of the inverse Green’s functions,

[G−1]
A

(t − t ′) =
(

− iκ

2
+ (i∂t − ωS )

)
δ(t − t ′),

[G−1]
R

(t − t ′) =
(

iκ

2
+ (i∂t − ωS )

)
δ(t − t ′), (A27)

[G−1]
K

(t − t ′) = iκ (2nB + 1)δ(t − t ′). (A28)

By Fourier transforming and solving for the inverse, we deter-
mine the Green’s functions in the frequency domain,

GA[ω] = 1

ω − ωS − iκ/2
, GR[ω] = 1

ω − ωS + iκ/2
,

(A29)

GK [ω] = −GR[ω] × [G−1]K [ω] × GA[ω],

[G−1]
K

[ω] = iκ (2nB + 1). (A30)

The Green’s functions in the time domain can now be found
by a further Fourier transform [see Eq. (62)].

APPENDIX B: CONVENTIONAL INPUT-OUTPUT THEORY

Conventional input-output theory describes the system and
bath modes of the general setting sketched in Fig. 1 through
the use of Langevin equations for the bath modes. We start
here by deriving the time dependence of a single bath mode,

d

dt
b̂k = i[Ĥ, b̂k]

= i
∑

l

[ωkb̂†
l b̂l + (gl â

†b̂k + g∗
kb̂†

kâ), b̂k]

= −i
∑

l

(δl,kb̂l + g∗
l δl,kâ) = −i(ωkb̂k + g∗

kâ). (B1)

This differential equation yields the following solution:

b̂k (t ) = e−iωk (t−t0 )b̂k (t0) − ig∗
k

∫ t

t0

dτe−iωk (t−τ )â(τ )

= e−iωk (t−tN )b̂k (tN ) − ig∗
k

∫ t

tN

dτe−iωk (t−τ )â(τ ), (B2)

where we introduced the times t0 and tN that are supposed to
lie in the far past and far future, respectively. Now, we turn to
the time dependence of the system mode â,

d

dt
â = i[ĤS + ĤB + V̂ , â] = i[ĤS, â] + i[ĤB, â] + i[V̂ , â].

(B3)

The second term in the equation above vanishes since the bath
modes commute with the system mode. The third term reads

i[V̂ , â] = i
∑

k

[gkâ†b̂k + g∗
kb̂†

kâ, â]

= −i
∑

k

gkb̂k

= −
∑

k

(
igke−iωk (t−t0 )b̂k (t0) + |gk|2

×
∫ t

t0

dτeiωk (t−τ )â(τ )

)

= −√
κ

1√
κ

∑
k

igke−iωk (t−t0 )b̂k (t0)

−
∑

k

|gk|2
∫ t

t0

dτeiωk (t−τ )â(τ ), (B4)

023012-15



DANIEL, BRUNELLI, CLERK, AND POTTS PHYSICAL REVIEW RESEARCH 8, 023012 (2026)

where we introduced the coupling constant κ in the last step.
We further introduce the input and output operators

b̂in(t ) = 1√
κ

∑
k

igke−iωk (t−t0 )b̂k (t0),

b̂out(t ) = 1√
κ

∑
k

igkeiωk (tN −t )b̂k (tN ), (B5)

as well as the bath spectral density

ρ(ω) =
∑

k

|gk|2δ(ω − ωk ). (B6)

Using the last two quantities, we can express Eq. (B4) as
follows:

i[V̂ , â] = −√
κ b̂in(t ) −

∫ t

t0

dτ

∫ ∞

0
dω ρ(ω)e−iω(t−τ )â(τ ).

(B7)

With these simplifications, the equation of motion of the bath
mode â is

d

dt
â = i[ĤS, â] − √

κ b̂in(t )

−
∫ t

t0

dτ

∫ ∞

0
dω ρ(ω)e−iω(t−τ )â(τ ). (B8)

Analogously, we find

d

dt
â = i[ĤS, â] − √

κ b̂out(t )

+
∫ tN

t
dτ

∫ ∞

0
dω ρ(ω)e−iω(t−τ )â(τ ). (B9)

Even though at this stage our equations only contain the input
and output operators, we can retrieve the bath modes at the
times t0 and tN from the input-output operators

b̂k (t0) =
√

κ

2π igk

∫ ωk+δω/2

ωk−δω/2
dω

∫ ∞

−∞
dt eiω(t−t0 )b̂in(t ),

b̂k (tN ) =
√

κ

2π igk

∫ ωk+δω/2

ωk−δω/2
dω

∫ ∞

−∞
dt e−iω(tN −t )b̂out(t ).

(B10)

From the equations of motion for the system mode â
[Eqs. (B8) and (B9)], we get the following relation between
the input and output operators:

b̂out(t ) = b̂in(t ) + 1√
κ

∫ tN

t0

dτ

∫ ∞

0
dω ρ(ω)e−iω(t−τ )â(τ ),

(B11)

and we can derive their commutation relations

[b̂in(t ), b̂†
in(t ′)] = [b̂out(t ), b̂†

out(t
′)]

= 1

κ

∫ ∞

0
dω ρ(ω)e−iω(t−t ′ ). (B12)

So far, we treated time as a continuous quantity and made no
assumptions on the spectrum of the bath. In order to connect
to the path-integral approach to input-output theory, we move
to a discretized version of the theory. To that end, we make
the following construction: (1) Time is discretized such that

t j = t0 + jδt with j = 0, 1, 2, . . . , N , and (2) the bath modes
are discrete and spaced according to ωk = m(k)δω, with m(k)
being some integer-valued function of k. We note that this is
always possible by choosing a sufficiently small δω. Finally,
(3) the time step δt is connected to the discretization of the
bath modes such that δtδω = 2π

N . This last condition is impor-
tant to preserve the identity∫ ωk+δω/2

ωk−δω/2
dω

∫
dte−i(ω−ωl )t = 2πδk,l . (B13)

After discretization, we have∫ ωk+δω/2

ωk−δω/2
dω

N∑
j=0

δte−i(ω−ωl )t j

= δtδω
N∑

j=0

e−iδtδω j(m(k)−m(l )) = 2πδm(k),m(l ) = 2πδk,l .

(B14)

In the first equality, we performed the integral over ω and
took the limit δωt j → 0. In the second equality, we employed
δtδω = 2π/N and used the identity

1

N

N∑
j=0

e−i 2π
N j(m−n) = δm,n. (B15)

Finally, we note that δm(k),m(l ) = δk,l by assuming ωk �= ωl for
all k �= l . Enforcing δtδω = 2π/N thus preserves the identity
in Eq. (B13) upon discretization. This relation is crucial to
employ Eq. (B10) in the discretized version of the theory. We
note, however, that the time step δt and the frequency spacing
δω do not have physical relevance. With these assumptions,
the bath modes expressed through the input and output opera-
tors from Eq. (B5) can be written as follows:

b̂k (t0) =
√

κ

igk

N∑
j=0

eiωk (t j−t0 )b̂in(t j ),

b̂k (tN ) =
√

κ

igk

N∑
j=0

e−iωk (tN −t j )b̂out(t j ). (B16)

Additionally to the discretization outlined above, we now
make the following two approximations: (1) The Fourier
transform of â(τ ) is peaked at a specific frequency 
, where
the peak has a fixed width γ , and (2) the spectral density ρ(ω)
is flat in frequency and around 
 can be approximated as
follows (Markov approximation):

ρ(ω) ≈ ρ(
) ∀ω ∈ (
 − γ ,
 + γ ). (B17)

These assumptions let us simplify the third term in the relation
between input and output operators from Eq. (B11) as follows:∫ tN

t0

dτ

∫ ∞

0
dω ρ(ω)e−iω(t−τ )â(τ )

≈ ρ(
)
∫ tN

t0

dτ

∫ ∞

−∞
dωe−iω(t−τ )â(τ )
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= ρ(
)
∫ tN

t0

dτ2πδ(t − τ )â(τ )

= 2πρ(
)︸ ︷︷ ︸
=:κ

â(t ), (B18)

where we extended the range of integration in frequency in
the first step. The extension of the integration range is justified
since only nearly resonant frequencies are important here and
the nonphysical, negative frequencies are negligible. Equiva-
lently, using these approximations we find∫ t

t0

dτ

∫ ∞

0
dω ρ(ω)e−iω(t−τ )â(τ ) ≈ κ

2
â(t ). (B19)

With these approximations, we can express the equation of
motion for the system mode â from Eqs. (B8) and (B9) as
follows [see Eq. (B9)]:

d

dt
â = i[ĤS, â] − κ

2
â − √

κ b̂in(t ),

d

dt
â = i[ĤS, â] + κ

2
â − √

κ b̂out(t ), (B20)

and get the simplified commutation relations

[b̂in(t ), b̂†
in(t ′)] = [b̂out(t ), b̂†

out(t
′)] = δ(t − t ′), (B21)

as well as the input-output relation in Eq. (6). In this relation,
we can interpret the outgoing mode as the reflection of the
input mode together with an additional signal originating from
the cavity. We can further simplify our expressions by assum-
ing that all coupling constants are equal, igk := g ∈ R, and by
rewriting the approximated spectral density, ρ(ω) ≈ ρ(
) =
g2ρ. With these simplifications, we can write the discretized
input-output operators as follows:

b̂in(t ) = 1√
2πρ

∑
k

e−iωk (t−t0 )b̂k (t0),

b̂out(t ) = 1√
2πρ

∑
k

eiωk (tN −t )b̂k (tN ). (B22)

From these expressions, we can intuitively understand the
input operator as the bath operators freely evolved in time
(i.e., in the absence of the coupling V̂ ) from the distant past
up until the time t . This free evolution reflects the fact that the
input cannot be affected by the system, as it describes the bath
modes before interacting with the system. Equivalently, the
output operator describes the bath operators in the far future,
i.e., after interacting with the system, freely evolved back in
time up until the time t . Further details on the conventional
input-output formalism can be found in Refs. [1,11,20].

APPENDIX C: LINEAR CAVITY

In this Appendix, we provide additional information for the
treatment of the linear cavity as described in Sec. II. With the
Green’s functions derived in Appendix A, we can evaluate the
moment generating function,

	0
out[χ, χ ′] = eiS0

out [χ,χ ′]. (C1)

If we let our dynamics start in the far past, t0 → −∞, and end
in the far future, tN → ∞, we find

S0
out[χ, χ ′] = −

∫
dt

∫
dt ′ κ (χ (t )GR(t − t ′) f (t ′)

− f̄ (t )GA(t − t ′)χ ′(t ′))

−
∫

dt (iχ (t ) f (t )+ iχ ′(t ) f̄ (t )+ χ (t )χ ′(t )nB).

(C2)

From the MGF, we now have access to the statistics of the
output field. We start by calculating the first moment of the
output field and its Hermitian conjugate,

〈b̂out(t )〉 = i
δ	HO

out [χ, χ ′]
δχ (t )

∣∣∣∣
χ=χ ′=0

= f (t ) − iκ
∫

dt ′ f (t ′)GR(t − t ′), (C3)

〈b̂†
out(t )〉 = 〈b̂out(t )〉 = f̄ (t ) + iκ

∫
dt ′ f̄ (t ′)GA(t ′ − t ).

(C4)

Through these averages, we can rewrite the CGF in a concise
manner,

S0
out[χ, χ ′] = −

∫
dt (iχ (t )〈b̂out(t )〉 + iχ ′(t )〈b̂†

out(t )〉

+ nBχ (t )χ ′(t )). (C5)

From either of these expressions, it is now straightforward to
compute further moments of the output field. Furthermore,
from Eq. (C5) we see that only the first two cumulants are
nonvanishing.

APPENDIX D: ACCESSING THE OUTPUT STATISTICS
IN FREQUENCY SPACE

We shortly describe how one can access the statistics of
the output field in the frequency domain. This is achieved by
rewriting the action of the generating functional in the time
domain [see Eq. (12)], and a redefinition of the source fields
such that functional derivatives of the generating functional
yield the moments of the operators b̂in[ω] and b̂†

in[−ω]. We
make use of the following identity:∫ ∞

−∞
dt f (t )g(t ) = 1

2π

∫ ∞

−∞
dω f [ω]g[−ω]

= 1

2π

∫ ∞

−∞
dω f [−ω]g[ω], (D1)

where we introduced the Fourier transform f [ω] of a function
f (t ) and we employ the following convention:

f [ω] =
∫ ∞

−∞
dt f (t )eiωt , f [ω] =

∫ ∞

−∞
dt f (t )eiωt . (D2)

Note that this implies the following relations for functions and
operators:

( f [ω]) = f [−ω], f̂ †[ω] = ( f̂ [−ω])†. (D3)

023012-17



DANIEL, BRUNELLI, CLERK, AND POTTS PHYSICAL REVIEW RESEARCH 8, 023012 (2026)

We extend the integration range, i.e., the initial and final times of our evolution to plus and minus infinity, respectively, and
rewrite the expression of the input-output action through the Fourier transforms of all appearing functions.

S[φ, χ, χ ′] = SS[φ] + iκ

2π

∫ ∞

−∞
dω

[
(2nB + 1)φ̄q[−ω]φq[ω] − 1

2
φ̄cl[−ω]φq[ω] + 1

2
φ̄q[−ω]φcl[ω]

]

+ i
√

2κ

2π

∫ ∞

−∞
dω[ f [ω]φ̄q[−ω] − f̄ [−ω]φq[ω]]

−
∫ ∞

−∞
dωχ [−ω]

[
f [ω] +

√
κ

2
(2nB + 1)φq[ω] +

√
κ

2
φcl[ω]

]
(D4)

−
∫ ∞

−∞
dωχ ′[ω]

[
f̄ [−ω] −

√
κ

2
(2nB + 1)φ̄q[−ω] +

√
κ

2
φ̄cl[ω]

]

+ i
∫ ∞

−∞
dωχ [−ω]χ ′[ω]nB.

In order to understand how we can access the statistics of the output field in frequency space, we revisit the introduction of the
source fields and reexpress them through their Fourier transforms,

	out[χ, χ ′] =
∫

D[φ, ϕin, ϕout]e
iSio[φ,ϕin ,ϕout] × e−i

∫ tN
t0

dt[χ (t )ϕ+
out (t )+χ ′(t )ϕ̄−

out (t )]

=
∫

D[φ, ϕin, ϕout]e
iSio[φ,ϕin ,ϕout] × e− i

2π

∫ ∞
−∞ dω[χ[−ω]ϕ+

out[ω]+χ ′[ω]ϕ̄−
out[−ω]]. (D5)

We now relabel the source fields as follows:

ξ [ω] = χ [−ω]

2π
, ξ ′[ω] = χ ′[ω]

2π
, (D6)

since this will guarantee that we evaluate operator averages of b̂out at ω and operator averages of b̂†
out at −ω, which in our

convention of the Fourier transform [1] results in the averages being complex conjugates of each other,

i
δ	out[ξ, ξ ′]

δξ [
]

∣∣∣∣
ξ=ξ ′=0

= i
∫

D[φ, ϕin, ϕout](−i)ϕ+
out[
]eiSio[φ,ϕin ,ϕout] = 〈b̂out[
]〉, (D7)

i
δ	out[ξ, ξ ′]

δξ ′[
]

∣∣∣∣
ξ=ξ ′=0

= i
∫

D[φ, ϕin, ϕout](−i)ϕ̄−
out[−
]eiSio[φ,ϕin ,ϕout] = 〈b̂†

out[−
]〉 = (〈b̂out[
]〉). (D8)

More generally, (
N∏

l=1

i
δ

δξ [ωl ]

)⎛
⎝ M∏

p=1

i
δ

δξ ′[ωp]

⎞
⎠	out[ξ, ξ ′]

∣∣∣∣∣∣
ξ=ξ ′=0

=
〈[ ∏

p

b̂†
out[−ωp]

][∏
l

b̂out[ωl ]

]〉
. (D9)

In the specific case of the linear cavity, this reformulation leads to the following MGF and CGF:

	0
out[ξ, ξ ′] = eS

0
out[ξ,ξ ′], (D10)

S0
out[ξ, ξ ′] = −i

∫
dω(ξ [ω] f [ω]

(
1 − iκGR[ω]

) + ξ ′[ω] f̄ [−ω]
(
1 + iκGA[ω]

) − inBξ [ω]ξ ′[−ω]). (D11)

We then find the following cumulants for the output field statistics in frequency space:

〈〈b̂out[ω]〉〉 = f [ω](1 − iκGR[ω]), 〈〈b̂†
out[−ω]〉〉 = f̄ [−ω]

(
1 + iκGA[ω]

)
, 〈〈b̂†

out[−ω]b̂out[ω
′]〉〉 = nBδ(ω + ω′). (D12)

APPENDIX E: INTERACTION ACTION

We consider a general interaction term in the Hamiltonian

Hint =
∑
α,β

λα,β (â†)α âβ. (E1)
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This leads to the following interaction term in the action, given here in the discrete version to show the time ordering:

Sint[φ] =
N−1∑
j=1

δt
∑
α,β

λα,β ((φ̄−
j−1)α (φ−

j )β − (φ̄+
j )α (φ+

j−1)β ). (E2)

In the continuum limit, the term takes the new form

Sint[φ] =
∑
α,β

λα,β

∫
dt

1

2
α+β

2

[(φ̄cl(t ) − φ̄q(t ))α (φcl(t ) − φq(t ))β − (φ̄cl(t ) + φ̄q(t ))α (φcl + φq )β]. (E3)

For the Kerr interaction from Eq. (63), the interaction action in Eq. (E3) can be expressed as follows:

Sint[φ] = −U
∫

dt[φ̄clφ̄qφclφcl + φ̄clφ̄qφqφq + c.c] = −U
∫

dt[(φ̄clφcl + φ̄qφq )(φ̄q(t )φcl(t ) + φ̄cl(t )φq(t ))]. (E4)

APPENDIX F: SHIFTED SYSTEM FIELDS

In order to achieve the factorization of the MGF in Eq. (54),
we introduced the shift to the integration variables in Eq. (53).

δφcl = φcl − 〈φcl〉[χ, χ ′], δφq = φq − 〈φq〉[χ, χ ′],

δφcl = φcl − 〈φcl〉[χ, χ ′], δφq = φq − 〈φq〉[χ, χ ′].

We note that φ and φ̄ are shifted independently of each other
since taking the expectation value and complex conjugation
do not commute here; see Eqs. (51) and (52),

〈φcl〉[χ, χ ′] �= 〈φcl〉[χ, χ ′], (F1)

and Eqs. (49) and (50),

〈φq〉[χ, χ ′] �= 〈φq〉[χ, χ ′]. (F2)

Nevertheless, as we now show, we may replace integration
over φ by integration over δφ, i.e.,∫

D[φ] f [φ, φ] =
∫

D[δφ] f [δφ + 〈φ〉, δφ + 〈φ〉], (F3)

even when 〈φ〉 and 〈φ〉 are not related by complex conjuga-
tion. To this end, we first note that∫

D[φ] =
N−1∏
j=0

1

π

∫ ∞

−∞
d (Re{φcl})

∫ ∞

−∞
d (Im{φcl})

× 1

π

∫ ∞

−∞
d (Re{φq})

∫ ∞

−∞
d (Im{φq}). (F4)

We may now write

Re{φcl} = 1

2
(δφcl + δφcl + 〈φcl〉[χ, χ ′] + 〈φcl〉[χ, χ ′]).

(F5)

Identifying x = (δφcl + δφcl )/2, the first integral on the right-
hand side in Eq. (F4) may then be written as∫ ∞

−∞
d (Re{φcl}) f (Re{φcl})

=
∫ iδ+∞

iδ−∞
dx f

(
x + 〈φcl〉 + 〈φcl〉

2

)

=
∫ ∞

−∞
dx f

(
x + 〈φcl〉 + 〈φcl〉

2

)
. (F6)

Here,
∫ iδ+∞

iδ−∞ dx denotes the contour integral along the straight

line with constant complex part δ = −Im{〈φcl〉 + 〈φcl〉}/2. In
the last equality, we made the assumption that the contour
of integration can be deformed back to the real line without
crossing any singularities of the integrand.

The other integrals in Eq. (F4) may be treated analogously.
This demonstrates that, under the integral, we may shift the
real and imaginary parts of fields by complex values, as long
as the integrand is analytic. This implies that we can shift
fields and their complex conjugates independently, proving
Eq. (F3).

APPENDIX G: CUMULANT EXPANSION

We can view the interaction part of the action as a random
variable and expand its generating functional to a desired
order in the cumulants: Following Ref. [38], we rewrite the
interacting part of the MGF,

	int
out[χ, χ ′] = 〈eiSint [δφ,χ,χ ′]〉0

= 〈1 + iSint[δφ, χ, χ ′] − 1
2 Sint[δφ, χ, χ ′]2 + · · · 〉0

= exp ln〈1 + iSint[δφ, χ, χ ′] − 1
2 Sint[δφ, χ, χ ′]2 + · · · 〉0.

(G1)

Now, we employ the expansion of the logarithm

ln(1 + x) =
∞∑

n=1

(−1)n+1 xn

n!
,

to get

	int
out[χ, χ ′] = exp

{〈iSint[δφ, χ, χ ′]〉0 − 1
2

(〈
S2

int[δφ, χ, χ ′]
〉
0

− 〈Sint[δφ, χ, χ ′]2〉0
) + O(U 3)

}
. (G2)

The CGF then becomes

S int
out[χ, χ ′] = ln

(
	int

out[χ, χ ′]
)

= 〈〈iSint[δφ, χ, χ ′]〉〉0

− 1
2

〈〈
S2

int[δφ, χ, χ ′]
〉〉

0 + O(U 3). (G3)
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More generally, one can find the following relation:

S int
out[χ, χ ′] =

∞∑
n=1

(iλ)n

n!
〈〈(Sint[δφ, χ, χ ′]/λ)n〉〉. (G4)

By rewriting the MGF,

	int
out[χ, χ ′] = 〈eiλX 〉0, (G5)

here we put X = Sint[δφ, χ, χ ′]/λ with λ being the parameter
we expand in, and recalling the definition of the CGF

S int
out[χ, χ ′] = ln〈eiλX 〉 =

∞∑
n=1

(iλ)n

n!
〈〈X n〉〉. (G6)

APPENDIX H: DIAGRAMMATIC RULES
FOR THE KERR OSCILLATOR

In this Appendix, we explain the origins of the diagram
rules outlined in Sec. V B.

1. Rule 1

The rule determining the number of arrows that point to
and away from the vertex comes directly from the interaction
Hamiltonian Ĥint. The Kerr term consists of two creation
and two annihilation operators that, on the level of fields,
yields a complex φ4 theory with two barred and two unbarred
fields in every term proportional to the Kerr parameter U
[see Eq. (64)]. With barred fields represented by outgoing
arrows and unbarred fields by incoming arrows (see Fig. 3),
we end up with the rule that every vertex needs to connect
to two ingoing and two outgoing arrows. For a more general
interaction Hamiltonian,

Ĥint = (â†)nâm + H.c., (H1)

we can expect the first rule to change to n outgoing arrows and
m incoming arrows, or vice versa at every vertex.

2. Rule 2

The second rule on the number of dashed lines that connect
to a vertex is due to the specific structure of the interaction
action given in terms of the quantum (dashed lines) and clas-
sical fields (full lines) in Eq. (64). We notice that every term
in the interaction action contains either one or three quantum
fields and since we denote quantum fields by dashed lines,
this yields the restriction. For different interaction actions,
inspection of the interaction action under the Keldysh rotation
is expected to yield a similar rule.

3. Rule 3

Neglecting all loops except the ones of the Keldysh equal-
time Green’s function is a convention to simplify calculations.
We fix this convention to reduce the number of diagrams
to keep track of by considering all possible loops inside the
classical-classical connection. See Appendix J for an in-depth
explanation.

4. Rule 4

Rule number four reflects the causality structure built into
the propagators. Every diagram where two connected vertices
attach to a dashed line each contains a product of Green’s
functions that is equal to zero:

We see that every possible configuration of arrows in a dia-
gram where two vertices are connected, as is depicted in the
left side, leads to the corresponding term being zero.

5. Rule 5

Rule number five relies on the sign difference between the
product of the terms 〈φq〉′0 and F 〈φ̄q〉′0 as well as 〈φ̄q〉′0 and
F 〈φq〉′0 as they appear in our diagrams (see Fig. 3). For every
diagram that fulfills the premise of the rule, there exists an
associated diagram that we obtain by changing the position of
the dashed line:

Should both these diagrams have the same multiplicity,
which is always the case if the vertex connects to an even
number of detectors, they will cancel out resulting in rule
5 (a). Should the multiplicity of the associated diagram be
different, which may happen for three detectors at the same
vertex, the vertex with higher multiplicity (which has to be
two) survives with multiplicity one, explaining rule 5 (b)
as well as the special multiplicities of vertices with three
detectors.

6. Rule 6

Rule number six admits a simple intuitive interpretation: In
the absence of external driving ( f = 0), the full system is in
thermal equilibrium. In this regime, the statistical properties
of the input and output fields must coincide, and no addi-
tional contribution originating from the interaction term of the
Hamiltonian can arise. Consequently, diagrams violating this
condition must cancel identically. More formally, rule number
six follows from a combination of the previously established
rules and the causal structure of the Green’s function propaga-
tors. To derive it systematically, consider an arbitrary diagram
containing n vertices. For any given assignment of vertex
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times τ1, . . . , τn, there necessarily exists a vertex with the
smallest time, which we label τ1. Owing to its earliest time,
this vertex has a restricted set of admissible attachments. One
may then consider all possible configurations for that vertex
and verify that their total contribution vanishes. To illustrate
this procedure explicitly, we consider the case in which the
earliest-time vertex is connected to a single filled detector
symbol, carries one dotted line, and no loops. Keeping the
remainder of the diagram fixed, this vertex can assume four
distinct configurations, shown in Fig. 3. We demonstrate be-
low that the sum of these four contributions is identically zero.

.

The first diagram contains an incoming Keldysh Green’s
function GK . Since the corresponding vertex occurs at the
earliest time τ1, this incoming propagator reduces to the
advanced Green’s function multiplied by the distribution func-
tion, GK = −FGA, in accordance with Eq. (61). The resulting
contribution is therefore

(a) = −〈
φ

q
0 (τ1 − τ )

〉′
FiGA(τ1 − t )

× iGK (t ′ − τ1)iGK (t ′′ − τ1). (H2)

The second diagram differs from the first only by replacing
the incoming Keldysh propagator with an advanced Green’s
function and by the presence of a full line emerging from the
detector symbol. As shown in Fig. 3, this full line contributes
an additional factor of −F , such that the two diagrams are
in fact identical, yielding (a) = (b). The third diagram again
contains an incoming Keldysh Green’s function, which for the
same reasons as above reduces to −FGA. Moreover, due to
the causal structure of the propagators, the outgoing retarded
Green’s function is equivalent to a Keldysh Green’s function.
This leads to

(c) = 〈
φ

q
0 (τ1 − τ )

〉′
FiGA(τ1 − t )

× iGK (t ′ − τ1) FiGR(t ′′ − τ1)︸ ︷︷ ︸
=iGK (t ′′−τ1 )

= −(a). (H3)

An entirely analogous argument shows that (d ) = −(a).
Hence, all four admissible configurations of this vertex cancel
pairwise, and the total contribution of this class of diagrams
vanishes identically. A similar proof can be performed for
all other vertex configurations that do not include any input
fields (any squares). This shows that all diagrams without
input fields cancel, justifying rule number 6.

7. Rule 7

At zero temperature, the distribution function F is equal to
1 and the constituting relation of the Keldysh Green’s function
[see Eq. (61)] simplifies to the difference between the retarded
and the advanced Green’s function,

GK = GR − GA. (H4)

This leads to the fact that all possible connections of two
vertices with three propagators sum to zero. Note that this rule
does not hold at finite temperatures.

APPENDIX I: MULTIPLICITY OF DIAGRAMS

The factors making up the total multiplicity of each dia-
gram have three different origins that are explained in detail
below.

1. Rule 1

From the structure of the expression in the interaction
action in Eq. (64), we find that a term corresponding to a
given diagram may appear more than once—a simple alge-
braic multiplicity. The term corresponding to the diagram in
Fig. 4(a), for example, appears twice if one multiplies the
terms in Eq. (64), namely, as the result of the following two
multiplications:

(〈φ̄q〉′0(t − τ )〈φcl(t )〉0) · (δφ̄clδφcl ), (I1)

(〈φ̄q〉′0(t − τ )δφcl ) · (δφ̄cl〈φcl(t )〉0). (I2)

The term corresponding to the diagram in Fig. 4(b) only
appears once, resulting in multiplicity one. Each vertex that
connects to four distinct leg contributes a factor of 2 to this
algebraic multiplicity. However, as noted above, rule 5 results
in a reduced multiplicity for certain vertices that connect to
three detectors.

2. Rule 2

As introduced in the main text, correlation functions are
derived from the generating functional by taking functional
derivatives with respect to the source fields χ and χ ′ [see
Eq. (13)]. A correction term to a correlator of the form

〈〈b̂†
out(τ1) · · · b̂†

out(τn)b̂out(t1) · · · b̂out(tm)〉〉

therefore arises from functional differentiation of all terms in
the CGF that contain n times the source field χ ′ and m times
the source field χ . Since the only source-field-dependent
terms in our final expression for the interaction functional
are the field averages of the quantum fields 〈φq(t )〉0[χ ′] and
〈φ̄q(t )〉0[χ ], we ultimately take functional derivatives of pow-
ers of these expressions that are contained in the diagrams
through the detector symbols. As soon as the source field ap-
pears more than once, the order of differentiation with respect
to the source fields at different times matters and we have to
consider all possible permutations σ of the times leading to
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FIG. 10. Diagram contributing to the second-order correction
of the cumulant 〈〈b̂†

out(τ1)b̂out(τ2)〉〉. This diagram has multiplicity 2
since the constituting first-order diagrams each have multiplicity 1
(two identical legs); there is only one detector symbol of each type
but the connecting lines between the vertices lead to an additional
factor of 2 due to Wick’s theorem [see Eq. (I5)].

the additional multiplicative factor,(
m∏

k=1

δ

δχ (tk )

)
(〈φq(t )〉0[χ ])m

=
∑

σ

(
m∏

k=1

δ〈φq(t )〉0[χ ]

δχ (tσ (k) )

)

= m!

(
m∏

k=1

δ〈φq(t )〉0[χ ]

δχ (tk )

)
. (I3)

Due to the exact correspondence between the number of de-
tector symbols of each type and the number of source fields,
the number m corresponds to the number of empty detector
symbols in this case. The reasoning for the primed source
fields is completely analogous.

3. Rule 3

The last multiplicity is due to the evaluation of the shifted
field averages using Wicks theorem [31]. We consider as an
example the second-order diagram from Fig. 10. This diagram
corresponds to the following mathematical expression in the
interaction action:

〈φcl(t1)〉0〈φq〉′0(t1 − τ1)δφcl(t1)δφcl(t1)︸ ︷︷ ︸
left vertex

· 〈φ̄q〉′0(t2 − τ2)〈φ̄cl(t2)〉0δφ̄
cl(t2)δφ̄cl(t2)︸ ︷︷ ︸

right vertex

. (I4)

In order to evaluate the diagram, we have to perform the
averaging over the shifted fields with respect to the action of
the linear cavity [see Eq. (58)]. This averaging is done using
Wicks theorem since the linear cavity is a Gaussian system.
Here, we find for the two lines connecting the vertices

〈δφcl(t1)δφcl(t1)δφ̄cl(t2)δφ̄cl(t2)〉0

= 2〈δφcl(t1)δφ̄cl(t2)〉2
0

= 2[iGK (t1 − t2)]2. (I5)

The multiplicity factor here corresponds to the number of
nonzero two-point correlation functions that can be made up
from the shifted fields present in the diagram, i.e., the number

of ways the arrows between vertices can be connected without
changing the diagram.

APPENDIX J: LOOPS

Loops in our diagrams correspond to equal-time Green’s
functions whose interpretation is not entirely unambiguous
in the Keldysh formalism. In order to determine their value
for the fields that appear in the interaction action, we trace
back the correlators of the classical and quantum fields to
correlators of the plus and minus fields situated on the Keldysh
contour.

〈δφcl(t )δφ̄q(t ′)〉 = i

2
(GT − GT̃ + G> − G<), (J1)

〈δφq(t )δφ̄cl(t ′)〉 = i

2
(GT − GT̃ − G> + G<), (J2)

〈δφcl(t )δφ̄cl(t ′)〉 = i

2
(GT + GT̃ + G> + G<), (J3)

〈δφq(t )δφ̄q(t ′)〉 = i

2
(GT + GT̃ − G> − G<). (J4)

Here, we introduced the following correlators of the plus and
minus fields:

〈δφ−(t )δφ̄+(t ′)〉 = iG>(t − t ′), (J5)

〈δφ+(t )δφ̄−(t ′)〉 = iG<(t − t ′), (J6)

〈δφ+(t )δφ̄+(t ′)〉 = iGT(t − t ′), (J7)

〈δφ−(t )δφ̄−(t ′)〉 = iGT̃(t − t ′). (J8)

Returning to the discrete action [see Eq. (29)], we see that
the barred fields appear one time step after the nonbarred
field along the Keldysh contour. This implies that what we
consider to be equal times in the continuum notation actually
corresponds to δφ̄(ti + δti )δφ(ti ) in the discrete notation. In
the continuum limit, δti approaches zero from above (below)
on the forward (backward) contour (because time decreases
along the backward contour). The correct equal-time limit in
Eqs. (J5)–(J8) thus reads

iG>(0) = 〈ââ†〉0 = nB + 1, (J9)

iG<(0) = 〈â†â〉0 = nB, (J10)

iGT(0+) = 〈â†â〉0 = nB, (J11)

iGT̃(0−) = 〈â†â〉0 = nB, (J12)

where 0+ (0−) denotes the limit of approaching zero from
above (below). We note that this is not identical to the value
one would get by setting t = t ′ in the discrete Green’s func-
tions. In all but the greater Green’s functions, the creation
operator stands to the left of the annihilation operator, because
the barred fields appear after the unbarred fields along the
Keldysh contour. The greater Green’s function has the oppo-
site operator ordering, since the barred field is inserted in the
forward branch, i.e., before the unbarred field that is inserted
along the backward branch.
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We then find the following values for the equal time corre-
lators of the classical and quantum fields:

lim
t→t ′

〈δφcl(t )δφ̄q(t ′)〉 = 1
2 , (J13)

lim
t→t ′

〈δφq(t )δφ̄cl(t ′)〉 = − 1
2 , (J14)

lim
t→t ′

〈δφcl(t )δφ̄cl(t ′)〉 = 2nB + 1
2 , (J15)

lim
t→t ′

〈δφq(t )δφ̄q(t ′)〉 = − 1
2 , (J16)

where we used Eqs. (J1)–(J4) and took the limits according to
Eqs. (J9)–(J12). The first two equations above tell us that for
every diagram that contains an equal time advanced Green’s
function, a similar diagram must exist with opposite sign due
to an equal time retarded Green’s function (whenever a loop
of an advanced Green’s function was possible, a loop of a
retarded Green’s function must also fulfill all the diagram
rules). These diagrams will invariably sum to zero and hence
we fix the rule that no diagrams with loops consisting of a
full and a dashed line exist. Interestingly, we find that the
quantum-quantum correlator does not vanish at equal times
but attains a finite value of − 1

2 . This highlights the fact
that the continuum notation should always be considered as
a notational shorthand for the exact, discrete path integral.
Since any diagram that allows for a quantum-quantum loop
(a fully dashed circle) also fulfills all the diagram rules with a
classical-classical loop in its stead, we fix the following con-
vention: We only allow diagrams with classical-classical loops
and assign the value 2nB to these loops. We thereby effectively
consider the sum of the diagram with the classical-classical
loop and the equivalent diagram with the quantum-quantum
loop whose contributions will sum to 2nB. Apart from the
obvious simplification of reducing the number of allowed
diagrams, this convention allows us to neglect all diagrams
with loops in the zero temperature limit.

APPENDIX K: RESUMMATION OF LOOP DIAGRAMS

To get rid of all diagrams that contain loops, we write

S0[φ] + Sint[φ] = S̃0[φ] + S̃int[φ], (K1)

where (we assume a rotating frame)

S̃0[φ] =
∫

dt

[
φ̄q(t )

(
i∂t − � − 4UnB + i

κ

2

)
φcl(t )

+ φ̄cl(t )
(

i∂t − � − 4UnB − i
κ

2

)
φq(t )

+ iκF φ̄q(t )φq(t )

]
(K2)

and

S̃int[φ] = −U
∫

dt (φ̄clφcl + φ̄qφq − 4nB)(φ̄qφcl + φ̄clφq).

(K3)

Following the derivation of the main text with this division
of the action results in two differences. First, the detuning is
shifted by 4UnB, as can be seen by Eq. (K2). Second, for any
diagram that involves the equal time correlator 〈δφ̄clδφcl〉0,
there will be an identical term but with the replacement
〈δφ̄clδφcl〉0 → −2nB = −〈δφ̄clδφcl〉0. These terms thus can-
cel, eliminating any diagram that contains a loop. Note that the
factor of 4nB in Eq. (K3) arises because each of the relevant
diagrams appears twice (because of the φcl/φ̄cl appearing in
the second bracket), resulting in a multiplicity of 2 for each
vertex including a loop.

Diagrammatically, we can understand the inclusion of this
shift as a dressing of the propagators GA/R/K . Every propa-
gator, advanced, retarded, and Keldysh Green’s function turn
into infinite series loop diagrams that begin and end with
the corresponding fields [see Eqs. (74)–(76)]. We show this
equality for the retarded Green’s function below,

The derivation for the advanced Green’s function is analogous; for the Keldysh Green’s function, we proceed as follows:

In the second to last line, we used the fact that the sum over k is a telescopic series.
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APPENDIX L: SECOND-ORDER COHERENCE FUNCTION

The moments can be obtained from the cumulants according to [37]

〈Ô1 · · · Ôn〉 =
∑
π

∏
B∈π

〈〈Ôi : i ∈ B〉〉, (L1)

where π runs through the list of all partitions of {1, . . . , n} and B runs through the list of all blocks of the partition π . A
straightforward application of this formula to the numerator of the g(2) function in Eq. (83) yields

〈b̂†
out(t )b̂†

out(t + τ )b̂out(t + τ )b̂out(t )〉
= 〈〈b̂†

out(t )b̂†
out(t + τ )b̂out(t + τ )b̂out(t )〉〉 + 〈〈b̂†

out(t )〉〉〈〈b̂†
out(t + τ )b̂out(t + τ )b̂out(t )〉〉

+ 〈〈b̂†
out(t + τ )〉〉〈〈b̂†

out(t )b̂out(t + τ )b̂out(t )〉〉 + 〈〈b̂out(t + τ )〉〉〈〈b̂†
out(t + τ )b̂†

out(t )b̂out(t )〉〉
+ 〈〈b̂out(t )〉〉〈〈b̂†

out(t )b̂†
out(t + τ )b̂out(t + τ )〉〉 + 〈〈b̂†

out(t )b̂†
out(t + τ )〉〉〈〈b̂out(t + τ )b̂out(t )〉〉

+ 〈〈b̂†
out(t )b̂out(t + τ )〉〉〈〈b̂†

out(t + τ )b̂out(t )〉〉 + 〈〈b̂†
out(t )b̂out(t )〉〉〈〈b̂†

out(t + τ )b̂out(t + τ )〉〉
+ 〈〈b̂†

out(t )〉〉〈〈b̂†
out(t + τ )〉〉〈〈b̂out(t + τ )b̂out(t )〉〉 + 〈〈b̂†

out(t )〉〉〈〈b̂out(t + τ )〉〉〈〈b̂†
out(t + τ )b̂out(t )〉〉

+ 〈〈b̂†
out(t )〉〉〈〈b̂out(t )〉〉〈〈b̂†

out(t + τ )b̂out(t + τ )〉〉 + 〈〈b̂†
out(t + τ )〉〉〈〈b̂out(t + τ )〉〉〈〈b̂†

out(t )b̂out(t )〉〉
+ 〈〈b̂†

out(t + τ )〉〉〈〈b̂out(t )〉〉〈〈b̂†
out(t )b̂out(t + τ )〉〉 + 〈〈b̂out(t + τ )〉〉〈〈b̂out(t )〉〉〈〈b̂†

out(t )b̂†
out(t + τ )〉〉

+ 〈〈b̂†
out(t )〉〉〈〈b̂†

out(t + τ )〉〉〈〈b̂out(t + τ )〉〉〈〈b̂out(t )〉〉, (L2)

where we applied normal and time ordering to all the cumulants.

APPENDIX M: COMPARISON TO EXISTING APPROACH

In this Appendix, we compare our Schwinger-Keldysh path integral approach to determining output-field correlation functions
with the established method based on (1) perturbation theory, (2) the standard input-output relation, and (3) the quantum
regression theorem (QRT). This comparison is provided to clarify that our method does not yield new physics that is inaccessible
to the conventional framework; however, the conventional approach becomes practically infeasible already at modest orders of
perturbation. As a prototype, we consider the four-time output correlator relevant for evaluating the second-order coherence
function

〈b̂†
out(t1)b̂†

out(t2)b̂out(t3)b̂out(t4)〉, (M1)

with time ordering t1 � t2 and t4 � t3 [see Eq. (14)], and where the intracavity system is the driven Kerr oscillator studied in
Sec. VII. Using the standard input-output identity in Eq. (6), the desired correlator expands into 14 distinct terms containing
different combinations of input and system operators:

〈b̂†
out(t1)b̂†

out(t2)b̂out(t3)b̂out(t4)〉
= 〈b̂†

in(t1)b̂†
in(t2)b̂in(t3)b̂in(t4)〉 + κ1/2(〈b̂†

in(t1)b̂†
in(t2)â(t3)b̂in(t4)〉 + 〈b̂†

in(t1)b̂†
in(t2)b̂in(t3)â(t4)〉

+ 〈b̂†
in(t1)â†(t2)b̂in(t3)b̂in(t4)〉 + 〈â†(t1)b̂†

in(t2)b̂in(t3)b̂in(t4)〉) + κ
(〈b̂†

in(t1)b̂†
in(t2)â(t3)â(t4)〉

+ 〈b̂†
in(t1)â†(t2)â(t3)b̂in(t4)〉 + 〈b̂†

in(t1)â†(t2)b̂in(t3)â(t4)〉 + 〈â†(t1)b̂†
in(t2)â(t3)b̂in(t4)〉

+ 〈â†(t1)b̂†
in(t2)b̂in(t3)â(t4)〉 + 〈â†(t1)â†(t2)b̂in(t3)b̂in(t4)〉) + κ3/2(〈b̂†

in(t1)â†(t2)â(t3)â(t4)〉 + 〈â†(t1)b̂†
in(t2)â(t3)â(t4)〉

+ 〈â†(t1)â†(t2)b̂in(t3)â(t4)〉 + 〈â†(t1)â†(t2)â(t3)b̂in(t4)〉) + κ2〈â†(t1)â†(t2)â(t3)â(t4)〉. (M2)

Except for the purely input and purely system correlators, all remaining terms are mixed correlators involving both â and b̂in.
Each of the 14 mixed correlators must be decomposed into system correlators only. To perform this reduction, one introduces
shifted input operators δb̂in = b̂in − 〈b̂in〉 and applies the decomposition rules of Ref. [13]. As an illustration, consider the term
〈â†(t1)b̂†

in(t2)b̂in(t3)b̂in(t4)〉, which decomposes into eight contributions:

〈â†(t1)b̂†
in(t2)b̂in(t3)b̂in(t4)〉 = 〈â†(t1)δb̂†

in(t2)δb̂in(t3)δb̂in(t4)〉 + 〈â†(t1)δb̂†
in(t2)δb̂in(t3)〉〈b̂in(t4)〉

+ 〈â†(t1)δb̂†
in(t2)δb̂in(t4)〉〈b̂in(t3)〉 + 〈â†(t1)δb̂in(t3)δb̂in(t4)〉〈b̂†

in(t2)〉
+ 〈â†(t1)δb̂†

in(t2)〉〈b̂in(t3)〉〈b̂in(t4)〉 + 〈â†(t1)δb̂in(t3)〉〈b̂†
in(t2)〉〈b̂in(t4)〉

+ 〈â†(t1)δb̂in(t4)〉〈b̂†
in(t2)〉〈b̂in(t3)〉 + 〈â†(t1)〉〈b̂†

in(t2)〉〈b̂in(t3)〉〈b̂in(t4)〉. (M3)
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This is one of the 14 terms from Eq. (M2). Each term requires such a decomposition, which rapidly proliferates. For the
remaining mixed correlators, one needs identities relating them to system-only correlators. For instance, Ref. [13] provides
the representative identity

〈â†(t1)δb̂in(t2)δb̂in(t3)〉 =
{
κn2

B〈[[â†(t1), â(t2)], â(t3)]〉, t1 > t2 > t3,
0, t2 > t1 or t3 > t1.

(M4)

However, to the best of our knowledge no complete catalog of such relations exists, and in order to evaluate Eq. (M2) one must
first derive most of the necessary identities. This illustrates the severe practical limitations of the standard method when dealing
with finite temperatures. Furthermore, as we now show, computing multitime correlation functions of the output field using
established methods is an extremely challenging task already at zero temperature. Once all mixed correlators are rewritten
in terms of multitime system correlators such as 〈â†(t1)â†(t2)â(t3)â(t4)〉, one applies the quantum regression theorem (see
Ref. [39]). This requires the equations of motion for operator moments 〈(â†)nâm〉,

∂t 〈(â†)nâm〉 = −iωS (n − m)〈(â†)nâm〉 − iU (2(m − n)〈(â†)n+1âm+1〉 + (m(m − 1) − n(n − 1))〈(â†)nâm〉)

− √
κm f (t )〈(â†)nâm−1〉 − √

κn f̄ (t )〈(â†)n−1âm〉 + κ

(
n + m

2
〈(â†)nâm〉 + nBnm〈(â†)n−1âm−1〉

)
, (M5)

where the right-hand side does not close and generates an infinite hierarchy. Because we are interested in perturbation theory up
to order U 2, we truncate the hierarchy to the smallest closed set of operators sufficient to yield 〈â〉 correctly to second order. One
suitable choice is

{Aμ} = {â, ââ, â†â, âââ, â†ââ, â†âââ, â†â†ââ, â†â†âââ, H.c.}. (M6)

These operators satisfy

∂t 〈Aμ(t )〉 =
∑

λ

Mμ,λ〈Aλ(t )〉. (M7)

Applying the QRT to a four-time correlator such as 〈â†(t1)â†(t2)â(t3)â(t4)〉, where t3 > t2 > t4, t1, yields [40]

∂t3〈â†(t1)â†(t2)â(t3)â(t4)〉 =
∑

λ

M1,λ〈â†(t1)â†(t2)Aλ(t3)â(t4)〉, (M8)

where we use A1 = â and the solution involves correlators at earlier times:

〈â†(t1)â†(t2)â(t3)â(t4)〉 =
∑

λ

Cλ〈â†(t1)â†(t2)Aλ(t2)â(t4)〉. (M9)

To evaluate these terms, one must extend the operator basis to Bλ = â†Aλ, apply the QRT again, and iterate until all times
coincide. The operator basis grows combinatorially with the number of time arguments and with perturbation order. We
iterate this process until we can express the result in equal-time correlation functions of the system mode. These correlation
functions can then be determined by standard perturbation theory. In contrast, our path integral formalism works directly with
cumulants of the output field that contain the same information as the output moments (see Appendix L), but can be evaluated
diagrammatically using the rules of Sec. V B.

〈〈b̂†
out(t1)b̂†

out(t2)b̂out(t3)b̂out(t4)〉〉, (M10)

with the same time ordering as above. The procedure for obtaining the second-order approximation of this quantity is described
in detail in Sec. V. In the present case, it reduces to identifying all diagrams that (1) satisfy the rules of Sec. V B, (2) contain no
more than two vertices, and (3) feature two empty and two filled external half-circles. Neglecting loop diagrams and accounting
for their contributions via the partial summation method of Sec. VI B, we are left with a total of 12 diagrams, two of which
are shown in Figs. 9(c) and 9(d). Translating these diagrams and assigning their multiplicities according to Sec. I then directly
yields the desired second-order approximation. The procedure is fully systematic, requires no derivation of mixed input-system
identities, and does not require closing or truncating an operator hierarchy. We stress that while finite temperatures constitute
a major complication for established methods, they can be incorporated easily in our path integral approach by dressing the
Green’s functions as discussed in Sec. VI B.
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