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Accurate computation of multiple eigenvalues of quantum Hamiltonians is essential in quantum chemistry,
materials science, and molecular spectroscopy. Estimating excited-state energies is challenging for classical
algorithms due to exponential scaling with system size, posing an even harder problem than ground-state calcu-
lations. We present a quantum algorithm for estimating eigenvalues and singular values of parametrized matrix
families, including solving generalized eigenvalue problems that frequently arise in quantum simulations. Our
method uses quantum amplitude amplification and phase estimation to identify matrix eigenvalues by locating
minima in the singular value spectrum. We demonstrate our algorithm by proposing a quantum computing
formulation of the pseudospectral collocation method for the Schrédinger equation. We estimate fault-tolerant
quantum resource requirements for the quantum collocation method, showing favorable scaling in the size of
the problem N [up to 5(«/1V )] compared to classical implementations with 6(N ), for certain well-behaved
potentials. Additionally, unlike the standard collocation method, which results in a generalized eigenvalue
problem requiring matrix inversion, our algorithm circumvents the associated numerical instability by scanning
a parametrized matrix family and detecting eigenvalues through singular value minimization. This approach is
particularly effective when multiple eigenvalues are needed or when the generalized eigenvalue problem involves
a high condition number. In the fault-tolerant era, our method may thus be useful for simulating high-dimensional
molecular systems with dense spectra involving highly excited states, such as those encountered in molecular

photodynamics or quasicontinuum regimes in many-body and solid-state systems.
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I. INTRODUCTION

Quantum computing algorithms are sequences of mul-
tiqubit state transformations in quantum devices. Certain
quantum algorithms, such as quantum phase estimation
(QPE), Shor’s algorithm, and Grover’s algorithm [1], have
a proven improved computational complexity scaling for
specific problems compared to their classical counterparts
[2]. In the long term, this theoretical advantage may enable
large, fault-tolerant quantum devices to outperform classical
computers, provided that current technological challenges in
building quantum hardware are overcome. However, the util-
ity of these devices will ultimately depend on the ability of
quantum algorithms to address scientifically and industrially
relevant problems.

Notably, simulating quantum-mechanical systems remains
challenging for classical computers due to the curse of
dimensionality, where both memory requirements and compu-
tational time scale exponentially with the number of particles
or degrees of freedom. In such simulations, calculating the
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eigenvalues (spectra) of the Hamiltonian is often required.
These eigenvalues and their corresponding eigenvectors are
fundamental for studying natural phenomena and predicting
material properties. For this reason, quantum Hamiltonian
simulation is a promising area for demonstrating quantum
computational advantage over classical architectures.

To date, much of the research has focused on ground-
state energy calculations [2—7]. However, this focus limits the
scope of potential quantum advantage. Excited-state calcula-
tions, i.e., computing eigenvalues beyond the ground state,
become rapidly too complex for classical algorithms, sug-
gesting that quantum advantage may be more pronounced in
such scenarios. As an example, determining multiple eigen-
values of a quantum-mechanical Hamiltonian is essential for
modeling physical phenomena such as intraband vibrational
relaxation [8,9], absorption spectra [10], thermodynamic
properties of crystals [11], and (photo)chemical reaction path-
ways [12,13], among others. In these cases, standard QPE
becomes inefficient. The number of QPE calls required to
resolve multiple excited-state energies scales poorly, and
the circuit complexity for preparing suitable inputs tailored
to excited states increases rapidly. For this reason, beyond
ground-state calculations, further theoretical work is needed
to clarify potential quantum advantage.

In this work, we propose a quantum algorithm for com-
puting multiple eigenvalues of general operators. Our central
idea is to encode a grid of matrix parameters « into a quantum
superposition, thereby defining a family of single-parameter-
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dependent matrix representations lV[(a) of a general operator.
By combining QPE with quantum amplitude amplification
(AA) [14-18], we selectively enhance the probability of
measuring quantum states corresponding to eigenvalues of
M(«) within a prescribed interval, from which the associated
parameter values « can be extracted.

In the context of the Schrodinger equation, the matrix
family takes the form M(«) = H — «S, where H is the Hamil-
tonian, S is the Gram (overlap) matrix associated with a
chosen basis, and o represents a candidate eigenvalue. By
qubit encoding o and amplifying the amplitudes of quantum
states corresponding to values of « for which M(«) has sin-
gular values within ¢ from 0, we obtain a quadratic reduction
in Clifford+T gate complexity compared with a direct appli-
cation of QPE.

Unlike conventional ground-state Hamiltonian simulation
approaches based on QPE [4], which rely critically on high
overlap between an initial trial state and the target eigenstate
[19-22], our method scans a family of matrices to detect
eigenvalues or singular values without requiring significant
initial overlap. A related strategy was proposed by Kerzner
et al. [20], who used amplitude amplification and estimation
to identify matrix eigenvalues below a specified threshold. In
contrast, our approach is designed to determine parameter val-
ues for which a matrix in a single-parameter family possesses
an eigenvalue within a chosen interval.

The key conceptual distinction from earlier eigenvalue-
estimation techniques [20,23,24] is that the parameter of
interest, such as the energy, is encoded directly in the quan-
tum state rather than in the measured eigenvalue register.
Consequently, the probability of observing a given bitstring
corresponding to an approximate energy is proportional to the
squared, amplified amplitude. Within this framework, interest-
ing eigenvalues « correspond to minima in the singular value
landscape of the matrices M(«), and the algorithm enhances
the measurement probability associated with these minima.

An important practical feature of our algorithm is that
it does not incur additional overhead from repeated sam-
pling to estimate eigenvalues: Each execution yields a single
eigenvalue estimate with precision ¢. This contrasts with vari-
ational quantum eigensolver approaches, where the number of
measurement shots scales unfavorably and often limits prac-
tical performance and demonstrations of quantum advantage
[25,26].

As a concrete application, we apply the algorithm to
the Schrodinger equation. This leads to our second contri-
bution: the formulation of a quantum-computational analog
of the collocation method for solving partial differential
equations [27-30]. Collocation is a pseudospectral (grid-
based) approach that reformulates the differential Schrodinger
equation as a generalized, generally rectangular and non-
symmetric, matrix eigenvalue problem. Such generalized
eigenvalue problems are popular in quantum physics and
chemistry and therefore have broad relevance.

Generalized eigenvalue problems can be written as

Hv = SVE, ey

where S is the Gram matrix [28] and v is the matrix of eigen-
vectors. These problems are typically more challenging than

standard eigenvalue problems [31-33], in part because they
require inversion or factorization of the Gram matrix. Invert-
ingan N x N matrix requires O(N?) floating-point operations
(FLOPs), while the condition number of S controls numer-
ical stability and may necessitate high-precision arithmetic
[34]. Such problems occur frequently in quantum chemistry
[28,35,36] and in vibrational and vibronic structure calcu-
lations [29,31,32,37-41], where computational convenience
often comes at the expense of a nonidentity overlap ma-
trix. Collocation methods based on Gaussian basis functions
provide a flexible and efficient framework for solving the
Schrodinger equation by avoiding high-accuracy quadrature
and explicit integral evaluation, and by allowing uncon-
strained grid selection [30]. However, they often produce
ill-conditioned Gram matrices due to near-linear dependence
of basis functions, leading to large condition numbers and
limiting scalability. As a result, despite progress [29,42-44],
the classical computational cost of solving the resulting eigen-
value problems still suffers from the curse of dimensionality.

Our approach circumvents explicit matrix inversion by in-
stead studying a family of parametrized matrices and using the
smallest singular value as a diagnostic of eigenvalue accuracy.
Scanning a grid of candidate parameters provides an alterna-
tive route to directly solving generalized eigenvalue problems,
applicable not only to the Schrodinger equation but also to
broader classes of single-parameter matrix families, includ-
ing nonlinear parametrizations. In Sec. III, we compare our
method with classical collocation approaches and highlight its
advantages.

In Sec. IITF, we estimate the quantum resources required
to implement our algorithm on a fault-tolerant quantum com-
puter, including logical qubit counts and T-gate complexity.
These requirements are compared with classical resources
needed for singular value decomposition-based energy grid
scanning methods, allowing us to identify regimes in which
quantum advantage may emerge. By applying our algorithm
to the collocation formulation of the Schrédinger equation, we
demonstrate favorable scaling in both memory usage and gate
complexity relative to the best-known classical approaches
[29], owing to quantum parallelism introduced by amplitude
amplification on a superposed quantum state.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the general quantum algorithm for eigen-
value estimation via parametrized matrix families. In Sec. III,
we describe application of our method to the collocation
formulation of the Schrodinger equation. We then compare
classical and quantum resources and performance in different
regimes, followed by a discussion in Sec. IV and concluding
remarks in Sec. V.

II. QUANTUM ALGORITHM
FOR LANDSCAPE SCANNING

In order to devise an algorithm that solves the generalized
eigenvalue problem presented in Eq. (1), we first consider a
broader problem: finding the pseudospectrum of an operator,
defined as follows.

Definition 1 ([45]). The pseudospectrum A, (more pre-
cisely, the & pseudospectrum) of an operator M is defined as
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selected eigenvalues of M(a)

parameter «

FIG. 1. A sketch of the generic landscape of the eigenvalues for
a one-parameter family of Hermitian matrices M(«). Here, for all
equidistant grid values of « € A = A; U A; U A3, the matrices M(«)
have eigenvalue A, with accuracy ¢.

the set of all numbers A, for which there exists an operator X
such that ||X — M|| < ¢ and A is an eigenvalue of X.

In the pseudoscpectrum finding context, we consider an
N-dimensional one-parameter family of matrices M(« ), with
o € A, where A is a connected subset of the real line, A =
[a, b] C R, where we denote the range S = b — a. Matrices
can be general. In this work, we consider two limiting cases
of square Hermitian and rectangular [46] matrices. Our goal is
to identify at least one matrix M(cg) that possesses a specific
eigenvalue [47] Ao determined with precision €; that is, A
belongs to the pseudospectrum of M(wg), Ao € A.(M(p))
[48]. We assume that such an « exists.

Square Hermitian matrices. First, we consider a family of
square Hermitian matrices M(«) that admit a truncated series
expansion of the form

J
M(a) = Zan,-. )
j=0
In the particular case of J = 1, the generalized eigenvalue
problem written in Eq. (1) can be cast as a pseudospectrum-
finding problem, by taking M(«r) = H — «S and searching for
an « that minimizes magnitude of the smallest eigenvalue |Ag|
of M(«). We discuss this special case in Sec. IITE.
For implementation on a quantum computer, we dis-
cretize the parameter « over an equidistant grid aje1, . x =

{a,a+ 4, ..., b—4,b}. The family of matrices M(«) given
in Eq. (2) can then be conveniently extended as follows:
N J
M=) D/(a)®M;
j=0
=1®@My+D@) @M +D* (@) @My +---, (3)

where D(«) := diag(og, ..., ag) is a diagonal matrix trans-
forming states inside a k := log K-qubit Hilbert space Hy,
ie,D/(a): Hy — Hyi, where H; = C%. All logarithms used
throughout the paper are base 2. Similarly, M; : H, — H,,
where H, = C2', such that M : H — H, i.e., H = Hy @ H,,
and dimH = N - K. We aim to find the eigenvalues of M(«)
in a specific region I = [Ay — €, Ao + €] and the correspond-
ing values for «, as schematically depicted in Fig. 1.

Our proposed algorithm is summarized in the following
theorem.

Theorem 1. Consider a discretized one-parameter family
of Hermitian matrices M(«) on a grid formed by K points.
If the dependence on « can be written as a finite series ex-
pansion M(x) = ijo a/M;, for some matrices M;, there
exists a quantum algorithm that finds a set of the parameters
o’ such that matrices M(«) have eigenvalues in a region
[Ao — &, Ao + €], with O(J¢ «/W/s) calls to block-encoded
matrices M, which all have their max norms upper bounded
by ¢.

Proof. Quantum circuit representing our key elements of
the algorithm is shown in Fig. 2. Our procedure begins by
constructing the following state, similar to that in Ref. [20]:

2(;1+A) 1

Z Vi) )

|W) = PREP(|0), ® |0),)

2+k) _q

Wil Z lil) e HQH, 4

where |Y;) = |o;); @ |¢i), 1s the ith eigenstate of M as de-
fined in Eq. (3), and |ii) is composite state keeping values of
integer indices i = 1, 2, ..., NK. The operator PREP acts as
a preparation phase of a maximally entangled state between
these two registers. The latter equality in Eq. (4) holds for any
choice of basis |1;). In our notation, eigenvector [y/) corre-
sponding to a priori chosen eigenvalue A of M is denoted as
[¥r) = |¥o). The state vector given in Eq. (4) can be straight-
forwardly constructed with a circuit consisting of Clifford
cnot and Hadamard gates. Subsequently, we initialize ¢ + 1
copies of b-qubit registers in the state |0),. The number of
registers b is related to the desired accuracy, b = O(log(1/¢)).
These registers will be used for computing candidate eigenval-
ues of M, as shown in Fig. 2. The top b-qubit register in Fig. 2
keeps the final selected candidate eigenvalue |1),, whereas
the remaining c¢ clock registers are utilized to store output
from a sequence of QPE circuits, i.e., candidate eigenvalues
N, -.., N [49]. The purpose of the c-fold QPE execution is
to improve the probability of measuring correct eigenvalues.
To achieve a target failure probability w, it suffices to choose
¢ = O(log(1/w)), as discussed in Appendix A. The state rep-
resenting the median eigenvalue |1), is constructed from the
composite of candidate eigenvalue states |n), generated by
each of the QPE circuits. Quantum circuit M depicted in
Fig. 2 returns the median X of the set {n, ..., nc}.

The median circuit M can be implemented in a number of
ways, including Grover search, the cost of which is negligible
[20]. Choosing the majority voting technique implementing
an approximate median, the additional gate costs would be
linear in the number of bits b and the number of registers
¢, O(bc). Thus, the asymptotic scaling of the final circuit
is not affected. Generally, following the discussion given in
Ref. [20], the number of clock registers is ¢ = O(log% ), where
p is the probability of not measuring the correct eigenvalue in
QPE. Note that QPE circuits shown in Fig. 2 need only to act
on one of the states in the pair [y;) | [;) in order to produce
an estimate for the eigenvalue of M. We denote by F the
quantum circuit for the state preparation given in Eq. (4), the
successive use of ¢ QPE circuits Q and the median circuit M
displayed in Fig. 2(b), and call F eigenvalue finder circuit.
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FIG. 2. A quantum circuit realizing the search for eigenvalues of a matrix that are close to the target value A, effectively constructing the
algorithm described in Theorem 1 for N = 2" and K = 2*. The costs of the block encoding are assumed to depend on the technique, and, for
example, for d sparse they will scale as O(log NK + 1 + B), where f is the precision for the elements of the matrix M in the chosen block
encoding. The entire circuit in panel (a) is a modification of the standard Grover algorithm. First, via ¢ steps of quantum phase estimation,
we prepare a state in an equal superposition of the eigenvectors and the corresponding eigenvalues on ¢ + 1 registers of b qubits each. The
“median” register stores the best approximation to the true eigenvalues [20]. Additionally, we apply the region oracle on the uppermost qubit,
which gives |1) if the corresponding eigenvalue is in the region of interest and |0) otherwise. This part of the procedure is called F, depicted
in panel (b). Observe that its action is equivalent to the tensor product of Hadamard gates in the standard Grover algorithm. Having prepared
the state, in the first round, the oracle Z acting on the qubit with the characteristic function y is applied. What follows is the reflection over the
equal superposition state, realized via FTRoF, where Ry = 2 |0)0|220+0+bctD+1 _ T Finally, after £ such rounds, the qubits are measured.
The measurement of the & bottom qubits, corresponding to the eigenvector registers, extracts the information about the relevant eigenvector
[¥i) = o) ® i), of matrix M, as defined in Eq. (3). Therefore, this determines the value «; that yields matrices M(c;) with eigenvalues in
the target region.

For executing each QPE circuit, one needs to imple- stant as follows:
ment_the evolution unitary Ug(t) = ™ which requires A
O(|IM(|t + log(1/¢)) calls to block-encoded matrix M [50]. (0], ® DB[A](10), @) = o ®)]
A

The number of qubits b in each QPE estimation register

shown in Fig. 2 is determined by target eigenvalue precision where index a denotes an ancilla register and ¢, is a number
b= lo.g(l/. 8)'. We adopt the' d-sparse model for block- dependent on the block-encoding method. For the d-sparse
enco.dmg individual M; matrices and separately. the D/(«) model, ¢4 = d||A||max, Where d is the maximum number of
matrices, denoted by B[M;] and B[D’], respectively. Each [ . a0 elements in any given row of A and ||A||max i
block encoding is associated with an appropriate scaling con- the maximum norm of A. Here. we assume that matrix M
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is sparse, i.e., it contains d = O(log(N)) nonzero entries in
each row and column. Note that the presence of energy grid
matrices D(«) given in Eq. (3) does not change the matrix
sparsity. The detailed costs of the block-encoding circuit can
be found, e.g., in Ref. [51]. Here, we remain agnostic to
the block-encoding circuit construction details, only assum-
ing the d-sparse scheme for block-encoding individual terms
D/(«) and M j» while linear combination of unitaries is as-
sumed for block encoding the sum of block-encoded products
D/(ar) ® M;. Then, the overall block-encoding scaling con-
stant for Mis given by ¢ = Y"7_ £(D/)¢ (M), which is upper
bounded by J max ;{¢(D’)¢ (M;)}. Block-encoding circuit of
M requires O(log (NK) + log J) qubits using the combination
of the d-sparse and linear combination of unitaries encoding
methods [51]. For further discussion of block encodings, we
refer the reader to Sec. IITF.

The input state vector entering the QPE sequence in eigen-
value finder F circuit shown in Fig. 2(b) can be written as

[W) 10} (c1yp 10)1 - (6)

Upon a successful execution of the finder circuit, the output
state encoding eigenvalues of M can be written in the form

F
[¥) [0} (eq195 10); = |TO)
NK—-1

1
Z lew) 1) 1) |1) Inj ), -

AnSY, 130, 10,
M |’71>;,| 110}

(N

where each |n;) corresponds to a superposition over states
close to the true eigenvalue A;. From here on, for clarity, we
drop the complex conjugated copy of |o;) |¢;) as well as all
the eigenvalue registers apart |n;) *+ Inp), from the median
one |i;)b, as defined in Eq. (7). Our next aim is to increase
the amplitudes of all states A; that satisfy the inequality

|5\1 — )\0| <E&. (8)

For this purpose, we construct an oracle that marks states
satisfying Eq. (8) by transforming an additional qubit register
to state |1) when Eq. (8) is satisfied and |0) otherwise.
We thus defined the characteristic function x(x) € {0, 1}
and y(x) =1 iff |[x — Ag| < & and will call the associated
qubit the characteristic function qubit, already shown
in Fig. 2 and Eq. (6). Let us denote all states satisfying
Eq. (8) s |x4) = Yyeq, o) 160) 210y 1x (), where Q. =
{I: M(a) |t} |1) = Ay leu) 1) and |A; — dol <€} [52].
For amplifying the amplitude of state |x.), we construct
oracle R and diffusion operator D in the following way:

R=T1-2\x)x:| =1QI®---0I®Z (9

D=2\w)\¥| —1=FRyF. (10)

From the above, we form the Grover iterate operator G = DR,
which is applied & times. In the above, the oracle acts
as Z operator on the characteristic function qubit, while
Ro = |0X0] — I is a reflection in the computational basis.
Therefore, the action of the finder operator F can be thought
of as a change of the basis.

After the kth amplitude amplification iteration, the state of
the system can be written as

IT®) = O > ) 122) 1) 1)
1eQ,
L= (2" ) 120) ) [0)
1¢=Q,
= c® x) + V1= (@) [x_), an

where |r;) represents the state of all remaining qubits [53].
Since we do not know the number of eigenvalues satisfying
Eq. (8), we do not know the amplitude of the good state
[ x).. This means that the straightforward strategy of applying
LT VNK | times the Grover rotation might “overamplify” the
desired components, leading to a nonoptimal amplitude. For
this reason, we follow a modified probabilistic strategy, where
in each round we choose a number r € [0, 1]. Then, we apply
Grover rotation Lr%\/ﬁj times. The measurement of the
characteristic function qubit yields the correct value |1), with
probability

— a2 ol 1™\ EVNK
P(r,N, K, m) = sin (2arcsm( NK>\¥r4 NKJ)

~ sin? (’”f), (12)

where 2arcsin\/% is the angle of a single Grover rotation
and m = |€2.|. The average probability of success in this case
is given by P = [/ drsin® (5) > | — 1500 ~ 0,435, 50
it is nonvanishing for all values of m. Therefore, applying
the above procedure a constant number of times O(1) allows
to obtain a correct value «; (i.e., [ € 2.) for any threshold
probability p < 1. Thus, our strategy involves performing &
iterations of amplitude amplification G, where & is random
number from the set {1, ..., |5 VNK |}.

Alternatively, instead of using the abovementioned ran-
domized strategy, one could utilize a more involved approach
like the optimal fixed-point method [16], which would sim-
ilarly remove the overshooting problem. As an advantage,
this would give monotonic convergence and explicit failure-
probability control. For simplicity, we do not discuss this
alternative here as the asymptotic scalings are the same. A
more detailed discussion of the probabilities of success of this
scheme is provided in Appendix A.

In the end, we are interested in values of parameter o
for which an eigenvalue A of M(«) exists satisfying Eq. (8).
Measuring register |o), returns a bitstring. For the case of
J =1, it might represent eigenvalues «; of the generalized
eigenvalue problem, associated, for example, with the dis-
cretized Schrodinger equation, as discussed in Sec. 111 B.

In summary, the overall number of QPE calls for finding an
eigenvalue X that satisfies Eq. (8) with probability p scales as
O/KN). [ |

In a special case of a single matrix M(«’) out of K matri-
ces {M(e;)}X |, having an eigenvalue X satisfying conditions
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given in Eq. (8), our algorithm returns product state
lo") 1A7), 1F) 11) 13)

and upon measuring the k = log K qubit register |o'), returns
the relevant value o’ with probability close to 1. In case there
is more than one matrix with eigenvalues in the corresponding
range, the resulting state can be written as

D leg) A, ) 1) (14)
JjeEA
where  we  defined ={j:3r: M(aj) loej) ;) =

Ajlaj)|@;) AL — Aol < &} and the probability of measuring
any |oj), j € A, is uniform. In cases when more than one
matrix eigenvalue satisfies Eq. (8), the output state can be

written as
> vilag)Iag),
J€EA

i) 1), 5)

where y; is proportional to the number of eigenvalues A
(quasidegeneracy) for a given «;. Such a scenario is plausible
in solid-state physics, where the density of states for Hamil-
tonians with quasicontinuous (gapless) spectra is of interest.
With a histogram estimate of the density of states function,
one can predict several useful properties of materials, such
as conductivity, heat capacity, magnetic susceptibility, and
absorption spectra, or characterize superconducting systems
within the BCS theory, modeling tunneling rates [54-56]. In
case € is chosen such that y;, = yp in Eq. (15), i.e., there is
no quasidegeneracy, all correct values o can be obtained in
O(Llog L) queries, where L is the size of A (the number of
“correct” indices), which follows from the coupon collector’s
problem.

A schematic depiction of eigenvalues of M(a) is given in
Fig. 1. In this figure, for all o € A, matrices M(«) satisfy
Eq. (8). Note that, when there are no matrices whose eigen-
values satisfy Eq. (8), the probability for measuring any given
oy is uniform across the grid. In such a scenario, a finer grid
for |o;) might be required or the value of A and ¢ should be
adjusted.

Importantly, the probability of sampling a given index « is
uniform over all o; and «; for i, j € €2,

im 2=, (16)

K,1/e—0o0 p b
in the limit of large number of points K and high accuracy 1/¢,
while their product is kept constant, K& = const. In particular,
in this limit, the probability of sampling from a given region
is inversely proportional to the derivative in the said region,

pla €A)  Mx;)

im — , (17)
K.l/e—o0 p(a € Aj) )»;(xi)

where 1;(x;) denotes the derivative of the selected eigenvalue
(singular value) A; with respect to parameter «, taken at the
central point x; of the region A;.

Rectangular matrices. A generalization of Theorem 1 for
families of rectangular matrices M(«) can be achieved by
embedding them into larger square matrices (augmented ma-
trices). Similarly to the case of Hermitian matrices, we can
write the following corollary.

Corollary 1. Consider a discretized one-parameter family
of rectangular matrices M(«) on a grid formed by K points.
The larger of the matrix dimensions is denoted by N. If the
dependence on « can be written as a finite series expansion
ZJ_O a/M;, for some matrices M;, there exists a quan-
tum algorithm that finds a single instance of the parameters
o' such that matrices M(«") have singular values in region
[og — &, 00 + €] with OJ¢ VNK /&) calls to block-encoded
matrices M, which all have their max norms upper bounded
by ¢.

Proof. In the general rectangular case, the matrices M; of
size N x M can be tensor multiplied by D/ (), analogously to
the proof for Theorem 1. Here, we apply a similar reasoning
as in the proof for Theorem 1, assuming an augmented, square
matrix of order K(N + M):

M=1)0® Y DeM,
J
¥

+10) (1@ | D DM,
J

ZjDJ(g)QZ)M;), as)

0
- (Z,- D/ () ® M,

in place of matrix M given in Eq. (3), with certain differences.

Nonnegative eigenvalues of M are exactly the singular
values of ) ; Di(e) @M ;- Matrix M has 2M K eigenvectors
that can be written in the form |gyx) = |0) |ex) £ |1) | fx), with
eigenvalues +oy, as well as K(N — M)-dimensional subspace
orthogonal to them, contained in the kernel. Vectors |e;) and
| fx) are, respectively, the right and left singular vectors of ma-
trix ) ; D/(a) ® M; corresponding to the same singular value
oy. Subsequently, we prepare our initial state in a slightly dif-
ferent way, as compared to the square Hermitian case, namely,

N
D 10} 1K) [0) k) = Z|o ) lex) 10) 12i)
k=1

|v)

N
=Y (g) + 124 10)é) . (19)
k=1

Similarly to the proof of Theorem 1, we apply QPE with
the median trick and the region oracle. Upon application of
the finder circuit, defined in Eq. (10), the state vector can be
written as

|0> |0>b |\I’> QPE, region oracle |CI)) ’

N

> " 1x(00), (ok)s 18k) +Hl—01)1g—i))10) 2k).

k=1

where |®) =

(20)

with x(ox) = 1 iff |oy — 09| < & and we dropped for clarity
all ¢ clock registers storing subsequent candidate eigen-
values. Combining the costs of state|W) preparation, i.e.,
O(log (KN)log(1/¢)/)e, gives the total cost

OW log (KN)VKN log(1/¢)/e) 1)
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for estimation of o; with accuracy ¢. Dropping logarithmic
terms retrieves scaling expressed in the O notation of Corol-
lary 1.

The remainder of the paper is devoted to a study of a par-
ticular application of the present method, namely, solving the
Schrodinger equation, in which case J = 1. The most general
case then involves rectangular matrix representations. |

III. APPLICATIONS: FINDING SPECTRUM
OF A HAMILTONIAN

A. Collocation method

We consider a specific case of Eq. (3) for J = 1, which
produces the generalized eigenvalue problem as presented
in Eq. (1). In quantum-mechanical calculations, such a
generalized eigenvalue problem arises naturally from the dis-
cretization of the Schrodinger equation, either via projection
onto a basis set in L, (Galerkin method [28]) or onto Dirac
delta distributions located at grid points (collocation method
[27,29,57]). Both collocation and Galerkin methods have
proven effective in electronic-structure calculations [28-30],
as well as in rovibrational molecular simulations [32,58].
When a nonorthogonal basis is used, or when the Gram matrix
in the Galerkin-discretized Schrodinger equation is evaluated
using inexact quadratures, the result is a generalized matrix
eigenvalue problem. In the collocation method, the general-
ized eigenvalue structure arises by construction [27,30,58].

To compare with our proposed quantum algorithm dis-
cussed in Sec. II for solving generalized eigenvalue problems,
we now derive and briefly discuss key aspects of the collo-
cation technique. In the following sections, we compare the
computational complexity of classical approaches to solving
collocation equations with our quantum computing proposal,
highlighting advantages and disadvantages.

In the collocation method, the Schrodinger equation for the
Hamiltonian, written as

H=K+V, (22)

is discretized by expanding the solution in a basis set
{I¢n)}n=0. . n—1 of functions that are not necessarily or-
thonormal, and enforcing that the solution solves the
Schrodinger equation exactly, for a chosen grid of spatial
points represented by vectors {|gx)}x=o.1, ... m—1- As aresult of
such a representation choice, the following matrix eigenvalue
equation can be formed [27,29]:

HU = BUE, (23)

where U is the matrix formed by the Hamiltonian’s eigen-
vectors, E is the diagonal matrix of eigenvalues, E =
diag(Ey, ..., Ep), and By, = ¢,(qx) is the collocation ma-
trix keeping values of basis wavefunctions evaluated at grid
points.

Matrix elements of the collocation Hamiltonian can be
written as

Hij = (ai19:) = (KB), + (V¥B),, @4

where K is the second-derivative kinetic energy operator and
Vdiag js the diagonal potential energy operator, with values
of the potential at the grid points: V,‘j;fg = 8,V (qy). If the

number of basis functions equals the number of grid points
(N = M), Eq. (23) becomes a generalized matrix eigenvalue
problem for a square, nonsymmetric matrix. Equation (24)
can be further simplified by noting that the collocation
approximation is formally equivalent to approximating the
representation of the second-derivative operators appearing in
the kinetic energy operator [57] as follows:

2

0
Kom = — (én] 9 |fm) = — / dgd, (@), (9)

~ = Y $ra)dn (@) = [BB ], (25)

kegrid

as originally proposed by Boys [57].

The collocation Schrodinger equation (23) can be for-
mulated with general kinetic energy operators expressed in
curvilinear coordinates

D 82
K= G (q)
z,z'zzl 19

D 3
+N Fq-—. 26
1221: @y 0

where G;;(q) and F;(q) represent coordinate-dependent ma-
trices and D is the number of coordinates (for molecules D =
3N, — 6, where Ny is the number of atoms). The potential
energy surfaces can adopt a general form giving the following
representation of the collocation equations [43,58]:

(B” + VY2¢B)U = BUE, 27)
where
B}, = (Kd)(@lg=g (28)

represents the action of the kinetic energy operator on the nth
basis function evaluated at the grid point g;. For the one-
dimensional harmonic oscillator model, the kinetic energy
operator in the normal coordinates reads K = —%, such that
the second-derivative matrix defined in Eq. (28) can be written
as B, = ¢ (qx). We further consider the form of collocation
equations given in Eq. (27), noting that its form is general, not
limited to the harmonic approximation nor a specific potential

or kinetic energy operator.

B. Solving collocation equations: Matrix inverse

Collocation equations given in Eq. (27) can be solved
by reformulating the problem as a regular square eigenvalue
problem. For this purpose, B can be applied to both sides of
Eq. (27) to obtain

(B'B” + B'VB)U = B'BUE, (29)

where B'B is, in general, a nondiagonal symmetric (invert-
ible) matrix. By acting on both sides of Eq. (29) with the
inverse of B'B, one obtains a regular nonsymmetric eigen-
value problem written as

(B'B)"'(B'B” + B'VB)U = HU = UE, (30)

H

which can be solved by the Arnoldi procedure [59] or more
recent alternatives [60]. Matrix inversion introduces numeri-
cal stability issues when the condition number « of the B'B
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matrix is large. For this reason, and due to the O(N*) compu-
tational cost of matrix inversion, this solution technique is not
always feasible.

Similarly, a quantum computer implementation, potentially
involving the Harrow-Hassidim-Lloyd (HHL) algorithm [61]
for matrix inversion followed by QPE, faces several chal-
lenges. Despite the generally favorable scaling of the HHL
matrix inversion algorithm compared to exact classical algo-
rithms [i.e., O(log(N)d*k?/€) vs O(N?)], where d is matrix
sparsity, the HHL algorithm is expected to perform poorly
for problems with high condition numbers. The dependence
on condition number in classical iterative algorithms, such
as the Arnoldi iteration, is more favorable, being (’)(K%). It
may therefore be more advantageous to design the basis set
such that matrix inversion can be performed classically, which
is straightforward for direct product basis sets and pruned
nondirect basis sets [42].

Second, when a regular eigenvalue problem is formed,
one could attempt to use quantum phase estimation to find
eigenvalues associated with Eq. (30), but this entails the chal-
lenge of sampling enough eigenvalues of interest. Quantum
algorithms for Hamiltonian simulation based on QPE [3-5,62]
are inherently designed to solve the ground-state problem or
compute a few lowest eigenvalues. When many eigenvalues
are required, such as in solving the rovibrational molecular
problem, an alternative approach is needed.

In the next section, we describe a procedure for solving
collocation equations without matrix inversion, designed for
parallel computation of many eigenvalues on either classical
or quantum computers.

C. Solving collocation equations: Landscape scanning
with classical computers

The collocation equation
(B” 4+ VY4B)U = BUE 31)

can be solved by first constructing the matrices B, B”, and
Vdiag and computing the lowest singular value of the residue
operator defined as

M(x) := B” + V%22B — ¢B, (32)

where « is a real parameter [cf. Eq. (3)]. When « equals one
of the singular values E; satisfying Eq. (31), the following
equation is satisfied:

(B” + VY2B — EB)y; = 0, (33)

where u; is a singular vector corresponding to the singular
value E;.

In practice, it is sufficient to find such an « that the singu-
lar values of M(«) are below some threshold value &. The
quality of the basis set used to represent the Schrodinger
equation written in Eq. (31) dictates the minimal achiev-
able singular value for the residue matrix given in Eq. (32).
In particular, if the basis set is complete, i.e., the space
spanned by the basis functions contains the eigenspace for the
Hamiltonian, the residue function has nodes corresponding to
eigenvalues of the Hamiltonian. We may thus calculate the
residue matrix defined in Eq. (32) for a selected grid (energy

landscape scan) of candidate eigenvalues {c;};— . g to de-
termine minima in the singular values, as shown in Fig. 3.

D. Comparing the matrix inversion method
and landscape scanning

For cases when the condition number « of BB is low and
high precision § for eigenvalues E; is required, it is reasonable
to use the matrix inverse method as discussed in Sec. III B.
However, as we discuss below, for distributed Gaussian [30]
basis sets with nonzero overlaps used for representing the
collocation equations, the condition number will grow fast
as the basis set size increases, reaching intractable values of
10'9-10?° already for 30—40 basis functions in one dimension.
In this section, we compare the matrix inverse method with
eigenvalue landscape scanning and identify cases for which
the latter is advantageous.

First, we study the exactly solvable one-dimensional (1D)
harmonic oscillator model, with V(x) = x2, in the region
x € [—10, 10]. Both methods require the same data as in-
put: matrices B”, V422 and B. For the basis set, we choose
N real Gaussian functions with a constant width, centered
at M = 80 equidistant grid points x;. Our tests involve in-
creasing the number of basis functions while keeping the
number of grid points constant. The results for N = 26 basis
functions are shown in Fig. 3. Estimation of low energies
(red dashed lines) is accurate up to the ninth excited state
(exact value E9 = 19), for which the matrix inverse method
gives E; = 19.062, marked with solid green line in Fig. 3.
The error in the tenth excited state is already 30% of the
energy spacing. The accuracy in energy levels stops increas-
ing for the matrix inverse method with more than 26 basis
functions. The choice and number of grid points also play
an important role in collocation; although a detailed analysis
is beyond the scope of this work, we refer the reader to
Refs. [30,43,58] for comprehensive discussions. In practice,
provided that a sufficiently high-quality basis set is used, the
precise distribution of grid points is less critical. It is generally
observed that the number of grid points must exceed the
number of basis functions to achieve convergence, with this
requirement closely tied to basis set quality. Increasing the
number of grid points typically leads to a higher condition
number of the collocation matrix, which can reduce nu-
merical stability and necessitate higher-precision arithmetic.
Having said that, the increase in the number of basis functions
in one dimension also naturally leads to greater condition
numbers.

Notably, when the number of basis functions is increased,
the condition number of the BB matrix grows and reaches
5 x 106 already for 35 basis functions, which poses problems
for the matrix inverse method, as depicted in Fig. 4. The red
dashed lines corresponding to eigenvalue estimates from the
double-precision matrix inverse method estimate reasonably
only the first few excited states, while the other eigenvalues
are complex (not shown). In comparison, the eigenvalue land-
scape scanning method, which witnessed worse accuracy than
the matrix inverse method for the lower number of basis func-
tions (cf. Fig. 3), provides advantages for 35 basis functions.
The first advantage is that it is insensitive to the condition
number and captures eigenvalues for highly excited states,
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FIG. 3. Comparison of the matrix inverse method described in Sec. III B with the classical landscape scanning method for solving the
collocation Schrodinger equation for the 1D harmonic oscillator potential, using 26 basis functions and 80 grid points. The condition number
of B'B equals to k = 1.53 x 10°. The exact energies E, = 2n + 1 are denoted by solid, vertical green lines. The blue curve corresponds to the
minimal singular value produced by the landscape method, while the dashed vertical lines correspond to the eigenvalue estimates obtained by

the inversion method.

beyond Eyy. Thus, the preferred method for calculating higher
excited-state energies is landscape scanning. The sensitivity
of eigenvalue identification through landscape scanning can
be further improved by removing background trend, as ex-
plained in Appendix B. In the following figures, we apply this
transformation for improved clarity.

In summary, when the condition number is not prohibitive,
the matrix inversion method yields more accurate energy
estimates than landscape scanning. However, because the con-
dition number of the associated matrices grows rapidly with
basis set and grid size (not only for distributed Gaussian basis
sets), we conclude that for larger systems and when highly
excited states are of concern, the landscape scanning method
is preferable.

Similarly to the harmonic oscillator model, we studied the
collocation method with the Morse potential given by the
following formula:

Vi (x) = De(1 — ™), (34)
where we have chosen the parameters to be D, = 16 and a =
4. The basis functions are defined in the same way as for the
harmonic oscillator case. For low numbers of basis functions,
the matrix inverse method is again superior to landscape scan-

Minimal singular value of H(FE)

ning. Figure 5 compares the eigenvalue scanning method with
matrix inversion and demonstrates that, to correctly estimate
higher excited-state energies, an increased number of basis
functions is required, giving a high condition number, over
1 x 10'. In this case, landscape scanning captures eigenval-
ues, whereas the matrix inverse method becomes numerically
unstable. The number of grid points in this case has less
influence on the accuracy of the energy levels.

E. Solving collocation equations: Landscape scanning
with quantum computers

In this section, we present details of our quantum com-
puting algorithm for energy landscape scanning. For demon-
stration, we aim at solving the collocation equations given
in Eq. (27) by first constructing the residue operator in an
extended Hilbert space as follows:

M(e) = I ® (B” + V¢B) — diag(, ..., ax) @ B, (35)

where the grid of candidate eigenvalues «; is encoded in
basis states of an additional Hilbert space Hs. Comparing
with Eq. (3) that defines a general method, we set My =
B” + VY4B and M; = B. Matrix M(«) is the residue oper-
ator that acts on states from the extended Hilbert space H =

25x10°F — ‘ P
2.0x10°F \\ /’-\\I/'-/
1.5><10'6§
|
5.0><10’7;
0 1‘0 2‘0 I 3‘0 ““ ‘0 Fperey

FIG. 4. The same setup as in Fig. 3 with 35 (blue) and 36 (orange) basis functions, with 80 grid points. The condition numbers, respectively,
1.21 x 10'% and 5.47 x 10'®. Two different sets of basis functions are combined to account for the parity of the solutions to the Schrodinger

equation.
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Minimal singular value of H(F)
3.5x107° ‘

3.0x.10-6

2.5%x 1076
2.0%x 1076
1.5%x1076
1.0x107°
5.0x1077
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-5 5

)

= Energy F
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FIG. 5. Comparison of the matrix inverse method described in Sec. III B with the classical landscape scanning method for solving the
collocation Schrodinger equation for the 1D Morse potential, given by Eq. (34), using 35 basis functions and 80 grid points, with the condition
number of B'B equal to 1.23 x 10'6. The curves have the same meaning as in Fig. 3. Note that the matrix inversion method for solving the
collocation equations (red dashed line) fails to correctly predict even a single energy level (green solid lines).

He @ Hsys = C¥ 2" @ C2"*2", Next, apply Corollary 1
to matrix 1\~/I(o¢) defined in Eq. (35). A schematic overview
of the proposed algorithm is depicted in Fig. 6.

Given block encodings of matrices My and M;, we can
compute the energies E; in block-encoding query complexity
o «/W /€), where N is the number of basis functions, K
is the number of energy grid points, and ¢ is the total block-
encoding scaling constant, as discussed in Sec. II.

F. Comparison of algorithms’ complexities

We compare the complexities of two classical algorithms
for solving the collocation equations and two quantum algo-
rithms. For the classical algorithms, we discuss the matrix
inverse method presented in Sec. III B and landscape scan-
ning methods presented in Sec. [IIC. As a comparison, we
provide the solution to a problem of estimating eigenvalues in
Eq. (30), with our quantum landscape scanning method based
upon QPE.

For comparing quantum and classical algorithms, we
choose the following parameters: accuracy ¢, the number of
basis functions N [63], the maximal element (max norm) of
matrices Miax := max{||B||max, ||B"||max ”Vdiag max}, and
the number of energy grid points K. Our comparison also
assumes that each algorithm under consideration aims to
find at least one eigenvalue of a given Hamiltonian. Finally,
we assume that the matrices are d sparse; i.e., each row and
column contains at most d nonzero elements [64]. Under these
assumptions, the complexities of all three cases are shown
in Table I. We discuss below the algorithmic complexities
given in Table I. Comparing quantum computing to classical
computing algorithmic complexity is presently sanctioned by

numerous assumptions related to quantum gate time execu-
tion, quantum error correcting code overhead, and its logical
error rate, as well as decoding and postprocessing times.
For simplicity, we consider a fully fault-tolerant quantum
machine for quantum computing, and for classical computing,
we count the number of arithmetic operations (FLOPs). We
assume that the number of elementary logic gates associated
with arithmetic is linear in the number of bits. We thus do not
break the computational complexity into input-output ports
and arithmetic operations, which is a simplification. Nonethe-
less, the resulting classical and quantum gate complexities
are compared to provide a general sense of scaling expressed
as the number of elementary operations for each architecture
type.

Matrix inversion method. Collocation equations given in
Eq. (30) can be solved by first finding the inverse of the B'B
matrix, followed by the Arnoldi iterative algorithm for finding
eigenvalues of nonsymmetric matrices. The classical com-
putational complexity (quantified by the number of FLOPs)
for finding matrix inverse is N, where w is determined by
the cost of matrix multiplication, with currently best value of
w =~ 2.371 [65,66]. Upon recasting collocation equations into
the regular eigenvalue problem written in Eq. (30), the Hamil-
tonian spectrum can be found using Krylov subspace methods
(Arnoldi algorithm) requiring O(N?m + Nm) floating-point
operations [67], where m is the size of the Krylov space. Typ-
ically, the precision of eigenvalues in the Arnoldi procedure
increases exponentially with the size of the Krylov space, i.e.,
m = O(log(1/e)). Thus, the total complexity for solving the
collocation equations via the matrix inverse and the Arnoldi
method is O(N*37! + N2 log(1/¢) + N log(1/¢)), for infinite
arithmetic precision.

Provide block-encodings of
matrices B, B', and Vin a

doubly-extended space (g f;)

Extend by index Hilbert space

I® (B" 4+ VB) — diag(a, ...,ax) @ B

Apply QPE and AA using
region oracle, finally measure

a single “good” index (¢

FIG. 6. Sketch of the quantum algorithm for searching energies for a given collocation Hamiltonian defined by the collocation matrix B, its
second derivative B”, and the potential V. QPE and AA algorithms are used with an oracle determining if eigenvalues belong to a predefined

region, as written in Eq. (8).
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TABLE I. Computational and (and T-gate) complexities O for
three algorithms solving the Schrodinger equation, considered in this
work: the matrix inverse method and two landscape scanning meth-
ods, from the perspective of both classical and quantum computing.
The relevant parameters are mentioned in the text above. From the
computational perspective, the key parameter for the matrix inverse
method is condition number «, causing numerical instabilities at ma-
trix inversion. In particular, the condition number problem limits the
number of Gaussian basis functions that can be used per unit volume
in the physical space, thus restricting calculations to a few excited
states. The issue with condition number is absent for the landscape
method, where scans of singular values of the residue operator M(«)
are carried out without matrix inversion (see Sec. III1 C).

Classical Quantum

Matrix inversion Landscape scanning

JKN32d
Mmax

&

N2 IOg(K)-‘erK% log(1/¢) | d>N+KdN log(1/e)
Condition number problem - -

However, the condition number of the B'B matrix ne-
cessitates an overhead in the precision of matrix elements
leading to a multiplicative increase in computational complex-
ity of matrix inversion that grows linearly with log(x ), where
k is the condition number. For the Arnoldi algorithm part,
the number of iterations required to converge to eigenvalues
scales as (’)(K%) [68]. We summarize these results in Table I,
showing only the leading terms. Notably, the convergence of
the Krylov method does not depend directly on the size of
the energy window S, but it does depend on the eigenvalue
separation [69].

In practice, solving the nonsymmetric generalized eigen-
value problem is often carried out with the generalized Schur’s
decomposition, with the associated cost of O(N?) [70]. In
the Schur decomposition too, the condition number of the B
matrix determines the minimal precision of matrix elements,
thus affecting the complexity of the algorithm.

In the case of quantum-mechanical problems, the ba-
sis functions are often conveniently chosen to have non-
negligible overlap (e.g., Gaussian functions). As the basis set
size N is increased, the condition number « of the matrix
BB can grow uncontrollably, rendering the procedures de-
scribed above infeasible. Our numerical experiments for the
anharmonic one-dimensional vibrational motion Hamiltonian
indicate that, with 35 Gaussian basis functions, the condition
number of BB is larger than 10'® (see Sec. Il D), making
calculations with this method impractical.

Generalized eigenvalue problems in electronic-structure
calculations arise from the use of nonorthogonal basis sets
and, in principle, require basis orthogonalization. Such pro-
cedures, including Lowdin orthogonalization, are generally
nonunitary and would therefore require additional quantum
resources, making them undesirable to perform on a quantum
computer unless strictly necessary. Orbital orthogonalization
is typically applied to a modest number of localized func-
tions and is therefore best treated as a classical preprocessing
step. If a basis transformation must be performed within a
quantum circuit, one needs to implement the nonunitary map
|€) = S~1/2|¢), where S is the overlap matrix, for example,

via block encoding of S~!/2. Since the eigendecomposition
S = U'sU involves only a diagonal nonunitary matrix s, the
transformation can be implemented more efficiently than a
generic basis change, for example, via diagonal unitary syn-
thesis, at a cost of O(4/Nlog(1/¢)) for s.

Importantly, estimating eigenvalues of the Hamiltonian
alone via QPE does not solve the Schrodinger equation when
the Hamiltonian is represented in a nonorthogonal basis. The
overlap matrix must be accounted for explicitly, either by
orthogonalization or by solving the generalized eigenvalue
problem directly, which is the approach adopted in this work.
Nonorthogonal basis sets are nevertheless advantageous be-
cause they substantially reduce the cost of matrix-element
evaluation. Gaussian basis sets in electronic-structure the-
ory exemplify this trade-off, giving efficient analytic integral
evaluation at the expense of nonorthogonality, loss of the
electron-electron cusp, and the need to solve a generalized
eigenvalue problem. Similar generalized eigenvalue prob-
lems naturally arise in nuclear-motion calculations and in
quadrature-based discretizations of partial differential equa-
tions using distributed Gaussian functions, as considered here.

Classical landscape scanning method. In the classical
landscape scanning method, we form a matrix M (@) M(x)
from M(a) = B” + V%2¢B — ¢B, given by Eq. (33), with
the cost given by (O(d?>N) for d-sparse matrices. For
each o € {a;};—o,1,.. k., we find the smallest eigenvalue of
M’ (a)M(a), with the associated cost of O(dN log(1)) for
d-sparse matrices. Thus, the complete energy grid scan costs
O(d’N + KdN log(é)) FLOPs, respectively, for sparse ma-
trices, which transforms into O(N? + KN? log(é)) for dense
matrices. Note that M'(a)M() is not necessarily sparse,
even though M(x) can be sparse. To overcome this is-
sue, serial landscape scanning calculation can be performed
with in-place memory storage for the collection of matrices
M’ (o)M(«). One can simplify the calculation of the expres-
sion

M’ («)M(a) = o?> B'B — o (B” + VY22B)'B
+B'(B” + VIB))
+ (BH + VdiagB)T(B// + VdiagB) (36)

by precomputing three matrices that are multiplied by «?,
«, and the constant term. Therefore, at the cost of increased
memory, we can speed up the calculations. Parallelization of
the energy grid scan entails a proportionally larger memory
consumption.

The quantum landscape scanning algorithm is discussed in
the following subsection.

G. Comparing quantum and classical algorithms

The complexity of quantum algorithms discussed in this
work depends on four numerical factors: the size of matrices
N, the truncation order J [see Eq. (2)], the admissible error
e, and the number of grid points K. Condition number
of B is an artifact of the basis set choice, the number of
basis functions, and grid points. Classical landscape scanning
algorithm finds the relevant eigenvalue for each residue ma-
trix M(«) separately [71], leading to O(JKNd polylog(1/¢))
complexity for classical landscape scanning.
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In order to compare the quantum and classical algorithms,
it is necessary to understand the relationship between param-
eters. For example, the order of the Schrodinger equation is
linear in oz, hence J = 1, and we shall focus on this case for the
remaining part of the paper. Also, the number of grid points K
is related to the desired accuracy in «, as the lower error we
tolerate, the finer the grid is required [72], K o 1/¢ (see more
detailed discussion in Sec. III F).

Quantum landscape scanning method. In the framework
of digital quantum simulators, all parts of the circuit must
correspond to unitary matrices. Thus, in order to use the quan-
tum energy landscape method summarized in Corollary 1, it
is necessary to block encode the matrix M = B” 4 V4B,
which can be done either directly or by a linear combination
of block encodings of the component matrices: B, B”, and
V422 The optimal choice of block-encoding scheme depends
on the particular structure of the component matrices and their
block-encoding scaling constants [51,73,74]. In collocation,
the basis sets are typically chosen such that the resulting
matrix M(«) is sparse. For this reason, we adopt the d-sparse
block-encoding procedure with the associated T-gate cost
O(Nd) [50,51,73], where d is matrix sparsity.

Following the commonly adopted consensus, we assume
that the T gates give the dominant contributions to the total
quantum computing cost. Corollary 1 states that one must call
the block-encoding circuit O(+/NK /¢) times, giving the total
T-gate complexity O(Mmax«/ENy 2d/e), where My, is the
maximum norm of the M(«) matrix, as written in Table 1.

The condition number of B'B is determined solely by the
choice of basis set and the collocation grid. Once this dis-
cretization is fixed, its value is fixed as well and is independent
of the resolution of the energy grid used in the landscape scan.
In contrast, M(« ) denotes a one-parameter family of matrices
whose condition number depends on «.

In particular, the condition number of M(«) is related
to the separation between its two smallest singular values,
which may necessitate increased numerical precision, scaling
as % Consequently, one may expect the condition number
of the residual matrix M(«) to influence the required pre-
cision in quantum landscape scanning. This precision, in
turn, determines the achievable resolution of the energy grid
{a;j}j=o01, ..k

Improvements for Gaussian basis sets. For a specific case of
Gaussian basis functions utilized to formulate the collocation
equations, it is possible to employ several improvements to the
quantum landscape scanning algorithm. These improvements
are as follows:

(1) Quantum-random oracle model (QROM) implement-
ing matrix elements of B and B” in block encoding can be
implemented with quantum arithmetic. For instance, for the
collocation matrix elements B;; we have the following repre-
sentation:

B, = Ce Fi-7))", (37)

for some constants 8 and y and a normalization constant C.
Similarly, also B” has a compact form. The expression given
in Eq. (37) can be approximated with polynomials with Taylor
expansion. Therefore, the cost of block encoding all matrices
scales as O(polylog(1/48)), for the multiplicative error § in the
elements of the unitary matrix [75]. This error is related to

the accuracy of singular values of M(«) in the following way:
¢ = O(8+/N), requiring that 3= O(g/~/N). Due to polylog
dependence, in the notation O, it does not contribute to the
overall scaling.

(2) The leading contribution to M, is expected to come
from the potential energy function and B”, as due to the nor-
malization of the wavefunctions, the max norm of matrix B is
independent of its size N, i.e., ||B||msx = O(1). We also note
that the matrices B” and VY% B are expected to share many
common nonzero elements. This is most evident when Gaus-
sian basis functions are used to construct B, and considering
the fact that the diagonal matrix V93 multiplies the rows of
the B matrix without changing the overall number of nonzero
elements. Meanwhile, B” results from double differentiation
of a Gaussian function, whose values still decay exponentially
away from its center. The cost of block encoding a diagonal

matrix scales as O(, /Nlog(%)) [76], with O(+/N) additional

qubits, indicating that it is advisable to perform the matrix
multiplication VY3¢B classically and block encode the sum
B” + V4i2¢B In the above, § is the multiplicative error.

(3) For equal-width-distributed Gaussian basis functions,
since both B and B” are circulant matrices, it suffices to
encode a single column for each matrix with QROM to reduce
the T-gate cost greatly.

(4) If the potential Vis given in a functional form, its cost
of block encoding scales as O(polylog(N/e)) via quantum
arithmetic [76]; however, more specific resource estimation
depends on the potential parameters and accuracy.

(5) Gaussian basis functions are localized in space, lead-
ing to logarithmic sparsity of the residue matrix M(«), in
which case d = O(logN).

(6) The max norm M, of B is independent of the number
of basis functions as we increase the dimensionality of the
matrices. What is more, the norm of the second-derivative
matrix B” will not grow as we go to higher dimensions in the
spatial sense of the Schrodinger equation.

With the above assumptions, the quantum landscape scan-
ning complexity is compared in Table II.

IV. DISCUSSION

There are several parameters that govern the problem of
determining energies: the target accuracy ¢, the number of ba-
sis functions N, and the number of grid points K. The scaling
with respect to ¢ is most favorable for the matrix inversion
algorithm. However, this method may not be applicable if the
matrix inversion problem is ill posed.

In contrast, landscape-based algorithms, both classical and
quantum, perform better with the number of basis functions
N, scaling as O(N'/?) and O(N), respectively, under the
assumption of inexpensive QROM access, as discussed in
the previous section. Notably, the number of grid points K
does not directly affect the matrix inversion algorithm, which
complicates direct comparisons among the three methods.

The quantum algorithm described above, through its ex-
tension to a larger parameter space and the use of the
quantum phase estimation procedure, achieves quadratically
better scaling with respect to both the system’s dimen-
sion and the number of grid points. However, this comes
at the cost of worse scaling with respect to the precision:
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TABLE II. Classical and T-gate complexities O for different
methods solving the collocation Schrodinger equation. Given are
classical computing and quantum computing methods, with classi-
cal computing methods divided into the matrix inversion technique
and landscape scanning, discussed in Sec. III C. Complexities for
the classical computing algorithms are expressed in the number of
floating-point operations, while quantum computing algorithm has
its complexity expressed in the number of non-Clifford T gates.
The table was generated accounting for Gaussian basis sets with
simplifications and improvements discussed in the main text for the
quantum landscape scanning algorithm. Using the O notation, we
were able to disregard unimportant log N factors in the classical
landscape scanning, simplifying O(N log> N + KN log N log(1/¢))
to 5(KN log(1/e)). Here, N is the number of basis functions, K is
the number of grid points in the landscape method {o;};—12 .k, €
is the error in the determination of the energies, and « is condition
number of B'B.

Classical Quantum

Matrix inversion Landscape scanning

VKNt polylog (1/¢)

N2 log(k)+N% 2 log(1/¢) | KN log(1/¢)
Condition number problem -

O(log(K)log(KN)~/KN log(1/¢e)/¢e) (see discussion in Ap-
pendix A).

For our algorithm, which uses a relatively inexpensive state
preparation of an equal superposition of NK singular vectors,
the resulting complexity matches that of Grover search over
the singular values M. Consequently, the O(v/NK) complex-
ity scaling in our method is believed to be optimal. However,
this result does not necessarily imply optimality for finding
the energies of a Hamiltonian. Any improved algorithm would
require a fundamentally different state preparation unitary
than the one used here and avoid amplitude amplification in
the same sense.

Our method can also be applied to estimate the density
of states, which is particularly relevant in solid-state physics.
Information about the density of states has multiple applica-
tions. By scanning the eigenvalue grid A of the matrix M,
we can construct a histogram that approximates the density
of states, even for gapless systems.

The aim of this contribution is to compare, for a given
choice of parameters K, N, and ¢ that define the problem at
hand, which algorithm is more efficient in terms of query com-
plexity. It is important to note that we make no assumptions
about the cost of a single query in the classical or quantum
case; in particular, the latter is and will remain more expen-
sive. While continued progress in quantum technologies is
unlikely to make quantum computing cheaper per query than
classical computing, we observe a faster decline in costs and a
more rapid increase in capabilities for quantum technologies
compared to their classical counterparts.

Therefore, this comparison should not be seen as an or-
acle for practical quantum advantage. Rather, it highlights
the regimes and problem classes where quantum technologies
have the greatest potential to outperform classical methods.
What follows is a discussion of several comparative aspects
of the algorithms introduced earlier.

Condition number problem. The matrix inversion method
in the dense Gaussian basis (highly nonorthonormal) is unfea-
sible due to the required inversion of matrix B'B, with a high
condition number. The same problem is less pronounced in
landscape scanning, which has a better dependence on N (N
vs N>371) and worse dependence on ¢ than the matrix inverse
method. In comparison, the quantum version of landscape
scanning has an even better, quadratically improved depen-
dence on the number of basis functions in T-gate count, at the
cost of worse dependence on the accuracy & and a possible
problem with the max norm My,.x. The latter problem might
arise with some potentials, but there are potentials for which
this will be constant with the basis function size. Problems
with the inversion of a matrix A for a high condition number
Kk occur because it is sensitive to small perturbations A’, where
||A — A’|| < €. Therefore, the error of the result can be of the
order of x2e [77].

In summary, matrix inversion with condition number 2*
requires at least 2k + b bits of precision, where b is the tar-
get precision. An example discussed in Sec. IIIC showed
that «2 reaches 107 even for moderate-size Gaussian basis
sets. When higher-dimensional problems are considered, this
scaling is somewhat alleviated due to the distribution over a
high-dimensional volume. Thus, when the condition number
of B'B is too high, then it is numerically impossible to cal-
culate (B'B)~! with any reasonable computer precision. In
contrast, in the presented quantum landscape scanning algo-
rithm, the condition number of (B'B) is irrelevant. If E is
the solution to (H— EB)|¢) =0 and |H — H||, |B’ — B|,
|E’ — E| < &, then minimal singular value of H — E'B’ is
Oe.

The number of grid points K. In the matrix inversion al-
gorithm, there is no need to divide the energy window into a
grid; thus, there is no direct dependence on this parameter.
On the other hand, both classical and quantum landscape
scanning algorithms require discretization of the parameter
space.

This division depends substantially on the width of the dips
in the energy landscape, as shown in Figs. 3 and 4. Because
we aim to measure at least one grid point « capturing the
corresponding minimum, the choice of grid must be adjusted
accordingly. The widths of the minima depend on the number
of basis functions. To successfully find the energies using both
landscape methods, it might be necessary to adaptively choose
precision ¢ of singular values, i.e., the number of grid points
K for a fixed energy window S.

Potentials with a potential quantum advantage. The
quadratic improvement in computational complexity with re-
spect to the matrix size N offered by our quantum algorithm,
compared to classical methods, must be considered alongside
its scaling with the admissible error level ¢ (i.e., eigenvalue
precision). Even with the advent of sufficiently powerful
quantum computers, quantum algorithms will not offer an
advantage in all cases.

While the quantum algorithm exhibits more favorable scal-
ing in N, typically O(+/N) T gates, compared to O(N') FLOPs
for classical methods (see Tables I and II), the classical algo-
rithm often has better scaling in precision, e.g., O(log(1/¢)).
This implies that quantum advantage is most likely to be real-
ized in scenarios where high-dimensional quantum systems
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are modeled, many eigenvalues are required (large N), but
only moderate precision is acceptable.

Thus, relative to classical landscape scanning, the quantum
algorithm is particularly beneficial when the number of grid
points K is large and the error tolerance ¢ is not extremely
small. This is common in systems with shallow potential
energy wells and dense spectra, such as potential energy sur-
faces of polyatomic molecules. In such systems, the density
of eigenvalues increases rapidly with energy, making it diffi-
cult for classical methods to recover all highly excited states.
Our quantum algorithm, in contrast, enables estimation of the
density of states with controllable resolution and favorable
scaling in the number of histogram bins K. These advantages
also suggest potential applicability to quasicontinuum prob-
lems in solid-state physics, where classical methods similarly
encounter limitations.

Sampling problem. To construct an energy histogram using
the quantum or classical landscape scanning algorithm, mul-
tiple runs are required, as each execution yields only a single
eigenvalue. Quantum landscape scanning, however, is defined
over an extended Hilbert space encoding candidate energies o
in quantum states. Utilizing quantum superposition and am-
plitude amplification, fewer calls to eigenvalue computation
are required than in the classical computing case. Specifically,
the probability of detecting a given “dip” in eigenvalues of
the residue matrix is proportional to its width. In systems
like the harmonic oscillator or Morse potential, dip widths
can vary by an order of magnitude across energy scales. This
implies that to avoid oversampling higher energies, it may be
useful to partition the energy window S. On the other hand, if
high-energy states are of particular interest, this behavior be-
comes advantageous, as low-energy states are typically easier
to access by other means.

Assuming the widths are roughly uniform, the total number
of runs required to resolve all L dips scales as O(LlogL).
This introduces an overhead in both quantum and classical
landscape scanning algorithms, whereas in the matrix inverse
method, this overhead is concealed under the shift to the
Hamiltonian and the size of the Krylov basis. Nevertheless,
for realistic scenarios with L < 100, this overhead remains
modest.

OSVT-based bandpass filter as an alternative. An alterna-
tive approach based on quantum singular value transformation
(QSVT) can be used to construct band-pass filters acting
on each block M(«), localized near a target eigenvalue Ag
[78,79]. For the extraction of a single-parameter value, such
a method can achieve a complexity comparable to QPE com-
bined with amplitude amplification. However, in landscape
scanning problems involving many values of o, QSVT-based
filters act independently on each block and require either
repetition over grid points or additional amplification over-
head. In contrast, the QPE + AA construction employed here
enables global selection in superposition, directly amplifying
the values of o associated with eigenvalues in a prescribed
spectral window of M ().

V. CONCLUDING REMARKS

In this work, we presented a quantum algorithm for
computing eigenvalues and singular values of families of

parametrized matrices. We showed that our method achieves
an up to quadratic speedup over both classical algorithms
and the direct application of quantum phase estimation to the
matrix family.

In particular, we demonstrated the usefulness of our ap-
proach for solving the Schrodinger equation, with the most
significant advantages observed in scenarios where (1) multi-
ple eigenvalues are required and (2) the matrix representation
of the Schrodinger equation takes the form of a generalized
eigenvalue problem.

The core idea of our technique is to convert the gener-
alized eigenvalue problem into a task of scanning (quantum
landscape scanning) the singular values of an appropriately
defined residue matrix as a function of the matrix fam-
ily parameter, and then identifying the minima. We adapt
this procedure to fault-tolerant digital quantum simulators
and illustrate its application using the pseudospectral collo-
cation method for solving differential equations, including
the Schrodinger equation. Unlike classical collocation, our
method does not rely on matrix inversion, which enables the
computation of highly excited states in molecular systems,
where standard methods often struggle due to large condition
numbers. We demonstrated this capability using two analyti-
cally solvable models: the harmonic oscillator and the Morse
potential.

Our quantum landscape scanning method scales favor-
ably with the number of basis functions N: It achieves
O(N'/?) T-gate complexity, compared to at least O(N)
FLOPs scaling for both classical landscape scanning and
matrix inversion approaches. This speedup arises from encod-
ing candidate energy levels (i.e., parameters of the residue
matrix family) into a quantum superposition and applying
amplitude amplification simultaneously in the space of can-
didate eigenvalues and the spectrum of the residue matrix.
While the classical matrix inversion method offers better
scaling in eigenvalue precision ¢, it becomes impractical in
the high-energy regime due to rapidly increasing condition
numbers.

Our conclusion is that detailed investigations of specific
physical problems, especially those well represented by collo-
cation methods, should be pursued to quantitatively assess the
advantages of quantum computing. While our results indicate
favorable polynomial quantum speedups, care must be taken
to account for context-dependent evaluation versus classical
computing techniques.
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FIG. 7. We extend the validity of the cutoff ¢ via background removal. In panel (a), the minimal singular value is found straightforwardly,
while in panel (b), we perform the transformation given by Eq. (B1). Observe that, without this transformation, different values of & must be
chosen for energies below 12 and above 20, while the background removal allows for a global choice. In this figure, we study a harmonic

oscillator potential with 26 basis functions and 80 grid points.

APPENDIX A: REMARKS ON THE PRECISION

Theorem 1 consists of two main phases: internal QPE and
subsequent amplitude amplification. For AA, determination
of the optimal number of necessary steps £ is related to the
number of grid points that satisfy our condition. Nonethe-
less, since this is a priori not known, it is possible to fall
back to a naive method: Choose a random number &; from

{1, ..., lwr/4+~/NK]}. The amplitude amplification after &
Grover rounds has expectation value O(1). Therefore, after
applying this subroutine a constant number of times for dif-
ferent random &;, we can boost the amplitude to any number
close to 1, achieving the quadratic speedup. Essentially, this
corresponds to a standard Grover search with an unknown
number of marked states.

For QPE, there are two hidden parameters that we have
not discussed before, w and ¢. The first w < 1/2 is defined
such that the probability of obtaining a correct answer, after
application of our algorithm, is at least 1 — w. The second
number, ¢, determines the precision: If we measure for the
state |["¥) the qubit x with result |1) , then as the result of the
QPE we obtain a number A;. This number approximates the
true eigenvalue, up to accuracy te. Similarly, if the measured
state is |0),, then the corresponding eigenvalue is outside of
the said range +te. The number ¢ can be adjusted to the total

accuracy, yielding costs to be

O(W

Le

log<KN)log<1/<w>>>, (A1)

under the assumption of constant w.

Moreover, to apply QPE, we need to rescale the spectrum.
We do so by transforming the original operator M to ¢/cM+d D),
where ¢, d € R are chosen in such a way that the eigenvalues
of cM +d 1 are in [te, 27t — te]. Here, we choose ¢ as large
as possible to have the best resolution. In turn, we can choose
t = 1/4 to find small eigenvalues properly.

Expression (Al) assumes constant w, but it might be
an important factor, depending on the usage of the algo-
rithm. Using naive QPE, we could obtain the probability
that the phase is wrong to be smaller than w/(KN) as
there are KN eigenvectors in total. Then, the cost of ob-
taining the state before amplitude amplification |T"®) would
be O(log (KN/w)log(1/e)/¢e). However, to obtain «; with a
probability higher than 1/2, a better way would be to apply an
iterative approach. First, we could choose parameters so that
w is not small—then one could check if M has an eigenvalue
in the interval of interest. The number of correct eigenvalues
is asymptotically proportional to the number of grid points K.
Thus, the check costs Olog (N)+/N log(1/¢)/e, without the K
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dependence. To reach probability 1 — w for an arbitrary w, we
would repeat it Olog(1/w). Therefore, the entire cost is

(’)((x/flog(KN) + log(l/a))logN)«/ﬁlog(l/e)/a), (A2)

making the connection between K (stemming from AA) and
o (QPE part) additive, as opposed to multiplicative, coming
from the naive approach. We omit this technique in the main
text as the scaling is equivalent from the asymptotic O per-
spective.

With the median trick [20], we are able to lower w at
acceptable cost of increasing the number of controlled qubits
in QPE b. By applying QPE to c different registers, we mul-
tiply the total qubit count to cb, but lowering the probability
of error. If, for a single QPE call, the wqpg is constant and
smaller than 0.5, then using median trick ¢ times reduces it in
an exponential fashion, so ¢ = O(log(1/wgpk)).

APPENDIX B: BACKGROUND REMOVAL

In the landscape scanning method for solving the colloca-
tion problem, an improvement of the sensitivity of the cutoff
accuracy ¢ can be found via “background” removal. By this,
we mean recognizing that the minimal singular value of a
linear combination of two matrices depends approximately
linearly on their mixing coefficient, mino (Z + xY) ~ ax +
b, for x in our region of interest.

To exploit this, we first determine the dependence of the
singular value on the parameter « (i.e., the slope s of the curve
in @ = 0) and remove it, thereby enhancing the method’s
sensitivity to localizing minima in the singular value:

Omin (@) > 01 (@) 1= Omin(@) — sar. (B1)

min
Overall, the action of this transformation is presented in
Fig. 7.

[1] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information, 10th anniversary ed. (Cambridge Uni-
versity Press, Cambridge, 2010), 10th anniversary ed.

[2] S. Lee, J. Lee, H. Zhai, Y. Tong, A. M. Dalzell, A. Kumar, P.
Helms, J. Gray, Z.-H. Cui, W. Liu, M. Kastoryano, R. Babbush,
J. Preskill, D. R. Reichman, E. T. Campbell, E. F. Valeev, L.
Lin, and G. K.-L. Chan, Evaluating the evidence for exponential
quantum advantage in ground-state quantum chemistry, Nat.
Commun. 14, 1952 (2023).

[3] Y. Su, D. W. Berry, N. Wiebe, N. Rubin, and R. Babbush, Fault-
tolerant quantum simulations of chemistry in first quantization,
PRX Quantum 2, 040332 (2021).

[4] R. Babbush, C. Gidney, D. W. Berry, N. Wiebe, J. McClean,
A. Paler, A. Fowler, and H. Neven, Encoding electronic spectra
in quantum circuits with linear T complexity, Phys. Rev. X 8,
041015 (2018).

[5] J. Lee, D. W. Berry, C. Gidney, W. J. Huggins, J. R. McClean,
N. Wiebe, and R. Babbush, Even more efficient quantum com-
putations of chemistry through tensor hypercontraction, PRX
Quantum 2, 030305 (2021).

[6] V. von Burg, G. H. Low, T. Héner, D. S. Steiger, M. Reiher,
M. Roetteler, and M. Troyer, Quantum computing enhanced
computational catalysis, Phys. Rev. Res. 3, 033055 (2021).

[7] K. Deka and E. Zak, Simultaneously optimizing symmetry
shifts and tensor factorizations for cost-efficient fault-tolerant
quantum simulations of electronic Hamiltonians, J. Chem.
Theory Comput. 21, 4458 (2025).

[8] P. Richerme, M. C. Revelle, C. G. Yale, D. Lobser, A. D. Burch,
S. M. Clark, D. Saha, M. A. Lopez-Ruiz, A. Dwivedi, J. M.
Smith, S. A. Norrell, A. Sabry, and S. S. Iyengar, Quantum
computation of hydrogen bond dynamics and vibrational spec-
tra, J. Phys. Chem. Lett. 14, 7256 (2023).

[9] L. A. Mariano, V. H. A. Nguyen, J. B. Petersen, M. Bjornsson,
J. Bendix, G. R. Eaton, S. S. Eaton, and A. Lunghi, The role of
electronic excited states in the spin-lattice relaxation of spin-1/2
molecules, Sci. Adv. 11, eadr0168 (2025).

[10] P. R. Bunker, P. Jensen, and C. Jungen, Molecular symmetry
and spectroscopy, Phys. Today 52, 63 (1999).

[11] C.Kittel and P. B. Kahn, Quantum theory of solids, Am. J. Phys.
33,517 (1965).

[12] B. M. Weight, X. Li, and Y. Zhang, Theory and modeling of
light-matter interactions in chemistry: Current and future, Phys.
Chem. Chem. Phys. 25, 31554 (2023).

[13] S. Mukherjee, M. Pinheiro, Jr., B. Demoulin, and M. Barbatti,
Simulations of molecular photodynamics in long timescales,
Philos. Trans. R. Soc. A 380, 20200382 (2022).

[14] G. Brassard, P. Hgyer, M. Mosca, and A. Tapp, Quantum ampli-
tude amplification and estimation, Contemporary Mathematics
305, 53 (2002).

[15] L. K. Grover, Fixed-point quantum search, Phys. Rev. Lett. 95,
150501 (2005).

[16] T. J. Yoder, G. H. Low, and I. L. Chuang, Fixed-point quantum
search with an optimal number of queries, Phys. Rev. Lett. 113,
210501 (2014).

[17] D. W. Berry, A. M. Childs, and R. Kothari, Hamiltonian sim-
ulation with nearly optimal dependence on all parameters, in
2015 IEEE 56th Annual Symposium on Foundations of Computer
Science (IEEE, Berkeley, 2015), pp. 792-809.

[18] J. M. Martyn, Y. Liu, Z. E. Chin, and I. L. Chuang, Efficient
fully-coherent quantum signal processing algorithms for real-
time dynamics simulation, J. Chem. Phys. 158, 024106 (2023).

[19] C. Shao, Computing eigenvalues of diagonalizable matrices
on a quantum computer, ACM Trans. Quantum Comput. 3, 1
(2022).

[20] A. Kerzner, V. Gheorghiu, M. Mosca, T. Guilbaud, F. Carminati,
F. Fracas, and L. Dellantonio, A square-root speedup for find-
ing the smallest eigenvalue, Quantum Sci. Technol. 9, 045025
(2024).

[21] G. H. Low and Y. Su, Quantum eigenvalue processing, in 2024
IEEE 65th Annual Symposium on Foundations of Computer Sci-
ence (FOCS) (IEEE, Philadelphia, PA, 2024), pp. 1051-1062.

[22] Z. Ding, H. Li, L. Lin, H. Ni, L. Ying, and R. Zhang, Quantum
multiple eigenvalue Gaussian filtered search: An efficient and
versatile quantum phase estimation method, Quantum 8, 1487
(2024).

[23] S. Jin, S. Wu, G. Zhou, Y. Li, L. Li, B. Li, and X. Wang,
A query-based quantum eigensolver, Quantum Eng. 2, e49
(2020).

[24] Y. Chen, A. Gilyén, and R. de Wolf, A quantum speed-up for
approximating the top eigenvectors of a matrix, in Proceedings

023192-16


https://doi.org/10.1038/s41467-023-37587-6
https://doi.org/10.1103/PRXQuantum.2.040332
https://doi.org/10.1103/PhysRevX.8.041015
https://doi.org/10.1103/PRXQuantum.2.030305
https://doi.org/10.1103/PhysRevResearch.3.033055
https://doi.org/10.1021/acs.jctc.4c01722
https://doi.org/10.1021/acs.jpclett.3c01601
https://doi.org/10.1126/sciadv.adr0168
https://doi.org/10.1063/1.882827
https://doi.org/10.1119/1.1953050
https://doi.org/10.1039/D3CP01415K
https://doi.org/10.1098/rsta.2020.0382
https://doi.org/10.1103/PhysRevLett.95.150501
https://doi.org/10.1103/PhysRevLett.113.210501
https://doi.org/10.1063/5.0124385
https://doi.org/10.1145/3527845
https://doi.org/10.1088/2058-9565/ad6a36
https://doi.org/10.22331/q-2024-10-02-1487
https://doi.org/10.1002/que2.49

QUANTUM ALGORITHM FOR SOLVING GENERALIZED ...

PHYSICAL REVIEW RESEARCH 8, 023192 (2026)

of the 2025 Annual ACM-SIAM Symposium on Discrete Algo-
rithms (SODA, Philadelphia, PA, 2025), pp. 994-1036.

[25] Z. Zimboras et al., Myths around quantum computation before
full fault tolerance: What no-go theorems rule out and what they
don’t, arXiv:2501.05694.

[26] J. Tilly, H. Chen, S. Cao, D. Picozzi, K. Setia, Y. Li, E. Grant,
L. Wossnig, I. Rungger, G. H. Booth, and J. Tennyson, The
variational quantum eigensolver: A review of methods and best
practices, Phys. Rep. 986, 1 (2022).

[27] A. C. Peet and W. Yang, The collocation method for calculating
vibrational bound states of molecular systems—With applica-
tion to Ar—HCI, J. Chem. Phys. 90, 1746 (1989).

[28] T. Helgaker, P. Jgrgensen, and J. Olsen, Molecular Electronic-
Structure Theory (John Wiley & Sons, Ltd, New York, NY,
2000).

[29] T. Carrington, Jr., Perspective: Computing (ro-)vibrational
spectra of molecules with more than four atoms, J. Chem. Phys.
146, 120902 (2017).

[30] S. Manzhos, M. Ihara, and T. Carrington, Using collocation to
solve the Schrodinger equation, J. Chem. Theory Comput. 19,
1641 (2023).

[31] X.-G. Hu, T.-S. Ho, and H. Rabitz, The collocation method
based on a generalized inverse multiquadric basis for bound-
state problems, Comput. Phys. Commun. 113, 168 (1998).

[32] J. Brown and T. Carrington, Jr., Using an iterative eigensolver to
compute vibrational energies with phase-spaced localized basis
functions, J. Chem. Phys. 143, 044104 (2015).

[33] B. Hashemi, Y. Nakatsukasa, and L. N. Trefethen, Rectangular
eigenvalue problems, Adv. Comput. Math. 48, 80 (2022).

[34] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P.
Flannery, Numerical Recipes 3rd Edition: The Art of Scientific
Computing, 3rd ed. (Cambridge University Press, USA, 2007).

[35] B. Ford and G. Hall, The generalized eigenvalue problem in
quantum chemistry, Comput. Phys. Commun. 8, 337 (1974).

[36] G. Dusson, M.-S. Dupuy, and [.-M. Lygatsika, A posteriori
error estimates for Schrodinger operators discretized with linear
combinations of atomic orbitals, SIAM J. Numer. Anal. 63,
2395 (2025).

[37] V. Szalay, T. Szidarovszky, G. Czakd, and A. G. Csdszar, Jr.,
A paradox of grid-based representation techniques: Accurate
eigenvalues from inaccurate matrix elements, J. Math. Chem.
50, 636 (2012).

[38] G. Avila and T. Carrington, Nonproduct quadrature grids for
solving the vibrational Schrodinger equation, J. Chem. Phys.
131, 174103 (2009).

[39] B. Poirier and J. C. Light, Efficient distributed Gaussian basis
for rovibrational spectroscopy calculations, J. Chem. Phys. 113,
211 (2000).

[40] G. Richings, 1. Polyak, K. Spinlove, G. Worth, 1. Burghardt,
and B. Lasorne, Quantum dynamics simulations using Gaussian
wavepackets: The vMCG method, Int. Rev. Phys. Chem. 34,
269 (2015).

[41] 1. Burghardt, K. Giri, and G. A. Worth, Multimode quantum dy-
namics using Gaussian wavepackets: The Gaussian-based mul-
ticonfiguration time-dependent Hartree (G-MCTDH) method
applied to the absorption spectrum of pyrazine, J. Chem. Phys.
129, 174104 (2008).

[42] E.J. Zak and T. Carrington, Using collocation and a hierarchical
basis to solve the vibrational Schrodinger equation, J. Chem.
Phys. 150, 204108 (2019).

[43] T. Carrington, Jr., Using collocation to study the vibrational
dynamics of molecules, Spectrochim. Acta, Part A 248, 119158
(2021).

[44] J. Simmons, Jr. and T. Carrington, Computing vibrational spec-
tra using a new collocation method with a pruned basis and
more points than basis functions: Avoiding quadrature, J. Chem.
Phys. 158, 144115 (2023).

[45] L. Hogben, Handbook of Linear Algebra (Chapman and
Hall/CRC, Boca Raton, FL, 2013).

[46] In this case, N is the larger of the two dimensions.

[47] Later on, we generalize this problem also to singular values.

[48] For normal matrices, & pseudospectrum is the region 4-¢ around
their spectrum; therefore, this notion is aligned with our goal of
finding numbers close to the exact eigenvalues.

[49] More specifically, for each register, with the highest probabil-
ity, the outcome will be the true eigenvalue A. However, there
will also be a small irrelevant part |g), which will eventually
not contribute much to the final estimation of the eigenvalue
In) = T—=7 %)+ ¥ >, lg), as the coefficient y ~ 0.

[50] G. H. Low and I. L. Chuang, Optimal Hamiltonian simulation
by quantum signal processing, Phys. Rev. Lett. 118, 010501
(2017).

[51] D. Camps, L. Lin, R. Van Beeumen, and C. Yang, Explicit
quantum circuits for block encodings of certain sparse matrices,
SIAM J. Matrix. Anal. Appl. 45, 801 (2024).

[52] In the above, we disregard the registers related to the QPE,
as these do not change the value of the characteristic function
qubit.

[53] In principle, due to the inexact accuracy of QPE, the median
qubit will also contain contributions from other states, but we
drop this for clarity.

[54] M. Cardona and M. L. W. Thewalt, Isotope effects on the optical
spectra of semiconductors, Rev. Mod. Phys. 77, 1173 (2005).

[55] C. Kittel, Introduction to Solid State Physics (Wiley, Hoboken,
NJ, 2004), 8th ed.

[56] R. M. Nieminen, Electronic structure calculations for materials
design, J. Phys.: Condens. Matter 14, 2859 (2002).

[57] S. Boys, Some bilinear convergence characteristics of the solu-
tions of dissymmetric secular equations, Proc. R. Soc. London
A 309, 195 (1969).

[58] G. Avila, Jr. and T. Carrington, A multi-dimensional Smolyak
collocation method in curvilinear coordinates for computing
vibrational spectra, J. Chem. Phys. 143, 214108 (2015).

[59] R. B. Lehoucq, D. C. Sorensen, and C. Yang, ARPACK Users’
Guide: Solution of Large-Scale Eigenvalue Problems with Im-
plicitly Restarted Arnoldi Methods (Society for Industrial and
Applied Mathematics, Philadelphia, PA, 1998).

[60] M. Myllykoski and C. C. Kjelgaard Mikkelsen, Task-based,
GPU-accelerated and robust library for solving dense non-
symmetric eigenvalue problems, Concurrency Comput.: Pract.
Exper. 33, 5915 (2021).

[61] A. W. Harrow, A. Hassidim, and S. Lloyd, Quantum algorithm
for linear systems of equations, Phys. Rev. Lett. 103, 150502
(2009).

[62] D. Trenev, P. J. Ollitrault, S. M. Harwood, T. P. Gujarati, S.
Raman, A. Mezzacapo, and S. Mostame, Refining resource es-
timation for the quantum computation of vibrational molecular
spectra through Trotter error analysis, Quantum 9, 1630 (2025).

[63] To avoid obfuscation by too many parameters, we also assume
the number of grid points in the spatial coordinate M is propor-

023192-17


https://arxiv.org/abs/2501.05694
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1063/1.456068
https://doi.org/10.1063/1.4979117
https://doi.org/10.1021/acs.jctc.2c01232
https://doi.org/10.1016/S0010-4655(98)00096-4
https://doi.org/10.1063/1.4926805
https://doi.org/10.1007/s10444-022-09994-8
https://doi.org/10.1016/0010-4655(74)90011-3
https://doi.org/10.1137/24M1700697
https://doi.org/10.1007/s10910-011-9843-2
https://doi.org/10.1063/1.3246593
https://doi.org/10.1063/1.481787
https://doi.org/10.1080/0144235X.2015.1051354
https://doi.org/10.1063/1.2996349
https://doi.org/10.1063/1.5096169
https://doi.org/10.1016/j.saa.2020.119158
https://doi.org/10.1063/5.0146703
https://doi.org/10.1103/PhysRevLett.118.010501
https://doi.org/10.1137/22m1484298
https://doi.org/10.1103/RevModPhys.77.1173
https://doi.org/10.1088/0953-8984/14/11/306
https://doi.org/10.1098/rspa.1969.0037
https://doi.org/10.1063/1.4936294
https://doi.org/10.1002/cpe.5915
https://doi.org/10.1103/PhysRevLett.103.150502
https://doi.org/10.22331/q-2025-02-11-1630

RAJCHEL-MIELDZIOC, PLIS, AND ZAK

PHYSICAL REVIEW RESEARCH 8, 023192 (2026)

tional to N, i.e., M = O(N), making the ratio of the dimensions
of the initial matrices B and B” constant.

[64] This assumption is valid for localized basis sets, such as the
Gaussian basis.

[65] V. V. Williams, Y. Xu, Z. Xu, and R. Zhou, New bounds for
matrix multiplication from alpha to omega, in Proceedings of
the 2024 Annual ACM-SIAM Symposium on Discrete Algorithms
(SODA, Philadelphia, PA, 2024), pp. 3792-3835.

[66] J. Alman and V. V. Williams, A refined laser method and faster
matrix multiplication, TheoretiCS 3, 11261 (2024).

[67] Y. Saad and M. H. Schultz, GMRES: A generalized minimal
residual algorithm for solving nonsymmetric linear systems,
SIAM J. Sci. Stat. Comput. 7, 856 (1986).

[68] C. Musco, C. Musco, and A. Sidford, Stability of the Lanczos
method for matrix function approximation, in Proceedings of
the 2018 Annual ACM-SIAM Symposium on Discrete Algorithms
(SODA, Philadelphia, PA, 2018), pp. 1605-1624.

[69] Note that we neglect the dependence of the Krylov space size on
the number of eigenvalues requested, which is often logarithmic
[67].

[70] G. Golub and C. van Loan, Matrix Computations (Johns Hop-
kins University Press, Baltimore, MD, 1996).

[71] For higher-order truncations, the complexities of the classical
and quantum algorithms both grow linearly in J. Thus, quantum
advantage can be searched already for low J’s.

[72] In the case of vanishing derivative of the singular value depen-
dence on the parameter o, K might be proportional to roots of
1/e, making this dependence better from the quantum comput-
ing perspective.

[73] C. Stinderhauf, E. Campbell, and J. Camps, Block-encoding
structured matrices for data input in quantum computing,
Quantum 8, 1226 (2024).

[74] P. Mukhopadhyay, T. F. Stetina, and N. Wiebe, Quantum sim-
ulation of the first-quantized Pauli-Fierz Hamiltonian, PRX
Quantum 5, 010345 (2024).

[75] L. Ruiz-Perez and J. C. Garcia-Escartin, Quantum arithmetic
with the quantum Fourier transform, Quantum Inf. Process. 16,
152 (2017).

[76] D. Gosset, R. Kothari, and K. Wu, Quantum state preparation
with optimal T-count, in Proceedings of the 2026 Annual ACM-
SIAM Symposium on Discrete Algorithms (SODA, Philadelphia,
PA, 2026), pp. 3378-3406.

[77] It is straightforward to observe that by inspecting the mapping
f:CVXN 5 CN*N_ given by f(A)=A~!, with the domain
restricted to invertible matrices. Its directional derivative in
direction H is given by f'(A)(H) = —A~'HA™!, we choose
unit vectors € and f so that Aé = o f , where o is the smallest
singular value of A. Then, for H = f A € we have f/(A)(H)f =
o2&, where A signifies outer product between vectors.

[78] L. Lin and Y. Tong, Optimal polynomial based quantum
eigenstate filtering with application to solving quantum linear
systems, Quantum 4, 361 (2020).

[79] J. M. Martyn, Z. M. Rossi, A. K. Tan, and I. L. Chuang, Grand
unification of quantum algorithms, PRX Quantum 2, 040203
(2021).

[80] G. Rajchel-Mieldzioé, S. Plis, and E. Zak, Github reposi-
tory Schrodinger equation dataset (2026), https://github.com/
anwlwp/Schroedinger-equation.

023192-18


https://doi.org/10.46298/theoretics.24.21
https://doi.org/10.1137/0907058
https://doi.org/10.22331/q-2024-01-11-1226
https://doi.org/10.1103/PRXQuantum.5.010345
https://doi.org/10.1007/s11128-017-1603-1
https://doi.org/10.22331/q-2020-11-11-361
https://doi.org/10.1103/PRXQuantum.2.040203
https://github.com/anwlwp/Schroedinger-equation

