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For the solution of partial differential equations (PDEs), we show that the quantum Fourier transform (QFT)
can enable the design of quantum circuits that are particularly simple, both conceptually and with regard to
hardware requirements. This is shown by explicit circuit constructions for the incompressible advection, heat,
isotropic acoustic wave, and Poisson’s equations as canonical examples. We utilize quantum singular value
transformation to develop circuits that are expected to be of optimal computational complexity. Additionally,
we consider approximations suited for smooth initial conditions and describe circuits that make lower demands
on hardware. The simple QFT-based circuits are efficient with respect to dimensionality and pave the way for
current quantum computers to solve high-dimensional PDEs.
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I. INTRODUCTION

Today’s quantum hardware offers the exciting possibility
to experimentally explore tasks for which quantum computers
can be exponentially more efficient than classical computers.
One such task is the solution of high-dimensional partial
differential equations (PDEs) [1-5], of relevance to various
scientific disciplines, including computational fluid dynamics
[6], structural mechanics [7], quantitative finance [8], and
quantum chemistry [9]. Although numerous quantum algo-
rithms for solving PDEs exist [1-5,10-39], their realization is
challenging for the present generation of quantum processors
that provide restricted qubit counts and lack quantum error
correction. In pursuit of more feasible alternatives for current
quantum computers, several variational quantum algorithms
for PDEs have been proposed [28,35,37,40-58]. These vari-
ational quantum algorithmic approaches, however, typically
have no theoretical convergence guarantees, and they can suf-
fer from large sampling costs when so-called barren plateaus
[59-68] are encountered during the variational optimization.
Therefore, in the context of PDEs, it is still an open question
whether current quantum hardware can demonstrate an ex-
ponential quantum advantage. This motivates renewed focus
on developing quantum circuits that retain clear performance
guarantees.

In this paper, we contribute to the development of nonva-
riational quantum algorithms for PDEs and present explicit
circuits of simple structure with well-defined computational
complexity. Notably, most of our circuits are composed of
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one- and two-qubit gates only. A key ingredient of our
approach is the quantum Fourier transform (QFT) [69,70],
which we utilize to diagonalize the differential operators ap-
pearing in PDEs. We describe two types of quantum circuit
constructions for elementary variants of the advection, heat,
wave, and Poisson’s equations. First, using quantum singu-
lar value transformation (QSVT) [71,72], we derive quantum
circuits that are anticipated to be of optimal asymptotic gate
complexity. Table I (a) summarizes the corresponding re-
sults. The QSVT circuit depths grow at least linearly with
the number of grid points N = 2" per dimension, where n
is the qubit count per dimension, which can be challenging
for current quantum computers when 7 is large. Second, and
for the reason mentioned above, we also analyze the PDEs
on the assumption of smooth initial conditions, for which we
formulate circuits that do not have this potentially large factor
N in their circuit depth scalings, as can be seen in Table I
(b). All proposed circuits have depths that increase at most
polynomially with the PDE dimensionality d.

Therefore, provided that the initial states of the time-
dependent PDEs studied in this paper and the source term
of Poisson’s equation have efficient quantum circuit encod-
ings, on a quantum computer we obtain efficient encodings
for the the entire solutions of the considered PDEs even in
high dimensions, whereas on a classical computer the same
encodings would generally be inefficient and characterized by
an exponential cost with respect to dimensionality. In classical
computing, the construction of the initial state or source term
typically entails calculating and storing N complex numbers,
which has a classical computational complexity of Q(N?).
Then, the application of the classical Fourier transform to the
N4 data points requires O[dN? log(N)] operations in general
[73,74]. In quantum computing, the corresponding Fourier
transform is realized by a product of d independent QFTs
parallely run in a total time scaling as O[log?(N)]. Next,
the quantum computations continue by applying our efficient
circuits of depths summarized in Table I, which are then
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TABLE I. Summary of the shallowest circuits developed in this
paper that prepare an amplitude-encoded solution to the listed PDE.
Circuit depths listed in part (a) make no assumptions about the func-
tions describing the initial conditions of the time-dependent PDEs or
the source term of Poisson’s equation, whereas those listed in part
(b) assume that these functions are smooth. We consider the solution
on a grid of N = 2" grid points per dimension and encoded in the
amplitudes of a quantum circuit with n qubits for each dimension.
We denote the total integration time by 7, the desired error by €, the
dimensionality of the studied equation by d, the maximum wavenum-
ber required to represent the smooth function by kpy., and o)
is O(-) without polylogarithmic factors. All reported circuit depths
exclude both the known depth of the QFT and the problem-specific
depths of the state preparation circuits for the initial conditions or the
source term. Details on the associated ancilla qubit counts, postselec-
tion probabilities, and additional circuit constructions are provided in
the respective sections.

PDE Circuit depth

(a) Incompressible advection O(mmin[N, tN + log(1/€)])
Heat O(nN min[1, v/t log(1/€)])
Isotropic acoustic wave O(dn[tN + log(1/€)])
Poisson’s O(d*N?/e¢)

(b) Incompressible advection o(l)
Heat O(nmin[1, v/t log(1/€)])
Isotropic acoustic wave O(d*k2  nt[e)
Poisson’s O(d*k2, .n*/€)

followed by a product of d independent inverse QFTs that has
time complexity O[log?(N)]. We note that, while the quantum
circuit encoding of the initial state or source term is not effi-
cient for generic functions [75-77], efficient quantum circuit
representations have been found for many practically relevant
functions [40,78-83].

Our paper is inspired by important recent discoveries relat-
ing to explicit quantum circuit solutions for PDEs [84-92].
Compared with previous works, the main novelties of our
article are that we exploit the QFT together with QSVT in
all of our circuit designs and investigate the situation of
smooth initial conditions. However, our approach is restricted
to simple PDE instances for which the QFT provides a diag-
onalizing basis, such as the specific linear PDEs considered
here, whereas some of the other strategies can be applied
to more general PDEs. Closely related to our paper are also
the seminal articles [5,13]. Reference [13] contains quantum
algorithms simulating the wave equation for more general
boundary conditions than are possible using our approach;
see Ref. [93] for corresponding circuit constructions. In Ref.
[5], the authors present quantum algorithms to solve certain
PDEs, including Poisson’s equation, with quantum linear sys-
tems algorithms [94] that are asymptotically more efficient in
achieving high precision than our methods.

The paper is organized as follows. Section II contains de-
scriptions of the conventions and central tools that are being
used in this work. We derive the quantum circuits to solve the
incompressible advection, heat, isotropic acoustic wave, and
Poisson’s equations in Secs. III-VI, respectively. In Sec. VII,
we present a concluding discussion and topics for future re-
search.

II. BACKGROUND

In the following, we explain the notation and main building
blocks of the paper, such as the shifted QFT, finite-difference
representations of derivatives, ways to implement various
boundary conditions, and our QSVT conventions.

We assume that any d-dimensional, continuous function
f(x1,x2,...,xq) is defined on the interval (—1/2, 1/2)d and
satisfies periodic boundary conditions. The function is dis-
cretized into a vector |f) of function values on the grid of
N? = 2" grid points, which in each dimension are chosen to
be symmetric around O, i.e., x, € {—1/2+ 1/(2N), —1/2 +
3/(2N),...,1/2 —1/(2N)} for all o €{l,2,...,d}. We
store |f) in the wave function coefficients corresponding to
a qubit register of nd qubits such that every dimension is
represented by n qubits and discretized using N = 2" grid
points. In each dimension «, the grid point x{") = —1/2 +
1/2N)+€/N for £ € {0, 1, ..., N — 1} is identified with the
n-qubit computational basis state |£) = |£g, £y, ..., lu—1) =
[€0) ®1€1) ® ... ® [£,—1), where £z € {0, 1} represents the
computational basis state of qubit 8 and ¢ = ZZ;B 2’3Zﬁ.
Note that, in our binary encoding of £, qubit index n — 1
corresponds to the most significant qubit.

Figure 1 shows a circuit corresponding to the QFT [69,70]
with shifts for one dimension (1D), which we denote by JF
throughout the paper. The exact QFT, which is illustrated in
Fig. 1, has a circuit depth scaling as O(n?). By removing all
rotation gates with angles smaller than a certain value from
the exact QFT, one obtains the so-called approximate QFT
[69,95] that has a circuit depth scaling as O[nlog(n/e)] for
error € with respect to the exact QFT. In our definition of the
QFT, we use input basis states |k) = |ko, k1, . .., k,—1) where
kg € {0, 1} and k = ZZ;{) 2"1=Pky: i.e., qubit O is the most
significant qubit. The output basis states |£) are defined in the
preceding paragraph. We choose the shiftsa = —N/2 and b =
—(N — 1)/2. Then, the shifted QFT has the entries

_ L ey = L
(U7 = e =5 W

where k =k —N/2 € {~N/2, =N/2+1,...,N/2 — 1} and
{=—-1/24+1/2N)+£/N € {~1/2+1/(2N), —1/2 +
3/(2N),...,1/2—1/(2N)}. Therefore, F contains in
column k, the plane wave wz(x) = 7% //N of wavenumber
k discretized via a grid of N equidistant grid points symmetric
around 0. These plane waves are a suitable basis for periodic
boundary conditions, and the grid choice is consistent with
our definition of discretized functions. The generalization
from one to d dimensions is straightforward: In d dimensions,
weuse F = Fi®@F @ --- @ F; where F, = F for all
and we denote by k, a wavenumber in dimension a.
The operator representation & for wavenumber & is

n—1
o 15— 7 N
k — § 2n717ﬁ B B _ _]1
= < 2 2

n—1

N 1

=_122fﬁzﬂ—§n, 2
B=0

043326-2



QUANTUM CIRCUITS FOR PARTIAL DIFFERENTIAL ...

PHYSICAL REVIEW RESEARCH 7, 043326 (2025)

¢ SR H O R [ Ra [ Buf{ B R §
: Rz()l) H HR>HRsH R4 RW
k< 2R o HHR: | Rs R} } ¢
3 p® ® ® H H Rz Ry
\ 41 g o ® o H HRO— 4

FIG. 1. Five-qubit circuit representation of the operator ﬁ >, e EFOCHO/N gy (k| realizing the QFT [69,70] with wavenumbers &
shifted by a constant a and positions ¢ shifted by a constant b. More specifically, the circuit implements the shifted QFT without the
global phase e?™®/N. Here, n = 5, N = 2", R\") = diag[1, exp(in2~¢b)], H is the Hadamard gate, R, = diag[1, exp(ir2~°*")], and R®’ =
diag[1, exp(ir2°~"*'a)], where diag[-] denotes the diagonal single-qubit operator with [-] on the diagonal.

where 1 is the global identity operator, 14 the identity op-
erator for qubit B, and Zg the Pauli Z matrix acting on
qubit 8.

We realize the first derivative by means of the central
difference approximation,

af | S0 49— f( — )

)
Xy 2O 2s

3

where in our notation for f we omit fixed variables and
s = 1/N is the grid spacing. Note that this approximation of
the first derivative for sufficiently small s has the leading er-
ror of O(s?) = O(2~%"), which can be systematically reduced
by increasing n. The plane wave w;(x) is an eigenfunction
of the central difference operator in Eq. (3) with eigenvalue
iN sin(2k/N):

eizn/E(ZH/N) _ eizn/}(zll/zv)

. 2N

o 27k -
= 1N sin <T>w,;(£).

Therefore, we know the spectral decomposition of the central

difference operator:
@ Fi
N

In a similar way, we represent the second derivative by its
finite difference approximation,

Rr LS00 20
2|0 52 ’

aw,;
0x

“

a . .
— = iNFsin

ox ©)

(6)

*0

Note that this approximation of the second derivative for suf-
ficiently small s has the leading error scaling as O(s?). The
operator (6) applied to the plane wave wz(x) gives

2e12n12(2+1/1v) — Dei2nkl 4 oi2mk(I-1/N)

7 VN

= —4N?sin? (”—k>w~(2)
- v .

Therefore, wy is an eigenvector of the second derivative
approximation (6) with eigenvalue —4N?sin?(7k/N). This

Bzw,;
0x2

(N

enables us to identify
mk\ .
= — 4N Fsin® [ — | F'.
sin ( N )

When we consider smooth initial conditions, we assume
that the initial discretized function | f) has significant overlaps
|(]_[Z=1(l}a|)| f)|2 only with small-wavenumber basis states
wy, satisfying |ke|/N < 1 for all . Here, |k, ) denotes the dis-
cretized version of plane wave Wi, in dimension «. Then, we

82

x> ©

use the small-angle approximation, sin(2k/N) ~ 2k /N, to
approximate the expression for the first derivative (5):

0 ~ N
— R i2n FkF, ©)
0x
and for the second derivative (8):
9> PO
— & —4n?FRAF (10)
ax2

When required, we characterize a smooth function by
a maximum wavenumber kn.x such that the overlaps
|(]_[Z=1(IEO,|)|f)|2 are zero if k, > kmax for at least one o.
This characterization is satisfied by bandwidth-limited func-
tions [96] but is too strict to be applicable to all smooth
functions. In general, smooth functions have decaying over-
laps for increasing values of k,, that are non-zero for all values
of k,. Therefore, strictly speaking, when kp,y is used in our
results, they apply to bandwidth-limited functions. We note,
however, that many smooth functions can be characterized by
a certain value of k. such that all overlaps corresponding
t0 ky > kmax are sufficiently small and negligible in practical
terms.

We note that, if only wave numbers in the close vicinity
of a certain value k* contribute significantly to the initial
conditions, then we can approximate sin(2wk/N) ~
sin2wk* /N)+2m cos(2mk* /N)(k—k*) /N —4n? sin(2wk* /N)
(k — k*)?/N?. Inserting this approximation into our
expressions for the first derivative (5) and second derivative
(8) turns them into low-degree polynomials of k, which can
simplify PDE solution circuits in analogy to the small-angle
approximation.

To realize boundary conditions different from periodic
ones, using the plane waves in F as basis functions, a
procedure for Dirichlet boundary conditions f(—1/2) =0 =
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FIG. 2. Four-qubit quantum circuit for the realization of Dirich-
let and Neumann boundary conditions using the plane wave basis
of our shifted QFT. (a) The input quantum state | f) stores the eight
desired function values that fulfill the specific boundary conditions
considered. We add one ancilla qubit initialized in |0), apply R =
e *¥/2 to it, where Y is the Pauli ¥ matrix, and apply the CNOTs
as shown. This circuit creates the state | f). (b) To impose Dirichlet
boundary conditions, we set ¢ = —m /2 such that | f) corresponds to
an odd function. (c) To impose Neumann boundary conditions, we
set ¢ = /2 such that | f) corresponds to an even function.

f(0) and Neumann boundary conditions 9 f/dx|,=_12 = 0 =
df/0x|y=0 in one dimension is illustrated in Fig. 2 and ex-
plained in the figure caption. Note that the approach requires
one additional qubit and the function of interest is now de-
fined on the interval (—1/2, 0) or equivalently (0, 1/2). The
key insight that makes the construction of Fig. 2 work is
that expressing |f) in terms of the plane wave basis, i.e.,
Iy =>; (k|f)|k), for the particular symmetry choices of | f)
in Figs. 2(b) and 2(c), leads to an expansion of | f) in terms of
sine (b) and cosine (c) functions, which are appropriate bases
for the specific instances of boundary conditions addressed in
Fig. 2. Generalizing the strategy to d dimensions is straight-
forward since the necessary reflections are independently
implemented in the d dimensions using d additional qubits.

In the paper, we use variants of QSVT [71,72,97-104]
(see [105—-108] for experimental realizations) to design quan-
tum circuits that represent Fourier series and polynomials of
operators.

The Fourier-based QSVT construction for the Hermitian
operator H of interest requires one ancilla qubit and the uni-
tary operator Uy = [0)anc (Olane @ 1 + | 1) anc (1]ane ® e, The
desired Fourier series Z?=7 p ccet™ for a positive integer D
is realized by a quantum circuit via, first, initialization of the
ancilla qubit in the state |0),nc, second, 2D + 1 repetitions of
Uy, each surrounded by certain single-ancilla-qubit unitaries

that can be determined efficiently given the Fourier coeffi-
cients ¢, and, third, postselection of the ancilla qubit being
measured in |0) 4.

To prepare the polynomial-based QSVT circuits, we block-
encode the operator H of interest inside a larger unitary
operator V3 using ancilla qubits such that H = (0]anc V¢ 10) anc,
where [0).,c = |0, 0, ..., 0)ac is the initial state of the ancilla
qubits. We create the block encoding using an approach based
on a linear combination of unitary operators (LCU) [109].
Then, the polynomial-based QSVT approach defines the cir-
cuit ]_[?ZI[Wanc(qﬁc )V ] that contains the ancilla-qubit gates
Wanc(¢), where the D angles ¢, are chosen in such a way that
(0] anc ]—[?:][Wam(gb; Wa110)ane creates the desired degree-D
polynomial of H. Throughout the paper, the encountered op-
erators H are Hermitian and we can understand a polynomial
of an operator H as a polynomial of the eigenvalues of H
[110]. Importantly, as a function of the eigenvalues of H, a
polynomial-based QSVT circuit of D layers creates either an
odd function, if D is odd, or an even function, if D is even.
To handle functions that are neither odd nor even using the
polynomial-based QSVT strategy, we shift the entire spec-
trum of eigenvalues of H to the non-negative real numbers
and then apply the QSVT formalism to the shifted H. We
provide the block encodings of the shifted operators H as
well as their largest and smallest eigenvalues. This knowledge
about the eigenvalue spectrum can be used when the angles
¢, are numerically computed by software libraries such as
pyQSP [71,72,111-113] and can improve the accuracy of the
polynomial approximations.

We also utilize Trotter product formulas [114] to approx-
imately decompose exponentials of operators into quantum
gates. More specifically, we present quantum circuits resulting
from first-order Trotter formulas. Circuits corresponding to
higher-order Trotter formulas can readily be derived from the
presented results.

III. INCOMPRESSIBLE ADVECTION EQUATION

We consider the advection equation for incompressible
flows in d spatial dimensions:

il 0 0 0
—f=—r— 4. — 11
o’ (rl oy Moy Tt Bxd)f (an
where f = f(x1,x2,...,x4,1) and ry, 12, ..., ry are real num-
bers. Using Eq. (5), we express the discretized Eq. (11) as

X >——11de) Fsin Pk Fif. 12
Btf_ aZIra, w sin N <)

The solution to Eq. (12) is given by

d
|f(l)) — ]_‘®d l_[ e—itNr‘X sin (ZUIQ‘X/N)(]_‘T)Q@d'f(O))’ (13)

a=1

where the time evolution operator is a product of d
independent one-dimensional operators. In our notation,
|f(0)) represents the initial conditions, i.e., the discretized
f(xl,)Cz, e Xg,t =0).

In the following, we focus on the one-dimensional case
and omit the index « for clarity. There exist several ways in
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FIG. 3. Quantum circuits for the one-dimensional incompress-
ible advection equation. (a) Circuit representation of the operator
U; (15), where RY®) = e~ "'Z (b) Circuit representation of (19),
where U = ™27 "'Z and we exclude the global phase ™"

which we can represent the one-dimensional time evolution
operator for Eq. (13) in terms of an explicit quantum circuit.
One possibility is to use the truncated Jacobi-Anger expansion

D
efiINrSin(Zﬂk/N) ~ Z J{(_tNr)eiZT[k{/N’ (14)
¢=-D

where J; is a Bessel function of the first kind and, for error €,

D needs to scale as O(¢Nr + bgkﬁ%) (see [98,99]
and Corollary 32 in [71]). The right-hand side of Eq. (14) can
be realized using Fourier-based QSVT (see Sec. II) with the

operator

Ut = 10)ane (Olane ® 1 + [ 1)ane(Llane ® €N (15)

where

n—1

eiznk/N — e T/ l—[ e—inzfﬁ*'zﬁ7 (16)
B=0

using the definition of k in Eq. (2). The quantum circuit
representation of Eq. (15) is shown in Fig. 3(a).

Another possibility to construct a circuit for Eq. (13) uses
the discrete Fourier transform to express

N/2—1
e—itNVSin (27rk/N) — Z C{ei27f§'k/N’ (17)
¢=—NJ2
where
| N ~ )
e = ﬁ Z e ~itNrsin (27rk/N)e—127rk§/N . (18)
k=-N/2

A circuit of depth scaling as O(N) for the operator of Eq. (17)
can be created using standard Fourier-based QSVT with
D = N/2, cyjp =0, and Eq. (15).

Summarizing the two preceding circuit constructions and
taking into account the circuit depth n of the operator (15),
we conclude that the time evolution operator in Eq. (13),

excluding the QFT, has a circuit representation of depth
scaling as O(nmin[N, tNrpnax + log(1/€)]), where rpay is the
ro of largest magnitude. Here, we use d ancilla qubits to
create d independent one-dimensional time evolution oper-
ators in parallel for the realization of Eq. (15). We note
that, if a sufficiently small € is used in the Fourier-based
QSVT procedure, the probability of success is close to 1,
ie, (fOIF@))/{f(0)]f(0)) < 1, because the time evolution
operator in Eq. (13) is unitary.

We can reduce the required number of ancilla qubits by
realizing Eq. (13) sequentially. To achieve this, we apply the
one-dimensional time evolution operator to the different di-
mensions one after another, each time reusing the same ancilla
qubit initialized and measured in |0)a.. The circuit depth of
this approach scales as O(dn min[N, tNry.x + log(1/€)]) and
the construction needs only one ancilla qubit.

We can derive more efficient circuits for smooth initial

states | f(0)). With the help of Eq. (9), we obtain
e iNrsin (2nk/N) o, o—i2ntrk

n—1

F— H 2—B+n—1y7
— el Hemtr 5 (19)
B=0

which is implemented with the particularly simple circuit, of
O(1) depth, shown in Fig. 3(b).
IV. HEAT EQUATION

Let us now examine the heat equation in d spatial
dimensions:

9 f o + ” + + & f (20)
Tru o o )y,
ot ax?  9x3 ax?

where f = f(x1, x2, ..., x4, t)and u is a positive real number.
Via Eq. (8), we write the discretized Eq. (20) as

d ~
%m = —4N’u )y F,sin® (”Zl\;"’ )f;m. (21)

a=1

Equation (21) has the solution

d
|f(t)> — .F®d l_[ e7t4N2u sin? (nl%a/N)(‘/—_'T)@dlf(O»’ (22)

a=1

where the time evolution operator is a product of d indepen-
dent one-dimensional time evolution operators.

In the following, we describe several quantum circuit de-
signs for the time evolution operator in Eq. (22) for which
it is sufficient to consider the one-dimensional case, and we
henceforth omit the index «.

One approach for the circuit construction adapts the proce-
dure [115] to our problem. To that end, we approximate the
Fourier transform of the Gaussian,

e—t4N2u sin? (wk/N')

1 *© ) . L
_ dwe® /166—1\/Eszm (wk/N)
A/ 27 /;oo
R .
~ 8we7(§8m)2/1667i\/ﬁ{5mN sin (nk/N)’ (23)
5=
t=—G
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where, for error € and provided the assumptions of Ref.

[115] are satisfied, &, needs to scale as @([N/fulog(1/€)]~")
and G as O[N\/Elog(l/e)]. We define Cy = §,/+/ 27, C; =
83) /16, and C; = N+/tus,,, such that Eq. (23) now reads

G
Cy Y eGericsin(atm), (24
=—G

Following Ref. [115], for e 7C:¢sink/N) e use an approxi-
mation of error O(¢), which here we obtain via the truncated
Jacobi-Anger expansion:

D
e—iCz{ sin (HI;/N) ~ Z Jn(_Czé.)eiﬂI;n/N’ (25)

n=—D
where, for error €, D scales like
log(1/¢)
log[e + 10g(l/é)/(CzG)]>
= O[G,G +log(1/¢€)]
= O[v/tuN log(1/e)]. (26)

With help from the truncated Jacobi-Anger series, we approx-
imate Eq. (24) by

®<C2G+

D

G
YolG Y e (—Ct) [, 27)

n=—D {=-G

Note that the error € in Eq. (25) leads to an error of O(¢) in
Eq. (24):

1 G

2
‘ 2 (Swe*((&n) /16¢
2 =G

9|

<e+te ! /00 dwe="/16
V2r )
= O(e). (28)
We conclude with the final expression
D
e—t4N2usm2 (wk/N) ~ Z cneinIQr;/N’ (29)
n=—D
where
G
ey =Co Y e (~Cot). (30)
(=—G

The finite Fourier series on the right-hand side of Eq. (29) can
be realized using Fourier-based QSVT with the operator

Ui = 10)anc (Olane ® 1 + [1)anc (1]ane ® €™V, 31
where
n—1
einlé/N — o iT/@N) 1—[ e—inzfﬁﬂzﬁ‘ (32)
B=0

The quantum circuit for the operator of Eq. (31) is equivalent
to the one shown in Fig. 3(a) except that the angle of each gate
in Fig. 3(a) needs to be divided by 2.

Alternatively, we can construct a quantum circuit utilizing
the discrete Fourier transform to write

e—t4N2usin2 (zk/N) _ Nil c{eiznglz/N’ (33)
¢=—N/2
where
sy o o
o =— Z o 14N usin® (wk/N) g —i2mke /N (34)
k=-N/2

Then, Fourier-based QSVT with D = N/2, ¢/, = 0, and the
operator of Eq. (15) enables us to create a circuit of depth
O(N) representing Eq. (33).

We conclude that the time evolution operator cor-
responding to the one-dimensional heat equation can
be prepared by a quantum circuit of depth scaling as
O(nN min[1, v/tu log(1/€)]), excluding the known depth of
the QFT. For the d-dimensional heat equation, we run d copies
of the quantum circuit for the one-dimensional heat equa-
tion either in parallel using d ancilla qubits or sequentially
by reusing one ancilla qubit.

We emphasize that, assuming € is sufficiently small, the
success probability of the Fourier-based QSVT approach is
approximately

L YOO )

(F(O)If(O))

and satisfies exp(—t8N2ud) < p < 1, which readily follows
from Eq. (22), whereby the lower (upper) bound for p is
obtained if |f(0)) is a product state of discretized plane
waves of wavenumber k = —N/2 (k = 0). For smooth | £(0)),
the success probability fulfills exp(—#87m2k2 ud) < p < 1.
To achieve the successful preparation of the state |f(¢)) in
Eq. (22), the quantum circuit needs to be rerun a number of
times that is on average approximately 1/p, which can be a
large number.

For smooth initial functions | f(0)), we can use the approx-
imation (10) such that

2 G2 7 2, 22
e 14N usin (wk/N) A o4 tuk

n—1
— o mru(N?+2)/3 l—[ e~ N2 Z;

=0
n—1 n—1
> 1_[ 1_[ e—nztuNZZ’[’”’lZ;ZU’ (36)
{=0n=t+1

where we use the definition of & in Eq. (2).

To realize the nonunitary operators of Eq. (36), which are
exponentials of Pauli strings, we note that any Pauli string P
satisfies P> = 1 such that

e’? = cosh(0)1 + sinh(0)P. (37)

The right-hand side of Eq. (37) is a weighted sum of two
unitary operators, 1 and P. Therefore, Eq. (37) can be rep-
resented, up to a normalization factor, by a block-encoding
quantum circuit using one ancilla qubit whose two compu-
tational basis states |0) and |1) control the application of 1
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FIG. 4. Quantum circuit realization of the operator product in
Eq. (36) for system size n = 3 using three ancilla qubits that are
assumed to be measured in |0) and then reused. The angles ¢, ¢,
..., ¢ are calculated via Eq. (38) using 6, = —87>tu, 6, = —4m’tu,
03 = —2m%tu, 6, = —167%tu, 65 = —8m’tu, Oy = —4m’tu, respec-
tively. Note that one can readily reduce the required number of
ancilla qubits from 3 to 1 by redefining the circuit such that only
one ancilla qubit is sequentially measured and reused.

and P, respectively. The corresponding quantum gate is a con-
trolled P gate that is equivalent to the product of the controlled
single-qubit-Pauli-matrix gates for all Pauli matrices in P. To
create the desired block-encoding, we initialize the ancilla
qubit in |0), apply R to it with the angle

¢ = 2 arccos cosh(8)
B cosh() + sinh(|6])

then insert the controlled P gate, and finally apply R
to the ancilla qubit. Now, measuring the ancilla qubit in the
state |0) creates the operator

cosh()1 + sinh(9)P e 39
cosh(@) + sinh(]9]) ~ elfl’ (39)
where we use cosh(f)=cosh(|]#|) and sinh(f) =
sign(0) sinh(]0]). For the realization of a product of several
nonunitary operators of the form (39), Fig. 4 shows an
example circuit.

If our goal is to reduce the circuit depth for the preparation
of Eq. (36), we apply in parallel as many two-qubit operators
of Eq. (36) as possible. To maximize parallelization, we apply
the operators in groups, one group after another, where each
group contains all two-qubit operators that have the same
distance between the two qubits they act upon. It is straight-
forward to see that every group of gates can be realized in 2
consecutive steps where in each step &~ n/2 non-overlapping
operators of (36) are applied in parallel. This approach leads
to O(n) circuit depth and requires O(n) ancilla qubits.

If our goal is to reduce the number of ancilla qubits, we
create the product of non-unitary operators in Eq. (36) se-
quentially using one ancilla qubit that probabilistically, upon
successive measurements of it being in the state |0), realizes
each term in Eq. (36) one after another.

The overall probability p of successfully creating the state

proportional to | f(¢)) = X1 %P | £(0)) is
_ o2 SO @)
(f(O)If(0))
_ o—tmu(vi-1)3 YOI O)
(fO)f(0))

; (38)

(—sign(6)¢)
y

p

. (40)

Here, we denote the total number of operators in Eq. (36) by
K, which scales like O(n?), evaluate > 8 |0g| for the specific
0p of Eq. (36) and ignore the first factor in Eq. (36) because it
is just a scalar.

We readily generalize the procedure to the d-dimensional
scenario by implementing the circuits corresponding to the
different dimensions independently and in the same way as
was just described for the one-dimensional heat equation.
Then, the overall success probability is

p=exp [—inzt(Nz - l)du:| RAITAC) R
3 (f(O)If(0))

The circuit depth scales as either O(n) using O(dn) ancilla
qubits, O(n?) using d ancilla qubits, or O(dn®) using one
ancilla qubit whereby the circuits for the d dimensions are se-
quentially run. We emphasize that, however, for the successful
realization of the desired state, the circuit needs to be rerun
on average 1/p times, which can be a large number. In com-
parison with the Fourier-based QSVT approach, which has
a success probability of (f(¢)|f(¢))/{f(0)|f(0)) and requires
an advanced circuit architecture, here we have the additional
factor of exp[—%‘yrzt(N2 — 1)du] in the success probability
but we also have a significantly simpler circuit structure.

To avoid the additional factor of exp[—% 2t(N? — )du] in
the success probability, we can construct a quantum circuit for
exp(—4m2tuk?) by means of the approach [115] used above.
Now, this approach leads to the operator approximation

G
o4tk 1 Z 5, e €00 /16 —im/iucsuk
Nz —

G ~
= 3 ek, “2)

[=—

where ¢; = exp[—(¢8,)?/16]/+/27 and C; = /tus,. To
achieve error € under the assumptions of Ref. [115], §,, needs

to scale as @([«/tulog(l/e)]’l) and G as O[\/ﬁlog(l/e)].
The final expression in Eq. (42) can be turned into a quantum
circuit through Fourier-based QSVT with the operator

Ut = 10)ane (Olane ® 1 + [ 1ane(1]ane ® e 77K, (43)

which results in the total

O[n+/tulog(1/€)].

circuit depth scaling as

V. ISOTROPIC ACOUSTIC WAVE EQUATION

In the following, we study the isotropic acoustic wave
equation in d spatial dimensions:

92 [ 0? 02 92
— ==+ =+ +—|f, 44

or? (Bxf + ax3 o 8x§)f @4
where f = f(x1,x2,...,x4,t) and v is real-valued. We de-
note the spatially discretized form of f as |f) and its first-
and second-order (continuous) time derivatives as %| fi=
olf) =10 f) and %lf) = 8t2|f) = |8t2f), respectively. The
operator A, represents the discretized Laplace operator act-
ing on dimension o, and we denote by A the sum of the
discretized Laplacians over all d spatial dimensions, A =
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ZZ:I A,. We also define
Ou = V=80 = FuDuF, 45)

where D, is a diagonal matrix with entries that are the square
root of minus the eigenvalues of the Laplace operator in di-
mension «. Note that O, is Hermitian,

Ol = 0,, (46)

because the Laplace operator is Hermitian. We use Eq. (8) to
obtain

ke
D, = 2N sin (” ) 47)
N

To construct circuits to solve the wave equation, we first
consider K decoupled wave equations

) ®187f) = 1@ AN @ 1f), (48

where |¢) is one of the basis vectors {|0), [1),...,|K — 1)}
that can be used to represent the identity operator

1= 1)l (49)

We denote the square root of the block-diagonal matrix of
Laplacians multiplied by —v? by

HD = -2l ® AW, (50)

and note that solutions to the wave equations Eq. (48) must
also satisfy

12) ® [82f) —iH (1) ® 18, f))
= 1@ A0 ® 1) —iH D) ® 13, £)), (51)

where we have simply added —iH“(|¢) ® |3,f)) to both
sides of Eq. (48). Using Eq. (50), we can rewrite Eq. (48) as
the Schrodinger equation

oy = —iHDly), (52)

where we have defined the state
ly) o 12) ® [8,f) — iH1E) @ | ). (53)

up to a normalizing constant. We therefore interpret H?) as
a time-independent Hamiltonian such that the formal solution
of Eq. (§2) is

[¥ (1)) = exp(—it H )|y (0)). (54)

To construct a representation of the Hamiltonian @ that
is appropriate for the implementation of the unitary evolution
Eq. (54) on a gate-based quantum computer, we express H?
as the sum

d
HD =) v ® O, (55)

a=1

where y,, are operators of the form

K—
Yo=Y (Va)yyV)0l. (56)

v,n=0

We then seek a set of Hermitian operators {y, } such that
[HD) = 0’1 AY, (57)

in accordance with Eq. (50). By squaring the sum Eq. (55), we
find

d d
2N Vi@ AatV® Y Yy Var) ® Oy Ouy.

a=1 o <ay=2

[HDP = —v

(58)

where we have used the definition of the operators O, from
Eq. (45) as well as the fact that they commute when acting on
different dimensions,

[0,.0,] = 0. (59)

For Eq. (58) to satisfy Eq. (57), the operators {y, } must satisfy
the anticommutation relations

{J/v» Vn} = 281)7,7]1, (60)

where §, , is the Kronecker delta. Operators that satisfy the
anticommutation relations Eq. (60) are commonly used in
fermion-to-qubit transformations, and many representations
of {yy} in terms of Pauli strings are known. For example, it
is straightforward to construct an appropriate set of {y,,} using
the ternary-tree-based method [116]; for additional details, we
refer the reader to Sec. VD.

Having found an appropriate representation of H'?), we are
left with the task of embedding the discretized scalar field
|f) and its time derivative |d,f) in the quantum state |y)
associated with the Schrodinger equation (52). Let |i) have
the block structure

>

-1

W) =) 18) ®lvy). (61)

~
Il
=}

By selecting a basis vector |{) and choosing a particular
representation of the operators {y,}, we find the {|y)} that
satisfy Eq. (53). For example, by choosing |¢) = |0) and

d
HO =0 "> (o) W) (0] ® O, (62)

¢ a=l1
the state |y) has the form

K-1 K-1 d

DI @ 1) o 10) @ 19, ) —iv Y D (Vadr.0lE) ® Oulf).

=0 =0 a=1
(63)

An alternative construction is achieved by applying the
transformation i(H“)~! to both sides of the wave equa-
tion Eq. (51). The resulting equation

1£) ® 18, f) +i(H) ! e) @ 197 f)
—iHDE) @ |f) +1¢) ® 13, f) (64)

can be recast as the Schrodinger equation (52), where, in this
case, the state |{) is given by

[Y) o [2) @ If) +iHD) ' E) ® 19, £). (65)

For a particular choice of the basis vector |¢) and H?), a set of
equations specifying |i) analogous to Eq. (63) can be found.
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10) H}—O—OT{H (0|

— (0]

— (0]

FIG. 5. Initial-state preparation circuits for the d-dimensional
wave equation. Given efficient circuits to prepare [f) = U|0) and
|0, f) = Uy, |0), we prepare the state [) in Egs. (53) and (65) using
the quantum circuit (a) and (b), respectively. In panel (a), the oper-
ator U transforms |¢) ® |f) into —iHP|¢) ® |f). In panel (b), the
operator V transforms |¢) ® |9, f) into i(H)~!¢) ® |9, f).

In the following, we describe one approach to prepare
the initial state |¢) of Egs. (5§3) and (65), respectively; see
also Refs. [13,117]. We assume that quantum circuits for the
preparation of |f) and |9, f) are given. Figure 5 shows our
quantum circuit constructions. A single ancilla qubit is used
to sum the two parts of the initial state. The operators ¢/ and V
implement —iH® and i(H@)~!, respectively. The operator
U can be implemented by block-encoding H'?, which can
be efficiently block-encoded as explained in Sec. VD. The
operator V can be realized using a quantum linear systems
algorithm (QLSA) [118]. If £ is not invertible, we use its
pseudo-inverse (H@)* to prepare i(H'P)*|¢) @ |3, f). Note
that this restricts the class of solutions that can be simulated
to those with initial states |¢) & |0, f) from outside the kernel
of H@. The computational cost of preparing i(H‘?)™|¢) ®
|0, f) depends on the QLSA used and, for efficient QLSAs,
scales polynomially with the condition number of H'®. We
obtain an upper bound for the condition number of H“ from
the one of (H@)? = —v?1 ® A, which is upper bounded
by v2dN?. Therefore, there exists a QLSA that can efficiently
prepare V.

A. One spatial dimension

The goal of this section is to construct quantum circuits for
the 1D (d = 1) isotropic acoustic wave equation
071f) = v AVIf) = v A4 f). (66)

The associated Schrodinger equation given by Eq. (52) is

) = —iHV|y), (67)

and one possible choice of the Hamiltonian satisfying Eq. (55)
is

0o O

1 — _ 1

H —1)X®(’)1—v<(,)1 O)’ (68)
where we have chosen y; = X, the Pauli X matrix. We
consider two different encodings of | f) and |9, f) into the nor-
malized state |y/). In particular, using Eq. (53) with |¢) = |0),
we have the encoding

V) o 10) ®13.) — wX[0) ® O1f) = (_iL?gQ{ | f>). (69)

Alternatively, using Eq. (65) with [¢) =|0), we have
the encoding

[¥) o [0) ® |f) +iX10) ® O '8, ) /v = (iO;l'lQﬂ/v)'

(70)

For an initial state |y (0)), the state |y (f)) after a time 7 is
given by the solution to Eq. (67)

[Y (D)) = e Ty (0)) = e XEO |y (0))
= (H ® F)e "“®Py(H @ FNIy(0)). (71

Here, H is the Hadamard gate, Z is the Pauli Z matrix, and we
have rescaled time such that = fv. For periodic boundary
conditions, we use Eq. (47) to obtain

V() = (H ® F)e” V&0 @ FHy ). (72)

We proceed by rewriting the operator in the argument of
the exponential of Eq. (72) as Z ® sin(nlE/N ) = sin(nf /N),
where we have introduced the operator [=k+N1-2) /2.
This leaves us with the task of implementing the time
evolution

W) = (H ® F)e 2NN (g @ Fiyly(0).  (73)

By noting the similarity between the operator e =2V sinCri/v)

and that of the incompressible advection equation (13), we
observe that the same techniques can be used to implement
circuits for this one-dimensional wave equation with periodic
boundary conditions.

In particular, the approach that makes use of the Jacobi-
Anger expansion and is implemented by Fourier-based QSVT
scales as O[tN + log(1/€)] for an error € and is implemented
using multiple calls to the operator

Ui = [0)anc{Olanc ® 1 + [1)anc(1]anc ® einl/N, (74)

where
einl‘/N — (7/2=im/CN) l—[ e—inzfﬂ*‘zﬁ (75)
=0
and we have used the definition
. N-—1 .
_ _ n—p—1
I=——1 ;2 Zg. (76)

The quantum circuit representation of Eq. (74) is shown in
Fig. 6(a). Furthermore, analogous to the incompressible ad-
vection equation, it is possible to construct a circuit scaling as
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FIG. 6. Quantum circuits for the one-dimensional wave equa-
tion. (a) Circuit representation of the operator U; [Eq. (74)], where
¢ =m7(N—1)/2N) and R® = e~27"'Z (b) Circuit representa-
tion of Eq. (79), where U = e™% and U¥) = e 287

O(N) that implements the time evolution by making use of the
discrete Fourier transform to express

A Nj2—1 A
efith sin(zwl/N) — Z cc eianl/N , (77)
r=—N/2
where
LR ) )
cr = — e—i2tN sin(rrl/N)e—i2ﬂl(/N. 78
(= 2 (78)
I=—N/2

Taking into account the circuit depth n of Eq. (74), we find
that Eq. (72) has a circuit representation of depth scaling as
O(nmin(N, tN + log(1/¢€))).

Shallower circuits can be derived for smooth initial func-
tions f and 9, f such that the initial state |1 (0)) has significant
overlaps | (k| (0))|? with only small-magnitude wavenumber
basis states satisfying |k|/N < 1. To derive the associated
circuits, we consider Eq. (72) and use the small-angle approx-
imation sin(nl%/N ) & nl%/N , such that

e%ZrNZ@sin(nl?/N) ~ e%ZmZ@lE

— eintZ() 1_[ eiﬂ12'17320®2,3. (79)
p=1
A circuit representation of the operator (79) is given in
Fig. 6(b) and is composed of single- and two-qubit gates.

B. Two spatial dimensions

The objective of this section is to construct quantum cir-
cuits for the 2D (d = 2) isotropic acoustic wave equation

1) = v AP|f) = vH(A + A)If), (80)

where the discretized scalar function |f) represents a
two-dimensional wavefield. The associated Schrédinger

equation given by Eq. (52) is
o) = —iHP ). 8D

One possible choice of Hamiltonian satisfying Eqs. (55) and
(60) is

HPIwv=XQ0, +Y R0, = (01 fi(’)z O 6102>’
(82)

where we have chosen y; = X and y» = Y, the Pauli Y matrix.
We consider two different encodings of |f) and |9, f) into the
normalized state |y). The first follows from Eq. (53) and the
choice |¢) = |0), giving

[¥) o 10) ® |3, f) — iHP|0) ® | f)

19.f)
x <—iv<01 +i(92)|f>>' 83

The second encoding follows Eq. (65) and the choice [¢) =
|0}, giving

W) o 10) ® |f) +i(HP) ' [0) ® |3, )

Lf)
x <i<01 — iy |atf>/v>' 84)
The solution to Eq. (81) is

[y () = e 7 |y (0))

— e—ifv(X®01 +YR®0,) Hﬁ (O))

— (]l Q f@Z)efit(X(@'DH*Y@'Dz)(]l ® j'_'T®2)|w(0))
(85)
where we have rescaled time ¢ = fv. For periodic boundary
conditions, we use Eq. (47) to obtain

e~ if(X®D1+Y®D; —i2tN[X®sin(k; /N)+Y ®sin(ky /N)] 7 (86)

) — e

where we assume N = N; = N,; i.e., each dimension has the
same number of grid points.

One way to create quantum gates for the time evolution
operator in Eq. (86) utilizes polynomial-based QSVT. To pro-
ceed, we first consider the operator

. 121 . 7'[]22
#D =X ™) Ly ™. 87
® sin N +7Y @ sin N (87)

We then consider the shifted and rescaled Hamiltonian
D — ppinl

)‘-max - Amin

AP = : (8%)

where Amaxy = —Amin = +/2, such that /Z® has an eigenspec-
trum bounded by [0,1]. We then construct a block encoding of
@ up to a constant factor C?; i.e.,

J1 = (%2(2)/0(2))2)

— D )c®

D /C@
w@ —
<¢ 1 — (A#D/CO)
(89)

where the resulting block-encoded Hamiltonian has a spec-
trum bounded by [0, 1/C?)].
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Uy ug(cg 1 ug(cz; ug?) Uy U;; 1 u;z; u(;zl)_

exp [—irﬁ&”] (2)}

exp [—ifﬁz

FIG. 7. Circuits for the 2D wave equation. (a) Circuit repre-
sentation of the operator #® (89). Here, H is the Hadamard

0) _ a—ifY/2 pO) _ a—ibX/2 4 _ -1 NA _
gate, Rj") =e¢ ,RY) =e , ¢ =2cos ( 2+ﬁ), and V, =

e im/@Na) ]_[2'“:61 e~ Z  where the product runs over the qubit
registers n; and n, separately. (b) One layer of a first-order Trotter
product formula for a time step T approximating the time evolution
operator (91). Here, the gates U, = ™™ and U, = €™ act on the
first qubit while the two-qubit gates U$) = exp(ir 12" *7'X ® Z;)
and U$ = exp(irt2™7*"'Y ® Z;) act on the first and one qubit
from the registers n; or n,, respectively.

To explicitly construct the block-encoding circuit %),
plug the definition of k in Eq. (2) into sin(wk/N),

A . n—1
sin Tk _ lein/azv)l—[emfafzzﬁ
N 2
B=0
o n—1
_ %e—in/(zm I in2 27, ©0)
B=0

Using Eq. (90), it is straightforward to construct a circuit
for the unitary operator % using the LCU approach as
shown in Fig. 7(a). By making multiple calls to % ?), the
polynomial-based QSVT approach leads to the nearly-optimal
circuit depth O[tN + log(1/¢€)].

Another way to create a circuit for the time evolution
operator in Eq. (86) assumes that the initial function f and
its time derivative 9d; f are smooth. This allows us to make the

small-angle approximation
e IUNIX®sin(rk /N)+Y @sin(tha /N)] p, o—i27t (X@ki+Y ®k2) 1)

The resulting operator corresponds to unitary time evolution
with Hamiltonian $® = .ng + .6;2), where .6(12) =27X ®

ki and 53;2) =2nY ® ky. The corresponding time evolution
can be approximated using a Trotter product formula. In
Fig. 7(b), we show one layer of a first-order Trotter product
formula with time step t, where the unitary operators ety
and e ™" alternate. Higher-order Trotter product formulas
can also be employed using the building blocks provided.

C. Three spatial dimensions

The objective of this section is to construct quantum cir-
cuits for the 3D (d = 3) isotropic acoustic wave equation

) = vPAD|f) = v (AL + Ar + A3)IS), 92)

where the scalar function f represents a three-dimensional
wavefield. The associated Schrodinger equation given by
Eq. (52) is

oY) = —iHD ). 93)
One possible choice of the Hamiltonian satisfying Eq. (55) is

HO =v(X R0, +Y @02 +Z® 03) %94)

0, — iOz)

o 95)

_ U( Os

- \O, +i0,
where we have chosen y; =X, y»» =Y, and y3 =Z. We
consider two different encodings of | f) and |9, f) into the nor-
malized state |¢). In particular, using Eq. (53) with |¢) = |0),
we have the encoding

) o< 0) ® [ f) —HOW) @ 1), (©96)
_ (G =0y
= <—iv(ol +i(’)2)|f>>' &7

A second encoding follows Eq. (65) and the choice |¢) = |0),
giving

1) o [0) @ | f) +i(HD) ') @ [0, f). (98)
(A !
(i)
The solution to Eq. (93) is
v (D))
=y (0))
— efit'v(X®(9|+Y®Oz+Z®O})|w(0)>
—(1® ]_-®3)e—it(X®D1+Y®D2+Z®03)(1 ® ]-'T®3)|1ﬂ(0)),
(100)

where we have rescaled time ¢ = 7v. For periodic boundary
conditions, we use Eq. (47) to express

e~ 1X®Di+Y®Dr+Z®Ds3)

_ e—izzN[xe@sin(nl%l /N)+Y®sin(rrl?2/N)+Z®sin(7r123/N)]’ (101)

where we assume the same number of grid points in each
dimension, i.e., N = N; = N, = N3. To use polynomial-based
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FIG. 8. Circuits for the 3D wave equation. (a) Circuit representation of the block-encoding operator % ® (104). Here, H is the Hadamard
gate, RY) = ¢79%/2, RU) = ¢71"/2 and RY) = ¢7¥4/2_ The rotation angle is ¢ =2cos™'(,/= — 1) and V, = ¢7/Ne) ]—I';":BI e im2 2
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where the product runs over the qubit registers n;, n,, and n3 separately. (b) One layer of a first-order Trotter product formula approximating
the time evolution [Eq. (105)]. The circuit is composed of one-qubit gates U, = exp(intX), U, = exp(inrtY), and U, = exp(iw tZ) that act on
the first qubit and two-qubit gates U’ = exp(in 72" *7'X ® Z), U = exp(int2*7'Y ® Z), and U’ = exp(in 127 *~'Z ® Z), which
act on the first qubit and one qubit from the registers n;, n,, and n3, respectively.

QSVT to create quantum gates implementing the time evolu-
tion operator Eq. (101), we first consider the operator

. 121 . 7T]€2
AP =X 0 ) 4y —
©sin N 9 sin N

k
+ Z®sin (E) (102)
N
We then consider the shifted and rescaled operator
G) .
0 — M (103)
)‘-max - )\min '

where Amax = —Amin = +/3 such that s has a spectrum
bqunded by [0, 1]. We then construct a block encoding of
73 up to a constant factor C?, i.e.,

w3 — (

where the resulting block-encoded Hamiltonian has a spec-
trum bounded by [0,1/C®]. To explicitly construct a
block-encoding circuit #®), we can write sin(k/N) using
Eq. (90) and the LCU approach as illustrated in Fig. 8(a).
By making multiple calles to #©), the polynomial-based
QSVT approach leads to the nearly optimal circuit depth
O[tN + log(1/€)].

An alternative approach to creating the time evolution op-
erator in Eq. (101) assumes that the initial function f and its
time derivative d; f are smooth. This allows us to make the
small-angle approximation

3?(3)/6’(3)
1 — (A3 )CP)2

1 — (AP )COY

— 3 /c® ’
(104)

e%ZtN[X@sin(nI;] IN)+Y @sin(rky /N)+Z@sin(ks /N)]

~ e—i2m(X®l€,+Y®122+Z®123)‘ (105)

The resulting operator corresponds to unitary time evolu-
tion with the Hamiltonian £ = 5553 )+ ﬁ(; )+ .6(33), where
9P =27X @ ki, HY =27Y @ ks, and HY) =27Z @ k.
The corresponding time evolution can be approximated using
a Trotter product formula. In Fig. 8(b), we show one layer of a

first-order Trotter product formula with time step 7, composed
of the unitary operators e =™\, e=1795" and e~179", Higher-
order Trotter product formulas can also be employed using the
building blocks provided.

D. d spatial dimensions

We consider the d-dimensional isotropic acoustic wave
equation [Eq. (44)] with N gridpoints in each dimension,
Ny =N for a=1,2,...,d, and d > 1. Let us choose a
representation of the {y,} operators using the ternary tree
approach of [116]. If the dimension d is odd (even), then
d mutually anticommuting operators {yi, y2, ..., ¥4} can be
represented by (d — 1)/2-qubit (d/2-qubit) Pauli strings that
act nontrivially on no more than [log;(d)]([log;(d + 1)1)
qubits. To count the number of gates required to block-encode
the Hamiltonian, we consider unitary evolution under Pauli
strings that act nontrivially on no more than r qubits, con-
trolled by g qubits. We denote these gates by

Aylexp(i0P,)] (106)

and count the total number of gates in the block-encoding
circuit: There are 2d (1 + [log,(2d)])-controlled rotations
exp(ir P,), where the P, are Pauli strings of weight no more
than [log;(d)] ([logs;(d 4 1)]) for d being odd (even). In ad-
dition, there are 2dn (1 + [log,(2d)1)-controlled single-qubit
Pauli-Z rotation gates. Finally, there are 2d (1 + [log,(2d)1)-
controlled phase gates. The number and form of these gates
are tabulated in the first and second column of Table II.

It is well known that weight-r Pauli rotation gates can
be decomposed into O(r) CNOTs and single-qubit gates
[70,119]. By doing so, the r-qubit operation controlled by
g qubits is transformed to a single-qubit R, controlled by g
qubits, O(r) CNOTs gates and additional single-qubit gates.
The single R, gate controlled by g qubits can be implemented
with O(g) CNOTs gates and additional single-qubit gates
[120,121]. A g-qubit-controlled phase gate can be realized
using O(g*) CNOTs [70,120]. We note that, with the help
of one ancilla qubit, a g-qubit-controlled phase gate can be
realized using O(q) CNOTs [120,122], but for the sake of
simplicity we do not make use of additional ancilla qubits. The
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TABLE II. Gates involved in block-encoding of the d-
dimensional isotropic acoustic wave equation and gate complexity
in terms of CNOTs.

Number Gates CNOTs
Odd d

2d A(|+nog2<2dﬂ)[eXP(iQPﬂog3(dﬂ )] o(d 10g(d))
2dn A(Hnugz(zdm[exp(iQPl )] O(dnlog(d))
2d A1+ 0g, ) [exp(i6)] O(d log*(d))
Even d

2d A1+ 110g,2a) [€XP(0 Priogs a+1y1)] O(d log(d))
2dn A(14110g,2ay) [€Xp(O P )] O(dnlog(d))
2d A(1+[log2(2dﬂ ) [exp(if)] o(d 10g2 (d))

resulting gate complexities in terms of CNOTSs are tabulated
in the third column of Table II.

We conclude that the circuit depth for block encoding
the desired Hamiltonian scales as O(dn). Therefore, the total
circuit depth of the polynomial-based QSVT approach for
realizing the desired time evolution operator is bounded by
O(dn[tN + log(1/e))).

Let us now determine the circuit depth of the Trotter circuit
for smooth initial conditions. First, we derive the total gate
count per Trotter layer. There are d rotation gates exp(iz 7 P,)
and dn rotation gates exp(ipP, ® Z), where the P, are Pauli
strings of weight no more than [log;(d)] ([log;(d + 1)]) for
d being odd (even). Each exponential of such a Pauli string
can be realized via O[log(d)] two-qubit gates [70,119]. There-
fore, the total circuit depth per Trotter layer can be bounded
by O[dnlog(d)]. Next, we calculate the error per Trotter layer
for time-step size t. Using the error upper bound for the
first-order Trotter product formula of Eq. (120) in Ref. [123]
and the properties of the y,,, the Trotter error per layer satisfies

d d
-[2 Z ” Z Yo Yo ®]€0!1 ®],5‘12 ”

(107)
aj=1 ary=a;+1
d d
Y Ve Yo, ®kay @kl (108)
ar=1 ar=0;+1
,d(d —1)
<7t 5 —k (109)

where k.« is the largest wavenumber required for the smooth
function representation. We obtain the time evolution operator
for time ¢ by repeating the Trotter layer ¢ /T times, which leads
an accumulated total error € < &f/t. To achieve a certain
desired total error €, it follows that the overall circuit depth
scales as 0[10g(d)d3 K2,.nt?/€].

VI. POISSON’S EQUATION
Here, we analyze Poisson’s equation in d dimensions:

2 9 92
—+-—S+ -+ |f=g

110
ax% 0x; 8x§ (110)

where f = f(x;,x,...,x4) is sought and g=
g(x1,x2,...,x4) is given. We utilize Eq. (8) and obtain

the following discretized version of Poisson’s equation:

- sz]-" sin ( )fﬂf) lg), (111)

which has the formal solution

d R -1
If) = F®* |:—4N2 > sin’ (”Tk“)} (FH®g). (112)
a=1

Therefore, to solve Poisson’s equation, our goal is to invert the
operator

d
- _ Zpi
a=1
= —4N? isin2 ko
- a=1 N

d A

2k,
= 2N? § ) —-1/.
a=1 |:COS ( N ) i|

To create quantum circuits for A~!, in the following we
present a construction for d = 1 and another construction for
arbitrary d.

(113)

A. One dimension

For Poisson’s equation in one dimension, we use the dis-
crete Fourier transform to write

ok -1 N/2—1 R
|:—4N2sin2 (-)} = Z cre 2Tk, (114)
N {=—N/2
where
N/2—1 ~\ -1
1 k o
Q:IV-Z |:—4stin2 <%)} e 2TRN (115)
k=—N/2
ks£0

The sum in Eq. (115) excludes the diverging term for k = 0
such that Eq. (114) represents the pseudo-inverse of the one-
dimensional Laplace operator. Fourier-based QSVT with D =
N/2, cys2 = 0, and the operator of Eq. (15) leads to a circuit
of depth O(N) representing the right-hand side of Eq. (114).

The success probability p for the preparation of the de-
sired operator Eq. (114) scales as Q(N~%). This follows
from the fact that the smallest-magnitude eigenvalue of
[—4N?sin*(Z)] 7! is —N~2/4 for k = —N/2.1f |g) is a dis-
cretized and normalized plane wave of this wavenumber, we
obtain the probability p = N~*/16 of successfully creating
the desired operator via Fourier-based QSVT. It is important
to emphasize that the success probability can be signifi-
cantly higher for smooth functions g. For example, if |g) has
nonvanishing overlaps [(k|g)|? only for Ik|/N <« 1 up to a
maximum wavenumber |l€max|, the success probability scales
as Q(|kmax| ).
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B. d dimensions

For Poisson’s equation in d dimensions, we note that
Al = 4dN? and the magnitude of the smallest nonvanish-
ing eigenvalue of A is larger than 16, since sin(x) > 2x/m
for x € (0, w/2). Therefore, the condition number of A is
k < dN?/4 = k. To apply QSVT, we introduce the rescaled
operator A = A/(4dN?) = A/(16k) such that ||A|| = 1 is sat-
isfied. Its smallest nonvanishing eigenvalue in absolute value
is larger than & 1.

We use Fourier-based QSVT to construct a circuit for the
pseudo-inverse of (113). According to Ref. [94], for |A] = 1,

the following Fourier series is e-close to A~ /(16k) = A~ !:

. G—-1 K
1 2 : x
S 82ne—w&)/26—wn&&A’
167 /27 IILPIL:

=0 n=—-K

(116)

if G = Ollog(1/¢€)/¢€], K = O[k log(1/e)], Sy =
O(kellog(1/€)]71/?), and 8, = Ok [log(1/€)]~1/?).

The implementation of Eq. (116) via Fourier-
based QSVT requires the circuit for the controlled
operator  explis,8,D2/(16&)]. The unitary operator

exp[iSySZDi /(16&)] can be approximated by the truncated
Jacobi-Anger expansion:

e—iZNZ(S_v(SZ [cos (27ke /N )—11/(16%)

D
~ ei2N26}.51/(16i5) Z il)JV[_2N28y81/(16k)]eiv2nku/N‘
v=—D
(117)

We combine the trivial global phases from the d dimensions
into one term exp[i2d N 28y82 /(16&)]. To achieve overall O(¢)
error in Eq. (116), we need to obtain the truncation error
€/dGK such that the Jacobi-Anger series truncation param-
eter fulfills

(NZ(S},(SZ log(dGK/¢€) )
D=0 — + =
4 log[e + & log(dGK/€)/(N?8,8.)]
. @( log(dGK/¢€) )
N loglog(dGK/e) + log(d/e) + loglog(1/¢€)
= 0O(1),

(118)

where O(-) hides polylogarithmic dependence on parameters.
In d dimensions, the Fourier-based QSVT part of this cir-
cuit is applied one dimension after another and all parts are
controlled by the same ancilla qubit. Therefore, the total gate
complexity of the controlled operator scales as O(1) x d =
O(d). Note that the ancilla qubit required by Fourier-based
QSVT, which is initialized in |0) and must be measured in
|0), can be reused by the Fourier-based QSVT circuits in all
dimensions as these circuits are run sequentially. Figure 9
shows the resulting circuit construction.
We incorporate the controlled operator exp[iSycSZDi /(16i)]
in another layer of Fourier-based QSVT to realize (116),
which is a Fourier series of G(2K + 1) terms. Therefore, the
overall gate complexity is proportional to G(2K + 1) times
that of the controlled operator. Since the latter is O(d), the
total gate complexity is
k<dN?

GQK +1)x 0(d) = O(di Je) " =" O(d*N?*/¢). (119)

004 O] 004 O 004 =0
" U Uy U

/ (XX ]

/nz (XX ]

1 L

/n/d ..'.

FIG. 9. Quantum circuit realization of exp(—is,8,A) =
Y
]_[Z=lexp[i8y81D§/(l6/?)], where the U, are determined by the

Fourier-based QSVT construction for Eq. (117).

The success probability p of the above protocol scales as
Q(d—2N~*) as the smallest-magnitude eigenvalue of A~! is
—d~'N—2/4. For sufficiently smooth |g), characterized by the
largest-magnitude wavenumber kp,x satisfying |kpax|/N < 1,
the success probability scales as Q(d~2k+ ) and can be much
larger than the worst case p = d 2N ~*/16.

For smooth g, we now derive simpler circuits to solve
the Poisson equation. Using Eq. (10), we approximate A of

Eq. (113) by

d
A= —4n? Y k. (120)
a=1
The smallest-magnitude nonzero eigenvalue of A’ is —4m>.
We assume that A" acts only on smooth bandwidth-limited
functions, which are characterized by a maximum wavenum-
ber kpmax. In this case, we can restrict the spectrum of A’
such that its maximum-magnitude eigenvalue is —472dk2_, .
The corresponding condition number is k' = dk2, .. We define
A’ = A’/(4m%k’) such that ||A’|| = 1. As above, we use the
Fourier series approximation of the inverse proposed in Ref.
[94] to approximate (A")~!/(4m%k") = (A’)~! with error € via

) G-1 K

1 2 . A’
o Z‘S‘ 2 : 82)767("85) /2a=1En8y8:A , (121)
42k’ 27 = y,]_,K )

where G = O[log(1/€)/e]l, K = O[k'log(l/e)], 8, =
O(x'e[log(1/€)]7"/?), and & = O((")"[log(1/e)]""/).
We construct a circuit for Eq. (121) using Fourier-based
QSVT with the controlled operator

d

s G 1 ’\2 4

o i88A _ | |e]8)’81kn/'(’ (122)
a=1

which can be realized in circuit depth of O(dn®). Because
the Fourier serie§ (121) has O(k'/¢€) terms, the overall circuit
depth scales as O(d?k2,, n*/€).

VII. DISCUSSION

In this paper, we show that, with the help of the QFT,
simple quantum circuits can be designed to solve certain
high-dimensional PDEs. The presented circuit constructions
can readily be used for other PDEs, such as simple versions
of the advection-diffusion or Fokker-Planck equations. As
a next step, it is essential to understand whether the tools
developed here can also simplify quantum circuits for the
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solution of more complicated PDEs that, e.g., are anisotropic,
inhomogeneous, subject to complex boundary conditions, or
are nonlinear.

In the following, we discuss three additional topics for
future research. First, in Sec. VII A, we present circuit con-
struction protocols that interpolate between our circuits for
smooth initial conditions and our QSVT circuits which make
no assumptions on smoothness. Second, in Sec. VIIB we
show that, if one is only interested in expectation values
of observables with respect to the amplitude-encoded PDE
solution, in certain cases the required circuits can be further
simplified. Third, as an alternative to the traditional amplitude
encoding of PDE solutions on a quantum computer, which is
used throughout the paper, we study a different density matrix
diagonal encoding in Sec. VIIC.

A. Interpolating circuit constructions

Throughout this paper, we develop quantum circuits for
smooth initial conditions and quantum circuits that make no
assumptions on the initial conditions. An interesting question
to address is whether there exists a circuit design that inter-
polates between these two circuit constructions. One starting
point for such an interpolating circuit is the Taylor expansion
atk/N = 0 of

N 27k - (2rk)? N
sin| — | =27k — ——

N 6N?
which we truncate at a maximum exponent x. The corre-
sponding operator representation reads

2rk)’

FE A

(=2
2rk
N ~
Sln(N) (X:(;

where we assume that x is odd. As y increases in Eq. (124),
the requirement of smooth initial conditions gets systemat-
ically more and more relaxed. Since the right-hand side of
Eq. (124) is a polynomial in k, its exponential takes on a
simple form. Therefore, we can use the approximation of
Eq. (124) to create circuits for the PDEs studied in this paper.

To be specific, let us approximate the central operator of
this paper, exp[—itN sin(27rl€/N )], using Eq. (124)

(=DF Q) *

(2¢ + 1)IN% - 42

(x— l>/7< D8 @5+ porpi
ﬂthm(an/N) ~ *”Z e+ 1)INZT

e (125)

One possibility to prepare a circuit for the right-hand side
of Eq. (125) utilizes the fact that k is a sum of commuting
operators [see Eq. (2)]. Due to this fact, the right-hand side of
Eq. (125) is equivalent to

s S en X pary

(x—1/2
T Qe+HINE

M ,

which, for x > 1, is a product of multiqubit Z rotation gates
that act on at most x qubits. An alternative circuit con-
struction for the right-hand side of Eq. (125) starts from the
Hamiltonian

(126)

(x—1/2 20 +1
(_1)5(277) s f2r+1
H= > ———— " (127)
S Q0+ DINE

which can be block-encoded using a block-encoding of &
together with polynomial-based QSVT. Since k is a weighted
sum of O(n) unitaries, its block-encoding can be obtained
with the help of O[log(n)] ancilla qubits and O(n) multicon-
trolled gates. It has a circuit depth scaling as O(n), where
O(-) ignores polylogarithmic factors. We utilize the block-
encoding of k in polynomial-based QSVT to block-encode
the polynomial of k defining . As this is a polynomial of
degree y, the overall circuit depth, including the depth of &,
scales as O(ny). Via the block-encoding of H, we prepare
a circuit for exp(—itH) using standard QSVT techniques for
Hamiltonian simulation. The resulting circuit is composed of
O[t + log(1/€)] block-encodings of 12, for error €, such that
the overall circuit depth grows linearly with .

B. Expectation value computation

All circuit constructions of this paper use amplitude encod-
ing to represent the solution of a PDE by a quantum circuit. If
one does not need the solution amplitude-encoded in a circuit
but, instead, is only interested in the expectation values of
observables, then simpler circuits can be derived.

To see this, we recall that our QSVT-based circuit con-
structions realize either a Fourier series Z?:_D cee“™ or a

polynomial Z?:o c;H® of a certain Hermitian operator H.
When the PDE solution in Fourier space corresponds to such
a Fourier series or polynomial, the associated quantum state is

D
FOy=Fo Y e (FH®£(0)) (128)

¢=—D

or

D
If@)y=F2 D e HE [(FHF(0)).

=0

(129)

respectively. The corresponding expectation value of an ob-
servable B is

1
(FO1BIFD) = Z Z cie, L), (130)

{==Dn=-D

where
Cyhy = (FO)F e (FNPBFH ™ (FTY2 £(0))

(131)

for the Fourier-based construction and

D D
* 2

(FPBIFP) =" cie,Cl), (132)

¢=0 n=0
where
Cr = (FOIFH (FHPBFHNFH™|£(0)) (133)

for the polynomial-based construction. Therefore, the ex-
pectation value can be determined via O(D?) circuits that
compute the quantities C“,)] or C(z) of Egs. (131) and (133).
These circuits can be s1gn1ﬁcantly 51mpler and easier to realize
on quantum hardware than the circuits that are required for the
realization of |f() and | f?®).
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C. Density matrix diagonal encoding

The postselection success probability of preparing
amplitude-encoded solutions to nonunitary evolution, such as
for the heat equation, can be very small. Here, we describe
an alternative approach that encodes non-negative function
values f;, normalized to fulfill Zz fe =1, in the diagonal
elements of a density matrix

p = fle)el.
12

We show that finite-difference approximations of first and sec-
ond derivatives can be written as dissipative parts of Lindblad

superoperators
=) Lol —
¢

L(p)

using certain jump operators L, . This enables us to encode the
solution to the heat equation on a quantum computer without
postselection.

Let us consider a function f(x) in one spatial dimension
x and the domain [0, 1), which we discretize into N = 2"
equidistant grid points of spacing s = 1/N such that f; =
Ff(x®) for x =s¢ and £=0,1,...,N — 1. We assume
periodic boundary conditions such that f_| = f(—s) = fy—1
and fy = f(xV=D +5) = fo. We define the jump operators

= JuNS and L, = \/uNS", where u is a non-negative real
number, S|¢) = £ — 1) for £ € {1,2,...,N — 1} and S|0) =
[N — 1). Then, Eq. (135) gives

L(p) = uN*(SpS" + S pS —2p)

(134)

HLIL:. p) (135)

N-1
= uN> Y (ferr = 2fe + frnl)(E

=0

N-1 0) _ 0]  _
:uzf(x +5) = 2f(xN) + fx S)IEMEI,

2
N
=0

(136)

which leaves the central difference approximation of the one-
dimensional Laplacian (6) in the diagonal entries of L(p).
The heat equation (20) in d = 1 discretized dimension is
then simply given by the purely dissipative Lindblad master
equation

ap
=L
i (0).
To implement the dissipative evolution ¢/“(p) on a quan-
tum computer, for each jump operator L;, we use one ancilla
qubit and the operator

Ky = [1)(Olane ® L; + 10} (1]ane ® L] (138)

that acts on the dilated space. By applying the unitary operator
exp(—iy/TK;) for a small time step t and then tracing over the
ancilla qubit, we approximate the part of ¢“(p) correspond-
ing to L;:

137)

trancle ™7 (10) (Olane ® p)e'VT( ]

P
=p+ r(L;,oLé — E{LCILC, ,0}) + O L Y. (139)

In the case of the heat equation with L; = \/uNS and

= /uNS", it is straightforward to construct a circuit for
exp(—i/TK}) and exp(—i/TK>), by rewriting the Hermitian
operators K; and K, as

S+s5t . S—sf
\/_N( anc®

- 1Yanc ®

>, (140)

K, — ﬁN(Xam ® - S), (141)

and noting that § enjoys a particularly simple diagonal rep-
resentation in Fourier space, F'SF = exp(i2wk/N). This
allows us to write

(L ®FHe V(e F)

S+s8t . St
- 1Yamc (29

— o WHTNXune®c0s (27K /N ) +Yine®@sin (2n12/N)]’ (142)
(1 ® FhHe V(1 ® F)
— e—iﬁN[Xanc®cos (27k/N ) =Yy ®sin (2n12/N)]’ (143)

which can be expressed as quantum circuits composed of
one- and two-qubit gates by adapting the circuit constructions
presented in the paper. Repeated application of the dissipative
evolution (139) can be used to evolve the heat equation up to
a desired total evolution time ¢.

The approach is straightforward to generalize to larger
spatial dimensions by using the 2d jump operators /uNS,
and /uNS] fora =1,2,...,d, where S, and S} act on the
qubit register corresponding to dimension «. For a total error
€, the computational complexity of this approach to solving
the heat equation scales as O(dt?>u?N*/¢) times the cost of
e WK and ¢~V7K2 which can be efficiently prepared using
the tools described in the paper.

Finally, we note that choosing the jump operator L =
VrNS for a non-negative real number r gives

Lp] = rN(SpS’ — p)

N-1

=N Y (ferr = fIO)(E

=0
N—1

_, Z f&+ S) - f&)

1) (€] (144)

=0

and leaves the forward-difference approximation to the first-
order spatial derivative on the diagonal of L(p). Therefore,
the density matrix diagonal encoding can also be used for
solutions of the incompressible advection equation as well as
to solve certain variants of advection-diffusion and Fokker-
Planck equations on a quantum computer.
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