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We investigate the nonequilibrium glassy dynamics of dense, topologically constrained ring-polymer systems
subjected to instantaneous thermal quenches, using large-scale molecular dynamics simulations. We show that
the onset of dynamical arrest is strongly controlled by polymer stiffness, with increasing rigidity enhancing
configurational constraints and shifting the estimated glass transition temperature to higher values. Below this
threshold temperature, the system exhibits clear aging behavior, manifested through the waiting-time dependence
of two-time correlation functions, with the corresponding structural relaxation approximately displaying a simple
aging scenario. A key feature of these systems is the emergence of long-lived threaded rings, upon quenching,
which act as persistent topological constraints, and the threading relaxation is shown to be correlated with aging
dynamics. At the collective level, persistent threading leads to pronounced spatial heterogeneity, manifested
as clustering of centers of mass of the rings. Cluster formation is maximized near the glass transition and is
enhanced by polymer stiffness, while aging primarily affects the kinetics of cluster participation rather than their
characteristic size. Overall, our study establishes a direct connection between polymer stiffness, topological

constraints, spatial heterogeneity, and aging dynamics in ring-polymer glasses.
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I. INTRODUCTION

Glass-forming liquids transform into a glassy state when
rapidly quenched to low temperatures [1]. Empirically, the
glass transition temperature is defined as the temperature at
which the material becomes exceedingly viscous, typically
around 10'? poise [2]. Below this transition temperature, the
material struggles to reach equilibrium within accessible ob-
servation timescales, and its properties continue to evolve
even when held at a constant temperature—this phenomenon
is known as aging [3-6]. Such out-of-equilibrium behav-
ior arises from the complex underlying energy landscape of
glass-forming materials, where the system becomes trapped
in local minima, resulting in extremely slow relaxation dy-
namics [3,7]. Aging behavior has been observed across a
wide range of glassy materials—including colloidal glasses,
polymers, and metallic glasses—where structural and dy-
namical properties exhibit slow temporal evolution [8—14].
Understanding aging therefore remains a central question in
exploring the slow dynamics and long-term stability of these
materials.
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Ring-polymer systems with tunable stiffness provide a ver-
satile model for investigating glass formation and aging in
soft, deformable particlelike systems, where internal degrees
of freedom play a central role, in contrast to conventional
colloids [15-18]. Owing to their closed-loop architecture, ring
polymers exhibit rheological behavior distinct from that of
linear chains. Several studies have demonstrated that ring
polymers display unconventional stress-relaxation dynamics,
primarily due to the absence of free ends. This prevents repta-
tionlike motion and instead creates entanglement constraints
mediated by threading effects [19-29]. These topological con-
straints induce dynamical slowdowns analogous to crowding
effects in dense colloidal suspensions, making ring polymers
valuable model systems for exploring glassy dynamics. By
tuning backbone stiffness, one can systematically modulate
their phase behavior—akin to tuning softness or interaction
strength in colloidal assemblies to control proximity to the
glass transition [30-34].

Despite these parallels, the aging dynamics of topologi-
cally constrained ring polymers remain underexplored. While
studies on linear polymers have shown that chain stiffness and
density significantly influence the glass transition tempera-
ture [11,35-37], ring polymers introduce an additional layer
of complexity through threading interactions. Unlike con-
ventional colloidal or polymeric glasses, where relaxation is
governed by caging or linear-chain entanglements, ring poly-
mers experience unique topological frustrations arising from
threading-mediated constraints that hinder structural relax-
ation and reorganization [38—43]. Previous work has indicated
that stiffness modulates the dynamical slowdown in mixed-
stiffness ring-polymer systems [43,44]; however, a systematic
characterization of aging dynamics as a function of stiffness
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FIG. 1. A representative snapshot of the initial configuration of
the system. The system consists of 1000 nonconcatenated ring poly-
mers with 100 monomers per each polymer.

is still lacking. Investigating how polymer stiffness affects
threading dynamics and determining the glass transition tem-
perature in ring polymer melts can thus provide crucial insight
into how topological constraints govern aging and structural
relaxation, deepening our understanding of glass formation in
these unique polymeric systems.

II. METHODS

We employ molecular dynamics simulations to inves-
tigate the aging behavior of dense melts composed of
N = 1000 nonconcatenated ring polymers, each containing
100 monomers. We work at a monomer number density
of p &~ 0.56. A representative equilibrated configuration is
shown in Fig. 1. The initial state is generated by ran-
domly packing the polymers, followed by equilibration in the
canonical (constant number of particles N, volume V, and tem-
perature T) ensemble (NVT) ensemble at a high temperature
of T = 15 using a Nosé-Hoover thermostat. After equilibra-
tion, we do an additional run of t = 10° using a time step of
8t = 0.001 to ensure thermalization in the high-temperature
state. This protocol is the same for all the four ring-polymer
stiffness values investigated in this work. The equilibrated
configurations are then instantaneously quenched to low tem-
peratures, and the dynamics are followed for a time window
of t = 1.5 x 10°, using a time step of 8t = 0.005.

Model

In our system, the monomers in a polymer interact via the
finitely extensible nonlinear elastic (FENE) potential,
—0.5kR3n[1 — ()], dij < Ro.

U di;) =
FENE(di ) oo, dy; > Ro.

ey

Here, d;; denotes the distance between two bonded
monomers, which must be smaller than Ry = 1.5, the cutoff
for the maximum allowable bond length, and ¥ = 30 repre-
sents the strength of the FENE potential. The FENE potential
ensures that polymers cannot be stretched indefinitely. The
elasticity of the polymers is modeled using the Kratky-Porod
model [40], given by

Uangie (0) = Ko[1 — cos(0; — m)]. @

where, Ky represents the stiffness of the polymer and 6;
is the angle formed at the ith monomer site. In this study,
we investigate four distinct stiffness values: Ky = 1, 5, 10, 20,
where Ky = 1 corresponds to flexible polymers, 1 < Ky < 10
to semiflexible polymers, and Ky > 10 to rigid polymers.
Each simulated system is monodisperse, meaning that all
polymers within a given system share the same stiffness value.
Nonbonded monomer pairs interact via the Lennard-Jones
potential,

1
rij < 2%0,

Upair(rij) = 3

0, rij > 2éo,
where 0 = 1 is the monomer diameter and ¢ is the energy
scale. For simplicity, we set ¢ = 1 for our simulations. We
truncate the potential so that only repulsive interactions occur
at short distances.

III. RESULTS

A. Identification of thermal glassy regime

We first identify the regime within the phase space of ring
stiffness and ambient temperature where the system exhibits
glassy dynamics. For each stiffness value (Ky), the system is
quenched from a high-temperature equilibrium state to several
lower target temperatures (7). By monitoring the potential
energy (Epy, Figs. 14 and 15) over a specified time win-
dow following the quench, we ascertain whether the system
reaches equilibrium or remains out of equilibrium at these
target temperatures [45—48].

To obtain a quantitative estimate of the temperature range
over which ring-polymer systems of varying stiffness dis-
play glassy behavior, we examine their dynamical properties.
Specifically, we identify the temperature at which diffusive
dynamics cease, marking the onset of nonergodic behav-
ior and defining the regime appropriate for probing aging
phenomena. For this purpose, we compute the mean-square
displacement (MSD) of the ring-polymer center of mass [22],

N
[RE, ) — RE O, “)
k=1

1
(&) =5

where I?c"m denotes the center-of-mass coordinates of the kth
ring.

Figure 2 displays the MSD at different temperatures for
two contrasting stiffness values, Ky = 1 and 20, highlighting
the thermal range where asymptotic diffusion [g3(¢)~¢] is
observed; results for intermediate stiffnesses are shown in
Appendix B (see Fig. 16). To quantify the extent of diffu-
sion, we extract the diffusion coefficient (D) from these MSD
curves and plot its temperature dependence in Fig. 2(c). As
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FIG. 2. (a), (b) Mean-square displacement of the center of mass of polymers, g3(¢), for K, = 1, 20, where ¢ is the time since thermal
quench. (c) Diffusion coefficient D as a function of temperature; the dashed lines correspond to power-law fits ~(7 — T..)". Inset: D plotted
as a function of T — T for all stiffness values. (d) Estimated 7, for dynamical arrest as a function of polymer stiffness Kjy; the dotted line is a

guide to the eye.

expected, D decreases systematically as temperature de-
creases for all stiffness values. At a fixed temperature (e.g.,
T = 2), the diffusion coefficient of flexible polymers exceeds
that of stiffer polymers, underscoring the pronounced depen-
dence of diffusion on Kjy. The diffusion data clearly indicate
that dynamical arrest (D — 0) occurs at progressively higher
temperatures with increasing stiffness.

To estimate the temperature of dynamical arrest (7;)
more quantitatively, we perform power-law fits of the form
D ~ (T —T.)” [dashed lines in Fig. 2(c)]. Fits were per-
formed over the final decade of accessible diffusive data,
where the power-law dependence was most robust, as con-
firmed by the log-log representation of D versus 7 — T, shown
in the inset of Fig. 2(c). The resulting 7. values are plot-
ted in Fig. 2(d). The loss of long-time diffusion, and hence
of equilibrium, is found at T, &~ 0.35, 0.56, 1.06, 6.50, and
7.47 (rounded to two decimal places) for polymer stiffnesses
Ky =1,5,10, 15, and 20, respectively. These temperatures
serve as reference scales analogous to the mode-coupling
temperature, where the diffusion coefficient theoretically van-
ishes in a power-law manner. The exponent y shows a slight
stiffness dependence, implying that increasing K, alters the
underlying relaxation pathways. The collapse of the diffusion
data when plotted as a function of T — T, [inset of Fig. 2(c)]
further confirms the validity of the power-law scaling, while
the variation in the exponent y suggests a stiffness-dependent
change in fragility—an aspect warranting further study. The
observed increase in 7. with stiffness confirms that rigid
polymers enter the glassy regime at higher temperatures, re-
flecting enhanced configurational constraints. In ring-polymer
melts, topological effects, particularly threading interactions,
impose additional constraints beyond those of conventional
entanglement, elevating 7; beyond values expected from chain
entanglement alone [11,35,36].

Having estimated the thermal regimes for which diffusive
translational motion of the rings is expected to be observed,
we now delve into probing for aging behavior at lower tem-
peratures, which we discuss in the next section.

B. Aging dynamics

In equilibrated systems, temporal correlation functions de-
pend solely on the time difference between measurements,
reflecting time-translational invariance. However, in glassy

systems, equilibration becomes increasingly difficult within
accessible simulation or experimental timescales as the ambi-
ent temperature approaches and drops below the characteristic
temperature (7;). This occurs because relaxation times grow
rapidly with decreasing temperature, causing the system to
fall progressively out of equilibrium. Consequently, correla-
tion functions depend not only on the time difference but
also explicitly on the initial measurement time, known as the
waiting time (#,,), making them two-time quantities [47]. This
t,, dependence is a hallmark of aging behavior.

To explore aging dynamics in our system, we analyze
the waiting-time-dependent mean-square displacement of the
polymer center of mass (COM) and the self-intermediate
scattering function (ISF). We investigate how polymer stiff-
ness (Kp) and temperature (7") influence dynamical slowdown,
subdiffusive behavior, and aging phenomena, thereby eluci-
dating distinctive features of aging in ring-polymer systems
compared to conventional polymer and colloidal glasses.
Figures 3(a)-3(d) present the waiting-time-dependent MSD
for ring polymers following instantaneous quenches from a
high-initial temperature to target temperatures below their
respective T, values, as indicated in each subplot for each stiff-
ness Ky. We observe that at intermediate to longer timescales,
the MSD curves consistently display subdiffusive behavior
and pronounced dependence on waiting time. This depen-
dence strengthens at larger ¢,,, reflecting a gradual dynamical
slowdown as the system ages. Aging signatures appear clearly
as plateaus in gs(#,, At) at larger waiting times, indica-
tive of particle-caging effects arising from neighboring rings.
These characteristics observed in ring-polymer MSDs qual-
itatively mirror other soft-glassy systems, such as colloidal
hard spheres [48]. Further, we analyze the aging dynamics
of the monomers with respect to the center-of-mass of the
rings; the measured g,(¢,,, At) is shown in Figs. 3(e) and 3(f)
for the largest and smallest ring stiffness that we have studied,
viz., Ky = 1,20. Note that because of the ring constraint,
g»> is always bounded by the effective size of the ring at
any temperature; however, it provides information about the
transient internal conformational relaxation [22]. We observe
that not only the transient dynamics is age dependent, but the
asymptotic bound is also weakly age dependent: the longer
the waiting time, the larger the plateau height. Meanwhile,
the age-dependent transient relaxation, which is observed to
be more sluggish for larger ¢, also has dependence on ring
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FIG. 3. (a)—-(d) Mean-square displacement of the center of mass
of polymers, g3(,, At), as a function of waiting time (z,,) for differ-
ent stiffness values and temperatures, as marked. (e), (f) Waiting-time
dependence of the mean-square displacement of the monomers with
respect to the center of mass of the chain, g, (¢, At), for two different
stiffnes values.

stiffness, with the variations more visible for Ky = 1 due to
greater flexibility. Overall, the g3 and g, measurements reflect
the consequences of unique topology of ring polymers, which
imposes additional constraints that strongly influence their
aging dynamics, as discussed in more details later.

The age-dependent self-intermediate scattering function,
Fi(q, ty, 1), quantifies temporal correlations of density fluctu-
ations and is widely used to characterize relaxation dynamics
in glass-forming liquids. It is defined as

N

1 Bk Bk
F@.tnt) = ,; Tl ()

where the summation is over all ring polymers and I?’c‘m de-
notes the center-of-mass coordinates of the kth ring polymer.
Unlike the simple exponential decay observed in liquids,
supercooled systems display slow, nonexponential decay of
the ISF. This results from activated hopping between mul-
tiple minima in a rugged potential-energy landscape, which
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FIG. 4. (a), (b) Waiting-time dependence of the self-intermediate
scattering function, Fi(q,1t,, At), for K, =5 and 10, respectively,
computed at ¢ = 1. The dashed lines indicate stretched-exponential
fits. (c), (d) Relaxation time 7, as a function of waiting time #,
for Ky = 5 and 10, respectively, at different temperatures below the
transition temperature (7' < T.), with timescales rescaled by t,(0).

becomes increasingly prominent as the glass transition is ap-
proached [46,47].

Like the MSD discussed above, the ISF also exhibits aging
behavior, as shown in Figs. 4(a) and 4(b) for ¢ = 1, corre-
sponding to a length scale, which is approximately close to
typical values of the radius of gyration. To compare the results
for Ky = 1, 20 (see Fig. 19). At long timescales, the ISF de-
cays increasingly slowly with larger #,,, indicating progressive
slowdown in structural relaxation as the system ages. The data
can be reasonably described by stretched-exponential fits. For
each dataset, the fit quality was evaluated over two decades
of At, yielding stretching exponents 8 >~ 0.35-0.5, consistent
with typical glass-forming systems. The aging-dependent re-
laxation is quantified via the relaxation time 7, (¢, ), defined
as the time at which F;(q, t,,, 7,) = 1/e. Figures 4(c) and 4(d)
show the waiting-time dependence of 7, for Ky = 5 and 10 at
different temperatures. For reference, the dashed lines corre-
spond to a simple aging scenario, 7, ~ t,. For small waiting
times, 7, remains nearly constant, consistent with transient
relaxation dominated by initial high-temperature effects (as
also seen in the MSD data, Fig. 3). For t,, > 102, 1, increases
significantly with age, and flexible polymers display a more
pronounced rise compared to the rigid systems (Ky = 10),
underscoring stiffness-enhanced dynamical constraints. For
comparison, across all stiffness values, (see Fig. 20).

The observed waiting-time dependence of MSD and ISF
is qualitatively consistent with studies of aging in col-
loidal and polymeric glasses [47,48]. However, the distinct
topology and stiffness of ring polymers introduce additional
constraints, leading to characteristic aging signatures, in-
cluding sublinear growth of 7, with ¢#,. Increased stiffness
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FIG. 5. Change in relative shape anisotropy (Ax2(At,t,)) for
different waiting times below the glass transition temperature. Upper
pannels correspond to flexible rings (Ky = 1) and lower pannels to
rigid rings (K, = 20). The (-) represent the average over all rings.

amplifies excluded-volume effects, restricting configurational
rearrangements and intensifying aging. These findings align
with observations in dense polymer melts, where stiffness
delays relaxation and enhances dynamical heterogeneity [49].
The pronounced dependence of 7, on both ¢, and Ky high-
lights the crucial roles of stiffness and waiting time in
governing the aging dynamics of glassy ring-polymer sys-
tems. Moreover, the absence of free ends and the presence of
threading impose unique topological constraints that further
slow structural relaxation, clearly distinguishing their aging
behavior from that of linear-polymer glasses. We examine
these topological effects, particularly threading, in the next
section.

C. Aging effects on ring conformations

Next, we analyze structural changes of polymers during
aging. We focus on configurational observables such as the
radius of gyration and the relative shape anisotropy. We ask
how time evolution of changes in coformational measures
depends on the waiting time ?,,. We define the change in any
observable s relative to the waiting time as

As(AL, 1) = s(t + 1) — 5(tw). ©6)

This characterizes structural
observables.

In Fig. 5, we show the change in relative shape anisotropy
(Ak?) [see Eq. (D1) for definition] for different waiting
times, and we compare the results between the flexible (upper

panel) and the more rigid polymer (lower panel) cases. The

the aging effects in

measurements are done, for both Ky values at two different
temperatures, which are chosen slightly less than the respec-
tive T; or further below, i.e., deeper into the glassy regime. In
each of the cases, we observe that there is an increase in the
shape anisotropy, i.e., (Ak?) > 0, with increasing observation
time, and the onset of increase shifts systematically to the right
as t,, increases. The crossover time at which (Ax?) departs
from zero increases monotonically with ¢,,. This is clear in
Figs. 5(a) and 5(b), where each decade increase in #,, delays
the onset of growth by a comparable factor in At. The increase
in (Ak?) indicates the transformation of rings from a nearly
isotropic shape toward a disklike shape. At lower temperatures
for each stiffness [Figs. 5(a) and 5(c)], the growth in (Ak?)
slows down as the system ages, which reflects the config-
urational arrest due to lack of thermal fluctuations. On the
other hand, at temperatures closer to 7, [Figs. 5(b) and 5(d)],
the behavior depends on the stiffness. For the rigid system
(Ky = 20), we observe a sharp decline in (Ak?) at long times,
in contrast to the flexible system, which hints at a saturation in
(Ak?). Similar behavior is observed for other stiffness values
as shown in Fig. 21. Stiffer systems undergo a significant
relaxation process at temperatures close to the estimated 7,
whereas flexible systems do not exhibit such behavior. We
note that the decline in (Ax?) (also in («?), see Fig. 18) at
long times indicates a structural relaxation of ring polymers
from a doubly folded linear configuration to an extended and
open structure. We will discuss later the ramifications for such
shape changes.

We observe a similar aging dependency of (AR,) in Fig. 6.
All the curves show a time lag in growth, with sluggish growth
at lower temperatures compared to the higher temperatures
[Figs. 6(a)-6(d)]. The growth in (AR,) slows down as the
system ages for all the stiffness values. However, in contrast
to (Ak?), (AR,) does not decline at long times, even at higher
temperatures below 7. The increase in radius of gyration ac-
companied by a decrease in relative shape anisotropy suggests
a swelling of rings to a disklike shape. Results for other stift-
ness values at their respective glass temperatures are provided
in Fig. 22.

D. Threading analysis

Ring polymers, unlike linear polymers, are topologically
constrained, making structural rearrangements difficult, par-
ticularly at low temperatures. The absence of free ends
prevents ring polymers from undergoing reptation—the pri-
mary relaxation mechanism in linear-polymer melts. Instead,
their unique topology allows for threading, a phenomenon
in which one ring polymer passes through the contour of
another, introducing additional entanglement constraints [43].
Formally, threading is defined by the intersection of bond vec-
tors (monomer-monomer bonds) of one ring polymer with the
triangular planes forming the minimal surface of another ring
polymer (see Fig. 7). Specifically, if the bond vectors of ring A
intersect with the minimal surface of ring B, ring A is said to
thread into ring B. To quantify threading, we define Ny, as the
number of bonds of ring A located between two successive
intersections. To simplify calculations, we divide each ring
into an odd side and an even side and count the bonds on
the odd side (N[‘I’]dd). Given the absence of free ends, the total
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FIG. 6. Change in radius of gyration (AR,(At, t,,)) for different
waiting times. Results are shown for flexible and rigid systems at
temperatures close to their respective glass temperatures. The (-)
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number of bonds satisfies the relation Nt‘]’fd + Ni'" = MNiing,
where Nyy, is the total number of bonds in a ring. Finally, we
define the degree of threading as

2 Y N
i=odd

At)=1-
() Nring

—1]. 7

Equation (7) provides a quantitative measure of threading
events in the system. A value of A(#) = 0 corresponds to
no threading, i.e., when Zi:odd Ntﬁl = 0, whereas a maximum
value of A(t) = 1 occurs when a ring is perfectly bisected by

1

W4

FIG. 7. Schematic representation of two threaded polymers with
triangulated surface. The figure is taken from Ref. [43] with
permission.
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Time evolution of A(t) at two different temperatures, for Ky = 5, 10,
respectively. (f) Number of threading neighbor gain/loss events over
time, measured at the state point K, = 10, T = 0.5.

another, such that y_,__,4 Vi = Ning/2. Applying Eq. (7), we
compute the degree of threading for each ring polymer and
obtain an average over all rings to quantify the system-wide
degree of threading over time.

We first analyze how the extent of threading evolves as
the system is quenched from a high-temperature liquid state
into a low-temperature topological glassy state. Since a topo-
logical glass is characterized by a high degree of threading,
it is expected that the initially equilibrated high-temperature
liquid will exhibit significantly lower threading. This is in-
deed observed in Fig. 8(a), which shows the time evolution
of the average degree of threading A(¢) for ring polymers
with stiffness values Ky = 1,5, 10, 20 following a quench
to temperatures below their respective 7.. At short times
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(t < 10), threading remains nearly constant across all stiff-
nesses, consistent with the persistence of high-temperature
initial conditions and the dominance of local fluctuations. For
Ky = 1,5, and 10, threading increases gradually and with
similar overall trends. Despite differences in stiffness, these
systems retain sufficient conformational flexibility and config-
urational freedom for threading to develop progressively over
time, without severe hindrance. In contrast, the Ky = 20 sys-
tem exhibits markedly different behavior. While initial growth
is visible, threading saturates rapidly and remains flat at long
timescales, indicating strong dynamical arrest. The high stiff-
ness in this regime imposes significant steric and topological
constraints, suppressing large-scale rearrangements required
for further interpenetration. This stagnation in A(¢) growth
reflects a glassy state dominated by persistent threadings and
limited mobility.

To further quantify long-time threading dynamics, data for
t > 10° were fitted to a power-law relationship, A(t) ~ t".
Figure 8(b) shows the fits at early times, with the exponent
n capturing the stiffness dependence of long-time threading
behavior. The extracted n values range from 0.04 to 0.2, high-
lighting the distinct dynamic regimes introduced by polymer
stiffness. Figure 8(c) shows fits at later times, where all stiff-
ness values except Ky = 20 exhibit similar trends, indicating
that the highest stiffness value behaves distinctly. Fits were
performed over the last decade of well-converged data, with
uncertainties in n within +0.02.

In Figs. 8(d) and 8(e), we analyze how temperature affects
threading growth for polymers with stiffness Ky = 5 and 10
by comparing dynamics at two temperatures: one significantly
below T and another near 7. Initially, threading growth is
similar at both temperatures; however, at later times, distinct
deviations emerge. At higher temperatures near T, threading
growth shows a secondary rapid increase at long times, sug-
gesting that enhanced thermal fluctuations facilitate additional
structural rearrangements and new threading events—a mech-
anism suppressed deep in the glassy regime.

Figure 8(f) provides microscopic insight by tracking the
number of gain and loss events associated with threading over
time, specifically for polymers with Ky = 10 quenched to a
glassy state at T = 0.5. The gain curve increases more steeply
than the loss curve, indicating that new threading events
continue to form during the system’s evolution and, once
established, are not easily undone. At short times (¢ < 10),
both gain and loss rates remain low, consistent with limited
large-scale rearrangements. With increasing time, the rate of
threading events accelerates, signaling the onset of structural
reorganization. However, threading-loss events remain com-
paratively infrequent, underscoring the persistent nature of
topological constraints formed during aging. The sustained
increase in threading reinforces the notion that ring polymers
experience durable topological constraints, particularly at low
temperatures, leading to significantly slowed dynamics and
characteristic glassy rigidity.

To quantify aging effects on threading dynamics, we cal-
culate the average threading duration between pairs of rings.
We define the threading matrix P;;(¢) at time ¢ as
1, if the ith ring is threaded to the jth,

Fijt) = {0, otherwise. ¢ ’ (®)
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FIG. 9. Age dependence of the correlation function ¢,(t,, At)
measured at the state points: (a) Ky =5, T =0.25 and (b) Ky =
10, T = 0.5. (c) Variation of the characteristic discontinuity time,
74, extracted from ¢,(t,, At), with age t,,, shown for Ky = 10, at
temperatures of 7 = 0.5, 1.0. (d) Correlation of structural relaxation
time, t,, with threading discontinuity time, t,, as obtained via their
respective age dependence and computed for the state points shown
in panel (c).

Here, P; = 0, i.e., self-threading events are excluded. Also,
when the ith polymer is threaded to the jth, P;; = 1, but the
converse is not necessarily true, i.e., Pj; # 1. At any point
in time, P;;(¢) is an N x N matrix, where N is the number
of polymers. Using this matrix, we define the correlation
function [50] as

1 N

Gpltu, 1) = {5 PPyt + 1) Pyl +1 = 00) -+ Pyt) )
j=1

©)

where (---) denotes an average over all rings. When two
rings unthread, P;;(t) changes from 1 — 0; therefore, the
correlation function ¢,(t,, ) tracks such unthreading events
as a function of waiting time t,,, thereby measuring threading
persistence.

Figures 9(a) and 9(b) show the waiting-time depen-
dence of ¢,(t,,t) for ring polymers with stiffness values
Ky =5 and 10; data for other stiffnesses are provided in
Appendix G. At short times (t < 10), ¢,(t,, ) = 1 across all
waiting times, reflecting the ballistic regime where monomers
remain highly correlated with their initial positions. The initial
sharp drop at small t,, arises from transient effects following
the high-temperature quench. As time progresses, the decay
of ¢,(ty,t) slows markedly for larger #,,, demonstrating pro-
gressive dynamical slowdown characteristic of aging in glassy
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FIG. 10. Correlation between shape relaxation and threading
persistence for flexible and stiff ring polymers. The mean-squared
change in shape anisotropy, (Ak*(At, t,,)), is plotted as a function
of the threading persistence function ¢,(t,,, At) for different waiting
times t,,. Panels (a) and (b) correspond to flexible rings (Ky = 1) at
temperatures 7 = 0.05 and T = 0.1, respectively, while panels (c)
and (d) show stiff rings (Ky = 20) at 7 = 1 and T = 2, respectively.

systems. Thus, threading decorrelation effectively captures
signatures of aging dynamics.

We quantify this decorrelation using the characteristic dis-
continuity timescale 74, defined as the time at which ¢,(74) =
0.3, corresponding to 70% decorrelation of initially threaded
rings. Figure 9(c) shows that 7, increases systematically with
waiting time t,,, indicating that unthreading becomes pro-
gressively slower as the system ages. Thermal effects are
also evident: At higher temperatures, 7; is smaller and un-
threading faster, suggesting that reduced thermal fluctuations
amplify the role of topological constraints in glassy dynamics.
Stretched exponential fits to ¢,(t,, ) yield stretching expo-
nents B, ~ 0.2-0.4, consistent with the slow decorrelation
typical of topologically constrained systems (see Figs. 23
and 24). We now probe the relationship between relaxation
of topological constraints and conformational changes, by
correlating threading persistence with shape fluctuations. In
Fig. 10, we plot the mean-squared change in the shape
anisotropy, (Ak>(At,t,)), as a function of the threading per-
sistence function ¢,(t,, At) for different waiting times t,,.
The top panels (a) and (b) correspond to flexible rings (Ky =
1), while the bottom panels (c) and (d) show the same analysis
for stiff rings (Ky = 20), at the temperatures as marked. In
all cases, we note that threading decorrelation is related to
significant change in relative shape anisotropy, i.e., Ak? starts
to increase when ¢, tends to fall below 0.4.

For flexible rings [Figs. 10(a) and 10(b)], we observe that
the data collapses across waiting times, at both the tempera-
tures analyzed. However, for higher temperatures, there is a
larger change in Ak? as noted earlier. This suggests that shape
relaxation in flexible rings is primarily governed by thermal
fluctuations when the initial topological constraints change.

In contrast, stiff rings display a different behavior
[Figs. 10(c) and 10(d)]. The data for the different ¢, do not
collapse together like what is observed for the flexible rings.
Further at the temperature near 7., (Ak?) exhibits pronounced,
nonmonotonic behavior as a function of ¢,. Moreover, as the
waiting time increases, the onset of shape relaxation is pushed
to progressively lower values of ¢,, demonstrating that upon
aging, shape changes occur later than when the initial threaded
network decorrelates.

This analysis shows that polymer stiffness determines
the coupling between shape relaxation and threading per-
sistence, while temperature governs the accessibility of this
coupling. This coupling between topology and conforma-
tional relaxation indicates possible spatial organisation of the
interconnected rings, which we explore next through an anal-
ysis of cluster formation and its temporal evolution.

E. Cluster dynamics

The threading analysis above establishes that dynami-
cal arrest in ring-polymer melts is governed by long-lived,
stiffness-dependent topological constraints that persist and
strengthen with aging. While these results quantify threading
at the level of pairwise ring interactions, an open question
remains as to how such persistent topological constraints orga-
nize the system spatially at larger length scales. In particular,
if threading acts as a dominant source of dynamical arrest,
it could potentially lead to spatially heterogeneous organiza-
tion of the centers of mass of the rings, reflecting collective
entrapment. To address this, we examine the emergence
and evolution of clusters in the spatial organization of ring
polymers.

To characterize collective spatial organization, we analyze
the clustering of ring COMs as the system is quenched from
a high-temperature liquid state to temperatures in the glassy
regime, i.e., T < T.. We employ the DBSCAN algorithm to
identify clusters; details of the method and parameters are
provided in Appendix H. Figure 11 shows representative snap-
shots of the COM evolution and the corresponding virtual
bonds between COMs. Two COMs are considered connected
if the corresponding rings are threaded and the distance be-
tween them is less than the instantaneous average radius of
gyration, (R,(t)), where (-) denotes an average over all rings
at time ¢. Intercluster threaded rings are indicated by purple
bonds. As evident from Fig. 11, a finite number of polymers
thread with polymers belonging to different clusters, indicat-
ing nontrivial intercluster connectivity.

At t = 0, which is representative of the high-temperature
state from where the thermal quench is initiated, there is spa-
tial homogeneity and no clusters are observed [see Figs. 11(a)
and 11(e)]. As the system undergoes thermal quench with time
(from left to right in top and bottom panels of Fig. 11(h),
clusters begin to form progressively. Both the number and the
size of clusters increase with time as the glassy state develops.
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FIG. 11. Snapshots of the spatial organization of ring-polymer centers of mass at different times following a thermal quench. Panels (a)—(d)
correspond to Ky = 1, T = 0.1, and panels (e)—(h) to Ky = 20, T = 2, shown atr = 07, 1837,2.7 x 10*z, and 1.5 x 10°7, respectively. Blue
spheres denote COMs not belonging to any cluster. Solid black lines indicate virtual-neighbor connections between threaded polymers. Purple
lines indicate intercluster connections. The largest and second-largest clusters are highlighted in red and green, respectively.

We observe maximal clustering and ensuing spatial hetero-
geneity at temperatures near 7, (see bottom panel of Fig. 11).
In contrast, at T < T, both the average cluster size and the
number of clusters remain small (see top panel of Fig. 11).
At these low temperatures, reduced thermal fluctuations slow
down large-scale rearrangements, delaying cluster formation,
and preserving homogeneity over longer times. For temper-
atures above T, clustering becomes less and less evidenced
(see Fig. 25), as the rings adopt compact, soft-sphere-like
conformations that increase the effective screening distance
between COMs.

Polymer stiffness further modulates cluster formation. In
Figs. 12(a) and12(b), we plot the evolution of the average
cluster size, CJ, (¢), for different stiffness values, at the respec-
tive temperatures as indicated. A clear distinction emerges
between flexible and rigid systems [see Fig. 12(a)]: Flexi-
ble systems (Ky = 1, 5) exhibit weaker clustering, whereas
stiffer systems (Ky = 10, 20) display significantly larger clus-
ters, highlighting the role of stiffness in enhancing collective
organization of ring COMs. At the lower temperatures [see
Fig. 12(b)], the clustering process gets arrested because of the
lack of thermal fluctuations in initiating structural reorganiza-
tions.

To quantify cluster participation, we compute the fraction
of polymers f.(¢t) that belong to a cluster at a given time.
Clusters are defined as containing at least two members,
excluding isolated single-particle clusters identified by the
DBSCAN algorithm. As shown in Figs. 12(c) and 12(d), the

fraction of polymers participating in clusters increases upon
quenching below 7. The dependence of f.(t) on stiffness
and temperature is presented in Figs. 12(c) and 12(d). Stiffer
systems exhibit substantially higher cluster participation, with
up to ~80% of polymers forming clusters in the final state,
whereas flexible systems (Ky = 1) show reduced clustering,
with a maximum participation of approximately 40%. At tem-
peratures well below T, cluster participation decreases again
[Fig. 12(d)].

A comparison of maximum cluster size and cluster par-
ticipation across 7, is provided in Appendix H. Figure 26
summarizes the temperature dependence of clustering and
shows that cluster formation is maximized near the transition
temperature and suppressed both above and below it. No-
tably, this trend closely mirrors the temperature dependence
of threading events [Figs. 8(d) and 8(e)], indicating a strong
correlation between threading interactions and cluster forma-
tion. This correspondence suggests that persistent threading
facilitates the collective caging of polymers and promotes the
formation of spatially heterogeneous domains in topological
glasses.

We now examine how aging influences the dynamics of
cluster formation and evolution, using the two complementary
measures discussed above: the average cluster size and the
fraction of polymers participating in clusters. These quanti-
ties allow us to distinguish between aging effects associated
with cluster restructuring and the incorporation of polymers
into collective via increased clustering. Figures 13 shows the
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FIG. 12. Time evolution of the (a), (b) average cluster size,
C:, (1), (c), (d) fraction of polymers participating in clusters, f.(¢),
for different polymer stiffnesses at their respective temperatures as
marked. The left panel corresponds to temperatures just below T,
while the right panel shows results at the lowest temperature investi-
gated in this study.

changes in the average cluster size, AC;, (top panel), and in
the cluster participation fraction, A f, (bottom panel).

We first consider the evolution of the average clus-
ter size. For rigid systems, AC;, exhibits no systematic
dependence on the waiting time t,,. The curves display
only weak, unsystematic fluctuations with age, indicating
the absence of pronounced aging effects in cluster size.
Instead, AC;, depends primarily on temperature at fixed
stiffness [Figs. 13(a) and 13(b)]. At low temperatures,
AC;, remains close to zero over the entire observation
window, reflecting strong dynamical arrest. At higher tem-
peratures, AC;, increases rapidly with time, consistent with
enhanced mobility and restructuring of clusters, but still with-
out exhibiting clear aging dependence.

The lack of aging in the average cluster size suggests
that once clusters form, their typical size is largely deter-
mined by temperature rather than by the age of the system.
In the deeply glassy regime, reduced thermal fluctuations
suppress large-scale rearrangements, effectively freezing clus-
ter sizes. Additional results for intermediate stiffness values
(Ky =5, 10) are shown in Fig. 27.

In contrast, the fraction of polymers participating in clus-
ters exhibits a weak but systematic dependence on the waiting
time. As shown in Figs. 13(c) and 13(d), Af, increases grad-
ually with time. The growth is more pronounced at higher
temperatures for a given stiffness, indicating that thermal
fluctuations facilitate the incorporation of additional polymers
into existing clusters. As the system ages, the rate of increase
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FIG. 13. Change in (a), (b) average cluster size AC;, (At, t,,) (¢),
(d) fraction of polymers participating in clusters Af.(At,t,), for
different waiting times for K, = 20.

of Af, slows down, signaling progressive dynamical arrest in
cluster participation. This behavior reflects aging at the level
of cluster membership rather than cluster size. Results for
Ky =5, 10 are provided in Fig. 28 .

IV. SUMMARY AND DISCUSSION

In this study, we investigated the aging dynamics of
dense, topologically constrained ring-polymer systems using
large-scale molecular dynamics simulations. In the super-
cooled regime, we measure diffusion coefficient of the center
of the mass of the polymer rings and use the tempera-
ture dependence of the diffusion coefficient to estimate the
temperature (7;) at which the diffusion of the rings is ex-
pected to vanish, i.e., the temperature below which the
system would be nonergodic. We established that 7, increases
steadily with polymer stiffness (Ky). This highlights the role
of rigidity in enhancing configurational constraints and in-
creasing the energy barriers for relaxation. Such behavior
is consistent with prior observations in linear-polymer sys-
tems and colloidal glasses, reinforcing the general principle
that increased stiffness shifts the glass transition to higher
temperatures.

Below T, characteristic features of aging are observed.
Analysis of the two-time correlation functions, viz., mean-
square displacement and self-intermediate scattering function,
revealed a clear dependence on the waiting time f,,, which
is a hallmark of aging behavior. The structural relax-
ation time 7, extracted from the self-intermediate scattering
function, follows a sublinear power-law scaling, 7, ~t5),
consistent with simple aging scenarios reported in colloidal
glasses.
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A defining feature of ring-polymer melts is the occurrence
of threading events, which introduce topological constraints
absent in linear polymers. Upon thermal quench, the degree
of threading increases as the system becomes dynami-
cally arrested. The threading measure A(t) exhibits distinct
stiffness-dependent behavior: Highly rigid rings (Ky = 20)
show rapid saturation of threading due to strong topologi-
cal constraints, whereas more flexible rings exhibit sustained
growth of threading over long timescales, characterized by a
power law A(¢) ~ t"7 with decreasing 7 as stiffness increases.
These trends reflect the competing roles of conformational
flexibility and excluded-volume constraints in enabling topo-
logical rearrangements.

Aging further amplifies the role of threading. Analysis
of threading gain and loss demonstrates that, as the system
ages, the formation of new threadings slows while existing
threadings become increasingly persistent. This is captured
quantitatively by the threading persistence function ¢(t,,, t),
whose decay slows systematically with increasing waiting
time. The corresponding threading relaxation timescale t;(,,)
exhibits a power-law dependence on f, similar to that of
74, establishing a direct correspondence between topological
and structural relaxation. These results identify threading as
the dominant slow variable governing aging in ring-polymer
glasses.

The persistence of threading interactions has direct conse-
quences for polymer conformations and spatial organization.
Shape analysis reveals pronounced aging effects: Rigid rings
undergo late-time shape relaxation near 7., whereas flexible
rings saturate earlier. The radius of gyration increases with
age and does not relax back at long times, indicating a gradual
evolution toward more open, disklike conformations that are
conducive to threading. These conformational changes fur-
ther stabilize topological constraints and reinforce dynamical
arrest. At the collective level, persistent threading gives rise
to pronounced spatial heterogeneity, manifested as clustering
of ring centers of mass. Cluster analysis reveals that both
cluster size and number depend strongly on temperature and
stiffness. Clustering is maximized near the transition tem-
perature, where polymer mobility and long-lived threading
coexist. At low temperatures, cluster growth is inhibited by
deep dynamical arrest, whereas at high temperatures, thermal
fluctuations destabilize threading-mediated contacts. Stiffer
rings exhibit stronger clustering than flexible systems, reflect-
ing their enhanced ability to sustain long-lived threadings.
These observations establish cluster formation as a spatial
footprint of topological constraints in glassy ring-polymer
systems.

Overall, our results reveal a coherent picture in which poly-
mer stiffness controls the onset of dynamical arrest, threading
events act as long-lived topological constraints that govern
aging, and clustering emerges as the spatial manifestation of
these constraints. The interplay between stiffness, topology,
and aging produces a form of slow dynamics distinct from
conventional polymeric and colloidal glasses, highlighting the
crucial role of polymer architecture in shaping nonequilibrium
behavior. Future studies on mixed-topology or polydis-
perse ring systems may further elucidate how heterogeneity
in threading influences macroscopic aging and relaxation
pathways.
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FIG. 14. Time variation of potential energy for various polymer
stiffness Ky. The energy is fitted (dashed line) to the algebraic func-
tion Eyy = a;t~"" + ¢ and shifted by its intercept (c;).
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TABLE L. b; and b, values obtained from algebraic fit Ey, ~
7" (refer to Fig. 2) and logarithmic fit Ep; ~ (log;o(¢)) 2. Here,
Ty < T, < Tz < Ty, and T/'s are temperature values used for each K;s
in Figs. 14 and 15.

b,
Ky =1 Ky =5 Ky =10 Ky =20
T 0.23 0.26 0.30 0.30
T, 0.47 0.27 0.30 0.31
I 0.52 0.26 0.32 0.38
T, 0.99 0.69 0.88 0.81
by
KQII KgZS nglo K9:20
T 0.58 0.83 1.05 1.04
T, 1.8 0.87 1.06 1.15
T; 2.0 0.83 1.2 1.58
T, 5.0 2.8 2.45 227
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FIG. 15. Time variation of potential energy for various polymer
stiffness Ky. The energy is fitted (dashed line) to the algebraic func-
tion Ey = ay [log(t)]"’2 + ¢, and shifted by its intercept (c;).

APPENDIX A: POTENTIAL ENERGY DURING QUENCH

Figure 14 shows the evolution of potential energy imme-
diately after the quench (r = 0). In the supercooled regime,
E,o decreases initially and subsequently reaches a plateau,
corresponding to its equilibrium value at that temperature.
Conversely, in the glassy regime, the potential energy fails
to attain a steady-state plateau within accessible simula-
tion timescales. Figure 14 presents the time evolution of
Eyo for different temperatures and polymer stiffness values,
illustrating the stiffness-dependent variation in glass transi-
tion temperature. For flexible polymers (Ky = 1), we note
that the onset of glassy dynamics occurs around 7 =~ 0.1,
where Ep, does not stabilize within our observation win-
dow. Semiflexible polymers (Ky = 5) show glassy behavior at
T ~ 0.75 but equilibrate at T = 1, indicating a slightly higher
glass transition temperature compared to flexible polymers.

For rigid polymers (Ky = 10, 20), we progressively observe
higher transition temperatures, with clear out-of-equilibrium
dynamics emerging at T &~ 1.5 for Ky = 10 and at 7 ~ 3 for
Ky = 20. To quantitatively characterize these relaxation dy-
namics, we fit the potential-energy curves using the algebraic
form Epo = ait~" + ¢ (dashed lines in Fig. 14); here, energy
curves are shifted by c¢; to facilitate direct comparison. The
fitting parameter b; serves as an indicator of structural relax-
ation timescales, with values between 0.2 and 0.4 representing
slow relaxation typical of glassy systems, whereas b; > 0.4
corresponds to the nonglassy regime; see Table I for details
on the obtained fit values.

In Fig. 15, we present logarithmic fits to the potential-
energy curves using the form E,o = az[log(z‘)]’b2 + ¢;. The
extracted exponent b, (see Table I) ranges from 0.4 to 5 across
the various temperatures and K values considered. For glassy
systems, values of b, < 2 indicate a slow decay in poten-
tial energy, consistent with slow relaxation. A similar trend
is observed in the exponent b; from the algebraic fits (see
Fig. 2), with larger exponents corresponding to faster decay,
typical of nonglassy systems that relax rapidly to equilib-
rium. As the temperature decreases and the system approaches
the glassy regime, both exponents decrease, reflecting
slower potential-energy relaxation. Notably, flexible polymers
(Ky = 1) exhibit a sharp increase in b; and b,, attributed to
enhanced configurational entropy that accelerates relaxation.
In contrast, semiflexible and rigid polymers show significantly
slower decay due to increased effective volume and reduced
configurational entropy. Overall, this analysis delineates the
thermal regimes corresponding to out-of-equilibrium dynam-
ics for different values of Kj, setting the stage for subsequent
exploration of aging phenomena [48,51].

APPENDIX B: MEAN-SQUARE DISPLACEMENT

Figure 16 shows the MSD curves for Ky = 5, 10, 15. As
the stiffness of the polymer backbone increases, the onset
of the diffusive regime progressively shifts to higher tem-
peratures. This trend reflects the increasing configurational
constraints imposed by enhanced chain rigidity. For highly
stiff polymers, such as Ky = 15, diffusive behavior is ob-
served only at higher temperatures (7" ~ 6), consistent with
the behavior reported for Ky = 20 (see main text).

(a) Kg=5 (b) Kg =10 (c) Ke=15
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FIG. 16. Mean-square displacement of the center of mass of polymers, (Ar?(t)), for various K, values. Here, the (-) represents the average

over all rings. ¢ is the time since the thermal quench.
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FIG. 17. Evolution of mean radius of gyration after the quench.
Panels (a)-(d) represent (R,(¢)) for Ky =1, 5, 10, 20, respectively, at
different temperature values (see legends).

The diffusion curves in Fig. 2(c) clearly demonstrate that
for Ky > 10, the system dynamics slow down considerably,
which can be attributed to the increased effective volume as-
sociated with the rigid polymer structure, which further limits
configurational rearrangements. As a result, the characteristic
temperature at which diffusion emerges shifts to higher values
for stiffer polymers.

APPENDIX C: RADIUS OF GYRATION

The structural properties of ring polymers play an impor-
tant role in topological glasses, where an open and extended
polymer facilitates more threading events leading to a dynam-
ical arrest of the system. On the other hand, crumpled and
compact ring configurations lead to lesser threading events
resulting in a liquid phase. In this section, we show the average
radius of gyration for various stiffness and temperatures as a
function of time. Upon quenching the system from high to
low temperature, we observe an initial increase in the mean
radius of gyration, which eventually saturates, signaling the
approach to an equilibrium phase.

The radius of gyration depends on both the stiffness of the
polymers and the system temperature. Stiff polymers tend to
adopt extended configurations in order to minimize bending
energy, whereas at higher temperatures, polymers can assume
crumpled conformations as thermal fluctuations help over-
come the bending potential. This trend is evident in Fig. 17,
where we observe an increase in the mean radius of gyration
as the temperature is lowered for a fixed stiffness. Conversely,
for a fixed temperature, increasing the stiffness leads to a
larger equilibrium value of (R,), consistent with the tendency
of stiffer polymers to take extended structures.

APPENDIX D: SHAPE ANISOTROPY AND THREADING

In our simulations, rings with a comparable number of
threaded polymers exhibit distinct behaviors, i.e., some escape
the caging, while others remain trapped. Especially, rings with
twisted or folded conformations tend to stay confined and fail
to break the cage. To quantify the role of polymer shape in
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FIG. 18. Upper panel: time series of average anisotropy (k>(At)) of the polymers for various stiffness and temperatures. Lower panel: the
corresponding time evolution of average number of threaded polymers to a polymer. Here, the waiting time #,, = 10.
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FIG. 19. ISF curves for K, = 1,20, at T = 0.05 and 1, respec-
tively. Here, |¢| = 1.

this slowdown, we evaluate the relative shape anisotropy of
the rings (Fig. 18), defined from the gyration tensor as [52,53]

s 3 M+ 1

2(h + A+ 232 2 (DD

Where 1| < A; < A3 are the eigenvalues of the gyration
tensor. The parameter x> € [0, 1], with k> = 0 for isotropic
(spherical) and k2 = 1 for linear (rodlike or doubly folded)
conformations. In the ideal limit, x> — 1 corresponds to van-
ishing threading (Th — 0).

Figure 18 compares the average anisotropy (k?) and the
average number of threaded polymers (Th). At high tem-
peratures, the rings are crumpled with (k?) &~ 0. The initial
plateau is due to the transient high-temperature effect after
the quench. After the temperature settles at the target tem-
perature (T < T), the polymers expand to minimize bending
energy, becoming more anisotropic and increasing their elas-
tic modulus 2. The threading dynamics follow a similar
trend: As rings evolve from compact to extended conforma-
tions, the number of threading events increases, reflecting
the correlation between anisotropy growth and the threading
process.

At longer times (r > 10%), (k?) plateaus at temperatures
lower than the transition temperature (7' < T.). In con-
trast, for temperatures closer to the transition temperature
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FIG. 20. Relaxation time (t,) as a function of waiting time (z,,)
for Ky = 1, 5, 10, and 20, at temperatures 7 = 0.05, 0.25, 0.5, and 1,
respectively.
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FIG. 21. Change in relative shape anisotropy (Ax?(At, t,)) for
different waiting times below the glass transition temperature. Up-
per panels correspond to rigid rings (K, = 20) and lower panels to
flexible rings (Ky = 1). The (-) represent the average over all rings.

(T ~ T,), the long-time behavior of (k) shows an overall
decline. Interestingly, the number of threading events, (Th),
continues to rise. In each case considered here [Figs. 18(e)—
18(h)], temperatures closer to 7, show a sharp increase in
threading events (e.g., for Ky = 10, 7 = 1) at times ¢ > 10°.
For such cases, we observe a decline in the corresponding
relative shape anisotropy curve at times t > 10°, suggesting a
deviation of rings from a doubly folded linear shape toward
more open configurations, facilitating additional threading,
which can be a possible explanation for the sharp rise in
threading events at temperatures close to 7.. Whereas, at lower
temperatures (T < T, Ky = 10, T = 0.5), polymers are more
compact, and the lack of thermal energy excludes the possibil-
ity of long-time relaxation, leading to fewer threading events
per ring.

APPENDIX E: INTERMEDIATE SCATTERING FUNCTION
DURING AGING

In this section, we show the aging effect on the interme-
diate scattering function for two contrasting stiffness values
Ky = 1 and 20 for different waiting times (see Fig. 19). The
flexible (Ky = 1) and rigid (Ky = 20) systems show aging
behavior at their respective temperatures, with flexible sys-
tem showing a higher relaxation time compared to the rigid
system, due to reduced motility as a result of its flexibility
(see Fig. 19). In Fig. 20, We compare the relaxation time
across various stiffness values at different temperatures. It
is evident that the flexible systems (Ky = 1,5) show larger
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FIG. 22. Change inradius of gyration (AR,(At, t,))) for different
waiting times. Results are shown for rigid and flexible systems at
temperatures close to their respective glass temperatures. The (-)
represent the average over all rings.

relaxation time than their rigid counter parts due to reduced
rigidity impacting its structural rearrangements. Note that the
temperatures considered in this plot corresponds to T =~ T, /2
for all stiffness values except Ky = 20, for which T ~ T, /7.

APPENDIX F: AGING EFFECT ON RING
CONFORMATION

In this section, we report the effect of aging on ring confor-
mation. In Fig. 22, we plot the change in relative anisotropy
for Ky = 5, 10. In both cases, we observe an increase in Ax?
over the temperature range considered here. The semi-flexible
system (K = 5) shows a saturation in Ax? at long times. In
contrast, the stiffer system exhibits a decline in Ax? at long
times, similar to the behavior observed for stiff polymers in
Fig. 6. These results suggest that stiffer systems (K, > 10)
undergo a doubly folded linear-to-disk transition at tempera-
tures close to the transition temperature. The consequences of
this transformation are reflected in the increase in the number
of threading events shown in Fig. 18(e)-18(h).

Next, we examine the effect of aging on the change in the
radius of gyration of the rings for Ky = 5, 10. Similar to the
flexible and rigid cases shown in Fig. 7 of the main text, we
observe an increase in AR, with increasing observation time.
In addition, as the waiting time increases, the onset of the
increase in AR, shifts to longer times. Unlike the behavior of
Ax?, however, no decline in AR, is observed at long times.
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FIG. 23. Aging effect on threading correlation function (see
main text for definition) for K, = 10 and different temperature
values. The black-dashed line is a fit to the stretched-exponential
function ¢, (t,, At) ~ e~/ For small waiting times (f,, = 10),
the region At > 10% is fit with ¢,(t,, Ar) ~ Ar~*, represented by
the red dashed line.

APPENDIX G: THREADING CONTIGUITY

In Fig. 23, we fit the threading correlation function ¢, to
a stretched exponential to extract the relaxation behavior of
unthreading events for Ky = 10. At low t,,, the curves show fat
tails and deviate from the stretched exponential, indicating a
slower decay in ¢,,. Fitting the tail region (At > 10°) for 10 <
tw < 1000 to an algebraic form Az~% confirms this slower
decay, with & ranging from 0.17 to 0.23 for 7 = 0.5 and 0.38
to 0.48 for T = 1. The tail decay in ¢, is notably slower
than the coil-coil contiguity correlation reported in Ref. [50],
where the tail exponent & A~ 3/4. The stretching exponent 8,
lies between 0.1 and 0.2, much lower than typical ISF values
(B > 0.4). While fat tails appear at smaller #,,, they disappear
at higher t,,, indicating a crossover from a tail-dominated slow
decay to a slower stretched-exponential relaxation. However,
for highly rigid systems, fat-tail dominated decay persists
even for higher ¢,, [Fig. 24(b)].
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FIG. 24. Aging effect on threading correlation function (see
main text for definition) for K, = 20 and different temperature
values. The black dashed line is a fit to the stretched-exponential
function @, (t,, At) ~ e~ A/ %" For small waiting times (¢, = 10),
the region At > 10% is fit with ¢,(t,, At) ~ At~*, represented by
the red dashed line.
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FIG. 25. Comparison of clusters for Ky = 10 at various temperatures above and below the transition temperature (7. & 1). The snapshots
correspond to the final configuration in each case (+ = 1500000, 7). Blue circles represent noise, i.e., COMs that are not part of any cluster.
The largest and second-largest clusters are shown in red and green, respectively. Black lines indicate virtual bonds (see main text for definition),
while purple lines denote intercluster virtual bonds, i.e., bonds between particles belonging to different clusters.

APPENDIX H: CLUSTER FORMATION AND BOND
NETWORK ANALYSIS

1. DBSCAN method

In this section, we describe the density-based spatial clus-
tering of applications with noise (DBSCAN) algorithm used
to identify clusters in our system. DBSCAN is a density-
based, unsupervised clustering method [54]. The analysis was
performed using the scikit-1learn library in Python [55].

DBSCAN requires two key parameters: the neighbourhood
radius € and the minimum number of points 7y, within the
radius. A particle is classified as a core point if at least 7y,
particles lie within a distance €. In our analysis, particles
correspond to ring’s center of mass. We fix € = 4 and iy, = 5
for our system. Pairwise distances are computed using the
minimum-image convention to account for periodic boundary
conditions [56]. The algorithm identifies cluster members and
cluster sizes, while particles not assigned to any cluster are
labeled as noise (blue circles in Fig. 25). We track the aver-
age cluster size and the fraction of polymers participating in
clusters at each time. In this section, we show the clustering
across the transition temperature 7, for Ky = 10. Figure 25
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FIG. 26. Evolution of (a) the maximum cluster size and (b) the
fraction of polymers forming clusters for K, = 10 at temperatures
above and below the transition temperature (7. =~ 1).

shows snapshots of COMs at different times for Ky = 10 and
various temperatures at and above the transition temperature,
T, =~ 1. The two largest clusters are highlighted in red and
green, respectively. As seen in Fig. 25, the cluster formation
is most pronounced around the transition temperature. More-
over, clustering does not disappear abruptly at 7;. but decreases
gradually with increasing temperature.

To quantify this behavior across the transition temperature,
we plot the maximum cluster size and the fraction of polymers
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FIG. 27. Change in average cluster size relative to different wait-
ing times.
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FIG. 28. Change in fraction of polymers in clusters relative to
different waiting times.

participating in clusters for Ky = 10, in Figs. 26(a) and 26(b).
The maximum cluster size increases sharply for systems
near T, = 1, reaching about 100 polymers, i.e., roughly 10%
of the polymers. At temperatures far from 7, for instance
T =0.5and T = 2, clustering is minimal. Similarly, the frac-
tion of polymers forming clusters goes up after the quench

and is maximum at the transition temperature, with approx-
imately 80% of the polymer forming clusters of size >2.
Further, for systems with temperatures farther from 7, the
participation of polymers in cluster formation goes down.
Interestingly, this analysis is consistent with the threading
analysis we observed earlier in Figs. 18(e)-18(h) (circles),
where the threading events are maximum for systems with
temperature 7 ~ 1.

2. Aging effects on cluster dynamics

In this section, we report the effect of aging on the cluster
dynamics of the system for Ky =5, 10. Similar to Fig. 13
in the main text, the change in the average cluster size at
lower temperatures ( 7 ~ (0.5) shows weak but negligible age-
dependent behavior for Ky = 10 (see Fig. 27(a)). However, at
temperatures close to the transition temperature (7 ~ 1), no
systematic dependence on the age of the system is observed
(see Fig. 27(b)). These results suggest that the cluster dynam-
ics remain largely unaffected by the age of the system and that
no large-scale rearrangement occurs after the formation of the
initial clusters. Similarly, for Ky = 5, we observe very weak
age dependence at short waiting times, and once the system
enters a deep glassy state, cluster growth becomes arrested
due to weak thermal fluctuations (see Fig. 27(c),27(d)).

Unlike the average cluster size, the change in the fraction
of polymers participating in cluster formation shows a weak
but systematic age dependence. For both Ky = 5 and 10, we
observe very weak age dependence at low temperatures, but
a noticeable and systematic age dependence at higher tem-
peratures (see Fig. 28(b),28(c)). For short waiting times, the
change in the fraction of polymers participating in cluster
formation is significant. In contrast, as the waiting time in-
creases and dynamic arrest sets in, fewer polymers participate
in cluster formation due to low thermal energy.

[1] K. Binder and W. Kob, Glassy Materials and Disordered Solids:
An Introduction to Their Statistical Mechanics (World scientific,
Singapore, 2011).

[2] C. A. Angell, Formation of glasses from liquids and biopoly-
mers, Science 267, 1924 (1995).

[3] J.-P. Bouchaud, M. Cates, and M. Evans, Aging in glassy sys-
tems: New experiments, simple models, and open questions, in
Soft and Fragile Matter: Nonequilibrium Dynamics, Metasta-
bility and Flow, edited by M. E. Cates and M. R. Evans (CRC
Press, Boca Raton, FL, 2000), Vol. 53, pp. 285-321.

[4] R. Bandyopadhyay, D. Liang, J. L. Harden, and R. L. Leheny,
Slow dynamics, aging, and glassy rheology in soft and living
matter, Solid State Commun. 139, 589 (2006).

[5] F. Arceri, F. P. Landes, L. Berthier, and G. Biroli, Glasses and
aging, a statistical mechanics perspective on, in Statistical and
Nonlinear Physics, edited by F. Corberi, G. Gonnela, and A.
Lamura (Springer, Cham, 2022), pp. 229-296.

[6] G. Janzen and L. M. Janssen, Aging in thermal active glasses,
Phys. Rev. Res. 4, L012038 (2022).

[7]1 P. G. Debenedetti, T. M. Truskett, C. P. Lewis, and F. H.
Stillinger, Theory of supercooled liquids and glasses: Energy

landscape and statistical geometry perspectives, Adv. Chem.
Eng. 28, 21 (2001).

[8] P. N. Pusey and W. van Megen, Observation of a glass transition
in suspensions of spherical colloidal particles, Phys. Rev. Lett.
59, 2083 (1987).

[9] M. Yang, W. Li, X. Liu, H. Wang, Y. Wu, X. Wang, F. Zhang,
Q. Zeng, D. Ma, H. Ruan, et al., Configurational entropy effects
on glass transition in metallic glasses, J. Phys. Chem. Lett. 13,
7889 (2022).

[10] Z. Lu, H. Tan, S. Ng, and Y. Li, The correlation between
reduced glass transition temperature and glass forming ability
of bulk metallic glasses, Scr. Mater. 42, 667 (2000).

[11] J. Dudowicz, K. F. Freed, and J. F. Douglas, The glass transition
temperature of polymer melts, J. Phys. Chem. B 109, 21285
(2005).

[12] T. Jin, C. W. Coley, A. Alexander-Katz, et al., Molecular sig-
natures of the glass transition in polymers, Phys. Rev. E 106,
014506 (2022).

[13] G. B. McKenna, Mechanical rejuvenation in polymer glasses:
Fact or fallacy? J. Phys.: Condens. Matter 15, S737
(2003).

033019-17


https://doi.org/10.1126/science.267.5206.1924
https://doi.org/10.1016/j.ssc.2006.06.023
https://doi.org/10.1103/PhysRevResearch.4.L012038
https://doi.org/10.1016/S0065-2377(01)28003-X
https://doi.org/10.1103/PhysRevLett.59.2083
https://doi.org/10.1021/acs.jpclett.2c01234
https://doi.org/10.1016/S1359-6462(99)00417-0
https://doi.org/10.1021/jp0523266
https://doi.org/10.1103/PhysRevE.106.014506
https://doi.org/10.1088/0953-8984/15/11/301

BEHERA, ROY, CHAUDHURI, AND VEMPARALA

PHYSICAL REVIEW RESEARCH 8, 033019 (2026)

[14] T. C. Hufnagel, C. A. Schuh, and M. L. Falk, Deformation of
metallic glasses: Recent developments in theory, simulations,
and experiments, Acta Mater. 109, 375 (2016).

[15] N. Gnan and E. Zaccarelli, The microscopic role of deformation
in the dynamics of soft colloids, Nat. Phys. 15, 683 (2019).

[16] I. Chubak, C. N. Likos, and S. A. Egorov, Multiscale ap-
proaches for confined ring polymer solutions, J. Phys. Chem.
B 125, 4910 (2021).

[17] C. N. Likos, Effective interactions in soft condensed matter
physics, Phys. Rep. 348, 267 (2001).

[18] R. Nayak, P. Chaudhuri, and S. Vemparala, Glassy dynamics in
two-dimensional ring polymers: Size versus stiffness polydis-
persity, Soft Matter 22, 145 (2025).

[19] A. Rosa and R. Everaers, Ring polymers in the melt state: The
physics of crumpling, Phys. Rev. Lett. 112, 118302 (2014).

[20] J. D. Halverson, G. S. Grest, A. Y. Grosberg, and K. Kremer,
Rheology of ring polymer melts: From linear contaminants to
ring-linear blends, Phys. Rev. Lett. 108, 038301 (2012).

[21] J. D. Halverson, W. B. Lee, G. S. Grest, A. Y. Grosberg, and K.
Kremer, Molecular dynamics simulation study of nonconcate-
nated ring polymers in a melt. I. Statics, J. Chem. Phys. 134,
204904 (2011).

[22] J. D. Halverson, W. B. Lee, G. S. Grest, A. Y. Grosberg, and
K. Kremer, Molecular dynamics simulation study of noncon-
catenated ring polymers in a melt. II. Dynamics, J. Chem. Phys.
134, 204905 (2011).

[23] M. Rubinstein, Dynamics of ring polymers in the presence of
fixed obstacles, Phys. Rev. Lett. 57, 3023 (1986).

[24] M. Cates and J. Deutsch, Conjectures on the statistics of ring
polymers, J. Phys. 47, 2121 (1986).

[25] E. Lee and Y. Jung, Segregated structures of ring polymer melts
near the surface: A molecular dynamics simulation study, Soft
Matter 11, 6018 (2015).

[26] S. Brown, T. Lenczycki, and G. Szamel, Influence of topolog-
ical constraints on the statics and dynamics of ring polymers,
Phys. Rev. E 63, 052801 (2001).

[27] J. Suzuki, A. Takano, T. Deguchi, and Y. Matsushita, Dimension
of ring polymers in bulk studied by Monte-Carlo simulation and
self-consistent theory, J. Chem. Phys. 131, 144902 (2009).

[28] E. Lee and Y. Jung, Slow dynamics of ring polymer melts by
asymmetric interaction of threading configuration: Monte Carlo
study of a dynamically constrained lattice model, Polymers 11,
516 (2019).

[29] T. Deguchi and E. Uehara, Statistical and dynamical properties
of topological polymers with graphs and ring polymers with
knots, Polymers 9, 252 (2017).

[30] S. Mukhopadhyay and J. Peixinho, Packings of deformable
spheres, Phys. Rev. E 84, 011302 (2011).

[31] H. A. Makse, D. L. Johnson, and L. M. Schwartz, Packing
of compressible granular materials, Phys. Rev. Lett. 84, 4160
(2000).

[32] V. M. Batista and M. A. Miller, Crystallization of deformable
spherical colloids, Phys. Rev. Lett. 105, 088305 (2010).

[33] A. Boromand, A. Signoriello, F. Ye, C. S. O’Hern, and M. D.
Shattuck, Jamming of deformable polygons, Phys. Rev. Lett.
121, 248003 (2018).

[34] M. Q. Tu, O. Davydovich, B. Mei, P. K. Singh, G. S. Grest, K. S.
Schweizer, T. C. O’Connor, and C. M. Schroeder, Unexpected
slow relaxation dynamics in pure ring polymers arise from
intermolecular interactions, ACS Polym. Au 3, 307 (2023).

[35] V. Privalko and Y. S. Lipatov, Glass transition and chain flexibil-
ity of linear polymers, J. Macromol. Sci. Part B 9, 551 (1974).

[36] H.-P. Hsu and K. Kremer, A coarse-grained polymer model
for studying the glass transition, J. Chem. Phys. 150, 091101
(2019).

[37] C. Ness, V. V. Palyulin, R. Milkus, R. Elder, T. Sirk, and
A. Zaccone, Nonmonotonic dependence of polymer-glass me-
chanical response on chain bending stiffness, Phys. Rev. E 96,
030501(R) (2017).

[38] S. P. Obukhov, M. Rubinstein, and T. Duke, Dynamics of a ring
polymer in a gel, Phys. Rev. Lett. 73, 1263 (1994).

[39] S. P. Obukhov, M. Rubinstein, and R. H. Colby, Network mod-
ulus and superelasticity, Macromolecules 27, 3191 (1994).

[40] F. Guo, K. Li, J. Wu, L. He, and L. Zhang, Effects of topolog-
ical constraints on penetration structures of semi-flexible ring
polymers, Polymers 12, 2659 (2020).

[41] R. Stano, C. N. Likos, and J. Smrek, To thread or not to thread?
Effective potentials and threading interactions between asym-
metric ring polymers, Soft Matter 19, 17 (2022).

[42] E. Lee, S. Kim, and Y. Jung, Slowing down of ring poly-
mer diffusion caused by inter-ring threading, Macromol. Rapid
Commun. 36, 1115 (2015).

[43] P. K. Roy, P. Chaudhuri, and S. Vemparala, Effect of ring
stiffness and ambient pressure on the dynamical slowdown in
ring polymers, Soft Matter 18, 2959 (2022).

[44] P. K. Roy, P. Chaudhuri, and S. Vemparala, Bidisperse ring
polymers: Topological glass to stacking, Phys. Rev. Mater. 8,
045601 (2024).

[45] W. Kob and H. C. Andersen, Testing mode-coupling theory for
a supercooled binary Lennard-Jones mixture I: The van Hove
correlation function, Phys. Rev. E 51, 4626 (1995).

[46] L. Berthier, G. Biroli, J.-P. Bouchaud, L. Cipelletti, and W. van
Saarloos, Dynamical Heterogeneities in Glasses, Colloids, and
Granular Media (Oxford University Press, Oxford, 2011), Vol.
150.

[47] W. Kob and J.-L. Barrat, Fluctuations, response and aging dy-
namics in a simple glass-forming liquid out of equilibrium, Eur.
Phys. J. B 13, 319 (2000).

[48] D. El Masri, L. Berthier, and L. Cipelletti, Subdiffusion and
intermittent dynamic fluctuations in the aging regime of con-
centrated hard spheres, Phys. Rev. E 82, 031503 (2010).

[49] M. Rubinstein and R. H. Colby, Polymer Physics (Oxford Uni-
versity Press, New York, 2003).

[50] D. Michieletto and M. S. Turner, A topologically driven glass
in ring polymers, Proc. Natl. Acad. Sci. USA 113, 5195
(2016).

[51] F. H. Stillinger, Supercooled liquids, glass transitions, and the
Kauzmann paradox, J. Chem. Phys. 88, 7818 (1988).

[52] J. Smrek, J. Garamella, R. Robertson-Anderson, and D.
Michieletto, Topological tuning of DNA mobility in entan-
gled solutions of supercoiled plasmids, Sci. Adv. 7, eabf9260
(2021).

[53] A. Narros, A. J. Moreno, and C. N. Likos, Effects of knots on
ring polymers in solvents of varying quality, Macromolecules
46, 3654 (2013).

[54] M. Ester, H.-P. Kriegel, J. Sander, X. Xu, et al., A density-based
algorithm for discovering clusters in large spatial databases with
noise, in Proceedings of the Second International Conference
on Knowledge Discovery and Data Mining (KDD-96) (AAAI
Press, Portland, OR, 1996), Vol. 96, pp. 226-231.

033019-18


https://doi.org/10.1016/j.actamat.2016.01.049
https://doi.org/10.1038/s41567-019-0480-1
https://doi.org/10.1021/acs.jpcb.1c01953
https://doi.org/10.1016/S0370-1573(00)00141-1
https://doi.org/10.1039/D5SM00967G
https://doi.org/10.1103/PhysRevLett.112.118302
https://doi.org/10.1103/PhysRevLett.108.038301
https://doi.org/10.1063/1.3587137
https://doi.org/10.1063/1.3587138
https://doi.org/10.1103/PhysRevLett.57.3023
https://doi.org/10.1051/jphys:0198600470120212100
https://doi.org/10.1039/C5SM01097G
https://doi.org/10.1103/PhysRevE.63.052801
https://doi.org/10.1063/1.3247190
https://doi.org/10.3390/polym11030516
https://doi.org/10.3390/polym9070252
https://doi.org/10.1103/PhysRevE.84.011302
https://doi.org/10.1103/PhysRevLett.84.4160
https://doi.org/10.1103/PhysRevLett.105.088305
https://doi.org/10.1103/PhysRevLett.121.248003
https://doi.org/10.1021/acspolymersau.2c00069
https://doi.org/10.1080/00222347408204554
https://doi.org/10.1063/1.5089417
https://doi.org/10.1103/PhysRevE.96.030501
https://doi.org/10.1103/PhysRevLett.73.1263
https://doi.org/10.1021/ma00090a012
https://doi.org/10.3390/polym12112659
https://doi.org/10.1039/D2SM01177H
https://doi.org/10.1002/marc.201400713
https://doi.org/10.1039/D1SM01754C
https://doi.org/10.1103/PhysRevMaterials.8.045601
https://doi.org/10.1103/PhysRevE.51.4626
https://doi.org/10.1007/s100510050038
https://doi.org/10.1103/PhysRevE.82.031503
https://doi.org/10.1073/pnas.1520665113
https://doi.org/10.1063/1.454295
https://doi.org/10.1126/sciadv.abf9260
https://doi.org/10.1021/ma400308x

AGING OF RING POLYMERIC TOPOLOGICAL GLASS ... PHYSICAL REVIEW RESEARCH 8, 033019 (2026)

[55] F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. [56] J. P. Miranda, E. Locatelli, and C. Valeriani, Self-organized

Thirion, O. Grisel, M. Blondel, P. Prettenhofer, R. Weiss, V. states from solutions of active ring polymers in bulk and
Dubourg, er al., Scikit-learn: Machine learning in Python, J. under confinement, J. Chem. Theory Comput. 20, 1636
Mach. Learn. Res. 12, 2825 (2011). (2024).

033019-19


https://doi.org/10.1021/acs.jctc.3c00818

