
PHYSICAL REVIEW RESEARCH 7, 033225 (2025)

Quantum wave simulation with sources and loss functions
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We present a quantum algorithmic framework for simulating linear, anti-Hermitian (lossless) wave equa-
tions in heterogeneous, anisotropic, and time-independent media. This framework encompasses a broad class
of wave equations, including the acoustic wave equation, Maxwell’s equations, and the elastic wave equation.
Our formulation is compatible with standard numerical discretization schemes and allows for the efficient im-
plementation of multiple practically relevant time- and space-dependent sources. Furthermore, we demonstrate
that subspace energies can be extracted and wave fields compared through an l2 loss function, achieving optimal
precision scaling with the number of samples taken. Additionally, we introduce techniques for incorporating
boundary conditions and linear constraints that preserve the anti-Hermitian nature of the equations. Leveraging
the Hamiltonian simulation algorithm, our framework achieves a quartic speedup over classical solvers in
three-dimensional simulations, under conditions of sufficiently global measurements and compactly supported
sources and initial conditions. This quartic speedup is optimal for time-domain solutions, as the Hamiltonian of
the discretized wave equations has local couplings. In summary, our framework provides a versatile approach for
simulating wave equations on quantum computers, offering substantial speedups over state-of-the-art classical
methods.
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I. INTRODUCTION

Wave-based inverse problems are prevalent in disciplines
such as seismology [1–4], medical imaging [5–7], nonde-
structive testing [8–10] and metamaterial research [11–14].
However, these fields are fundamentally limited by the current
state of computational resources due to the excessive compu-
tational cost of the numerical wave simulation. In particular,
resolution and uncertainty quantification in imaging prob-
lems remain heavily restricted by computational capacities
[15–21].

Quantum computers (QCs) offer promising runtime im-
provements for numerous computational problems [22–25].
One of the most promising groups of quantum algorithms
is Hamiltonian simulation (HS). It provides a framework
for simulating quantum systems, i.e., the evolution of the
Schrödinger equation, with up to exponential runtime ad-
vantages over classical solvers [26–29]. A quantum state
represented by n two-state quantum particles or qubits has

*These authors contributed equally to this work.
†Contact author: cb7454@cs.princeton.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

a state space dimension of N = 2n. Classical algorithms for
simulating the evolution of a quantum state under a quantum
Hamiltonian H ∈ CN×N scale at least linearly with the state
size N . In contrast, under specific conditions utilizing HS al-
gorithms, a QC is capable of performing quantum simulations
with logarithmic scaling, thereby achieving an exponential
speedup compared to all classical computers. This can be
formalized as follows:

Theorem 1 (Optimal sparse Hamiltonian simulation,
adapted from Ref. [27], Theorem 3). A d-sparse Hamiltonian
H acting on n qubits with matrix elements specified to
m bits of precision can be simulated for time interval T ,
l2 error ε, and success probability at least 1 − 2ε with
O(T d||H||max + log(1/ε)

log log(1/ε) ) queries to an oracle H that
provides a description of H and a factor O(n + m polylog(m))
additional quantum gates.

The apparent question is as follows: Can HS algorithms
be used to simulate classical wave equations with the same
runtime advantages? A growing body of research answers
this question affirmatively. These studies examine source-free
wave equations in homogeneous media [30,31] or wave equa-
tions in media with varying parameters [32–35]. Furthermore,
recent research has investigated solutions to mass-spring
models [36,37] that yield exponential runtime advantages in
certain settings, with particular types of source terms con-
sidered in Ref. [38], or wave simulation problems addressed
through warped phase transformations [39–41].
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While many existing studies tend to focus on simulation
tasks, our research expands the scope to address the complete
end-to-end stack by incorporating a wide range of practically
relevant source scenarios and loss function measurements.
We thoroughly analyze the conditions necessary to preserve
quantum speedup throughout the entire algorithmic stack. Our
primary result is to demonstrate that for many practically
relevant sources that are either compact or rotationally sym-
metric, and when the measured quantities of the final state
have sufficiently global characteristics relative to the system
size, the proposed algorithmic framework achieves a quartic
speedup in the three-dimensional (3D) case compared to all
classical wave equation solvers.

The rest of the paper is organized as follows. In Sec. II,
we demonstrate that for lossless wave equations, including the
elastic, acoustic, and electromagnetic cases, a natural quantum
encoding can be employed, which enables a direct measure-
ment of the wave field energy and l2 norms. We then analyze
the runtime advantage for time-domain solutions of wave
equations (Sec. III). In Sec. IV, we introduce algorithms to
measure l2-related norms and subspace energies for extracting
information from the simulated wave field. Then, we propose
a method for the implementation of sources on a QC (Sec. V).
Finally, we analyze the limitations of our framework (Sec. VI)
and draw conclusions (Sec. VII).

II. A NATURAL QUANTUM ENCODING FOR LINEAR,
ANISOTROPIC, HETEROGENEOUS BUT

LOSSLESS WAVE EQUATIONS

We consider continuous wave equations of the form

dŵ(x, t )

dt
= Ĉ(x)ŵ(x, t ) + ŝ(x, t ),

ŵ(x, 0) = ŵ0(x),

P̂∂�ŵ(x, t ) = 0,∀x ∈ ∂�, (1)

where hats (ˆ) denote continuous fields and operators over
D-dimensional space, x ∈ RD, and time t . The wave field ŵ is
an element of a Hilbert space H = { f : RD → RC} contain-
ing at least once-differentiable (in both space and time) and
square-integrable C-dimensional vector fields over the domain
�, and ŝ is the source term. For concreteness and without loss
of generality, we have chosen Dirichlet boundary conditions
(BCs) on the domain boundary ∂�, where P̂∂� ∈ B(H) is a
diagonal projector, which selects the elements of the wave
field on which we impose homogeneous Dirichlet BC.

The wave operator Ĉ considered here is assumed to have
the following form:

Ĉ := B̂−1(x)Â(x), (2)

where B̂ : H → H is any Hermitian (self-adjoint) and
positive-definite operator, and Â : H → H is any anti-
Hermitian (anti-self-adjoint) operator with respect to the inner
product

(ŵ|ŵ′)1(t ) :=
∫

�

〈ŵ(x, t )|ŵ′(x, t )〉 dx, (3)

where 〈ŵ|ŵ′〉 = ∑L
l=1 ŵ∗

l ŵ
′
l , (∗) denotes complex conjuga-

tion, and ŵ, ŵ′ ∈ H are any two vector fields. Here, Â

incorporates various types of spatial derivatives such as diver-
gence, gradient, or curl operations. The operator Ĉ is therefore
anti-Hermitian with respect to the inner product

(ŵ|ŵ′)B̂(t ) :=
∫

�

〈ŵ(x, t )|B̂(x)|ŵ′(x, t )〉 dx, (4)

where

〈ŵ(x, t )|B̂(x)|ŵ′(x, t )〉 =
L∑

l=1

L∑
m=1

ŵ∗
l (x, t )B̂l,m(x)ŵ′

m(x, t ).

(5)

As we will discuss shortly, the inner product in Eq. (4) gives
rise to a notion of energy that can be estimated on a QC. The
anti-Hermiticity of Ĉ with respect to (·|·)B̂ is formalized by
showing that

(ŵ|Ĉŵ′)B̂ = −(Ĉŵ|ŵ′)B̂, (6)

using integration by parts and invoking the BC [35,42]. Quan-
tum states are naturally normalized with respect to a norm
induced by the inner product (3). Therefore, mapping Eq. (1)
to a Schrödinger equation amounts to transforming Ĉ → ĈQ,
such that ĈQ is anti-Hermitian with respect to (·|·)1 [32,43].
Because B̂ is Hermitian and positive definite, it has a unique
square root B̂1/2, which is also Hermitian and positive def-
inite. Transforming Eq. (1) with ŵQ := B̂1/2ŵ and ĈQ :=
B̂−1/2ÂB̂−1/2 leads to

dŵQ(x, t )

dt
= B̂−1/2(x)Â(x)B̂−1/2(x)ŵQ(x, t ),

ŵQ(x, 0) = B̂1/2(x)ŵ0(x),

B̂1/2(x)P̂∂�ŵ(x, t ) = 0, ∀x ∈ ∂�. (7)

We ignore the source term here, as it can be incorporated
into the initial conditions or handled separately, as we will
show in Sec. V. Clearly, because Â is anti-Hermitian with
respect to (·|·)1, it follows that ĈQ = B̂−1/2ÂB̂−1/2 is also
anti-Hermitian with respect to the same inner product. Multi-
plying Eq. (7) by the imaginary unit i, we obtain a Schrödinger
equation with the corresponding Hamiltonian

Ĥ(x) = iĈQ(x) = iB̂−1/2(x)Â(x)B̂−1/2(x). (8)

Finally, we observe that

(ŵ|ŵ)B̂ = (ŵQ|ŵQ)1. (9)

Therefore, if (·|·)B̂ induces a norm related to the energy of the
system, so does (·|·)1 on the transformed states.

A. The acoustic wave equation

For acoustics in D space dimensions, we have that
ŵacoustic = [û; v̂] ∈ { f : RD → RD+1}, where û is the scalar
pressure field and v̂ is the particle velocity field. The respec-
tive operators are given by [44]

B̂acoustic(x) =
[ 1

ρ(x)c2(x) 01×D

0D×1 ρ(x)1D×D

]
, (10)
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where c, ρ ∈ { f : RD → R} are the wave speed and density,
respectively. The anti-Hermitian operator is given by

Âacoustic =
[

0 −∇·
−∇ 0D×D

]
. (11)

The inner product relates to the sound energy as

(ŵ|ŵ)B̂(t ) =
∫

�

û2(x, t )

ρ(x)c2(x)
dx +

∫
�

〈v̂(x, t )|v̂(x, t )〉 ρ(x)dx

= 2Epotential(t ) + 2Ekinetic(t ). (12)

B. Maxwell’s equations

For Maxwell’s equations in D dimensions, the state vector
is defined as ŵMaxwell = [Ê; Ĥ] ∈ { f : RD → R2D}, where Ê
represents the electric field and Ĥ represents the magnetic
field. The operator containing the material properties is given
by [42,45]

B̂Maxwell(x) =
[

ε(x) 0D×D

0D×D μ(x)

]
, (13)

where ε and μ are the generally complex but Hermitian
dielectric permittivity and magnetic permeability tensors,
respectively. These tensors reduce to a single coefficient
multiplied with the identity for isotropic materials. For the
presented framework to be applicable, both must be posi-
tive definite and Hermitian, thereby specifying a generally
anisotropic but transparent medium without any losses [46].

We can further identify the anti-Hermitian operator

ÂMaxwell =
[

0D×D ∇×
−∇× 0D×D

]
, (14)

where ∇× is the curl operator. Finally, the inner product
induced norm, which is related to the electromagnetic energy,
can be identified as [47]

(ŵ|ŵ)B̂ =
∫

�

〈Ê(x, t )|ε(x)|Ê(x, t )〉 dx

+
∫

�

〈Ĥ(x, t )|μ(x)|Ĥ(x, t )〉 dx

= 2Eelectric(t ) + 2Emagnetic(t ). (15)

A final remark concerns the charge density ρ(x) and its im-
plications via Gauss’s law. When ρ(x) 	= 0, the corresponding
initial electric field is generally neither sparse nor symmetric,
so its preparation may become prohibitively expensive. More-
over, if no analytic or precomputed E(x, 0) is available for a
given ρ(x), one must solve the Poisson equation numerically
to obtain E(x, 0). In certain cases, however, the Poisson prob-
lem can be solved efficiently on a quantum computer [48,49].

C. The elastic wave equation

In the interest of a clear notation, we consider the linear
elastic wave equation in 3D. Here, the state vector is given
by ŵelastic = [v̂; vec(σ̂)] ∈ { f : R3 → R9}, where v̂ is the
particle velocity field and vec[σ̂] = [σxx; σyy; σzz; σxy; σxz; σyz]
denotes the six independent entries of the positive-definite and
symmetric stress tensor σ̂. The corresponding strain tensor can
be represented as vec[ε̂] = [εxx; εyy; εzz; 2εxy; 2εxz; 2εyz]. This

notation allows us to represent the constitutive relations in the
Voigt notation as [50]

vec[ε̂](x, t ) = S(x)vec[σ̂](x, t ), (16)

where S ∈ { f : R3 → R6×6} is the compliance matrix; a
positive-definite and invertible matrix for regular elasticity
(e.g., odd elasticity [51] cannot be covered with this formu-
lation). Note that S has at most 21 independent parameters
[52]. We can now identify

B̂elastic(x) =
[
ρ(x)13×3 03×6

06×3 S

]
, (17)

where ρ(x) denotes the density. To be specific, we further
introduce the divergence operator that acts on the stress vector
vec[σ] as

D =
⎡
⎣∂x 0 0 ∂y ∂z 0

0 ∂y 0 ∂x 0 ∂z

0 0 ∂z 0 ∂x ∂y

⎤
⎦. (18)

With these definitions, we can find

Âelastic =
[

03×6 D
DT 06×3

]
. (19)

Note that Â appears symmetric, but it is not: Integration by
parts, which shifts the derivative in the inner product, intro-
duces a minus sign, implying that (Âŵ|ŵ′) = −(ŵ|Âŵ′). The
elastic energy is computed as [53]

(ŵ|ŵ)B̂ =
∫

�

〈v̂(x, t )|v̂(x, t )〉 ρ(x)dx

+
∫

�

〈σ̂(x, t )|S(x)|σ̂(x, t )〉 dx

= 2Ekinetic(t ) + 2Epotential(t ). (20)

D. Numerical discretization and boundary conditions

Our framework is compatible with any discretization
method, provided that the (anti-)Hermitian properties of the
operators are preserved. We represent the numerical dis-
cretization of the wave field and operators to vectors and
matrices as ŵ → w, Ĥ → H, B̂ → B, and Â → A, where
w ∈ RL. The discretized equations of motion read

dwQ(t )

dt
= −iHwQ(t ) = B−1/2AB−1/2wQ(t ),

wQ(0) = B1/2w0, (21)

where A and B incorporate the BC (Appendix C 3).
Preserving the symmetry properties of these operators

when discretizing requires that B is a Hermitian matrix and
A an anti-Hermitian matrix. In Appendix C, we exemplify
the symmetry-preserving discretization of the acoustic wave
equation using finite differences with a staggered grid [54].
In the context of Maxwell’s equations, this choice not only
enforces the discrete antisymmetry but also guarantees that
Gauss’s law remains satisfied for all time [55,56].

In Appendix C, we further show that this discretization
naturally gives Neumann or Dirichlet BC on a rectangular do-
main. Then, starting from the discretization of these particular
BCs that respect the symmetries, we discuss in Appendix D
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how one can introduce a general class of BC that can be
mapped to linear constraints [57]. This includes homogeneous
or inhomogeneous Dirichlet or Neumann BC along nonrect-
angular domain boundaries.

Additionally, B must be a diagonal or block-diagonal ma-
trix, with block sizes that are independent of the overall
system size; otherwise, B1/2 becomes dense and the initial
quantum state wQ(0) will lack sparsity.

III. RUNTIME ADVANTAGE

Given that the discretized Hamiltonian H (8) has at most
d = O(1) nonzero values in each row and column, which
is ensured when A and B are d-sparse matrices, and if
neither the bit precision m nor the error ε is dominating,
quantum simulation requires O(nT ) = O(log NT ) operations
(Theorem 1). This can, in principle, offer an exponential
speedup over classical solvers with runtime O(NT ) [58–62].
We now show that for the most widely used time-domain
classical solvers, we can also establish a runtime lower bound
that implies the quantum advantage.

Let us assume black-box, though bounded magnitude, ini-
tial conditions and material parameters. Then, for a consistent,
causal, and time-local scheme that discretizes the wave equa-
tion in both space and time, it is necessary to sample at least
at the Nyquist rate �t � 1/(2 fmax), defined by the maximum
frequency fmax over all time and space. Only under this con-
dition can the error stay small in the full domain and across
all frequencies [63]. Choosing a step that undersamples the
wave’s period will yield a nonphysical, aliased, or overly
smoothed solution. As a result, the scheme must take �( T

�t ) =
�(T ) time steps, updating all N degrees of freedom (DOFs)
each step. Consequently, the computational complexity of ob-
taining a fixed-accuracy solution is lower bounded by �(NT ).
This applies to all consistent and causal explicit and implicit
time integrators.

For example, explicit solvers [64–66] evaluate N d-sparse
vector-vector products at each time step. Similarly, implicit
solvers [67] require solving a linear system at every time step.
Using, for instance, conjugate gradient solvers, this would
again require N d-sparse vector-vector products for every
step.

However, as we now show, the quantum speedup we can
obtain in practice compared to classical solvers is only poly-
nomial [36]. In wave propagation problems, increasing grid
points typically aims to (1) enlarge the physical domain or
(2) increase the simulated frequencies. For systems with lo-
cal couplings, such as those resulting from discretizing the
considered wave equations, enlarging the domain requires a
longer simulation time t for waves to reach the boundaries.
Similarly, a finer discretization to simulate higher frequencies
raises ‖H‖max due to the reduced grid spacing. As per Theo-
rem 1, the number of query calls to H scales linearly with both
T and ‖H‖max. Consequently, the quantum speedup over clas-
sical algorithms becomes a polynomial factor dependent on
the spatial dimension D. Specifically, let T = �(N1/D) rep-
resent the simulation time for the signal to reach the domain
boundary in D dimensions. For classical algorithms scaling
linearly with N , the overall runtime complexity is O(NT ) =
O(N1+1/D). In contrast, the HS algorithm has runtime Õ(T ) =

Õ(N1/D), where the tilde hides logarithmic factors. Thus, we
expect a quadratic speedup in 1D, cubic in 2D, and quartic
in 3D. In contrast, Ref. [36] demonstrates an exponential
speedup for oscillator models with purely nonlocal couplings,
where the simulation time does not scale with the system size.

One fundamental requirement for any quantum advantage
compared to classical solvers is that the oracle H can be
implemented efficiently. To address this, let us first separate H
into an oracle A that implements A and an oracle B−1/2 that
implements B−1/2. If we have access to both A and B−1/2, we
can always efficiently implement H based on Eq. (21) and the
multiplication property of block encodings [68]. Hence, it suf-
fices to show that both have efficient circuit implementations.

The matrix A can be efficiently constructed using the finite-
difference method [68–71]. The material matrix B, however,
poses information-theoretical limitations, even for the sim-
plest case where B is diagonal. In this case, B−1/2 inherits
the diagonality and we can directly parameterize B−1/2 as a
linear combination of diagonal unitary basis functions with
the linear-combination-of-unitaries technique [26]. It has been
shown that certain diagonal unitary matrices have efficient
circuit implementations [72]. However, even if each individ-
ual unitary matrix can be implemented efficiently, the number
of unitaries must still be bounded. This gives rise to a gen-
eral information-theoretical limitation: To preserve quantum
speedup, within the query model the information transferred
to the QC must be of order O(polylog(N )) for each query.
This limits the number of independent material parameters
that define B−1/2 to this order, necessitating functional or
low-dimensional material representations. To illustrate, let us
consider a model that is described by O(N ) bits of informa-
tion. Let us furthermore assume that either (1) this information
is incompressible or (2) a compression can only be found
in �(N ). This assumption is generally valid, as the compres-
sion of a linear system reduces to an NP-complete subset
selection problem [73]. All of this information needs to be
loaded to the quantum computer, which takes O(N ) initial-
ization operations under the standard circuit-based encoding
model. This dominates the runtime of the forward model
and prevents all runtime advantages. We expect that low-
dimensional material representations can exist for media
characterized by a sufficiently small set of basis functions
or for random media [74] that are characterized by limited
information such as the mean and variance of the distribution.

IV. ESTIMATING SUBSPACE l2 NORMS AND ENERGIES

Reading the complete discrete wave field wQ(t ) from a
quantum state comes with exponential and, hence, prohibitive
costs. Consequently, it is essential to perform computations
with the simulated wave field directly on the QC, e.g., by eval-
uating loss functions. We show that it is possible to efficiently
measure l2 norms of state subspaces containing multiple su-
perposed quantum states, and that this measurement achieves
optimal precision scaling with the number of experiment eval-
uations:

Theorem 2 (Subspace l2 norm, Appendix A 2). Let
{w1, w2, . . . , wM} ∈ CL. Given a projector PS =
diag(p1, p2, . . . , pL ), which projects onto a subspace
S ⊆ CL, where each pi ∈ {0, 1} and d = ∑L

i=1 pi. Let there
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be a state preparation oracle U that prepares the quantum
state |φ〉 = [w1; w2; . . . ; wM]/||[w1; w2; . . . ; wM]||. Then,
if either d = O(polylog(L)) or L − d = O(polylog(L)), there
exists a quantum algorithm that efficiently estimates the
squared sum of {w1, w2, . . . , wM} on S as

l2
S = ||PSw1 + PSw2 + · · · + PSwM ||2, (22)

with probability at least 1 − δ within error ε, which makes
O(M log(1/δ)/ε) calls to the oracle U (along with its inverse
and controlled versions).

We will now apply this result to compare two wave fields
such as a simulated and a target B1/2-transformed wave field
and to measure subvolume energies (see Sec. II). By setting
M = 2, w1 = wQ, w2 = −wtarget

Q , where wQ is the simulated

wave field and wtarget
Q is a target or observed wave field that is

only defined or known within subvolume S , we can write

l2
S = ∣∣∣∣PSwQ − PSwtarget

Q

∣∣∣∣2
. (23)

This corresponds to an estimate of the l2 distance between
both fields on subspace S . By setting M = 1, w1 = wQ, we
obtain

l2
S = ||PSwQ||2, (24)

which estimates the energy of w on S . Theorem 2 can also
be used to compute energies and l2 comparisons of a super-
position of multiple wave fields, extending the work of Ref.
[36] on measuring energies. These multistate l2 and energy
estimates are key components of the source implementation
algorithm, which we will introduce in Sec. V.

We can utilize a weighted inner product to compare states
in the standard, non-B1/2-transformed bases, as detailed in
Appendix A 3. However, as we discuss in Sec. VI A, this will
result in globality issues in general. In practice, e.g., within the
domain of inverse problems, it is usually sufficient to compare
transformed wave fields.

Finally, given an efficient quantum algorithm for a unitary
basis transformation, comparisons can also be performed in
bases other than the computational basis. This, for example,
includes the spatial frequency domain, which can be effi-
ciently accessed through the quantum Fourier transform [22].

V. IMPLEMENTING SOURCES

Incorporating time-dependent sources into the HS of clas-
sical wave equations poses a significant challenge when
aiming to maintain efficient runtime scaling, as in this frame-
work the wave evolution is unitary and, hence, inherently
source free. We consider a source term that is constituted of S
sources,

ŝ(x, t ) =
S∑

s=1

χχχ s(x) fs(t ), (25)

where χχχ s ∈ RD → RC is the spatial distribution of the sth
sources and fs(t ) is its source-time function.

Assuming that χχχ s is a point source and fs is a pulse func-
tion, whose support in time is compact and with a length
either constant or inversely proportional to the maximum fre-
quency, we will show that we can classically map the source
to sparse initial conditions with an implementation complexity

of O(1). This already covers many practically relevant source
scenarios. We then show how to implement sources that lack
compact support in time, but that give rise to rotationally
covariant wave fields.

A. Single pulse source

Consider a single point source defined by

ŝ(x, t ) = χ̂χχδ(x − xs) f (t ), (26)

where χ̂χχ ∈ RC is an arbitrary vector. Its implementation com-
plexity is tied to the number of values that need to be
initialized on the QC. We identify two optimal scenarios:

1. Fixed source duration

If the simulation domain grows while the source re-
mains active over a fixed duration �T = T end − T start, the
implementation complexity naturally stays O(1). This is
achieved by

(1) classically solving the forced wave equation over �T
within a fixed volume around the source, sufficient to contain
all emitted waves during this interval;

(2) initializing the resulting sparse wave field on the QC.
Since the required initialization volume does not scale with

N , only a constant number of grid points needs to be initial-
ized, ensuring O(1) runtime complexity.

2. Increasing grid resolution

When refining the grid to simulate higher-frequency wave
pulses, typically the source-time function f (t ) includes higher
frequencies, resulting in a duration inversely proportional to
the increased frequency bandwidth �ω:

�T ∝ 1

�ω
= 1

ωmax − ωmin
, (27)

where [ωmin, ωmax] is the support of the Fourier transform
f̃ (ω) of f (t ). For example, increasing the grid resolution by a
factor of 2 (i.e., halving the spatial grid spacing �x → �x/2)
allows us to resolve higher spatial frequencies. If we scale
the frequency bounds of f (t ) as ωmax → 2ωmax and ωmin →
α ωmin with α � 2, then this results in at least a doubling of
�ω and thus halving �T . Consequently, the classically simu-
lated volume decreases proportionally across all dimensions,
and the number of initialized grid points remains constant,
maintaining O(1) complexity.

B. Multiple pulse sources

We extend our analysis to sources composed of multiple
point sources:

ŝ(x, t ) =
S∑

s=1

χ̂χχ sδ(x − xs) fs(t ). (28)

1. Synchronous activation

If all sources are active over the same time interval, i.e.,
T start

s = T start and T end
s = T end for all s, the previous approach

applies directly. Each source can be classically simulated
within its respective volume, and the resulting wave fields are
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initialized on the QC as a single initial condition. The runtime
scaling remains O(1) provided that the number of sources S
does not scale with N .

2. Asynchronous activation

When activation times vary among different point sources,
an additional step is required to synchronize them. Let ws

for s = 1, . . . , S denote the initial conditions from classi-
cally simulating each source over their respective durations
�Ts = T end

s − T start
s . The combined and energy-transformed

initial state is given by

φ(0) = (
I⊗ log2(S) ⊗ B1/2

)
[w1; . . . ; wS], (29)

where

I =
[

1 0
0 1

]
. (30)

The initial quantum state then is

|ψ (0)〉 = φ(0)

‖φ(0)‖ , (31)

incorporating initial conditions at different global times. To
synchronize these states to a common global time T sync =
max{T end

1 , . . . , T end
S }, we evolve the state using a time-

dilating Hamiltonian Hsync:

|ψ (T sync)〉 = e−iHsync |ψ (0)〉 , (32)

where

Hsync =

⎡
⎢⎣

(
T sync − T end

1

)
H . . . 0

...
. . . 0

0 0
(
T sync − T end

S

)
H

⎤
⎥⎦.

(33)
This effectively time-dilates each component, aligning them
to T sync. Subsequently, the synchronized state is evolved
under the multistate wave equation Hamiltonian Hmult =
I⊗ log2(S) ⊗ H to the final simulation time T :

|ψ (T )〉 = e−i(T −T sync )Hmult |ψ (T sync)〉 . (34)

Due to the linearity of the wave equation, the superposition
of partial wave fields in |ψ (T )〉 corresponds to the solution of
Eq. (21) at time T . Consequently, we can estimate an l2 dis-
tance to a target field or subspace energies using Theorem 2.
Since the addition operation is inherently nonunitary, it must
be integrated within the measurement process. Furthermore,
as the loss function is nonlinear, we cannot compute losses
for individual subfields separately and then combine them
classically to derive the joint loss; therefore, we have to rely
on Theorem 2 to estimate the loss function.

This approach remains efficient under the conditions that
(1) the number of point sources S is independent of N and
(2) each individual source meets the previously outlined con-
straints.

C. Rotationally symmetric sources
without compact support in time

Implementing a source-time function f (t ) that lacks com-
pact support in time is inefficient with the above approach,
as it results in initial conditions lacking compact support in

space. Such initial fields are prohibitively expensive to com-
pute classically and initialize on the QC.

To target this, we introduce an algorithm that efficiently
initializes rotationally covariant wave fields as quantum states:

Lemma 1 (Vector Field Initialization, Appendix B 1). Let
wsym : RD → RC be a vector field. Assume that wsym is
rotationally covariant around a point x0 ∈ RD. Consider an
isotropic radially symmetric grid centered at x0, discretized
into N = AD points, where A is the number of radial divisions.
The grid points are specified by radial indices a ∈ {1, . . . , A}
and angular indices θ. Define the quantum state

|ψ〉 = 1√
N

C∑
c=1

A∑
a=1

∑
θ

wsym
c

(
xa,θ

) |c〉 ⊗ |a〉 ⊗ |θ〉 , (35)

where w
sym
c (xa,θ ) is the cth component of wsym at grid

point xa,θ , and N = ∑
c,a,θ |wsym

c (xa,θ )|2 ensures normaliza-
tion. This state can be initialized with O(N1/D) classical
evaluations of wsym and Õ(CN1/D) quantum gates, where the
tilde hides polylogarithmic factors.

We consider a spatial source distribution χχχ = χχχ sym for
which an arbitrary rotation in space and the same rotation
of the source vector yield the same result. Formally, let
there be a R(S) ∈ SO(C), where S ∈ SO(D); then, rotation-
ally covariant sources satisfy R(S)χχχ sym(x) = χχχ sym(Sx) ∀x, S.
We further denote the rotationally covariant Green’s function
that solves wave Eq. (1) in a homogeneous medium for the
source ŝδ (x, t ) = χχχ sym(x)δ(t ) as Ĝsym. In this case, the wave
field arising from the source-time function f is given by
ŵsym = Ĝsym ∗ f . It can be discretized as ŵsym → wsym and
efficiently initialized on a spherical grid centered around the
source location using Lemma 1.

Now let us assume that the medium is generally heteroge-
neous but there exists a small homogeneous volume around
the source with radius rs. This may hold true in certain
experimental setups and can otherwise be taken as an approx-
imation. Let the travel time in the volume be T hom

s = rs/chom,
where chom is the wave speed in the homogeneous medium. If
the source-time function is active for time period Ts > T hom

s ,
then we can split the source in J ≈ Ts/T hom

s contributions:

f (t ) ≈
J∑

j=1

Wj (t − τ j ) f (t ), (36)

where Wj are sigmoid window functions (see Appendix B 2
for details). All J source terms for f (t ) can be recognized as
individual sources that satisfy �Tj � T hom

j , where �Tj is the
duration of the jth source. This means that for none of them,
the corresponding wave leaves the homogeneous domain be-
fore it terminates. Therefore, the resulting J initial wave fields
are all rotationally covariant:

ŵsym
j (x, t − τ j ) = Ĝsym(x, t ) ∗ (Wj (t ) f (t + τ j )),

× |x| < r, j = 1, . . . , J. (37)

By using the same discretization as in the homogeneous case,
we can initialize the state [wsym

1 ; . . . ; wsym
J ] with a runtime

complexity of Õ(JCN1/D). This state can then be synchro-
nized and measured as introduced in Sec. V B 2. Hence, if
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FIG. 1. Algorithm implementing a point source function on a QC for a 1D acoustic problem. Panel (a) shows the source-time function for
a single point location. We decompose the source-time function in time (b), which gives a set of functions that, in superposition, equate to
the original source-time function (c). The inset at the bottom shows the acoustic parameters’ profiles with the homogeneous volume around
the source. By convolving them in time with the homogeneous Green’s function (d), we obtain multiple sets of initial conditions at different
global times (e). We evolve these initial conditions over different time intervals to the final simulation time T (f). Here, the superposition of
the source slices is equal to the solution of the wave equation (g). We can utilize this to efficiently estimate an l2 distance to a target state using
Theorem 2.

J = Õ(polylog(N )), the runtime advantage remains. The
whole workflow is depicted in Fig. 1.

Note that the rotationally covariant initial wave field must
be precomputed classically along a reference direction on
the spherical grid with a runtime complexity of at worst
Õ(CN1/D). This is, for example, possible via analytic Green’s
functions for acoustic and elastic isotropic (explosive) point
sources.

Finally, the complexity scales linearly with the number
of sources. Therefore, the number of sources must not scale
worse than polylog(N ) to preserve the overall speedup.

VI. LIMITATIONS

The limitations considered here are those that either impact
the algorithmic runtime in terms of big-O complexity or are
fundamentally not implementable in this framework.

A. Loss functions

We identify two limitations within the loss function esti-
mations introduced:

(1) Estimating time-integrated loss functions: Currently,
our algorithm estimates the loss at a single measurement
time step. Computing time-integrated loss functions involves
separate simulation experiments for each measurement time,
with the overall loss metric computed across all steps using
either Theorem 2 or classical postprocessing. However, this
approach becomes inefficient for long comparison/integration
times, where the number of comparison time steps scales
worse than O(polylog(N )). Nondestructive estimation of the
loss function [75,76] could provide a solution by preserving
the state throughout the measurement operation, enabling it-
erative evolution and loss estimation of the wave field for
multiple time points.

(2) Globality of measurement quantities: A limitation
of QC loss estimation via observable measurements is the
requirement for sufficiently global measurement quantities.
Suppose a state is measured in a subspace with only a small
probability amplitude fraction compared to the entire quantum
state. In that case, more samples are needed to estimate the
norm accurately, as the expected value becomes vanishingly
small. For example, ensuring the subspace size is large with
respect to N can mitigate this issue in practice.

B. Source terms

We identify four limitations:
(1) The number of sources in space must not scale worse

than O(polylog(N )). For instance, it is inefficient to have a
source everywhere on the surface of a 3D body.

(2) Situations where the number of initialized nonzero
values grows polynomially with N must be avoided to pre-
vent restricting the overall runtime. An example of this could
be a continuously active source within an inhomogeneous
medium.

(3) For symmetric sources without compact time support,
the requirement for radially symmetric grids may be practi-
cally limiting as domains can be nonsymmetric around the
source location.

(4) Finally, for sources without compact spatial support in
a generally inhomogeneous medium, or for nonrotationally
covariant sources, the runtime advantage is lost because the
resulting wave field lacks symmetry, and Lemma 1 can no
longer be employed.

C. Damping

Damping in the context of HS has been recently studied,
demonstrating that quantum speedup can be preserved under
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certain conditions [77,78]. An alternative approach is to map
a damped classical wave equation to an open quantum system
[79], or to represent nonunitary time evolution as a linear com-
bination of unitary operations [80,81]. The latter approach
appears particularly well suited to our framework and is the
focus of an ongoing follow-up study.

D. Time-dependent media

Another remark concerns time-dependent media, such as
those in time-modulated metamaterials [82–84]. In these
cases, B = B(t ) becomes time-dependent, implying that it
no longer commutes with the time derivative. Consequently,
a time-dependent symmetric problem is mapped to a time-
dependent non-Hermitian Schrödinger equation, rendering the
introduced framework inapplicable [85].

E. Hardware

A final limitation of the proposed framework is its reliance
on fault-tolerant quantum hardware. While the employed
HS algorithm achieves optimal asymptotic runtime in the
error-free regime, alternative forward algorithms may perform
better on real-world problems in the noisy intermediate-scale
quantum regime [86–88]. Investigating the compatibility with
near-term hardware and the associated runtime implications is
left for future work.

VII. CONCLUSIONS

In this work, we have demonstrated that we can efficiently
simulate forced, linear, anti-Hermitian wave equations with
arbitrary heterogeneous and anisotropic material properties
within the HS framework. While the theoretical speedup of
this approach can be exponential, practical 3D applications
are expected to see a quartic speedup due to the scaling of the
simulation time with the system size. This quartic speedup
is maintained throughout our algorithm if the state readout is
sufficiently global compared to the overall system size.

Our method is compatible with any numerical approach
that respects the anti-Hermitian nature of the operator and
results in a diagonal or block diagonal representation of the
material properties. The introduced representation of the wave
equations naturally leads to a quantum encoding that enables
the measurement of energies in subvolumes of the model
with optimal precision scaling in the number of measurements
taken. Additionally, we have shown that the l2 distance of the
final simulated wave field to a target or observed wave field
can be measured with optimal precision scaling and that a
broad class of source terms can be implemented efficiently.

New advances in quantum error correction hint that noise-
free QC might be realized soon [89]. These findings suggest
that our proposed framework may have practical applications
in the near future, thereby underscoring the importance of
continued research in this field.
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APPENDIX A: ESTIMATING LOSS FUNCTIONS

To prove Theorem 2, we first introduce the following aux-
iliary result:

Lemma A1 (Two-state subspace l2 norm, Appendix A 1).
Let a, b ∈ CL. Given a projector PS = diag(p1, p2, . . . , pL ),
which projects onto a subspace S ⊆ CL, where each pi ∈
{0, 1} and d = ∑L

i=1 pi. Let there be a state preparation or-
acle U that prepares the quantum state |φ〉 = [a; b]/||[a; b]||.
Then, if either d = O(polylog(L)) or L − d = O(polylog(L)),
there exists a quantum algorithm that efficiently estimates the
l2,S norm between a and b on S as

l2
2,S = ||PSa − PSb||2, (A1)

with probability at least 1 − δ within error ε, which makes
O(log(1/δ)/ε) calls to the oracle U (along with its inverse and
controlled versions).

1. Proof of Lemma A1

The squared l2 norm on this subspace is defined as

l2
2,S =

L∑
i

∣∣(PSa)i − (PSb)i

∣∣2
. (A2)

By introducing |φ〉 = [a; b]/||[a; b]||, we can write Eq. (A2)
as an expected value estimation:

l2
2,S = 〈φ|O|φ〉 ||[a; b]||2, (A3)

where the Hermitian observable O is given by

O2L×2L =
[

PS −PS
−PS PS

]
. (A4)

The observable O can be recognized as a difference operator
that estimates the l2 norm between a and b on the subspace S
up to normalization and can, in principle, be implemented on
a QC with suboptimal precision scaling [22].

To estimate l2
2,S with optimal precision scaling beyond the

central limit, we will introduce an auxiliary qubit to double the
state space dimension. In this augmented space, we can find a
unitary decomposable observable Õ, whose expectation value
with respect to the augmented state |ψ〉 = [PSa; PSb; (1 −
PS )a; (1 − PS )b]/||[a; b]|| is equal to l2,S , such that

l2
2,S = 〈ψ |Õ|ψ〉 ||[a; b]||2. (A5)

We first demonstrate that there exists a unitary initialization
procedure for |ψ〉 given an initialization oracle for |φ〉 and dis-
cuss the efficiency of its implementation. We then explicitly
construct Õ, which can be decomposed into four commuting
unitary observables independent of L and S . We conclude by
analyzing the overall complexity of our algorithm.

To start, let us combine Ua preparing a and Ub preparing b
into a single unitary U that prepares |φ〉 as

|φ〉 = U |0n+1〉 =
[

Ua 0
0 Ub

]
|0n+1〉 , (A6)

where n = log2(L). We further define the unitary matrix P̃S ∈
C4L×4L constructed from PS and its complement subspace
1 − PS as

P̃S =

⎡
⎢⎢⎣

PS 0 (1 − PS ) 0
0 PS 0 (1 − PS )

(1 − PS ) 0 PS 0
0 (1 − PS ) 0 PS

⎤
⎥⎥⎦.

(A7)

By adding one auxiliary qubit, which is left invariant during
the application of U, the target state |ψ〉 can finally be ob-
tained as

|ψ〉 = P̃S (I ⊗ U) |0n+1〉
= [PSa; PSb; (1 − PS )a; (1 − PS )b]/||[a; b]||, (A8)

where

I =
[

1 0
0 1

]
. (A9)

As PS is diagonal, P̃S can be recognized as a permutation
matrix, which is decomposable into P̃S = ∏d

j P̃S j . Each P̃S j

can be implemented with one multicontrolled X gate (MCX).
As MCX gates can be synthesized with O(n) controlled-not
gates with a circuit depth of O(log2(n)) using O(n) auxiliary
qubits [91–93], the overall gate complexity when implement-
ing P̃S is O(dn) with a circuit depth of O(d log2(n)). Hence,
if either d = O(polylog(L)) or L − d = O(polylog(L)), the
implementation of P̃S is guaranteed to be efficient.

As future QC might allow for implementing hardware na-
tive MCX gates, further reductions in gate complexity are
possible [94–96]. Additionally, regular patterns in P̃S can be
exploited to implement multiple P̃S j at once. Even for large d ,
this can allow for an efficient implementation of P̃S in some
instances, e.g., for projections to the first half of the domain.

We now introduce the augmented observable

Õ4L×4L =

⎡
⎢⎢⎣

1 −1 0 0
−1 1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦. (A10)

Using the definition of |ψ〉, it is easy to check that

l2
2,S = 〈ψ |Õ|ψ〉 ||[a; b]||2. (A11)

The augmented observable Õ is always—independent of the
state dimension L and the subspace S—represented by the
four Pauli matrices

Õ1 = I ⊗ I ⊗ I ⊗ · · · ⊗ I,

Õ2 = I ⊗ X ⊗ I ⊗ · · · ⊗ I,

Õ3 = Z ⊗ I ⊗ I ⊗ · · · ⊗ I,

Õ4 = Z ⊗ X ⊗ I ⊗ · · · ⊗ I, (A12)
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where

X =
[

0 1
1 0

]
, Z =

[
1 0
0 −1

]
, (A13)

and with coefficients c = [0.5,−0.5, 0.5,−0.5], such that

Õ =
4∑

j=1

c jÕ j . (A14)

Hence, we conclude that l2
2,S can be estimated as

l2
2,S = ||[a; b]||2

4∑
j=1

c j 〈ψ |Õ j |ψ〉 . (A15)

As proven in Ref. [97], the measurement of the expected
value of a quantum state with respect to an observable that is
unitary using high-fidelity amplitude amplification techniques
has optimal precision scaling with a query complexity of
O(log(1/δ)/ε). As all Pauli observables are unitary and the
number of Pauli observables that represent Õ is independent
of L and S , it follows that our algorithm has the same query
complexity.

2. Proof of Theorem 2

Building on Lemma A1, we can estimate general l2 norms
of arbitrary many substates. Consider a quantum state

|φ〉 = [w1; w2; . . . ; wM]/||[w1; w2; . . . ; wM]||, (A16)

with wi ∈ CL, where M is the number of substates. We aim to
estimate a squared l2 norm l2

� on a subspace S defined by the
projector PS , such that

l2
�,S = ||PSw1 + PSw2 + · · · + PSwM ||2. (A17)

It remains to generalize P̃S [see Eq. (A7)] and Õ [see
Eq. (A14)].

We extend P̃S by recognizing that it corresponds to the
unitary matrix:

P̃S,A =
[

PS (1 − PS )
(1 − PS ) PS

]
, (A18)

which is then tensor-multiplied with a number of I gates
depending on M, such that

P̃S,� = P̃S,A ⊗ I⊗ log2(M ). (A19)

Similarly, the specific structure of Õ lets us define the
generalized observable Õ� as

Õ� = 1
2 (I ⊗ ÕA + Z ⊗ ÕA) ⊗ I⊗ log2(L), (A20)

where

ÕA =
∑

A∈{I,X }⊗ log2 (M )

A. (A21)

In this context, Eq. (A20) represents the half-domain measure-
ment of |ψ〉 through

1

2
(I + Z ) =

[
1 0
0 0

]
, (A22)

and the dimension of each substate wi as dim(I⊗ log2(L) ) = L ×
L, while Eq. (A21) describes the summation of the substates.

The number of Pauli observables in Eq. (A21) depends
on M, as |{I, X }⊗ log2(M )| = M. Therefore, the number of
unitary observables that need to be estimated is 2M. Con-
sequently, the overall query complexity of the algorithm is
O(M log(1/δ)/ε). For verification, with M = 2, w1 = a, and
w2 = −b, we see that Õ� = Õ and P̃S,� = P̃S , confirming
that l2

�,S = l2
2,S .

3. Weighted l2 norms

To compare the states in the standard basis, we utilize a
weighted inner product that reverses the transformation with
B1/2:

Corollary A1 (Weighted l2 norm). Given Theorem 2, we
can estimate a weighted l2 norm with O(V log(1/δ)/ε) calls
to the oracle U (along with its inverse and controlled versions),
as

l2
v =

V∑
j

v j l
2
S j

, (A23)

where v ∈ RV
+ is a weight vector consisting of all V unique

weights. The estimation is efficient if the number of unique
weights satisfies V = O(polylog(L)), and if for every PS j

either d j = O(polylog(L)) or L − d j = O(polylog(L)).
Applying this to the comparison between two wave fields,

we obtain

l2
B =

B̄∑
j

B−1/2
j

∣∣∣∣PS j wQ − PS j w
target
Q

∣∣∣∣2

=
B̄∑
j

∣∣∣∣PS j w − PS j w
target

∣∣∣∣2
, (A24)

where B̄ is the number of unique weights in the diagonal ma-
trix B, i.e., unique material parameters, and S j is the subspace
only containing grid points with material parameters Bj . Here,
we need to assume that B is diagonal in S , which holds true for
the acoustic wave equation or the isotropic Maxwell’s equa-
tion. While this, in principle, allows for comparing two wave
fields in the standard basis, we expect prohibitive sampling
costs if the respective subspaces are small due to a loss of
estimation globality (see Sec. VI A).

APPENDIX B: SOURCES

1. Proof of Lemma 1

(a) Rotational covariance. Since wsym is rotationally co-
variant around x0 = 0, we have

R(S)wsym(x) = wsym(Sx), ∀x, S, (B1)

where S ∈ SO(D) uniquely decomposes R(S) ∈ SO(C).
(b) Grid construction. We discretize the space around x0

into a grid as follows:
(1) Radial coordinates: The radial distance r is discretized

into A divisions ra, where a = 1, 2, . . . , A.
(2) Angular coordinates: Each angular coordinate θi is

discretized into � = A divisions, for i = 1, 2, . . . , D − 1.
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(3) Grid points: Each grid point is specified by

xa,θ = x0 + ra ũθ, (B2)

where ũθ is a unit vector determined by the angular indices
θ = (θ1, . . . , θD−1).

(4) Total Number of Points: N = A�D−1 = AD (for D >

1).
(c) Efficient State Preparation Strategy. We proceed with

the following steps:
Step 1: Compute Reference Field Values. Select a reference

direction, such as along the first coordinate axis, and compute
wsym(xa,0) for a = 1, 2, . . . , A, where

xa,0 = x0 + rae1, (B3)

and e1 is the unit vector along the first coordinate axis. This
requires O(A) = O(N1/D) classical evaluations of wsym.

Step 2: Prepare Reference Quantum State. Prepare the
quantum state

|φ〉 = 1√
N ′

C∑
c=1

A∑
a=1

wsym
c (xa,0) |c〉 ⊗ |a〉 , (B4)

where N ′ = ∑
c,a |wsym

c (xa,0)|2. Since the number of terms
is CA, this step requires Õ(CA) = Õ(CN1/D) quantum gates
[98–101].

Step 3: Create Superposition Over Angular Indices. Apply
Hadamard gates to the angular index qubits to create the equal
superposition:

|�〉 = |φ〉 ⊗ 1√
�D−1

∑
θ

|θ〉 . (B5)

Step 4: Apply Controlled Rotations. Our goal is to rotate
the field components in |�〉 to their correct orientations corre-
sponding to each angular index θ. This is achieved by applying
a sequence of controlled rotations, where the rotation angles
are determined by the angular indices θ, and the rotations are
performed in the planes spanned by pairs of coordinate axes.
Specifically, we proceed as follows:

(1) Binary Representation of Angular Indices: Each an-
gular coordinate θi is discretized into � divisions and
represented using k = log2(�) qubits. For � = 2k , the total
number of angular qubits is (D − 1)k.

(2) Rotation Decomposition: To rotate the initial vector
wsym(xa,0) to all possible directions ũθ , we decompose the
rotation Rθ ∈ SO(C) into a sequence of C − 1 rotations.
Specifically, we perform rotations in the (i, i + 1) planes for
i = 1, . . . , C − 1:

Rθ =
C−1∏
i=1

Ri,i+1(θi ), (B6)

where Ri,i+1(θi ) is a rotation in the plane spanned by the
ith and (i + 1)th coordinates, parameterized by the angle θi

determined by θ.
(3) Sequence of Controlled Rotations: For each plane

(i, i + 1), we apply controlled rotation gates CRi,i+1(θ (m)
i ) in

the real plane, where m indexes the bits in the binary represen-

tation of the angular coordinate θi. The rotation angles θ
(m)
i are

defined as

θ
(m)
i = π

2m
, (B7)

so that the cumulative rotation angle θi = ∑k
m=1 bi,mθ

(m)
i ,

where bi,m ∈ {0, 1} is the mth bit of θi.
The controlled rotations are defined as

CRi,i+1
(
θ

(m)
i

) = |0〉 〈0|θi,m
⊗ I⊗C + |1〉 〈1|θi,m

⊗ Ri,i+1
(
θ

(m)
i

)
,

(B8)

where θi,m is the mth qubit of the angular index corresponding
to the rotation in the (i, i + 1) plane. As the control qubits are
in a state of equal superposition, all binary combinations of
rotation angles are realized.

(4) Control and Target Qubits: The control qubits are the
angular index qubits |θ〉, and the target qubits are the field
component qubits |c〉.

(d) Gate Complexity. The total number of controlled ro-
tation gates required is O(Ck), since for each of the C −
1 planes, we apply k controlled rotations corresponding to
the bits of the angular indices. Since k = log(�) = log(A),
the total number of controlled rotations is O(C log(A)) =
O( C

D log(N )). However, for fixed dimensions C and D, the
gate complexity of implementing these rotations [102] is dom-
inated by the complexity of initializing |φ〉, which requires
Õ(CA) = Õ(CN1/D) quantum gates [98–101].

(e) Final State Preparation. After applying the sequence of
controlled rotations, the state becomes

Urot |�〉 = 1√
N ′�D−1

C∑
c′=1

A∑
a=1

∑
θ

(
C−1∏
i=1

Ri,i+1(θi )

)
cc′

× w
sym
c′ (xa,0) |c〉 ⊗ |a〉 ⊗ |θ〉

= 1√
N ′�D−1

C∑
c=1

A∑
a=1

∑
θ

× wsym
c (xa,θ ) |c〉 ⊗ |a〉 ⊗ |θ〉 ,

where we used the fact that w
sym
c (xa,θ ) = (Rθwsym(xa,0))c due

to the rotational covariance property. This is the desired state
|ψ〉, which proves Lemma 1.

(f) Practical Considerations. Applying Urot requires im-
plementing rotations with angles that decrease exponentially
with the number of qubits used to represent the angular co-
ordinates. In practice, this poses challenges due to the finite
precision of quantum gates. Specifically, the minimal rotation
angle scales inversely with the state size A, resulting in a gate
precision requirement that scales linearly with A. However,
the precision requirement remains independent of C and D.
This independence allows for the implementation of a larger
total number of grid points N = AD without necessitating
additional precision.

(g) Numerical Implementation. We provide numerical im-
plementations for the 2D and 3D cases in Ref. [90]. Figure 2
shows the quantum circuits for the 2D and 3D cases that
construct the radially symmetric vector field from a single ray.
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2. Windowing

While different choices of windows are possible, in our
implementation we use a symmetric double sigmoid function

Wj (t ) = 1

1 + e−z·t − 1

1 + e−z·(t−(τ j+1−τ j ))
, (B9)

where z defines the steepness of the sigmoid functions. This
function realizes overlapping windows that satisfy Eq. (36)
with adaptable accuracy. In contrast to, e.g., box window
functions (z → ∞), sigmoid functions lead to smooth ini-
tial conditions. However, because the sigmoid functions do
only converge to zero at the window boundary in the limit
where z → ∞, choosing a finite z provides a trade-off be-
tween source approximation accuracy and smoothness of the
sections.

Note that if the windows are chosen to be adjacent block
functions with no overlap (z = ∞), their appliance to a
source-time function f (t ) does not increase the number of
nonzero values, which need to be initialized. In this case,
we would obtain the same initialization complexity as for a
nonwindowed state. However, as we reduce the steepness of
the windows, they begin to overlap. This increases the amount
of initialized values and is, in the worst case, a multiplicative
complexity increase with the number of windows J .

APPENDIX C: FINITE DIFFERENCE DISCRETIZATION
FOR THE ACOUSTIC WAVE EQUATION

As an example, in this Appendix, we discuss the discretiza-
tion of the acoustic wave equation using the finite difference
(FD) method on a uniform, rectangular, and staggered grid
[54]. We show how to build a pair of discrete gradient and di-
vergence operators to ensure that ÂT = −Â is anti-Hermitian
(see Sec. II). We also discuss the implementation of Dirichlet
and Neumann BCs on arbitrary boundaries of the domain
by employing the constraints reduction introduced in Ap-
pendix D.

Recall the acoustic wave equation in pressure-velocity for-
mulation introduced in Sec. II A:

Bacoustic
∂ŵacoustic

∂t
= Âacousticŵacoustic

[ 1
ρ(x)c2(x) 01×D0D×1 ρ(x)1D×D

] ∂

∂t

[
u
v

]
=

[
0 −∇·

−∇ 0D×Duv

]
.

(C1)

The FD method aims to construct the mapping ∇ → G ∈
RNv×Nu and ∇· → D ∈ RNu×Nv by defining the discrete ver-
sions of the gradient and divergence operators that will be
applied to the discretized pressure fields u and v, respectively.
The gradient and divergence operators are constructed inde-
pendently of the BCs and follow from the definition of the FD
operator used to approximate derivatives in space. Without
loss of generality, we use the first-order accurate central FD
stencil to compute derivatives in the ith dimension:

∂ f

∂xi
(x) ≈ f

(
x + �xi

2 ei
) − f

(
x − �xi

2 ei
)

�xi
, (C2)

where ei is the canonical vector and �xi is the grid step size
in the ith direction. The gradient and divergence operators are

FIG. 3. Staggered grid visualization for 2D pressure-velocity
formulation.

then discretized accordingly, such that

(∇u(x, t ))i = ∂u

∂xi
(x, t )

≈ u
(
x + �xi

2 ei, t
) − u

(
x − �xi

2 ei, t
)

�xi
(C3)

and

∇ · v(x, t ) =
∑
i∈D

∂vi

∂xi
(x, t )

≈
∑
i∈D

vi
(
x + �xi

2 ei, t
) − vi

(
x − �xi

2 ei, t
)

�xi
. (C4)

We now need to replace the continuous fields
u(x, t ) : RD × [0, T ] → R, v(x, t ) : RD × [0, T ] with their
discretized counterparts u(t ) : [0, T ] → RNu , v(t ) : [0, T ] →
RNv by employing a staggered grid where the velocities are
staggered in between pressure points. We introduce the set of
numbers of grid points N = {Ni | i ∈ {1, . . . , D}, Ni = # of
grid points in the ith direction }. Since the velocity is a vector
field, we need to distinguish between velocities in different
dimensions: We will use vi from now on to denote the velocity
acting in the ith direction, such that vi(t ) : [0, T ] → RNvi

where Nvi = (Ni − 1)
∏

j 	=i Nj . Notice that this discretization
requires the discretized velocity field in the ith direction to
have one less DOF in that direction. The pressure field u is
discretized in Nu = ∏

i Ni DOFs and the full velocity field
v = [v1, . . . , vD] in Nv = ∑

i((Ni − 1)
∏

j 	=i Nj ) DOFs.

1. 2D Staggered grid

We now demonstrate how the staggered grid is constructed
in practice for the D = 2 case, though the same procedure can
be extended to the general D-dimensional case.

In 2D, we have three fields: u, vx, and vy, discretized
on different grid points within a rectangular domain � =
[x0, x1] × [y0, y1]. Figure 3 provides a visual representation
of the staggered grid used. Further details on its construction
are described below.
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We introduce the set of all grid points for the pressure field
Xu as follows:

Xu = {(x, y) ∈ � |
x = x0 + (i − 1)�x, y = y0 + ( j − 1)�y,

∀i ∈ {1, . . . , Nx}, ∀ j ∈ {1, . . . , Ny}}, (C5)

where �x = (x1 − x0)/(Nx − 1), �y = (y1 − y0)/(Ny − 1),
Nx = N1, and Ny = N2. By staggering these points, we de-
fine the set of all grid points for the velocity field in the x
directionXvx and the y direction Xvy as

Xvx = {(x + �x/2, y) ∈ � | (x, y) ∈ Xu} (C6)

and

Xvy = {(x, y + �y/2) ∈ � | (x, y) ∈ Xu}. (C7)

Notice that |Xu| = Nu = NxNy, |Xvx | = Nvx = (Nx − 1)Ny,
and |Xvy | = Nvy = Nx(Ny − 1).

The mappings from the linear indices of the dis-
cretized fields to the grid points are given by �u =
�u(�) : {1, . . . , Nu} → Xu, �vx = �vx (k) : {1, . . . , Nvx } →
Xvx , and �vy = �vy (k) : {Nvx + 1, . . . , Nvx + Nvy} → Xvy .
These mappings are constructed such that each index k cor-
responds to one and only one grid point. For example, to map
the pressure points, we introduce the Cartesian indices (i, j)
referring to the grid point at some position (xi, y j ) ∈ Xu, and
then linearize the Cartesian index using k = i + ( j − 1)Nx, so
that �u(�) = (xi, y j ). A similar linearization can be performed
for the velocity mappings �vx and �vy .

We now have all the necessary components to explicitly
formulate the semidiscretization of pressure and velocities:

[u]�(t ) = u(�u(�), t ), ∀� ∈ {1, . . . , Nu},
[vx]k (t ) = vx(�vx (k), t ), ∀k ∈ {1, . . . , Nvx },

[vy]k−Nvx
(t ) = vy(�vy (k), t ),

∀k ∈ {Nvx + 1, . . . , Nvx + Nvy}. (C8)

2. Discrete gradient and divergence operators, and their
antitranspose relationship

We construct the discretized gradient and divergence op-
erators in 2D based on the first-order accurate central FD
scheme introduced earlier. Generalization to FD schemes with
higher orders of accuracy is straightforward since the sym-
metry of the FD operators is retained. Therefore, the results
from this section remain unchanged when using higher-order
schemes.

Let (G)k,· denote the kth row of the gradient operator G.
When taking the dot product of this row with the discretized
pressure field u, the FD approximation of a component of the
gradient ∇u is computed for the semidiscrete equation con-
cerning the discretized velocity field component [v]k . If k
refers to a discretized velocity component in the x direction
(i.e., k ∈ {1, . . . , Nvx }), the x component of the gradient is
computed; otherwise, the y component is computed.

This can be expressed by the following FD approximation:

(∇u)x(�vx (k)) = ∂u

∂x
(�vx (k))

≈ u
(
�vx (k) + �x

2 ex
)

�x

− u(�vx (k) − �x
2 ex )

�x

≈ u(�u(�+)) − u(�u(�−))

�x

≈ [u]�+ − [u]�−

�x
, (C9)

for all k ∈ {1, . . . , Nvx }. Similarly, for the y component

(∇u)y(�vy (k)) = ∂u

∂y
(�vy (k))

≈ u
(
�vy (k) + �y

2 ey
)

�y

− u
(
�vy (k) − �y

2 ey
)

�y

≈ u(�u(�+)) − u(�u(�−))

�y

≈ [u]�+ − [u]�−

�y
, (C10)

for all k ∈ {Nvx + 1, . . . , Nvx + Nvy}.
For each equation k ∈ {1, . . . , Nvx } (respectively, k ∈

{Nvx + 1, . . . , Nvx + Nvy}), there will be only two nonzero
coefficients in the row (G)k,·, specifically those as-
sociated with discretized pressure components match-
ing �u(�±) = �vx (k) ± (�x/2)ex (respectively, �u(�±) =
�vy (k) ± (�y/2)ey). Here, �± represents the index of the
discretized pressure component [u]�± . These coefficients are
±1/�x (respectively, ±1/�y).

With these observations, we can explicitly write each com-
ponent of the gradient operator as follows:

∇ → G = (G)k,�

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

±1/�x,
if k ∈ {1, . . . , Nvx }
and �u(�) = �vx (k) ± �x

2
ex,

±1/�y,
if k ∈ {Nvx + 1, . . . , Nvx + Nvy}
and �u(�) = �vy (k) ± �y

2
ey,

0, otherwise,
(C11)

for all k ∈ {1, . . . , Nv}, � ∈ {1, . . . , Nu}.
We can apply a similar procedure for the divergence oper-

ator using the FD approximation:

∇ · v(�u(�)) = ∂vx

∂x
(�u(�)) + ∂vy

∂y
(�u(�))

≈ vx
(
�u(�) + �x

2 ex
) − vx

(
�u(�) − �x

2 ex
)

�x

+ vy
(
�u(�) + �y

2 ey
) − vy

(
�u(�) − �y

2 ey
)

�y
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FIG. 4. Examples of different boundary condition implementations.

≈ vx
(
�vx (kx+)

) − vx
(
�vx (kx−)

)
�x

+ vy
(
�vy (ky+)

) − vy
(
�vy (ky−)

)
�y

≈ [vx]kx+ − [vx]kx−

�x

+ [vy]ky+ − [vy]ky−

�y
, (C12)

resulting in

∇· → D = (D)�,k

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

±1/�x,
if k ∈ {1, . . . , Nvx }
and �vx (k) = �u(�) ± �x

2
ex,

±1/�y,
if k ∈ {Nvx + 1, . . . , Nvx + Nvy}
and �vy (k) = �u(�) ± �y

2
ey,

0, otherwise.
(C13)

The antitranspose property G = −DT can be verified by
showing that (G)k,� = −(D)�,k for all �, k. This is eas-
ily checked by observing that the only difference in the
definition of the operators G and D is the position of
the mappings �u and�vx (respectively, �u and �vy ) in

the conditions �u(�) = �vx (k) ± (�x/2)ex and �vx (k) =
�u(�) ± (�x/2)ex [respectively, the conditions �u(�) =
�vy (k) ± (�y/2)ey and �vy (k) = �u(�) ± (�y/2)ey], which
is the cause of sign flip of the components. This shows that the
FD discretization using a uniform, rectangular, staggered grid
produces a pair of gradient and divergence operators leading
to an anti-Hermitian matrix A = [0Nu×Nu −D

−G 0D×D
].

3. Implementation of boundary conditions

The staggered grid described in the previous sec-
tion naturally implements Neumann BCs, as the velocities
in the direction perpendicular to the domain’s bound-
aries are assumed to be vanishing, i.e., v(x) · n(x) = 0
for all x ∈ ∂�, where n(x) is the normal vector at
position x on the boundary ∂�. A visual representa-
tion is shown in Fig. 4(a), where the actual bound-
aries of the domain are depicted with a dashed line.
To implement Dirichlet BCs, i.e., u(x) = 0 for all x ∈
∂�, constraints on pressure points with indices in the
set {� | �u(�) ∈ ∂�} must be added. Figure 4(b) pro-
vides a visual representation of these constraints. Using
the method presented in Appendix D, we can employ
Dirichlet or Neumann BCs along arbitrary boundaries
that align with the grid. An example for a rectangular
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grid with changing boundary conditions is displayed in
Fig. 4(c).

Since these added constraints result in a system where
R f = 0 (see Appendix D), i.e., the unconstrained DOFs do
not appear in the constraint matrix R, the modified matrices
will be B = B f f and A = A f f , which are the original with
some rows and columns removed corresponding to the newly
constrained DOFs.

Because the matrices B and A were Hermitian and
anti-Hermitian by construction, respectively, the modi-
fied matrices B and A will remain Hermitian and anti-
Hermitian, since deleting one row and column corre-
sponding to the same index of a Hermitian (or anti-
Hermitian) matrix results in a matrix that is still Hermitian
(or anti-Hermitian).

APPENDIX D: GENERALIZING BOUNDARY
CONDITIONS TO LINEAR CONSTRAINTS

In Appendix C 3, we showed that in the acoustic case and
for rectangular domains Neumann or Dirichlet BCs emerge
naturally. In this Appendix, we introduce a general method
to deal with BCs. The method operates directly on the dis-
cretized but general wave equation

B
dw(t )

dt
= Aw(t ), (D1)

where we aim to impose BCs as constraints. These constraints
modify the wave equation and can introduce source terms.
We assume that these constraints can be expressed in the
following form:

Rw = [R f , Rc]

[
w f

wc

]
= b(t ), (D2)

where R ∈ RNc×N is the constraint matrix, Nc is the number of
constraints, w f ∈ RN−Nc represents the free (unconstrained)
DOFs, and wc ∈ RNc represents the constrained DOFs, which
will be eliminated from the equations of motion. The vector
b(t ) is nonzero if the constraints are nonhomogeneous. For ex-
ample, in a 2D acoustic wave problem with FD discretization,
homogeneous Dirichlet (Neumann) BCs along any boundary
orthogonal to the x or y velocity components can be enforced
by setting bi = 0, R f = 0, and Rc = 1 for all pressure (veloc-
ity) values on the boundary.

To incorporate the BCs (or constraints) into the wave equa-
tion, we follow the approach in Ref. [57]. We solve for the
constrained DOFs

wc = −R−1
c R f w f + R−1

c b(t ). (D3)

Next, we rearrange the equations of motion to separate the
free and constrained components:[

B f f B f c

Bc f Bcc

]
d

dt

[
w f

wc

]
=

[
A f f A f c

Ac f Acc

][
w f

wc

]
. (D4)

Rearranging the equations in this way preserves the Hermitian
or anti-Hermitian nature of the matrices. Substituting Eq. (D3)
into the above equation and solving for the free DOFs yields

B
dw f (t )

dt
= Aw f (t ) + sc(t ), (D5)

where

B = B f f − B f cR−1
c R f (D6)

and

A = A f f − A f cR−1
c R f . (D7)

For the constraints to be compatible with this approach, B and
A must be Hermitian and anti-Hermitian, respectively. This
condition is automatically satisfied when R f = 0. In other
cases, these conditions can be used to assess whether the
constraints are implementable using an HS scheme, which
relies on the Hermitian or anti-Hermitian properties of the
matrices. The source term is given by

sc(t ) = A f cR−1
c b(t ) − B f cR−1

c

db(t )

dt
. (D8)

In general, this source cannot be implemented within our
framework as the resulting wave field that needs to be ini-
tialized is neither radially symmetric nor populates a volume
that is independent of N . However, if b(t ) is pulselike and
a point source in space, then the logic of Sec. V A applies,
giving rise to a quantum initialization that is independent of
N . Hence, certain boundary or displacement control problems
can be implemented within the presented framework.

In summary, this scheme offers a practical approach to
implementing BCs: First, discretize the equations, ensuring
that the operators maintain the necessary Hermitian or anti-
Hermitian properties, and then introduce the BCs along the
chosen boundaries as described.

Finally, absorbing boundaries or perfectly matched layers
have played a crucial role in computational wave physics
[1,103,104]. Due to their fundamentally nonenergy conserv-
ing nature, it is not straightforward to implement such BCs
on a QC within the HS framework. However, they can ap-
proximately be implemented using random boundaries that
diffuse the wave field, thereby minimizing the energy that is
backscattered into the volume of interest [105,106].
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