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Topological states and flat bands in exactly solvable decorated Cayley trees
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We derive the full spectrum of decorated Cayley trees that constitute tree analogs of selected two-dimensional
Euclidean lattices, namely, the Lieb, the double-Lieb, the kagome, and the star lattice. The common feature of
these Euclidean lattices is that their nearest-neighbor models give rise to flat energy bands interpretable through
compact localized states. We find that the tree analogs exhibit similar flat or nearly flat energy bands at the
corresponding energies. Interestingly, such flat bands in the decorated Cayley trees acquire an interpretation that
is absent in their Euclidean counterparts: as edge states localized to the inner or the outer boundary of the tree
branches. In particular, we establish an exact correspondence between the Lieb-Cayley tree and an ensemble
of one-dimensional Su-Schrieffer-Heeger chains, which maps topological edge states on one side of the chains
to flat-band states localized in the bulk of the tree, furnishing the flat energy band with a topological stability.
Similar mapping to topological edge states or to states bound to edge defects in one-dimensional chains is shown
for flat-band states in all the considered tree decorations. We finally show that the persistence of exact flat bands
on infinite decorated trees (i.e., Bethe lattices) arises naturally from a covering interpretation of tree graphs.
Our findings reveal a rich landscape of flat-band and topological phenomena in non-Euclidean systems, where

geometry alone can generate and stabilize unconventional quantum states.

DOI: 10.1103/t8gg-xqls

I. INTRODUCTION

Tree structures represent perhaps the simplest examples of
non-Euclidean systems, characterized by their loopless con-
nectivity and hierarchical growth. A peculiar aspect of trees
is that they can be viewed simultaneously as one dimen-
sional (1D) and infinitely dimensional: Locally, each branch
supports linear propagation, yet the number of sites grows
exponentially with distance from the root. Their recursive
geometry enables exact analytic treatments of single-particle
problems and significant simplifications of many-body ones,
making finite (Cayley) and infinite (Bethe) trees a versatile
theoretical laboratory across physics.

In the field of many-body quantum physics, infinite trees
(also known as Bethe lattices) are primarily known for their
applications in dynamical mean-field theory (DMFT), where,
in the limit of infinite coordination number, the mean-field
approximation becomes exact [1,2]. This idea motivated
studies of Bethe lattices in the context of DMFT and re-
lated models [3-5]. Bose-Hubbard models were studied both
analytically [6] and numerically with the help of tensor net-
works [7]. Density matrix renormalization group and tensor
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network approaches were employed for the Fermi-Hubbard
model at half filling in Refs. [8,9]. Recent studies of correlated
states on trees include a mean-field treatment of s-wave super-
conductivity in the attractive Hubbard model [10,11] and the
formation of a quantum spin liquid in the Kitaev model [12].

In the realm of single-particle and (semi)classical models,
the analytical tractability allows for a fruitful investigation
of glassiness [13-16], effects of disorder [17-19], and crit-
ical phenomena [20-23]. Another line of research is the
study of (multi)fractal properties of the spectrum and eigen-
states of Hermitian and non-Hermitian models defined on tree
graphs [24-27]. Non-Hermitian models on trees were also
investigated recently in Refs. [28,29]. Several intriguing field
theoretic constructions were studied on Bethe lattices as well,
including AdS/CFT duality with p-adic boundary conformal
field theory [30], and fracton phases [31].

In most of the discussed research on trees, the focus is on
bulk properties, and the difference between finite and infinite
trees can be neglected. However, in contrast to Euclidean
systems, there is an important distinction between large fi-
nite trees and infinite Bethe lattices. This distinction arises
because trees constitute an example of so-called expander
graphs [32-34]. This means that, irrespective of the system
size, one always finds that a finite fraction of all the sites
reside at the system’s boundary [35]. The distinction between
finite and infinite trees becomes apparent when analyzing the
spectral properties of tree graphs [36-39], and phase transi-
tions on large finite trees [20,40]. To ensure convergence to
a genuinely infinite tree, one should impose proper boundary
conditions [41].

Despite this vast body of work on tree structures, the
topological and flat-band aspects of quantum models on
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Cayley trees have remained largely unexplored. While topo-
logical and flat-band models have been extensively studied
in the context of quasicrystals [42-50], fractals [51-60],
and hyperbolic lattices [61-67], only a few recent works
have focused on topological models on decorated Cayley
trees [68,69]. In Ref. [68], the authors have revealed a connec-
tion between topological modes and the topology of effective
one-dimensional chains, and they have identified bulk lo-
calization of topological modes. In addition, the work of
Ref. [60] considered the topology of a treelike system de-
scribed as a Vicsek fractal. However, these works considered
only trees without loop decorations and did not delve into
the specifics, such as the calculation of the density of states
(DOS). Our article is devoted to filling this niche and carefully
investigating the differences and similarities between several
Euclidean and non-Euclidean geometries, making connec-
tions between the topological in-gap bands on tree graphs and
flat bands on Euclidean lattices.

We focus on tree graphs with decorations corresponding
to the Lieb, double-Lieb, kagome, and star lattices, each of
which hosts flat bands in its Euclidean realization. We demon-
strate that these flat bands persist in their tree analogs, but
with profoundly altered characteristics: In certain cases, they
become topological or symmetry-protected states that are lo-
calized in a large region of the bulk rather than at the outer
boundary. The resulting states can be interpreted as topologi-
cal modes of effective one-dimensional Su-Schrieffer-Heeger
(SSH)-like chains, establishing a correspondence between the
flat-band physics of Euclidean lattices and the topological
structure of decorated trees. It is important to point out, how-
ever, that due to innate aspects of the tree geometry one has
to be careful about a meaningful definition of flat bands in
the studied models. We elaborate on these subtleties and on
our adopted definition of flat bands at the end of Sec. IIB
while discussing the analytical solution of the elementary (i.e.,
nondecorated) Cayley tree.

The remainder of this article is organized as follows. In
Sec. II, we introduce our general methodology, construct
the symmetry-adapted basis for Cayley trees with nearest-
neighbor (NN) and next-nearest-neighbor (NNN) hopping,
and show how it enables exact diagonalization of large trees.
In Sec. III, we analyze the Lieb-decorated Cayley tree as
the simplest model constituting an analog of a Euclidean
lattice with flat energy bands, and we reveal the topological
origin of the zero-energy flat band in such a decorated tree.
We also show that the presence of zero-energy states can
be explained by the rank-nullity theorem, similarly to the
Euclidean case. We continue the analysis with the double-Lieb
decoration in Sec. IV, where several flat bands acquire the
topological index of the corresponding trimer SSH model.
In Secs. V and VI, we turn to the looped decorations cor-
responding to the kagome and the star lattice, respectively.
In these cases, no topological protection can be found; how-
ever, the flat bands persist and can be interpreted through
localization at a crystalline defect on the boundary of ef-
fective one-dimensional chains. In Sec. VII, we consider a
broader picture and argue that the persistence of flat energy
bands when passing from the Euclidean lattice to the infinite
tree geometry is related to covering properties of the dec-
orated trees. Finally, in Sec. VIII, we summarize our work

and discuss potential avenues for further endeavors. Several
technical aspects of the analytical constructions appear in
the Appendix.

II. METHODS

To study topological states on decorated Cayley trees,
we need a technique to determine their energy spectrum.
To that end, we adapt in this work the method for exactly
solving the density of states on a Bethe lattice initially pro-
posed by Mahan in Ref. [36], which was later extended
by Refs. [27,37,38] (a similar symmetry-adapted basis was
developed and employed also in works [18,68,70]) to find
the complete spectrum on Cayley trees with finite radius. In
this section, we review how the technique works for graphs
with a general branching factor K while explicitly showcas-
ing its action for the specific choice K =2. We use this
as an opportunity to explicitly demonstrate that the tech-
nique can be applied without modifications to also study
isotropic trees with next-to-nearest hopping amplitudes. In
subsequent sections, we will introduce the suitably adapted
versions of this exact approach as applicable for the vari-
ous presented decorations of the Cayley trees. To streamline
the discussion, only the key ideas of the generalization will
be presented in the main text, with the technical details
(such as the precise form of the symmetry-adapted basis
states) postponed to the respective Appendixes. Readers who
are familiar with Refs. [27,37,38] should be able to move
directly to Sec. III without impeding the clarity of the
presentation.

Our discussion of the computational method is structured
as follows. In Sec. IT A, we introduce the set of shell-
symmetric basis states and use them to compute the bulk
density of states. The result of this analysis applies in the
absence of a boundary (i.e., for the infinite Bethe lattice)
or at the center of a finite Cayley tree in the limit of large
radial size. Subsequently, in Sec. [IB we complement the
shell-symmetric basis states with shell-nonsymmetric basis
states, which allow us to calculate the exact spectrum of fi-
nite Cayley trees. We will use the term “symmetry-adapted
basis states” for the union of shell-symmetric and shell-
nonsymmetric basis states. They will feature prominently
throughout our analysis of decorated Cayley trees as they
constitute a convenient choice of orthonormal basis that re-
sults in block diagonalization of the investigated tight-binding
models.

A. Shell-symmetric basis states

A Cayley tree is a finite rooted tree graph where each
interior node has a fixed number of neighbors (called the
coordination number or degree) q > 3. Starting from a central
(or root) node |0), the tree branches out layer by layer without
forming loops. Each interior node, except the central node O,
then has K > 2 children in the next layer, where K = g — 1 is
called the connectivity or the branching factor of the tree. We
let M be the number of layers beyond the root and let / rep-
resent the layer index. We refer to the nodes in the outermost
layer (i.e., with [ = M), which do not branch any further, as
the leafnodes. A single layer therefore has Ny, = (K + 1)K '~!
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FIG. 1. A Cayley tree with nearest- and next-nearest-neighbor
hopping. The solid-black bonds represent a nearest-neighbor hop-
ping amplitude of #;, while the gray-dashed bonds represent a
next-nearest-neighbor hopping amplitude of 7,. Here, we set the
number of layers to M = 4 and the branching factor to K = 2. The
tree is invariant under permutation of individual subbranches and
under cyclic rotations of the three main branches.

nodes, and the total number of nodes is

M
Now =1+Y (K+DK'"™"'=1+
=1

(K+1)

M
ma{ —1.

ey
We consider a tight-binding model on this tree given by the
Hamiltonian

H=>"u()(jl+He)+ Y n(myn +He), ()
(i, ) ((m,n))

where (-, -) denotes NN, and ((-, -)) denotes NNN pairs of
sites, and 7, » are the corresponding hopping amplitudes.

We emphasize that we consider Hamiltonians with NNN
hoppings in this section only, for the purpose of illustrat-
ing how the underlying method can be extended beyond
the elementary NN models (all models on decorated Cayley
trees considered in Sec. III and later assume strictly NN
Hamiltonians). An example of a Cayley tree with branch-
ing factor K =2 that supports NN hopping (solid black
lines) and NNN hopping (dashed gray lines) is shown in
Fig. 1.

Cayley trees possess a high degree of permutation sym-
metry. An intuitive approach to understand this is to visually
rotate branches around the tree. Because the orbitals at all
vertices are identical and the hoppings are homogeneous, such
a transformation will leave the tree invariant. More formally,
there is no intrinsic ordering of the branches around any given
node: The system will always look the same under cyclic rota-
tion of the main branches or permutations of the subbranches.

We can exploit this symmetry by constructing a basis of
symmetry-adapted states that block diagonalizes the tight-
binding Hamiltonian. Observe that a Cayley tree with a central
node (layer [ = 0) and M layers of branching can be di-
vided into K + 1 equivalent branches emanating from the

center. The Hamiltonian in Eq. (2) is invariant under any
cyclic permutation of these K + 1 branches. For example,
in a Cayley tree with branching factor K = 2 (coordination
number g = 3) this amounts to a Cx; = Cj3 rotation cycling
the three main branches. Furthermore, a large set of addi-
tional symmetries Cg, can be introduced where « is any
node in layers / € {1, M — 1} (i.e., it is neither the center
nor a leaf node). Specifically, Cx, corresponds to cycling
the K subbranches rooted at node «. These symmetry op-
erations commute with H (i.e., [H, Cxy1] = [H, Cx 4] = 0),
which implies that the Hamiltonian and any one individual
symmetry can be diagonalized simultaneously. While this
does not imply that the individual symmetries can be simul-
taneously diagonalized with each other, we do find that the
symmetry-adapted basis states achieve a block diagonaliza-
tion of the Hamiltonian, where each block is associated with
one of these symmetries. Specifically, we will obtain a sin-
gle block transforming in the trivial representation of Ck |,
which we call the “shell-symmetric sector” and denote as
Hsym The remaining blocks, denoted by H, ., are termed

“shell-nonsymmetric sectors,” with each such sector corre-
sponding to states transforming in a nontrivial representation
of C K.a-

We proceed to explicitly construct the basis states that
achieve the outlined block diagonalization. We first consider
the shell-symmetric sector and express its symmetry-adapted
basis that consists of shell-symmetric basis states. We will
express the symmetry-adapted basis as a linear combination of
the original position basis (equivalently called the site basis)
employed in Eq. (2). Specifically, a shell-symmetric basis
state is constructed by taking an equal-amplitude superposi-
tion of all site states on a given layer (i.e., collection of sites
with the same distance from the center) of the tree. First, we
choose the central node as one of the shell-symmetric basis
states:

|0) = 10). 3

Here, |---) denotes the position basis states, and |---) in-
dicates the symmetric and nonsymmetric basis states. The
remaining shell-symmetric basis states |/) are constructed
by symmetrizing the position basis |/, j, m) [where m €
{1, ..., K+ 1} labels the main branches emanating from the
root node, ! € {1, M} labels the layers of the tree, and
jefl, , K'~1} 1abels all sites in a specified branch m and
layer /; see Fig. 2(a)] within the layer [, i.e.,

K+1 K71
> Il jm),
\/(K+1)K1 1m 1=

where the prefactor ensures normalization to (/|/) = 1. There
are a total of Ny =M 4 1 symmetric basis states that are
orthogonal to each other.

Observe that the action of the Hamiltonian on the sym-
metric basis state |/) generates symmetric basis states in the
adjacent layers [ £ 1, effectively turning the shell-symmetric
sector into a linear 1D chain. To illustrate the emergence of
the effective 1D description, we briefly consider the action of

1) = “
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|3,4,2)

(@) |l,j,m)

l-th layer

12,1,1)g
|371; l)a

|3I3I 1 )a

| 3;4‘: 1 )a’

n=1

(b) |rl kl n)a

FIG. 2. A sketch demonstrating the notation of the position basis
in the construction of (a) the shell-symmetric states and of (b) the
shell-nonsymmetric states. (Similar schematics appear in Ref. [27]).

J

H in Eq. (2) on a few shell-symmetric basis states. Setting
K =2, we find

HI0) =n(1, 1, 1) +[1,1,2) +[1, 1, 3))
+6(2,1,1) +12,2,1) + 12, 1,2)
+12,2,2) +12,1,3) +12,2,3) =---, (59

which further simplifies to

=31 D) +V602)
=VK+1t|D+J/E+DKn[2).  (5b)

Similarly, applying the Hamiltonian to |1) (where we drop
the expansion in position states for the sake of brevity), we
obtain

HI1) =31 10)+26 1)+ V21 [2)+ 26 3)

=JVK+11|0)+Kn 1)+ VK 1, |2) + Kt |3).
(6)

Generalizing to the full eigenvalue equation H|WV) = E|W¥)
while expanding the shell-symmetric eigenstates using the
orthonormal basis as |[W) = Y, |I), we find the following
system of equations:

EYyo=~vK+1t ¢+ V(K + DK t; Y, (7a)
EVy = VK + 11 Yo+ Kn ¥ + VK 11 Y2 + Ktz Y3, (7b)

Ey, = \/Ell Ve + \/Etl Yi—1
+ Kt Yipo + Kt Yu—n + (K — Dita Y, (7c)
where Eq. (7c) applies for [ > 2. These equations can be

expressed in terms of the Hamiltonian of the shell-symmetric
sector:

0 VE+1t JEE+Dn 0 0
VK+1¢ Kt, VK 1, Kt 0
VKK+1Dt VK 1 (K-, VK 1 Kt
Hoym = 0 K1 VK 1 (K — D, VK 1 ’ ®)
0 0 Kt VKt (K=

with dimension dim(Heym) = (M + 1) x (M + 1).

The central (root) node |0) has nonzero amplitude only for
shell-symmetric basis states because any state transforming
nontrivially under rotations of the K + 1 branches must have
zero amplitude at the invariant center. This is because only
the zero amplitude remains invariant under picking up a phase

(

that is characteristic of all nontrivial representations of Cg ;.
Therefore, the local density of states (LDOS) at the central site
receives contributions only from shell-symmetric eigenstates,
which are also the only eigenstates extended over the whole
tree. Hence, calculating LDOS at the central node of the
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Cayley tree becomes equivalent to calculating LDOS at the
end of a one-dimensional chain, which converges to a smooth
function in the limit of an infinite chain. Furthermore, one can
anticipate that in the limit of an infinite tree, the LDOS at
the center should converge to the DOS of the Bethe lattice.
In accordance with this idea, in Ref. [36], Mahan focused on
this symmetric sector to derive the energy band and density
of states for the Bethe lattice (M — oco) with NN hopping.
We should also remark that it is important to distinguish the
local density of states at the root node and the total density
of the states of the finite trees. In contrast with LDOS at
the center, the total density of states receives contributions
from all symmetry-adapted sectors and becomes a singular
distribution as we discuss in Sec. II B.

By the same principle, we can compute the LDOS at the
central node on Cayley trees involving NNN hopping, which
converges to the DOS of the Bethe lattice with NNN hoppings
for large system sizes. Let Gyp be the local Green’s function,
which we can write using the spectral representation of the
matrix elements of the full Green’s function as

M+1

(Olvn) (va0) 1(0]v,)?

Goo(z) 2; p— Z;z—ﬁg‘ ©)
Here, E, are the eigenvalues associated with the eigenstate
v,, z € C, and the sum “Zn” runs over all eigenstates of
the Hamiltonian. However, only the M + 1 eigenstates of the
shell-symmetric sector have a nonzero overlap with the central
site |0), allowing us to reduce at the second step of Eq. (9)
the summation over all eigenstates to a summation over the
M + 1 shell-symmetric eigenstates. Taking sufficiently large
M to ensure convergence, the bulk density of states can be
obtained as

1
§—0t 71

We found that M = 3000 was necessary to ensure a smooth
convergence around the cusp of the , = 1 tree. Using the out-
lined procedure, we numerically find the LDOS at the center
for the NNN-hopping Cayley tree shown in Fig. 3. Let us point
out that in the absence of NNN hoppings, the eigensystem
of the symmetric sector (8) can be obtained analytically [36],
which in turn enables an analytical expression for po(w).

In the next subsection, we discuss the shell-nonsymmetric
basis states, which complete our symmetry-adapted basis and
that enable us to find the complete and exact spectrum of the
NNN-hopping Cayley tree.

B. Shell-nonsymmetric basis states

To complete the orthonormal symmetry-adapted basis, we
next turn to the shell-nonsymmetric basis states. Their con-
struction proceeds in two steps. First, we choose a nonleaf
node o located on a chosen layer / € {1, ..., M — 1} as
the originator or seed of the specific nonsymmetric sector
Hionsym- (The case when the seed coincides with the root
in layer [ = 0 is discussed separately below.) Beyond the
seed, there are M — [ layers remaining that we label with

refl,2, ..., M —1}. We characterize the sites that trace
back to the seed using the position basis state |r, k, n),, where
n e {1, ..., K} labels the specific subbranch emanating from

0.6
— =0
0.5 t;=0.1
— =1

o o
w »
PRI TSRS NSRRI NS ST SRS SR

o
(N}

\_]

ool —

T L LR B UL L LR
-2.5 0.0 2.5 5.0 7.5
E

FIG. 3. The bulk density of states of the NNN-hopping Calyey
tree with connectivity K = 2 with nearest-neighbor hopping #;, = 1.
For #, = 0, we recover the density of states of the simple Bethe
lattice [36]. As we increase f,, the spectrum becomes asymmetric.
For 1, = 1, we find a square-root singularity at the lower band edge
as well as a cusp (i.e., infinite slope of the density of states) inside
the energy band [3]. The data shown were computed from Egs. (9)
and (10) with M = 3000 and 6 = 0.01.

Normalized Density of States

i
=

the seed and the number k € {1, ..., K"~'} enumerates all
sites in a specified subbranch »n and layer r [see Fig. 2(b)].
To proceed, let further w be a nontrivial Kth root of unity.
The shell-nonsymmetric basis states |/, r, ), are generated
by weighing the position basis |r, k, n), by powers of w, where
all states in a branch n have the same weight,

K1

K
1
5 @)y = —= Yo" Y Irk n),. (1)
K" n=1 k=1

The weighting with the powers of « implies destruc-
tive interference at the seed o when acting on |/, r, @),
with the Hamiltonian, meaning that the dynamics of shell-
nonsymmetric states |/, r, ), is bound to the subbranches
emanating from «. [Let us also point out a redundancy of our
notation, since the layer [ = /() is implicitly specified by the
choice of the seed «.]

We illustrate the action of the Hamiltonian in Eq. (2) on
a few shell-nonsymmetric states for the simplest case K = 2,

when the only nontrivial root of unity is @ = —1. We find
H|l, 1, w) H1(|111) [1,1,2)4)
L, W)y = = s Ly [ s Ly o
V2
1
= E(tl(l — Do) + (1 = D] — 1)

+0o(L,1,2)e — 1, 1, 1)) + 11(12, 1, 1)a
+ |25 27 1>(¥ - |25 172)01 - |27 27 2)0()
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+6(13, 1, Dy +13,2, D)o + 13,3, 1),
+ 13,4, 1) — 13, 1,2)0 — 13,2, 2)q
—13,3,2)y — 13.4,2)a)

= |1, 1, 0)y + V211 11,2, 0),

+ 26 |1, 3, )q, (12)

where |a — 1) refers to the parent node of «. Inspecting the
next layer but omitting the expansion in position of the basis,
we find

H|l,2,w), =0 |a) + ﬁtl II,1,w)e + 1 |1,2, ®)y
+ V20 11,3, 0)0 +20 |, 4, @) (13)

Observe that the “quantum numbers” [, w, and « are preserved
under the action of the Hamiltonian, with only the layer in-
dex r altered. Therefore, a shell-nonsymmetric eigenstate in
the sector specified by seed o and root w can be expanded

as |®) =) ¢.|l, r,w),. The eigenvalue problem H|®P) =
E|®) then reduces to the system of equations
E¢i = —t g1 + VK 11 $2+ K> ¢, (142)
E¢s = VKt ¢1 + (K — ity
+ VKt ¢35+ Ktz s, (14b)

Ed, = VK t1 ¢, 1 + VK 1t ¢pp1 + (K — Dtz ¢,
+ Kty ¢pr—2 + Ktz ¢r12,
0=1¢o

This equation can be written in terms of the Hamiltonian
of the shell-nonsymmetric sector

(14¢)

= Qm-1+1- (144d)

- Kt Kt 0
VKt (K-=Dn VKt Kt
Heongm = | K22 VKt (K-Dnh Kt
0 Kt VK 1

(K — Dty

s)

which does not depend on the choice of nontrivial root of
unity w, and that only depends on the choice of seed «
through its layer /; namely, the dimension of the Hamiltonian
is dim(Hy,pgm) = (M — 1) x (M —I).

We count how many shell-nonsymmetric basis states are
defined by Eq. (11). We can choose « from M — 1 layers,
where each layer has Ny = (K + 1)K'~! nodes. There are
K — 1 nontrivial roots of unity @ and each nonsymmetric
sector consists of M — [ states. The total number of states
described by these nonsymmetric sectors is therefore

M-1
Np., =Y (K—=1)(K+1)x K=" — 1)
=1

= N — (K + DM — 1. (16)

Here, the “B” subscript stands for “Branch,” as these states
live on subbranches. The subsubscript “>1" denotes that this
only counts the nonsymmetric states up to layer / = 1 but does

not account for the nonsymmetric states that originate from
the central node 0.

Finally, we turn to the shell-nonsymmetric sector originat-
ing from the center node 0. This sector is sometimes referred
to as the “shell-symmetric sector with ¥y = 0”; however,
we here find it more convenient to interpret it as a shell-
nonsymmetric sector, because it is usually described (up to
minor modifications) by the Hamiltonian H{, . .. Specifi-
cally, there are differences with respect to normalization and
degeneracies, because for a tree with a branching factor K,
we have to weigh over K + 1 (rather than K) branches that
originate from the central node. To be precise, these additional
shell-nonsymmetric basis states are written as

K+1 K1

WZ "2 g

where @ are nontrivial (K + 1)th roots of unity. Observe also
that, compared to Eq. (11) for shell-nonsymmetric basis states
with seed o # |0), we have dropped the layer [ = 1(]|0)) =

0 from the notation. The block Hamiltonian ’Hﬂomym of this

sector looks like Eq. (15) and has dimension dlm(”Hnonsym) =
M x M and a multiplicity K because there are K nontrivial
roots of unity. The total number of such states is thus

Np, =M x K. (18)

lr,@)o = a7

For the sake of brevity, we will not derive the energy
recursion relations of this sector explicitly but instead just
highlight how the first layer behaves under application of the
Hamiltonian for K = 2:

H|l,w)y=H@'1,1,1)+ 2’1, 1,2) + &1, 1,3))
=@’+o), L1+ (@' +o),1,2)

+ (@' +wH)1,1,3) + (Zw>|0

+V2 12, @) +2 3. @)
=—|La)+V212,@)0+213, @) (19

Because the transformation of the |2, @)y and |3, @ ), states

is straightforward, we skipped the expansion in the position

basis. When simplifying the sums over @, we have used that
K

therefore Z o'=—-ow’. (20)

K
E o' =0,
i ii#]

Adding Np, to the total state count, we can verify that we have
found a complete set of basis states: Np., + N5 + Np, = Nootal-

We now address the question of computing the full spec-
trum of a finite Cayley tree. Using the presented symmetry-
adapted basis states, we block diagonalize the Hamiltonian of
our system, which results in an effective 1D chain for each
symmetry sector. In total, there are M + 1 unique symmetry
sectors, most of which appear with a large multiplicity. Only a
single sector corresponds to shell-symmetric states [Eq. (8)],
whose multiplicity is Ngegsym) = 1. The remaining M unique
sectors are nonsymmetric ones [Eq. (15), plus the additional
HO ]. The multiplicity of the nonsymmetric sector with

nonsym
seed node in layer [ is expressed as Ngegi) = NL X Nroots(t)s
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FIG. 4. Spectrum of a Cayley tree with M = 50 layers and
branching factor K = 2. Nearest-neighbor hopping is fixed at#; = 1
and NNN hopping #, is tuned from O to 1. The symbol D at the
vertical axis denotes the degeneracy of the energy level; this notation
is also adopted in subsequent figures. For , = 0, we recover the
spectrum of a simple Cayley tree with only NN hopping [37]. As we
turn on NNN hopping #, > 0, the spectrum shifts to larger energies
and loses its symmetrical arrangement around £ = 0.

where M, is the number of nodes in layer [ and Nyoos(;) is the
number of nontrivial roots of unity at that depth / of the graph.
This multiplicity evaluates to

forl =0,

forle{l, ... M—1). @D

K7
Naegy = {(K2 — DK,

It follows that we only need to diagonalize M + 1 unique
Hamiltonians and then count their eigenvalues with multiplic-
ity Ngeg()- Collecting all of these eigenvalues will give us the
full spectrum of the Cayley tree. In this way, it is possible
to find the spectra for extremely large trees, which would
not be possible with exact diagonalization (ED) of the full
Hamiltonian. Specifically, the largest matrix we diagonalize
has dimension M + 1. At the same time, the number of nodes
in the tree scales with N oc K™, The time complexity for ED
is thus reduced from O(N?) to O(log(N)*).

We present in Fig. 4 the full spectrum of a Cayley tree
with branching factor K = 2 and M = 50 layers, containing
~10"3 sites, computed using the symmetry-adapted sectors as
described above. We plot the energy (E) of the eigenstates
against their degeneracy (D). The coefficient ¢, tunes the NNN
hopping. Let us point out several aspects of this spectrum.
First, observe that the density of states is plotted on a log-
arithmic scale, meaning that there is an exponentially large
separation between the heights of the histogram peaks. This is
understood upon realizing that the nonsymmetric sector with
seed nodes in layer / = M — 1, whose Hamiltonian is a single
number that directly encodes the eigenvalue of a length-1
chain, appears with multiplicity Nyegr—1) = (K> — DKM~

For large M, this single eigenvalue constitutes a fraction

1

2
Ndeg(M—l)/]vtotal = (1 - E) (22)

(i.e., 25% for K = 2, and more for larger K) of the entire
spectrum. Consecutively smaller peaks in the density of states
are generated by the nonsymmetric sectors with smaller /,
with every decrease of / by 1 resulting in a suppression of
the corresponding peak heights by 1/K.

It further follows from the above considerations that the
full spectrum does not become continuous even in the limit
M — oo. Instead, the density of states is a distribution
that consists of a large collection of Dirac delta functions.
The set of energies that support a Dirac peak becomes
dense in the limit M — oo. While these peaks are dis-
tributed within certain well-specified windows of energies
[Etmin, Emax]—the energy bands of the tight-binding Hamilto-
nian on the tree—its infegrated density of states is a function
that is discontinuous for all energies within the energy
band [71].

In light of the above, we also need to sharpen our un-
derstanding of “flat bands” in Cayley trees and in their
decorations. Clearly, in a spectrum that consists solely of
a discrete set of Dirac functions, any eigenenergy may be
claimed to constitute an exact flat band. While we occa-
sionally use the term “flat band” for the largest peak in the
spectrum (i.e., for the energy of the shortest and most abun-
dant nonsymmetric sector), we mostly reserve the name for
peaks in the density of state that appear outside of the energy
bands, i.e., in energy intervals where eigenvalues do not form
a dense set over real numbers. We will find for several of
the studied decorations of the Cayley trees that states form-
ing flat bands—understood in this concrete and more narrow
sense—can be interpreted as topological boundary modes
of the one-dimensional chains captured by Hamiltonians (8)
and (15) (with large-/ nonsymmetric sectors giving the domi-
nant contribution to the flat band).

Finally, let us comment on the notion of compact localized
states (CLSs), which are a convenient tool for explaining
the origin of flat bands from real-space topology in Eu-
clidean lattices [72]. Conventionally, CLS is an eigenstate
of a lattice Hamiltonian that is exactly confined to a fi-
nite set of lattice sites due to destructive interference of
the (next-)nearest-neighbor hoppings and that has exactly
zero amplitude on the remaining sites of the lattice. From
this perspective, almost all eigenstates on a Cayley tree (ex-
cept eigenstates of sectors Hgyy, and Hgonsym) are CLSs.
Specifically, eigenstates of the sector Hy ., With a seed
node in layer / are localized to the K + K> + ... KM~ =
K (KM= —1)/(K — 1) sites on the branches emanating from
a, while having exactly zero amplitude everywhere else.
This confinement is ensured by destructive interference of
the hopping processes at the seed node. Since essentially all
eigenstates can be interpreted as CLSs, this notion clearly
ceases to be a useful concept. For this reason, we will largely
refrain from adopting the notion of CLSs in the context
of Cayley trees, using it solely for the eigenstates of the

033036-7



DUSS, ILIASOV, AND BZDUSEK

PHYSICAL REVIEW RESEARCH 8, 033036 (2026)

shortest nonsymmetric sectors whose support extends over
~K sites.

II1. LIEB DECORATION

In this section, we introduce the Lieb decoration on the
Cayley tree (the “Lieb-Cayley tree” for short), which corre-
sponds to including an additional node in the middle of every
edge of the lattice. By adapting the technique of symmetry-
adapted basis states, we find the exact spectrum, which
exhibits a flat band at E = 0. We show that this flat band can-
not be explained through the standard geometric consideration
of CLSs localized over a small set (~K) of sites; rather, its
origin is traced to topological properties of the decorated tree.

Our discussion of Lieb-decorated lattices is structured as
follows. In Sec. III A, we introduce the Lieb decoration of
the Euclidean square lattice, and we show how the emer-
gence of a flat band in this lattice is explained with CLSs.
In Sec. I B, we outline how to generalize the approach of
symmetry-adapted basis states to the Lieb-decorated Cayley
tree, and we present exact results for its spectrum, including
an analysis of the flat-band degeneracy. Finally, in Sec. III C
we show how a mapping of the individual symmetry sectors to
the one-dimensional Su-Schriefer-Heeger model gives us an
understanding of the topological origin of the flat band. We
also present here an alternative explanation for the formation
of the zero-energy flat band that is rooted in the rank-nullity
theorem.

A. Euclidean Lieb lattice

In this subsection, we introduce the Euclidean Lieb lattice
that serves as the motivation for introducing the Lieb dec-
oration of Cayley trees. It is formed by adding sites to the
midpoints of each edge in a square-lattice unit cell, yielding
a three-site basis inside the unit cell: one central site (A) and
two edge sites (B and C), as shown in Fig. 5. In the tight-
binding approximation with nearest-neighbor hopping ¢ on
a lattice with periodic boundary conditions, the momentum-
space Hamiltonian can be written in the basis (A, B, C) as

0 l4+e 14 e
HEk)=—t|1+e* 0 0 , (23)
1+ b 0 0

where k = (k,, k,) is the two-dimensional momentum. For
simplicity, we assumed the absence of on-site potentials. Solv-
ing the characteristic polynomial det(H — ET) = 0 gives the
energy spectrum,

E() =0, £t/4 +2cos(k,) + 2 cos(k,), (24)

where the zero-energy flat band appears between two symmet-
ric dispersive bands [73-75]. Note that at k = (7, ) all three
bands touch.

The existence of a flat band calls for its interpretation in
terms of CLSs [72], i.e., eigenstates with strictly finite spatial
extent that emerge due to destructive interference patterns
unique to the lattice geometry. In the Lieb lattice, a typical
CLS can be constructed by placing nonzero amplitudes on
a cross formed by four edge sites (two of each B and C).
Specifically, as shown in Fig. 5, setting positive amplitude 4+

[ ]
[ ]
[ ]

w2
w
1

o— @ @
+
Cox F [ ] [ ]
| = |
A B *—© @

(a) (b)

FIG. 5. (a) The Euclidean Lieb lattice: An additional site is
placed at the center of each edge of the square lattice. The unit cell
contains three sites, labeled A, B, and C. A typical compact localized
state has support on the four sites highlighted in pink, with positive
(negative) amplitude on the B sites (on the C sites) as indicated
with the &+ signs. (b) The Lieb decoration of a Cayley tree with
branching factor K = 3. The Cayley nodes of the decorated tree are
colored in red, while the Lieb nodes are colored in blue. A compact
localized state has support on three leaves of the same parent on the
outermost layer, with the nodes amplitude corresponding to powers
of a nontrivial third root of unity, e [cf. discussion below; Eq. (17)].

on the two B sites and negative — on the two C sites ensures
a destructive interference of the amplitudes at the adjacent A
sites, i.e., a formation of a zero-energy CLS: H|{¥crs) = 0.
The possibility to construct such zero-energy CLS in each unit
cell results in the formation of the flat band.

Alternatively, one can understand the appearance of the flat
band through the rank-nullity theorem [67]. The Lieb lattice is
bipartite with sublattice A containing all sites with label A, and
with sublattice L (for “Lieb”’) containing all sites located on
square-lattice edges (B and C). Denote by N (V) the number
of sites on sublattice A (L). Then, the NN Hamiltonian of the
Lieb lattice can be written in a block form as

(0. M
H—(M.I. 0A>, 25)

where O, denotes the N, x Ni, zero matrix, 0o the Ny X Na
zero matrix, M is an N, X N matrix that contains the hopping
amplitudes, and M is its Ny x Ny Hermitian conjugate. -

The rank-nullity theorem then applies as follows. Let ¥, €
null(M™) be a right zero eigenvector of M' and ¥, € null(M)
a right zero eigenvector of M. The dimensions of these null
spaces are Ny, = dim null(M7) and N, = dim null(M). The
rank-nullity theorem ensures that

N, =rtank(M") + N;, and Ny = rank(M) + Nx. (26)

Combined with the fact that the ranks of the rectangular ma-
trices M and Mi must match, we find Ni, — N, = Nao — Na,
which implies N| > |[NL — Na|. The absolute value follows
from replacing the role of the two sublattices in the derivation.
It follows that the dimension dim null(M ) has a lower bound
given by the imbalance of the two sublattices [76]. Finally, for
any ¥ € null(M"), the vector

T, = (%L) @7
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is a zero eigenvector of H with support on the sublattice L
only. Therefore, the Hamiltonian has a flat band at E = 0 with
degeneracy Npps, which obeys a lower bound given by the
sublattice imbalance: Nggs > |[NL — Na|. For a system with
N unit cells and periodic boundary condition, we find that
Nrss = N and the flat-band fraction f = Npps/Nsites = 1/3,
where Ngies = 3N is the total number of sites in the lattice.
A more careful analysis [72] reveals that Nggs = N + 2, and
that the flat-band fraction saturates the bound, f = 1/3, in the
limit N — oo. With open-boundary condition, the extraction
of Nggs requires more care, but the same flat-band fraction
f = 1/3 is recovered in the thermodynamic limit N — oo.

B. Exact solution of Lieb-Cayley tree

We now apply the Lieb decoration to the Cayley tree.
Consider a Cayley tree with connectivity Kc; i.e., each node
is connected to its K¢ children via an edge. We now add
an additional node, called a “Lieb node,” in the middle of
each edge [see Fig. 5(b)]. The symmetrical placement ensures
that the decorated tree exhibits the same hopping amplitude ¢
from the original parent node to the Lieb node and from
the Lieb node to the original child node. In this process,
we effectively double the number of layers. Each Lieb node
has a connectivity K. = 1, i.e., only one single child node;
therefore, we classify Lieb-Cayley trees according to the con-
nectivity Kc = K of the Cayley nodes. In graph theory, the
process of including an additional site at the middle of each
edge corresponds to the construction of a subdivision graph;
in the present case, the Lieb-Cayley tree “S(Cay)” is the
subdivision graph of the Cayley tree “Cay.”

Consider a Lieb-Cayley tree with connectivity K and the
total number of layers M = M¢ + My, where M is the num-
ber of “Cayley layers” and M|, the number of “Lieb layers”
(the root site O counts to neither of these quantities). In prac-
tice, depending on the boundary termination, we have either
M, = Mc or M, = Mc + 1. The total number of states on this
tree is

Mc My

Niow =14 (K +1)x Y K 4 (K +1) x Y K
le=1 h=1

(K+1)

=1+(1<—1)

(KMe 4+ KM — 2, (28)

Furthermore, let / be the layer index. We can introduce
two sublattices on the Lieb-Cayley tree, with sublattice L
corresponding to / odd (“Lieb layers”) and sublattice C cor-
responding to / even (“Cayley layers”).

We aim to investigate the spectrum of the NN model on
the Lieb-Cayley tree, with the hopping amplitude set to #; =
1. To utilize the method of symmetry-adapted basis states,
one needs to introduce an additional set of basis states that
constitute linear combinations of the Lieb nodes. Since the
connectivity of the Lieb nodes is K;, = 1, the hopping ampli-
tude between a Lieb layer and its children in the subsequent
Cayley layer is renormalized trivially with /Ky = 1 inside
the effective one-dimensional Hamiltonians of the symmetric

M=15,K=4
105 .
103 -

Q

101 -

M=401,K=4
10122 -
10113 -
Q 10104 -
1095 -

-3 -2 -1 0
E/t

FIG. 6. Spectrum of a Lieb-Cayley tree for two choices of the
number of shells M and with connectivity K = 4. Both spectra ex-
hibit a flat band at £ = 0.

and nonsymmetric sectors (see Appendix A for further de-
tails), resulting in

0 JK+1 0 0 0 0 -
JKF+1 0 1 0 0 0 -
0 1 0 VYK 0 0 -
Hegm = 0 0 VK 0 1 0 -
0 0 0 1 0 JK--
0 0 0 0 VK 0 -
(29a)
and
0 1 0 0 0 0
1 0 VK 0 0 0
0 VK 0 1 0 0
Hipem=(0 0 1 0 VK 0
0 0 0 VK 0 1
0 0 0 0 1 0
(29b)

The simple form of the effective 1D Hamiltonians allows
us to obtain the full spectrum of Lieb-Cayley trees using the
procedure presented in Sec. II. In Fig. 6, we present the spec-
trum for the Lieb-Cayley tree with K = 4 for two different
choices of the number of layers M. We find that the spectrum
describes an insulator with a flat band at £ = 0.

Drawing from an analogy with the Euclidean Lieb lattice,
one may anticipate that the flat band of the Lieb-Cayley tree
is underpinned by a CLS construction as well. Assuming a
termination with a Lieb layer [corresponding to the case M| =
M¢c + 1, shown in Fig. 5(b)], we can construct such a CLS
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by choosing the set of all leaf nodes {|i), fil (i.e., nodes on
the outermost layer) originating from the same parent node
|a). Specifically, we can assign these K sites wave function
amplitudes that interfere destructively upon hopping to their
parent node |«). For a given connectivity K, such a CLS is
written as

1 &
lYers) = N/ gw’ma, (30)

where w is a nontrivial Kth root of unity. There are K — 1
possible choices for this root, giving us K — 1 CLSs for each
choice of a parent node. Inspecting Fig. 5, we recognize that
each node on the second outermost layer can be used as
a parent node for constructing such CLSs. There are N, =
(K + 1)KMe=1 such nodes, leading to a total of

News = (K — D(K + DKM = (K + 1)(KMe — gMe=1
(€29
such CLS. However, we numerically find that this value
does not accurately predict the degeneracy of the flat band:
The number of flat-band states Npgs is larger than the
derived number Ncrgs; i.e., we are underestimating the flat-
band fraction if we only consider the described CLSs. The
missing flat-band states correspond to eigenstates of shell-
nonsymmetric sectors with seeds at deeper layers. We show
in the next subsection that these states are more conveniently
interpreted as certain topological states rather than CLSs.

C. Topological states

We here clarify the cause for underestimating the flat-
band degeneracy by reconsidering the block Hamiltonians in
Egs. (29a) and (29b). Observe that these Hamiltonians map
exactly to the SSH model—I1D topological insulator origi-
nally introduced to describe the spectrum of polyacetylene
molecules [77]. This mapping implies that the spectrum of the
Lieb-Cayley tree can be understood through an analogy with
the SSH model.

Recall that the SSH model consists of a bipartite tight-
binding chain with alternating hopping amplitudes ¢ and ¢’/
(assumed real and non-negative). The model exhibits distinct
topological phases characterized by a winding number, and in
the topological regime it hosts robust zero-energy edge states.
The real-space tight-binding Hamiltonian in the presence of
open-boundary conditions is given by

N
H =1t (jm B)(m, Al +Hc)
m=1
N—-1
+z’Z(|m +1,A)(m, B| + H.c.), (32)

m=1

where N is the number of unit cells, with each unit cell hosting
two sites (corresponding to sublattices A and B). Furthermore,
|m,A) and |m, B), with m € {1,2, ..., N}, denote the basis
states where the electron is in unit cell 7 on sublattice A or B,

t./. ./. O/. ./. ./. t./. ./. ./. ./. (©)

FIG. 7. Atomic limits of two SSH chains with different total
numbers of sites. Sublattice A is marked in red and sublattice B in
blue. The gray circles denote the unit cell. We use single (double)
black lines for hopping amplitude 7 (¢'). (a) SSH chain with an even
number of sites. In the topological phase of the model (' > f), we
find two isolated edge sites that are hosting the edge states. No edge
states occur in the trivial phase (¢ < ). (b) SSH chain with an odd
number of sites, which translates to a half-integer number of unit
cells. We find that in both the trivial (#' < ¢) and in the topological
phase (¢ > t), there is an isolated edge site, but its location within
the chain changes. In the topological phase (bottom panel), the edge
state is localized at the beginning of the chain.

respectively. The Hamiltonian matrix in this basis reads

0t 0 0 0
tr 0 ¢ 0 O
0 ¢ 0 ¢t 0

H=10 0 ¢+ 0o ¢ (33)
0 0 0 ¢

- O

Comparing this expression against Egs. (29a) and (29b), we
find that the shell-nonsymmetric sectors map to the ¢ < ¢’
instance of Eq. (33), while the shell-symmetric sector maps
tot > 1.

The momentum-space Hamiltonian of the SSH model
reads

(34)

0 t+te
Hw>:<rﬂ%* 0 )’

with energy bands E (k) = 4+/t2 + "2 + 2tt' cos k. The sys-
tem is gapped for all ¢ # ¢/, with a gap closing at t =¢'.
The winding number of the model is nontrivial for the r < ¢’
phase, which is associated with the formation of a zero-energy
mode at each edge. The occurrence of the edge states can
be understood from the real-space perspective by consider-
ing the atomic limits of the model (i.e., setting either t = 0
or t' = 0), when all inner sites form dimers with a gapped
spectrum E = =+t (or £¢'). However, at the boundaries of the
chain, and depending on the choice of the atomic limit and
on the boundary termination, isolated sites may occur, each
hosting a single eigenstate at energy £ = 0 (see Fig. 7). As
one moves away from the atomic limit, these states develop
exponential tails seeping into the chain; however, the presence
of sublattice symmetry fixes their energy at £ = 0.

By mapping the block Hamiltonians in Eqgs. (29a)
and (29b) to the SSH model of variable length, it is possible
to explain the origin of the zero-energy flat band visible in

033036-10



TOPOLOGICAL STATES AND FLAT BANDS IN EXACTLY ...

PHYSICAL REVIEW RESEARCH 8, 033036 (2026)

* e

Yy 7y 9y

OO Y (hfr ey ey
ALAMMAND, LALLM

© =0
o w;=0.13
|a) ® uy=05
El Negative
Bl Positive

* e

FIG. 8. An example of a zero-energy topological state hosted on
a branch of the Lieb-Cayley tree with length M — [ = 9 (not counting
the seed node «). The size (color) of the nodes corresponds to the
absolute value (resp. the sign) of the state’s amplitude at the corre-
sponding site according to the legend. Nodes with zero amplitude
are colored in light red for better contrast. The amplitudes were
found by exactly solving the Hamiltonian H{,. ., that describes the
shell-nonsymmetric sector hosted on this branch and then mapping
the eigenstate with £ = 0 back to the branch via the definition of the
shell-nonsymmetric states (see Appendix A). The topological state
has support on the Lieb sublattice only and its amplitude decays
exponentially as we move from the seed node to the outer boundary.

Fig. 6. There are two specific conclusions to be drawn for the
Lieb-Cayley tree. First, the occurrence of topological edge
states at the beginning of an SSH chain in the topological
phase (¢’ > t) implies the existence of topological states in
the bulk of the Lieb-Cayley tree. This is an implication of
our exact mapping from a shell-nonsymmetric sector to the
SSH model: The beginning of the SSH chain maps directly
to the first nonsymmetric state of the respective sector. This
first state is located inside the tree for every nonsymmetric
symmetry sector except for the shortest one. [The shortest
nonsymmetric sector only lives on the leaf nodes and it has
length M — [ = 1, describing the CLSs in Eq. (30).] In Fig. 8,
we show an example of a branch of the Lieb-Cayley tree em-
anating from seed node |«) together with the topological state
hosted by this branch. The figure shows how the zero-energy
states are exponentially localized at the inner boundary of the
symmetry sector and thereby in the bulk of the Lieb-Cayley
tree. We find that for the Lieb-Cayley tree with the number of
layers M odd, all topological states are localized in the bulk
through such a mechanism.

The second conclusion is that the occurrence of the edge
states depends on the length of the chain being even vs odd
[recall Figs. 7(a) vs 7(b)]. We therefore expect to see different
patterns in the spectrum of the Lieb-Cayley tree depending on
whether it terminates on a Lieb layer or on a Cayley layer. This
prediction is confirmed by showing in Fig. 9 the spectrum of a
Lieb-Cayley tree with an even number of layers. Specifically,
while trees with an odd number of layers (exemplified by
Fig. 6) exhibit an exact flat band at E = 0, trees with an even

M=400,K=4
10112 .
Q 10101 -
1090 -
0
E/t

FIG. 9. Spectrum of a Lieb-Cayley tree with an even number of
shells M = 400 and connectivity K = 4. We find a large number of
states within the band gap that are symmetrically arranged around
E = 0. The origin of these states lies in the hybridization of edge
states of short chains and in the fact that these states are not protected
by the rank-nullity theorem.

number of layers exhibit a symmetric distribution of nearzero
(including only a few exact-zero) energy eigenstates spread
over a finite energy interval. The origin of this spreading
lies in the hybridization of edge states located on opposite
ends of a finite one-dimensional chain. Specifically, shell-
nonsymmetric sectors with M even map to an SSH chain with
an even number of sites, which exhibits two edge states in the
topological phase [bottom panel of Fig. 7(a)]. When the chain
is short (i.e., when the seed node is close to the outer bound-
ary), the two edge states extend far enough into the chain to
hybridize with each other, resulting in symmetrically arranged
eigenvalues around £ = 0. This then also explains why we see
a macroscopic fraction of states showing hybridization: The
degeneracy of small sectors that map to short chains with a
large overlap between the edge states is much higher than the
degeneracy of large sectors.

D. Rank-nullity theorem and disorder

We can further elucidate the differences in the spectrum
of Lieb-Cayley trees with odd and even numbers of shells
by considering the consequences of the rank-nullity theorem,
which dictates that a sublattice imbalance will lead to eigen-
states with zero energy. Let N, be the number of sites on the
Lieb sublattice and N¢ the number of sites on the Cayley
sublattice. Then, according to the rank-nullity theorem the
number of flat-band states is bounded by

Neps 2 |NL — Ncl, (35)

which we can calculate exactly by using the considerations
from Eq. (28).

My Mc
N.—Nc=(K+1)x ZK’L‘I —(K+1)x ZK’C‘I -1
=1 lc=1
K+1
= —Kt 1(KML — KMoy — 1. (36)

There are two possible cases for the relation between My, and
Mc. Either (1) M, = Mc (M even), in which case the above
gives —1, translating to a single enforced state at E = 0, or
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(b)

FIG. 10. We show two Lieb-Cayley trees with different numbers
of layers. The Lieb sublattice is colored in blue; the Cayley sublattice
is colored in red. Yellow ovals show how to pair elements of the
sublattices in a way that allows for simple counting of the sublattice
imbalance. (a) For an odd number of layers, it is not possible to match
every node with a sublattice partner. Instead, we find that all nodes at
the boundary are lacking a partner and will therefore contribute to the
sublattice imbalance. This results in a correspondingly large number
of exact zero-energy eigenstates. (b) For an even number of layers,
all nodes except the root can be matched with a sublattice partner.

(2) My, = Mc¢ + 1 (M odd), which then gives us

NL—Nc = %KMC(K — D —1=(K+1)x KM 1,

(37
where we used that Mc = |[M/2]. The above expression is
exactly the number of nodes on the outermost layer minus the
central node. That this must be the case can be proven visually.
Consider Fig. 10: As we form Lieb-Cayley pairs on the M-odd
tree, we find that the outermost layer and the central node
cannot be matched with a partner. We find that the lower
bound of Eq. (37) directly corresponds to the number of zero-
energy states that we find in the spectrum of our tree. This
can be verified through analytical considerations. Namely, we
already explained that in the Lieb-Cayley tree with an odd M
each symmetry sector except the symmetric one contributes
one topological zero-energy state at the beginning of the chain
(recall Figs. 7 and 8). The number of seed nodes giving rise to
nonsymmetric sectors is

Mc
Neceas = (K +1) x 3 K™ 41
lc=1

K+

Mc __
= x-1 & 1) +1. (38)

The extra “+1” derives from taking the root node O as the
seed. For K > 2, each of these seeds (except the root node)
results in (K — 1) nonsymmetric sectors according to the
possible choices of the Kth root of unity w, while the root
node generates K nonsymmetric sectors. The total number of
topological zero-energy states hosted by symmetry sectors is
therefore

Nedgestates =(K+1)x (KMC —1+K
=(K+1) x K" —1, (39)

which matches Eq. (37). In summary, we find that the num-
ber of zero-energy eigenstates protected by the rank-nullity
theorem for M-odd Lieb-Cayley tree corresponds exactly to
the number of topological edge states hosted by the individual
nonsymmetric sectors. For the M-even tree, there is only one
exact-zero-energy state protected by the rank-nullity theorem:;
all the other topological states are allowed to hybridize due to
the finite length of the tree branches.

That this result coincides with the prediction of edge states
as presented in Fig. 7 can be further exemplified by studying
phase transitions in the Lieb-Cayley tree, which are driven
by introducing a variation of the hopping amplitudes. Specif-
ically, we distinguish between “branching hoppings” (which
carry a factor of +/K inside the block Hamiltonians) and
“monohoppings” (which carry a factor of 1). We modify
the NN Hamiltonian on the Lieb-Cayley tree by setting the
hopping amplitude on the branching hoppings to #; and on
the monohoppings to #,. The formation of the energy gaps
depends only on the ratio J = t, /t,. Setting J # 1 breaks the
homogeneity of the tree; however, such modification at the
level of the symmetry sectors actually preserves inversion
and chiral symmetry of the effective one-dimensional Bloch
Hamiltonians. By tuning J, we can induce a phase transition,
moving from the topological phase into the trivial phase of
the Lieb-Cayley tree. In Fig. 11, we show how the spectrum
evolves as we tune J. For the M-even Lieb-Cayley tree, we
find that the in-gap states disappear as we enter the trivial
phase. This corresponds to reaching the arrangement in the
top panel of Fig. 7(a). In contrast, for the M-odd tree we see
that the in-gap states persist into the trivial phase. This agrees
with how the termination conditions of SSH-chains influence
the occurrence of edge states, as shown in Fig. 7. The in-gap
states in the trivial phase are located at the outer boundary of
the tree (i.e., they are no longer localized in the bulk).

Finally, we consider the impact of disorder on this system.
Specifically, to preserve the block-odd-diagonal Hamiltonian
with sublattice symmetry per Eq. (25), we consider bond
disorder; i.e., we introduce a random, uncorrelated noise on
each hopping amplitude. The noise is drawn from a uniform
distribution with €;; € [-W, W] such that #;; — #;;(1 + €;;),
where 1;; =t;; is the hopping amplitude between NN sites
i and j. The spectrum is found using exact diagonalization.
The bond disorder breaks the permutation symmetry of the
tree; therefore, one can no longer rely on the symmetry-
adapted basis. However, it preserves the sublattice symmetry
and the assumptions for the rank-nullity theorem. In Fig. 12,
we show the impact of bond disorder on the spectrum of a
small Lieb-Cayley tree. We observe that the sharp features of
the spectrum become smeared, with the sole exception of the
exact-zero-energy states for the Lieb-Cayley tree with odd M.
Due to continuity (i.e., a smooth turning on of the disorder),
we anticipate that these zero-energy states remain localized in
the bulk, which we confirmed with a numerical analysis.

In the subsequent sections, where we analyze other dec-
orations of Cayley trees, we will not discuss the impact of
disorder, as its effect on topological edge states and on its
interplay with the rank nullity is qualitatively similar.

We have shown that geometric considerations are not
enough to explain the occurrence and behavior of zero-energy
states but that through our mapping to 1D models we can
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Spectra Without Degeneracies
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103 4

Q Lo - J=0.25
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FIG. 11. Spectra of Lieb-Cayley trees with modulated hopping amplitudes J = ¢, /t, and with an odd vs even number of layers. For better
readability, we here do not account for (1) the distinct roots of unity and for (2) the number of seed nodes in the Cayley layers; i.e., we solve the
M¢ + 2 unique symmetry sectors for their eigenvalues but do not count these eigenvalues with the sector’s multiplicity. We find a gap closing
for both trees at J = 0.5, because at that point ~/K x J = 1 such that the symmetry sectors are described by a simple 1D chain. In the trivial
phase, J = 0.25, we find that the tree with number of layers M even has only a single in-gap state, as dictated by the rank-nullity theorem. In
contrast, the M-odd tree exhibits the same number of in-gap states in both the topological and the trivial phase. The location of these in-gap

states changes as explained from the SSH-model perspective in Fig. 7.
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FIG. 12. The spectra of Lieb-Cayley trees with an even vs odd
number of layers M and with vs without bond disorder W . For the M-
even case, the clean model (W = 0) exhibits a single state at £ = 0,
which cannot be resolved on the shown scale. Correspondingly, all
sharp features of the spectrum disappear when bond disorder W > 0
is introduced. In contrast, for the M-odd case, topological principles
(captured either by the mapping onto SSH chains or by virtue of
the rank-nullity theorem) ensure the presence of a large number of
exact E = 0 states. The bond disorder W > 0 is compatible with the
sublattice symmetry of the model, and therefore preserves the £ = 0
peak.

gain further insight into the behavior of the Lieb-Cayley tree,
specifically showing that this system hosts topological edge
modes in the bulk. This mapping further implies that the
termination condition of the tree changes the number of edge
states and thereby whether or not these edge states have a
partner to hybridize with on a finite chain. We are then able
to connect this with the real-space picture through the rank-
nullity theorem, which dictates the stability of these states.

IV. DOUBLE-LIEB DECORATION

In this section, we discuss a Cayley tree with a double-
Lieb decoration, i.e., with two additional nodes added on
each edge. We dub this tree the “double-Lieb-Cayley tree”
or “2xLieb-Cayley tree.” Using the approach of symmetry-
adapted basis states, we find the exact spectrum, which
exhibits two flat bands, one at E = 1 and the otherat £ = —1.
We show that the exactness of these flat bands depends on
the termination condition of the tree and that they can be
understood to have a topological origin through a mapping
to the trimer SSH model. Finally, we rewrite the eigenvalue
equation of the system to reveal how the rank-nullity theorem
underpins these flat bands.

Our discussion is structured as follows. In Sec. IV A, we
introduce the Euclidean “extended Lieb lattice,” which serves
as a motivation for the 2xLieb-Cayley tree and which also ex-
hibits two flat bands at E = £1. Next, in Sec. IV B we extend
the approach of symmetry-adapted basis states to the 2xLieb-
Cayley tree, calculate the exact spectrum, and show that the
rank-nullity theorem protects an additional flat band at £ = 0,
which is hidden by the bulk energy bands. In Sec. IV C, we
elaborate on how solutions of the 1D-chain models, to which
the 2xLieb-Cayley tree maps within the individual symmetry
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(a) (b)

FIG. 13. (a) The extended Lieb lattice with the atomic sites of the
unit cell (A, B, C, D, E') marked. (b) A Cayley tree with double-Lieb
decoration. For reference, we marked a Lieb node on a first Lieb
layer (L), a Lieb node on a second Lieb layer (L,), and a node on a
Cayley layer (C). An example of a CLS on the tree has been added
in pink, with @ a nontrivial third root of unity. (Note that the exact
form of the CLS depends on the termination of the tree; here, only
one termination is shown and, therefore, only one instance of CLS is
illustrated.)

sectors, depend on the termination condition of the chain. We
further discuss the topological properties of the underlying 1D
chain model, known as the “trimer SSH” model, to substan-
tiate the topological origin of the E = %1 states. Finally, in
Sec. IV D we demonstrate how one can rewrite the eigenvalue
equation of the full 2xLieb-Cayley tree to prove that the flat
bands at E = +£1 are protected by the rank-nullity theorem.

A. Extended Lieb lattice

The Euclidean analog of the 2xLieb-Cayley tree, which
motivates this analysis, is the “extended Lieb lattice,” some-
times called the “Lieb-5 lattice” [78-81]. It is formed by
adding two additional sites on each edge of the square lat-
tice, resulting in five atomic sites (A, B, C, D, E) per unit
cell as shown in Fig. 13. In a tight-binding approximation
with nearest-neighbor hopping ¢ and with periodic boundary
conditions, the momentum-space Hamiltonian can be written
in the basis (A, B, C, D, E) as

0 0 ek 0 1

0 0 0 ek 1
Hk)=t|e® 0 0 0 1], (40)

0 ek 0 0 1

1 1 1 1 0

where we assumed no on-site potentials. Solving for the
dispersion relation, one finds flat bands at £ = +1 with a
dispersive band between them and two more dispersive bands,
one below E = —1 and one above E = +1. For the exact form
of the dispersion relation, we refer readers to Ref. [78].

The origin of these flat bands can be explained by con-
structing CLSs. Consider one square on the extended Lieb
lattice. As shown in Fig. 14, we can construct an arrangement
of wave function amplitudes on the eight sites along the edges
of this square that destructively interfere as they hop to the
corners of the square. There are two distinct arrangements

E=1 E=-1

FIG. 14. The compact localized states that make up the two flat
bands of the extended Lieb lattice, denoted with their respective
energies.

resulting in such destructive interference, one with energy
E =1 [Fig. 14(a)] and the other with E = —1 [Fig. 14(b)].

B. Exact solution of 2xLieb-Cayley tree

Drawing from the extended Lieb lattice, we introduce two
additional “Lieb nodes” (L1 and L2) on each edge of the
Cayley tree. For simplicity, we place these additional sites
equidistantly along the edge, and we assume the same hopping
amplitude #; = 1 between all NN sites. Specifically, consider
a Cayley tree with connectivity K and with Mc layers; then,
by adding the Lieb nodes we triple the number of layers. In
Fig. 13, we show a possible 2xLieb-Cayley tree. In graph
theory, such construction is called a 2-subdivision graph; in
the present case, the 2xLieb-Cayley tree “S,(Cay)” is the
2-subdivision graph of the Cayley tree “Cay.”

The total number of states of this tree is given as

Mc My, My
Notar = 1+H(K+1) x ZKZC_1+ZKILI_]+ZKZL2—1

Ic I L)
K+1
=1+ + 1(KMC + KMo gMe 3, (41)

Here, M = M¢c + My, + My,, with Mc the number of Cay-
ley layers, My, the number of first Lieb layers, and M|,
the number of second Lieb layers. In Fig. 13, we labeled a
node on each of the corresponding layers with L;, L, and C,
respectively. We find that there are three different cases for the
relationship between the number of layers:

(1) Case 0: M| = M1, = Mc, the tree ends on a Cayley

layer.

(2) Case 1: My = My, + 1 = Mc + 1, the tree ends on a
first Lieb layer.

(3) Case 2: My, = My, = Mc + 1, the tree ends on a sec-
ond Lieb layer.

The enumeration of these cases follows the modulus 3 of
the total layer number M. For example, a tree with nine layers
has M = 0 (mod 3); i.e., it is a “Case 0 tree.

To extend the approach of symmetry-adapted basis states to
the 2xLieb-Cayley tree, we proceed by the same principle as
described for the Lieb-Cayley tree in Sec. III B. By adding two
additional sets of (non)symmetric states that form the relevant
linear combinations across first and second Lieb layers, we
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M = 399 (Case 0)
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o M = 400 (Case 1)
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o M = 401 (Case 2)
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FIG. 15. Spectrum of a 2xLieb-Cayley tree for three choices of
the number of shells M, each corresponding to a different termination
condition, and with connectivity K = 4. All spectra exhibit three
energy bands as well as in-gap states at E = +1. Case 0 shows in-gap
states that are symmetrically arranged near E = +£1, Case 1 shows a
slight dispersion around E = %1, while Case 2 exhibits an exact flat
band at both E = 1 and E = —1. In addition, an exact flat band at
E =0 is visible in the middle of the central energy band for each
boundary termination.

find a complete and orthogonal set of states (explicitly listed in
Appendix B). Because Lieb nodes have coordination number
Ky, = 1 withi € [1, 2], the symmetry-adapted hopping ampli-
tude in the corresponding symmetry sectors will simply be 1.
The Hamiltonians of the symmetry sectors are therefore found
to be

0 K+1 0 0 0 0
VK +1 0 1 0 0 0
0 1 0 1 0 0
Hoym = 0 0 1 0 VK 0
0 0 0 K 0 1
0 0 0 0 1 0
(42a)
and
0 1 0 0 0 0
1 0 1 0 0 0
01 0 VK 0 0
Hoipem= |0 0 VK 0 1 0 (42b)
0 0 0 1 0 1
0 0 0 0 1 0

We solve these according to the procedure presented in
Sec. II B, thereby obtaining the exact spectrum. In Fig. 15,
we present the spectrum for three choices of M. We observe
that only in trees with the number of layers M = 2 (mod 3) do

FIG. 16. A 2xLieb-Cayley tree with K = 3 and M = 6. Assign-
ing each node to one of two sublattices, we find a pattern that predicts
the number of exact E = O states hidden in the bulk. The nodes
are colored in red vs blue to denote their respective sublattice. The
gray dashed lines demarcate the triple shells adopted in the presented
counting of the sublattice imbalance.

the in-gap states form exact flat bands. Before we clarify the
origin of the in-gap states, we comment on the implications
dictated by the rank-nullity theorem.

While not intuitive, one can still impose two sublattices on
a 2xLieb-Cayley tree, such that the site imbalance between
these two sublattices provides a lower bound on the zero-
energy states of the system. Specifically, Nggs = |[Ns — Ng|,
with the two sublattices A and B for the 2xLieb-Cayley tree
shown in Fig. 16. To count the imbalance of the entire lattice,
one needs to consider triple shells as marked with gray-dashed
circles in Fig. 16. Each of these shells, assuming that it
is complete, contributes (—1)" x (K + 1) x QK™ — K™) =
(=1)" x (K+ 1) x K™ to Ny — Ng, where m is the index of
the triple shell. One can then write the full sum over all triple
shells and the last incomplete layer as

[M/3]
No—Np=1—(K+1) > (-1)"K"
m=0
(K + D)(=K)™MB1 " if M =1 (mod 3),
+ .
0, otherwise.
43)
Using the geometric sum, this can be reformulated with
A
1 -1 AKA-H
Y (—kyr = U (44)
— (K+1)
in the following short form:
N (—D)MBIKMBTif M =1 (mod 3),
Na = Np = {(—1)W/3JKW/3J, otherwise. @5)

For the bound Nggs on zero-energy states, the sign of Ny — Np
does not matter; therefore, Nggs > K™/3 where with “[M/3]”
we mean either the ceiling or the floor of M/3. Through
numerical calculation, we verify that this bound is saturated
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for each of the three choices of the boundary termination. This
flat band is recognizable in the spectra in Fig. 15 despite its
occurrence inside an energy band. The predicted degeneracy
of the E = 0 flat band is robust against perturbations that keep
the Hamiltonian block off diagonal in the sublattice basis.
This, in particular, applies to a bond disorder as previously
considered for the Lieb-Cayley tree in Fig. 12.

C. Topological states

In this subsection, we discuss the behavior of the in-
gap states around E = %1, which is observed to depend on
the termination condition of the tree. We show that exact
eigenvalues at £ = £1 impose exponential localization at
the boundary with very specific termination conditions for
shell-nonsymmetric sectors. We further show that the 2xLieb-
Cayley tree can be related to the trimer SSH (or “SSH3”)
model, which implies that these in-gap states have a topologi-
cal origin. To understand the origin and the energy distribution
of the in-gap states shown in Fig. 15, we need to discuss the
properties of the shell-nonsymmetric sector described by the
Hamiltonian in Eq. (42b), which hosts these in-gap states.
This Hamiltonian describes an effective 1D chain with two
weak couplings followed by a strong coupling. We show
below that only the termination condition of Case 2 allows
for a solution with an exact energy E = %1, while the two
other cases approach this energy exponentially fast with the
length N of the chain. For all three cases, these solutions are
exponentially localized at the boundary of the chain.

In Fig. 17, we illustrate the three cases of the chain de-
scribed by Eq. (42b) depending on the termination condition,
as well as an example of an eigenstate with E = 1 £ 1073 for
each choice of the termination. Note that for Case 0 and Case
1, the chain needs to be sufficiently long to find an eigenstate
with energy close enough to E = 1. That this must be the case
can be seen by considering the bulk recurrence relation of
this 1D chain and the allowed termination conditions given
E = %1. Using the Schrodinger equation H|y) = E|{), we
can write the bulk recurrence as

th—1 wn—l + tnth—l = EWn» (46)
where the couplings are

o {ﬁ if n = 0 (mod 3),

1, otherwise. (47)

For ease of notation, we will proceed with the following

argument for E = 1, the case E = —1 being analogous. With
open boundaries, the end equations are
n2 =v1, tna1¥Yn-1 = Y, (48)

where N is the length of the chain. Starting from the left-end
condition ¥, = 1, the bulk recurrence forces the pattern

1 \" 1 \"
Vam =0, Y3mp1 = A(_ﬁ) s Vimi2 :A(_ﬁ) .
(49)

Here, we assume that m € {0, 1, 2, ...} and the free amplitude
A = ¥ is set by normalization. This amplitude pattern con-
firms analytically that the edge modes decay exponentially.
Next, we enforce the right-end equation ty_;¥n—_1 = ¥n. We

Case 0 0.25 - “ H
0—0—0=0—0—0 ]
L T - = 0.00-: ““||"""n"""- ,..A.".-“||||"’“
o254l 1
0 50 100
0.5 -
Case 1l ] ||
[ 0—0—0=0—0—0=0 ]
ST = 0.0 ] "““ll,,u..-......._ :

0 25 50

1]
o
o
AN B AR |

T T T T T T T

0 10
Chain Position

FIG. 17. On the left side, we showcase examples of 1D chains
described by the shell-nonsymmetric sector of the 2xLieb-Cayley
tree. Weak couplings are denoted with single bonds, while the strong
coupling bonds are represented using double bonds. The unit cell
with three atomic sites is indicated using a gray dashed oval. On the
right side, we show three examples of eigenstates hosted on these
chains with their energies being close to or exactly at £ = 1, with
precision € = 1073, Only in Case 2 is it possible to choose arbitrarily
small chain lengths and still maintain an exact energy of £ = 1.
Observe also that Case 0 hosts edge modes on both boundaries,
allowing them to hybridize in finite chains; in contrast, Case 1 and
Case 2 host edge modes only at the beginning of the chain.

see that only in the case N = 3m + 2, where fy_; = 1, can
the bulk pattern satisfy vr3,,41 = ¥3,,42 and therefore have a
nontrivial eigenstate at E = 1. In contrast, for N = 3m and
N =3m+ 1, we need to set A =0 to satisfy the right-end
equation, thereby arriving at a trivial solution. Therefore, we
find that an eigenstate with £ = 1 with open boundaries exists
only if N = 2 (mod 3) (Case 2). However, as the length of the
chain increases, the amplitudes V3,1 and ¥3,,4» determined
by Eq. (49) get exponentially closer to zero and the energies
of the corresponding eigenstates of Case 0 and Case 1 will
converge closer to E = 1 as well.

To answer the question of whether or not these edge states
can be considered topological, we need to investigate the
bulk Bloch Hamiltonian of the shell-nonsymmetric sectors.
We define the unit cell according to the convention shown
for the chains on the left side of Fig. 17 and impose periodic
boundary conditions. Adopting the basis L;, L,, C, the bulk
Hamiltonian is then found to be

0 1 JKe*
Hk) = 1 0 1 . (50)
VKt 1 0
This three-band tight-binding model, known as the SSH3
chain [82-84], has attracted interest because it hosts robust
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edge modes even in the absence of conventional symmetry-
protected topological phases. Its bulk Hamiltonian (50)
respects inversion symmetry, PH (k)P~' = H(—k), which
enforces a quantized Zak phase (i.e., the Berry phase accu-
mulated over the Brillouin zone). Inversion symmetry also
relates solutions at momenta k and —k, and in the position
space it implies that edge states appear in pairs on opposite
ends of the chain. For a finite chain, inversion symmetry is
preserved only when the number of unit cells is a multiple of
three (N mod 3 = 0, the “Case 0” termination), in which case
the quantized Zak phase predicts two edge modes that may
hybridize for short chains (see top row of Fig. 15).

When N mod 3 # 0, inversion symmetry is broken. Nev-
ertheless, robust edge states at E = %1 emerge, localized ex-
clusively on a single boundary. These “chiral edge states” [82]
are not captured by the standard Zak phase. Instead, their ex-
istence can be characterized by the normalized sublattice Zak
phase (NSZP) [83]. To define it, one expresses the eigenstates
of the finite chain in terms of the Bloch solutions,

" a (ke ®

W) =AY M) @ | gepyei® |, (1)
= as (k)

with band index A and normalization A. A gauge choice Gf =

0 fixes the C-sublattice phase. The NSZP is then

N i 3 B T 6y

Zlc= Efdk (i1, (k)| Oty (k)) = / dk T (52)
0

Here, the first subscript indicates the projected sublattice,
while the second one marks the chosen gauge. Intuitively,
the NSZP measures the winding of the complex phase of
a chosen sublattice component as k runs over the Brillouin
zone. Each 7 of winding corresponds to one Bloch solution,
becoming inconsistent with the open-boundary quantization,
and the “missing” bulk state reappears as an edge-localized
mode. In this way, the difference of NSZPs directly counts the

number of edge states contributed by a given band.

For a given termination, the open-boundary conditions
fix which sublattice phase controls the counting of Bloch
solutions with real wave number in band A; the “missing”
ones correspond to solutions with complex wave numbers and
therefore to edge states. For 3N sites (Case 0), the quantization
condition reads Gﬁl (k) = (N + 1)k — nmr; for 3N + 1 (Case
1), it is Qﬁz (k) = (N 4+ 1)k — nmr; and for 3N + 2 (Case 2),
the relevant gauge is Oé = 0 with a vanishing projected phase
on C. In each case, the corresponding normalized sublattice
Zak phase

b
Z o= / WO-(k)ydk e wZ (53)
0

is quantized and jumps by £m only when the bands touch,
facilitating a topological phase transition. Since Z? . depends
on the gauge, we form the gauge-invariant difference with a
reference Hamiltonian that has no edge states for the same
termination:

A _ r7href

Za C «,C
No. of edge states fromband A = —————.  (54)
/4

For Case 1, this predicts two edge states from the middle band,
while in Case 2 the gauge freedom in 6¢ implies no change
relative to the reference Hamiltonian; i.e., the appearance of
edge states is independent of the phase of the model. It is
technically possible to count the actual number of edge states
that occur in Case 2 using the presented approach. For brevity,
in the next section we instead use the rank-nullity theorem to
show that Case 2 hosts two edge states.

D. Adapted rank-nullity theorem

In this subsection, we show how one can rewrite the eigen-
value problem of the 2xLieb-Cayley tree to recover a form
that proves that the rank-nullity theorem protects the exact
flat band at £ = +1 for the Case 2 termination. For this pur-
pose, we order the position basis according to its sublattices
(C, Ly, Ly), thereby rewriting the eigenvalue problem for the
eigenvalues E = £1 =0 as

Oc X VAl c c
XJr OLI Y l] =0 l[ . (55)
Z YY" o,) \k )

Here, c/l;/l, are vectors of the wave function amplitudes
on sites belonging to the sublattices C/L;/L,, and Oc, 1,
denotes the Nc/1, /1, X Ncji, 1, zero matrix, with Nej, /1, the
number of Cayley/first Lieb/second Lieb nodes. Furthermore,
X is an N¢ x Np, matrix containing the hopping amplitudes
connecting the sublattices C and L, Y is an N, x Np, matrix
containing the hopping amplitudes that connect sites on the
two different Lieb sublattices, and Z is an N, x Nc matrix
connecting the sublattices L, and C (with XT, YT ZT their
Hermitian conjugates).

We proceed with solving for /, through the matrix equation

olh=Zc+Y'l,, therefore L, =o(Zc+Y'l). (56a)

We can insert the obtained expression for /, in the remaining
lines of Eq. (55) to arrive at

oc=XL+Z'o(Zc+Y'l)),
oy =X"c+Yo(Zc+YTl)).

(56b)
(56¢)

This pair of equations can, in turn, be rewritten as

Z'Z-1 oX+Z'Y"\(c\ _,fc
(Ao W) =) @

oX'+YZ
Provided that Z and Y are partial isometries, i.e., z'z = Iy
and YY" = ]lN[_l (which requires Ny, > Nc, N, > Ny, and
that the NN-hopping amplitudes are normalized to ¢, = 1), the
reduced matrix is chiral and the above Hamiltonian simplifies

to
Oc oX +ZY\(c\ _fc
<UX"‘ +YZ O, ><11> B O(ll)' ©8)

This is an equation of the form of Eq. (25) and we can apply
the rank-nullity theorem according to the same procedure as
outlined in Sec. IITA.

Using this line of reasoning, we find the following bound
on the number of flat-band states for both E = +1:

Nggs > |Ni, — Ne|. (59)
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Note that this bound is only valid if we meet the partial
isometry conditions stated above, which is not the case for
termination Case 1. In contrast, the isometry conditions hold
for Case 2 and Case 0, allowing us to formulate a bound on
Nrps, which depends on the imbalance between the first Lieb
nodes and the Cayley nodes. This bound can be expressed
using the sum over layers of the respective nodes as

K+1
[N, — Ne| = ‘K—:(KMH — K"y —1. (60)

We therefore find the following bounds depending on the
termination case of the tree:

1, for Case 0,
ML, = Ne| = {([(+ 1) x KMc for Case 2.

The number of flat-band states at E = =1 derived for Case
2 corresponds exactly to the number of nonsymmetric sectors
(accounting for the different nontrivial roots of unity as well as
for the multiple seed nodes within the Cayley layers). In other
words, for Case 2 every shell-nonsymmetric sector contributes
exactly one E = =1 state pair.

Let us also point out that the isometry condition is lost
for all three cases if one introduces bond disorder. Therefore,
in sharp contrast to the odd-M case of the Lieb-Cayley tree,
where the exact zero-energy flat band is robust against bond
disorder (right column of Fig. 12), such robustness against
disorder is absent for the flat bands at E = %1 of the 2xLieb-
Cayley tree.

We conclude this section by restating our key findings.
We have shown that the 2xLieb-Cayley tree hosts three flat
bands: one at E = 0 (covered by an energy band) and two
at E = 1 (inside energy gaps). The origin of the flat bands
at E = %1 can be traced to the topological invariant of the
underlying SSH3 model. The states of these flat bands are
exponentially localized at the inner boundary of the respective
non-shell-symmetric sector and therefore inside the tree, with
the Case 0 termination exhibiting additional edge states at
these energies that are localized on the outer boundary of the
tree. We characterized the exactness, the localization, and the
robustness of these flat bands by studying their bulk recur-
rence relation. In addition, we studied their protection through
the rank-nullity theorem, explaining why the flat band is exact
only for the Case 2 termination.

(61)

V. HUSIMI DECORATION

In this section we discuss kagomelike decoration of the
Cayley tree, where nodes with a common parent node are
connected via an edge. This is similar to what has been called
a “Husimi tree” [85] or a “cactus graph,” which is why we
call this tree a “Husimi-Cayley” tree. We show that the ap-
proach of symmetry-adapted basis states works for this tree as
well, allowing us to find its exact spectrum. We find that the
spectrum exhibits three features of interest: one originating
in CLSs and the remaining two related to properties of line
graphs.

Our discussion of Husimi-Cayley trees is structured as
follows. We begin in Sec. VA with a brief review of the
kagome lattice, which exhibits a flat band and CLSs with
energies £ = —2 and that serves as an Euclidean analog to

(b)

FIG. 18. (a) Kagome lattice with the three sites of the unit cells
A in red, B in blue, and C in green. The lattice hosts CLSs on
the hexagonal plaquettes; they are constructed by arranging oscil-
lating amplitudes v on the sites forming the hexagon, as shown
in pink. (b) Husimi-Cayley tree with branching factor K = 2 and
M = 4 layers. Contrary to the simple Cayley tree (recall Fig. 1), the
Husimi-Cayley tree does not contain a root node; instead, it has a
fully connected layer at the center. A CLS, as found on the boundary
of the tree, is colored in pink.

the Husimi-Cayley tree. In Sec. VB, we present the block
diagonalization of the Husimi-Cayley tree and showcase the
exact spectrum derived from it. Finally, we discuss selected
aspects of this spectrum in Sec. V C and relate them to the
line-graph nature of the Husimi-Cayley tree.

A. Kagome lattice

The motivation for the Husimi tree decoration derives itself
from the famous kagome lattice. The kagome lattice is a two-
dimensional lattice composed of corner-sharing triangles. It is
based on a triangular Bravais lattice with a three-point basis.
The lattice vectors can be chosen as

2 (62a)

a; = a(l,0), az:a(l ﬁ)

where a is the lattice constant. Each unit cell contains three
inequivalent sites, which we denote as A, B, and C, as shown
in Fig. 18. These sites are located at the fractional coordinates

ra=(0,0), rp=jai, rc=ja. (62b)

The tight-binding Hamiltonian on the kagome lattice with
only NN hoppings is written as

H=1Y"li){jl +Hec., (63)
(i, )

where ¢ is the NN-hopping amplitude and (i, j) labels pairs of
NN sites on the kagome lattice. The Bloch Hamiltonian reads

0 cos(k;) cos(ky)
H(k) = 2t | cos(ky) 0 cos(kz) |, (64)
cos(ky) cos(ks) 0

where we introduced k, =k -a, and a3 = a; —a,. Upon
diagonalizing H(k), one finds that a completely flat band.
Setting for concreteness the NN-hopping amplitude to t = 1,
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the eigenvalues are [86,87]

Ey(k) = =2 (flat band), (65a)
Ei(k) =1+ /4f (k) — 3, (65b)

where
fk) = cos®(k;) + cos?(ky) + cos?(k3). (65¢)

The flat band arises due to destructive interference and
geometrical frustration. Namely, one can construct a CLS
on a single hexagon by assigning alternating wave function
amplitudes 1 to the vertices of the hexagon. This arrange-
ment ensures that the amplitudes cancel out after tunneling
to the adjacent sites. These CLSs form a macroscopic set of
degenerate states that are exact eigenstates of H, forming a
dispersionless band at energy E = —2 inside the momentum
space.

It is also possible to explain the appearance of the flat band
from a purely graph-theoretical perspective, specifically by
interpreting the kagome lattice as the line graph of another
graph. We will not delve deeper into this argument here; in-
stead, we revisit spectral properties of line graphs in Sec. VC
when discussing the derived energy spectra of Husimi-Cayley
trees. Let us also remark that although the flat band of the
kagome lattice is topologically trivial (it has vanishing Berry
curvature), it can acquire nontrivial Chern number upon in-
cluding staggered [88] or uniform [87] magnetic fluxes.

B. Exact solution for Husimi-Cayley tree

To imitate the kagome tiling on a Cayley tree, we introduce
an additional edge between all nodes originating from the
same parent. To ensure homogeneity, we further remove the
central node O (and the K + 1 edges connected to it), thus
ensuring that the tree locally looks the same from every bulk
site. The resulting structure for a small number M of layers is
shown for K = 2 in Fig. 18(a) and for K = 3 in Fig. 19.

The resulting Husimi-Cayley tree has the same branching
factor K as the parent Cayley tree. Assuming M layers, it
contains a total of

M
Now = (K +1)x Y K™ =
=1

K+1 4,
X l(K 1) (66)
nodes, which is one less than the result in Eq. (1) for the
number of nodes in the parent Cayley tree. Observe also that
the parent node « and its K children form a fully connected
set of nodes, which in the case K = 3 produces the tetrahedra
visible in Fig. 19. After adopting the symmetry-adapted basis
states, the full connectivity among the child nodes generates
an effective on-site potential for the effective 1D block Hamil-
tonians. (For a derivation, we refer the reader to Appendix C.)
Therefore, the Hamiltonians that describe the dynamics of the
symmetry sectors of the tree are

K VK 0
%sym = \/E K-l \/E (67a)

0 JK K—-1 ... |

FIG. 19. A Husimi-Cayley tree with branching factor K = 3 and
M = 3 layers. Due to the full connectivity of a parent node with all
of its child nodes, the Husimi-Cayley tree looks like a collection of
corner-sharing K-dimensional simplices (e.g., of three-dimensional
tetrahedra for the plotted case).

-1 VK 0
VK K-1 JK
Hoonsym = | (67b)

JK K-—-1

These Hamiltonians describe one-dimensional chains with
a single energy band and with an on-site potential. We do
not expect any topological features for this system due to its
single-band nature. However, upon solving for the spectrum of
the tree, we do identify certain nontrivial aspects. In particular,
the first site of the effective 1D models constitutes a defect
due to its different on-site potential, meaning it can potentially
capture a bound state.

We show in Fig. 20 the spectra of two Husimi-Cayley trees
with different values of M and K. First, note the occurrence
of a highly degenerate flat band at £ = —1. This feature
originates from CLSs at the boundary of the tree. Specifically,
we can form such a CLS by taking the fully connected set of
leaf nodes that originate from the same parent node |«) and
weighing them such that they interfere destructively as they
hop to |«). This construction is equivalent to the nonsymmet-
ric sector H, ., With the parent node in layer /(o) = M — 1.
The CLS is built in the same way as in Eq. (30) for the
Lieb-Cayley tree, except for two differences: First, one here
no longer needs to worry about two layer types (all sites of
the Husimi-Cayley tree have the same number of neighbors),
and second, the full connectivity among the child nodes shifts
the energy of the CLS to E = —1. The total number of such
CLS is

Nos = K+ 1) x K2 x (K= 1), (68)

according to the same derivation as presented in Eq. (31). We
find that this prediction agrees with the number of states found
at E = —1 for branching factors K > 4 when the energy
E = —1 lies inside the bulk energy gap; in contrast, the energy
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FIG. 20. Spectra of a small and a large Husimi-Cayley tree with
different branching factor K. Three features emerge: (1) an exact
flat band at E = 1 whose origin lies in CLSs at the boundary of the
tree, (2) an accumulation of states near £ = —2, and (3) an energy
band that is symmetrically arranged around K — 1. The latter two
observations hint at line-graph properties governing the spectrum of
the Husimi-Cayley tree.

E = —1 lies inside the bulk energy band for branching factors
K € {2, 3}, implying the presence of additional states at that
energy beyond the count in Eq. (68).

C. Line-graph properties

In this subsection, we clarify the origin of two further
features apparent in the spectrum of the Husimi-Cayley tree.
Specifically, we want to elucidate the accumulation of states
at E = —2 and the symmetric arrangement of the bulk band
around the energy £ = K — 1. We formulate explanation of
these two aspects in terms of graph-theoretical notions. For
this reason, we here equivalently refer to nodes of a lattice as
vertices of the corresponding graph.

In graph theory, the Husimi-Cayley tree is described as the
line graph “L(Cay)” of the Cayley tree “Cay.” The line graph
of a graph G is the graph L(G) that (1) takes the edges of G as
its nodes, and where (2) two nodes of L(G) are connected if
and only if the corresponding edges in G are incident (i.e.,
meeting the same vertex) in G. A convenient definition of
the line graph L(G) uses the notion of the incidence matrix
“B(G)” [89]: A matrix whose rows (columns) are indexed by
the vertices (edges) of G, such that the element B,.(G) = 1 is
nonzero if and only if the edge e connects (i.e., “is incident”)
to vertex v. If G has V vertices and £ edges, then B(G) is a
matrix of size V x £.

The inner product of any two distinct rows of B(G) is equal
to the number of edges joining the corresponding vertices. For
this reason, BT B is sometimes called the “edge-edge matrix,”
since any entry (B”B), . is equal to the number of vertices
shared between edges e and ¢'. In addition, the diagonal el-
ements are fixed at (B”B),, = 2, since any edge shares two

vertices (namely, both of its end points) with itself. It then
follows that

A(L(G)) = BTB — 21, (69)

where A(L(G)) denotes the adjacency matrix (i.e., the NN-
hopping Hamiltonian) of the line graph of G. Since matrices
of the form BT B are positive semidefinite, it follows from
Eq. (69) that the spectrum of a line graph is bounded by
E > —2. This prediction aligns with the spectra shown in
Fig. 20.

One can further show [90] that

BB = A(G) + A(G), (70)

where A(G) is the adjacency matrix of G and A(G), called
the degree matrix of G, is a diagonal matrix with the entry
A(G)y,, equal to the degree of the node v. From the last two
equations, one can prove [90] that the characteristic polyno-
mial ¢ (L, x) of the line graph L(G) can be expressed as

(L, x) = (x+2)°7Y det[(x4+2)[y,— A(G)—A(G)].  (71)

Equation (71) suggests the emergence of a flat band at
E = —2 with the degeneracy given by the difference be-
tween the number £ of edges and the number V of
vertices in graph G. [The degeneracy may be higher if
det[(x+2)I,—A(G)—A(G)] contains an additional factor
(x + 2).] Furthermore, if the underlying graph G is g regular,
with g the degree of all its nodes, one can express A(G) = gl
and arrive at [90]

(L, x) = (x +2)° V(G x — (g —2)). (72)

Equation (72) predicts that the line graph L(G) of a g-regular
graph G has the same spectrum as G, except (1) shifted by
g — 2, and (2) with the additional eigenvalues at E = —2 as
described earlier for general line graphs.

Let us discuss what the above general theory for line graphs
implies for the spectrum of the Husimi-Cayley tree. First,
we compare the spectrum of the Husimi-Cayley tree with the
spectrum of a Cayley tree shifted by ¢ —2 = K — 1 as shown
in Fig. 21. We observe that there is a small but noticeable
mismatch between the two spectra. This is because the Cayley
tree is not a g-regular graph: A finite fraction of the nodes
are leaf nodes that have a lower degree than the inner nodes.
Nevertheless, the spectrum obeys the general shift by K — 1.
For an infinite Husimi-Cayley tree, i.e., in the absence of
boundaries, the tree becomes g-regular and it is expected to
obey Eq. (72) exactly.

Second, we consider the degeneracy of the flat band at
E = -2 predicted by Eq. (71). The difference between the
edge count and the vertex count of the Cayley tree is easily
found to be £ — V = —1. This result can be seen inductively,
considering how branching from a parent node to its K chil-
dren always introduces K new edges, leaving the root node
as the only node without a corresponding edge. The negative
exponent is brought to £ —V + ¢p = 0 after accounting for
co = 1 factors (x + 2) originating from the determinant part
of Eq. (71). To understand this, recall that the right-hand side
of Eq. (71) contains det[(x + 2)I), — BBT]. If the incidence
matrix B does not have the full rank V), then this determi-
nant contains factor (x + 2)V~™® Tt can be proved [90]
that V — rank(B) = ¢(, where c¢( is the number of bipartite
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FIG. 21. The spectra of two Husimi-Cayley trees with different
branching factor K, each compared against the spectrum of a simple
Cayley tree of the same K and M shifted by energy AE = K — 1. We
observe that there is a mismatch between the spectra, most manifestly
in the highly degenerate states of the shifted Cayley spectrum at E =
K — 1, which is absent in the Husimi-Cayley spectrum.

connected components of graph G. Since the Cayley tree has a
single connected component, which is also bipartite, we have
co = 1, resulting in £ —V + ¢p = 0 eigenstates with exact
energy £ = —2.

Nonetheless, we observe an accumulation of a large num-
ber of states near E = —2. This can be explained by studying
the large M limit of the eigenvalues of the nonsymmetric

sector Hpo,m- After shifting Eq. (67b) by constant energy
—K+1to
ﬁgonsym = ,Hgonsym — (K = DI, (73)

the tridiagonal nature of the obtained matrix allows us to use
the Laplace expansion to express its determinant recurrently
as

det (7:10‘

nonsym

- )\]I) =du(A) = —Ady_1(A) — Kdy 2 (1)

(74)
for m > 3, where m is the linear dimension of the Hamilto-
nian. The initial conditions for the determinant of short-chain
shell-nonsymmetric Hamiltonians are d;(1) = —X — K and
dy(A) = M(K + L) — K. This recurrence problem can be
solved analytically as

dp(2) [(—2K — A+ A)(—1 + A"

= om+1 A
+ 2K + A+ A)(—A — AT, (75)

where we introduced A = +/—4K + A? to achieve brevity.
To find a measure for how an eigenvalue of H{, . . ap-
proaches E = —2 (which corresponds to an eigenvalue of
’Hgonsym approaching —K — 1) as we increase the length of the
Hamiltonian sector, we substitute A = —(K + 1) +§ in the
expression for dj; (). This allows us to perform a Taylor ex-
pansion around § = O to first order and to solve the linearized

characteristic polynomial for §. After these steps, we arrive at
_ (K — 1)
KM 4 M — KM+ 1)

(76)

where M = M — [(a) is the length of the nonsymmetric sector
with seed «. The result in Eq. (76) provides an analytical
approximation for the distance between the eigenvalues of
the nonsymmetric sector and E = —2. We find that as the
length M increases, one eigenvalue approaches E = —2 ex-
ponentially, thereby confirming the accumulation of states at
E = —2 as observed in the spectral plots. The occurrence of
an eigenstate near energy £ = —2, which lies outside of the
single energy band of the effective 1D chain, follows from the
different on-site potential at the outermost site in Eq. (67b).
This potential acts as an impurity that binds a localized state
near the chain boundary, which at the level of the Husimi-
Cayley tree corresponds to a localized state in the bulk.

In conclusion, we have shown that the approach of
symmetry-adapted basis states works for the Husimi deco-
ration of the Cayley tree and that the resultant symmetry
sectors help us elucidate the behavior of the spectrum. In
particular, we described the CLSs that generate the flat band
at E = —1, and we provided an explanation for the accumu-
lation of states near E = —2 due to eigenvalues of all the
nonsymmetric sectors approaching the bound exponentially.
Finally, we anticipate that the overall shift of the spectrum
by K — 1 is related to the fact that the Husimi-Cayley tree is
approximately the line graph of the Cayley tree (except for the
sites at the boundary), with this statement becoming exact in
the limit of the infinite Husimi-Cayley tree.

VI. CLIQUE DECORATION

In this section, we discuss the clique decoration of the
Cayley tree where each node is replaced by a clique of nodes.
This decoration is reminiscent of the Lieb-Cayley tree, ex-
cept for the inclusion of additional edges connecting Lieb
nodes that share the same parent node, and with the root
node at the center removed; alternatively, it corresponds to the
Husimi-Cayley tree with additional edges added between the
corner-sharing simplices. This dual interpretation motivated
the name “Husimi-Lieb” for the same decoration in Ref. [91].
We adapt the approach of symmetry-adapted basis states to
clique-Cayley trees, finding their exact spectrum that exhibits
in-gap states. We find no indication that these states are topo-
logical edge states; however, we show that some of them can
be understood as perturbed SSH edge states.

Our treatment of the clique-Cayley tree is organized as
follows. In Sec. VI A, we introduce the Euclidean analog of
the clique-decorated tree, which we call the star lattice. It
hosts two flat bands at energies £ = 0 and E = —2, both of
which can be explained through the construction of CLSs. In
Sec. VIB, we present the block Hamiltonians of the clique-
Cayley trees that result from the symmetry-adapted basis
states. We find that the blocks describe a one-dimensional
chain with two-sites per unit cell (thus, with two energy
bands) and with a staggered on-site potential. In addition, the
on-site potential exhibits a defect on the first site of the chain,
reminiscent of the defect at the boundary also found in the
block Hamiltonians for the Husimi-Cayley tree. The spectrum
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FIG. 22. (a) The star lattice is the line graph of the subdivi-
sion graph of the honeycomb lattice. The unit cell contains the
six sites, labeled as {A, B, ..., F'}, and exhibits two flat energy
bands due to CLSs. One example of CLS has been added in pink,
which corresponds to alternating amplitude on a dodecagon plaque-
tte. (b) Clique-Cayley tree with branching factor K =2 and M =9
layers. This decoration is similar to the Lieb-Cayley tree (with the
original Cayley nodes colored red and Lieb nodes shown in blue),
with additional edges between the Lieb nodes that share the same
parent and with the root node at the center removed. Here, we also
find CLSs at the boundary of the tree, an example illustrated in pink.

exhibits an accumulation of a large number of in-gap states
near energies £ = 0 and E = —2, although these differ from
the star lattice in that they are not exactly flat. Finally, in
Sec. VIC we study the bulk model of the block Hamiltoni-
ans and find that it does not exhibit any topological phases.
Nonetheless, one can understand the appearance of the in-gap
edge states by studying the perturbation of edge states in
the SSH model by a staggered on-site potential. Considering
further the altered on-site potential at the beginning of the 1D
chain results in a cancellation of the energy shift imposed by
the staggered on-site potential, causing some of the edge states
to occur near E = 0 just as for the SSH model.

A. Star lattice

The motivation for the clique decoration derives from the
so-called “star” lattice (also called the “expanded kagome”
lattice). In graph theory, the star lattice is obtained as the
line graph of the subdivision graph of the hexagonal graph.
This lattice shares certain similarities with both the kagome
lattice and the honeycomb lattice, and it has been shown to
exhibit topological quantum phase transitions when imposing
additional interactions [92-95].

The star lattice has the same triangular Bravais lattice
as the kagome lattice, specified earlier in Eq. (62a). Each
unit cell contains six inequivalent sites, which we denote as
A,B, ..., F, as shown in Fig. 22. Assuming tight-binding
model with NN-hopping amplitude 7, the diagonalization re-
veals six energy bands [94]

1

Era(k) = S1(1 & V13 +4£(k)), (77a)
1

Esak) = 51(1+ V13— 4f(k)), (77b)

Ese(k) = —t 1, (77¢)

where f(K) = /3 + 2cos(k;) + 2 cos(ky) + 2 cos(k3) with
k123 defined below Eq. (64). For simplicity, we set = 1 in
the following.

The spectrum exhibits two flat bands, one of which occurs
at E = —2 as expected due to the line-graph nature of the
lattice, and the other one at E = 0. Both flat bands can be
understood by considering CLSs on the graph. Let |i) }i, be the
12 sites arranged clockwise at the vertices of a dodecagon on
the lattice. Then, by placing equal-sized positive and negative
amplitudes in an alternating pattern, we find

|2 N
H|CLS,) = H(E i;(—l) |1)) = —2|CLS;) (78a)

and

HICLS,) = H Li(—l)f[|zi)+|2i+1)] =0
v g o

(78b)
This corresponds exactly to the observed flat bands.

B. Exact solution of the clique tree

In this subsection, we introduce the clique-decorated Cay-
ley trees and present the symmetry sectors that govern their
dynamics. Utilizing properly adjusted symmetry-adapted ba-
sis states (see Appendix D), we obtain a block Hamiltonian
that corresponds to one-dimensional SSH chains with stag-
gered on-site potentials. The simple form of the Hamiltonians
allows us to derive the complete spectrum of the clique-
Cayley trees and to discuss the CLSs that live on their
boundary.

We want to place (K + 1)-gon cliques (i.e., a collection of
K + 1 vertices in which each pair is connected by an edge)
on the Cayley tree, which for K = 2 imitates the tiling of the
star lattice. The latter can be understood as a hexagonal tiling
of triangles connected by “bridge edges.” To construct such
a decoration, we take the Lieb-Cayley tree of Sec. III B, con-
nect all Lieb nodes originating from the same parent Cayley
node, and finally we remove the root node at the center. The
resulting tree, which we call the clique-Cayley tree, is shown
in Fig. 22. It is the line graph of the Lieb-Cayley tree.

The Clique tree has the same number of nodes as the Lieb-
Cayley tree minus the central node 0, i.e.,

Mc M,
Neotal = (K + 1) % ZKIC71 +(K+1)x ZKIL*I
le=1 =1
K+ o
= x_pKE KT -2, 79
K& ) (79)

Using the symmetry-adapted basis states, the Hilbert space
decouples into sectors analogous to those of Sec. III B, except
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FIG. 23. Spectra of clique-Cayley trees with the same branching
factor K = 4 and for different termination conditions. In both cases,
we find the occurrence of in-gap states. For M even, we find a
set of states that are symmetrically arranged around E = 0, further
states near £ = —2, as well as an isolated flat band at E ~ 0.62.
In addition, a flat band with high degeneracy occurs at E ~ —1.62
inside the bulk energy band. For M odd, we find states accumulating
at E = 0 without a symmetric pattern, a set of states near £ = —2
similar to the case of M even, as well as a highly degenerate set of
states at E = —1 inside the bulk band.

that the derived block Hamiltonians include an on-site poten-
tial on the Lieb layers, namely,

K 1 0 0 0
1 0 VK 0 0
0 VK K—-1 1 0
Hsym: 0 0 1 0 \/E (803)
0 0 0 JK K—-1 ...
and
-1 1 0 0 0
1 0 VK 0 0
. 0 VK k-1 1 0
Hnonsym 0 0 1 0 \/E
0 0 0 JK K-—1

(80b)

These Hamiltonians describe a 1D chain with two bands
and with a staggered on-site potential. As we show in the
next section, the on-site potential breaks chiral symmetry and
inversion symmetry of the SSH Hamiltonian that emerged in
the analogous description of the Lieb-Cayley tree. However,
the tree does exhibit in-gap states, as visible in Fig. 23.

In analogy with the earlier sections, the first place to look
for the origin of these in-gap states is the boundary of the
tree. The position states on the boundary of the tree again
contribute a highly degenerate set of eigenstates. For M odd,

the tree terminates on the Lieb layer, and we find the oc-
currence of a flat band due to CLSs with energy £ = —1.
These states are equivalent to the CLSs at the same energy
as found earlier for the Husimi Cayley tree, discussed in
Sec. V B. For M even, the smallest available symmetry sector

has dim(#{,,em) = 2, and therefore hosts two states. Their

energies are £ = %(:t\/g — 1), which explains the isolated
set of states at E ~ 0.62. However, these considerations fail
to explain the states accumulating around E = 0 and £ = —2
in both termination cases. We clarify their origin in the next
section.

C. Discussion of spectrum properties

In this subsection, we first discuss the bulk of the finite 1D
chain models described by Eq. (80b) to clarify the origin of
the additional in-gap states of the model. After excluding a
topological origin, we will move on to show the impact of the
defect at the beginning of the 1D chain on the eigenenergies
of the system.

For the purpose of investigating the bulk model, we can
ignore the defect of the on-site potential at the beginning of
the chain. The resulting 1D chain has two-sites per unit cell
with a staggered hopping amplitude, equivalent to the SSH
model, as well as an additional staggered on-site potential. As-
suming periodic boundary conditions, we find the following
momentum-space Hamiltonian:

K—1 14 VKe™*
H(k) = ) . 81
(k) (1 + \/Ee'k 0 ) (81a)
Rewriting in Pauli matrices, we find
H(k) = =0y + d(K)o, + dy (K)o, + d.o,,  (81b)
with
. K—-1
d =14+ Kcos(k), d, =~Ksink), d, =——.
(82)
The energy bands are
K—1 ]
Es(k) = ~—— i\/df—f- 11+ VKek|2. (83)

Since all three Pauli matrices o, . are used in Eq. (81b),
the chiral and the inversion symmetry are both broken. The
absence of inversion symmetry implies that we do not expect
there to be a quantized Zak phase in any termination case;
i.e., the in-gap states are not of topological origin. On the
other hand, the absence of the chiral symmetry is manifested
by the fact that the near-zero-energy states are not pinned to
stay there: Upon introducing a tuning parameter in the clique-
Cayley tree (namely, assuming different hopping amplitudes
within the “cliques” than on the “bridges” between them), it
is possible to move the in-gap states away £ = 0 (not shown
in the figures).

However, it is noteworthy that the clique tree has ap-
proximate flat bands at E = —2 and E = 0, paralleling its
Euclidean analog. We anticipate that the precise values of
these eigenvalues can be obtained through a derivation analo-
gous to the one presented for edge states accumulating near
E = -2 for the Husimi-Cayley tree. The doubled unit cell
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size implies that the recurrence relation for det(H,,oym —

All) = d,, (1) obtained via the Laplace expansion has to be
expressed in a matrix form; specifically, one can show that

(d2n+2> _ (_)‘(K —1- )‘) -1 AK)( d2n ) (84)
dony1) K—-1-A —K J\doy—1)"

This recurrence can, in principle, be solved analytically by
finding biorthogonal eigenstates of the 2 x 2 matrix, and the
sought Hamiltonian eigenvalues are then obtained by expand-
ing the derived expressions for d,,()) to linear order around
A = Oresp. . = —2. However, as the resulting expressions are
rather long and not particularly illuminating, we do not follow
this path further.

Regarding the states at E = 0, their approximately sym-
metric distribution around zero energy for the M-even case
is reminiscent of the symmetric arrangement around the
same energy found earlier for even-M Lieb-Cayley trees in
Fig. 9. Indeed, one can understand the Bloch Hamiltonian in
Eq. (81a) as the SSH model with an additional on-site poten-
tial on odd sites in the position basis. This motivates us to
study the perturbation of the edge states in a finite SSH chain
under the introduction of a sublattice on-site potential. For the
purpose of this argument, let / = K — 1 and let |§| C|t’—,|L
be the energy shift of the hybridized edge states, where L is
the length of the chain, r =1, ¢’ = /K, and C a constant of
order unity.

We project to the subspace spanned by the two edge states
in the finite SSH model {|L), |R)}, where |L) is the state
exponentially localized on the left edge, which has support
on sublattice A only, while |R) is exponentially localized on
the right edge and has support on sublattice B only. We find
the effective Hamiltonian to be

mﬁ:<§ 3. (85)

In this matrix, the diagonal terms correspond to the on-site
potentials V in the bulk, namely, (L|V|L) ~ J and (R|V |R) =~
0. We neglect mixing with the bulk states, since they are far in
energy from the edge states for the SSH model. We can solve
this effective Hamiltonian for its eigenvalues to find

J £ I+ 4682
E+(J) = + (86a)
For large J, we can approximate
82 82
E+(J)%J+7, E_(J)%—7. (86b)

This implies that one of the states remains close to E =
0 while the other moves with J. However, studying Fig. 23,
we observe symmetrically arranged states, implying that both
energies remain close to E = 0 regardless of J.

To explain the mismatch above, we need to include the
defect at the beginning of the clique chain. We again place
a staggered on-site potential J on all sublattice A sites except
the first one, labeled as |1), which receives a potential J}y:

Vi=J Y DGl 87)
jeA.j#1

Now, because the left edge state is mainly localized on site |1)
we find that J; = (L|Hc¢|L) will be an interpolation between

the defect potential Jj;, and the sublattice potential J, where
the interpolation depends on the extension of the edge state,
which in turn depends on the relationship between ¢ and ¢’.
Assuming that the spatial dependence of the edge-state wave
function takes the exponential form

2n—1L)y=vy;2n—1)= A(—=r)" 1, (88)
withr = |t’—/| = \/LI?, one finds that for large number of sites NV,

the normalization factor converges to A = /1 — r2. Calculat-
ing J; explicitly

Jo=(LIVIL) = Jiy(1 = )+ Y (1 = r?)r?e=D

n=2

=Jiy +( = Jp)r. (89)

If we now insert Jj;, = —l and J = K — 1 and r* = 1/K, we
find J; = 0. In other words, the relationship between r, J, and
the defect Jj;y on the clique tree leads to an exact cancellation
of the effective on-site potential in the edge-state subspace.
This assumes that N is sufficiently large for the leading terms
to dominate in the various derivations performed above. For
the N odd case, where there is no integer number of unit cells
and only a single edge state on the left |L), one finds that the
energy shift of the edge state depends solely on J; . This then
explains why we find an accumulation of states at E = 0 in
the M odd case as the tree gets larger.

In conclusion, as the tree grows we expect edge states to
get closer to E = —2 and E = 0. Furthermore, in the limit
of infinite system size, the tree will host exact flat bands at
the aforementioned energies. This is because it is possible to
find infinite string states that stretch throughout the infinite
tree and whose energies are exactly at E = —2 and E = 0.
We show an example of such an infinite string state with £ =
0 in Fig. 24. This is not a coincidence and it can be shown
that an infinite tree will always “inherit” the flat bands of its
Euclidean analog, as we show in the next section.

VII. FLAT BANDS ON INFINITE TREES

In this section, we explain the existence of flat bands on
infinite versions of the decorated trees considered in previous
sections from the perspective of covering graphs. Later, we
comment on how the result transfers to the case of finite deco-
rated trees. A graph L is called a covering graph of a graph L if
there exists a covering map f : £ — L, i.e., a surjective map
that is a local isomorphism [90]. In the canonical definition,
the neighborhoods are taken to be the adjacent sites to a
given vertex v, and the local isomorphism means the bijection
between edges starting from the vertex v € £ and the pro-
jection f(v) € L. However, for our aims, we adopt a slightly
more restrictive definition of local isomorphism. Namely, our
“neighborhoods” U (v) consist of three ingredients: (1) an
initial vertex v, together with (2) all its adjacent sites {ui}?i(l")
[where nn(v) is the number of nearest neighbors of v], as well
as (3) all the edges connecting any pair of sites within the
set S, = {v, Uy, ..., Unn)}. By adopting this definition, we
ensure that triangles (as well as their collections) meeting at
one vertex, such as those arising in the Husimi and the clique
decoration, are preserved by the covering map.
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FIG. 24. The clique-decorated tree in its infinite M = oo (Bethe)
limit hosts a large set of CLSs at the exact energies £ = 0 and
E = —2. Every such state corresponds to an infinite chain of alternat-
ing amplitudes %1 that thread ad infinitum across the whole tree, as
indicated in this figure. Every decorated tree with only NN hoppings,
whose Euclidean analog hosts a flat band of CLSs, will host such
infinite string states with their energies matching exactly the energy
of the CLSs of the related Euclidean lattice.

We should also note that among all possible lifts £ of graph
L (assumed to be connected), there is a unique “maximal”
one called the universal covering graph £, which (1) is
connected, (2) does not contain any loops (other than those
contained within the neighborhoods U,), and (3) is the cov-
ering graph of all coverings £. The absence of loops hints
that universal covering graphs allow us to elevate Euclidean
lattices to Bethe lattices, as we elaborate later.

Across the considered Euclidean models that motivated
the presented Cayley tree decorations, we focused on CLSs
with nontrivial support on one-dimensional cycles. In the
following discussion, we show that these CLSs can be lifted
to eigenstates on covering graphs with the same eigenvalue.
More precisely, we introduce the notion of string states that
have support on a finite or infinite chain on a graph. Then,
the Euclidean CLSs considered in the previous sections [e.g.,
those in Figs. 5(a) and 14] are examples of finite string states.
We claim that string states on the graph L are lifted to string
states on the covering graph £ with the covering map defined
above.

Before proceeding with the argumentation, we remark that
for a given graph L and its covering graph £, one can lift the
Hamiltonian H defined on L to the Hamiltonian 7 defined
on L. This is possible to do because the considered nearest-
neighbor Hamiltonians H match the adjacency matrix of the
lattice graph L. The lifting is then made by assigning the local
hoppings in H according to the hoppings in H via the local
isomorphisms induced by the covering map f. More precisely,
the matrix elements of Hamiltonian H can be defined as

How = Hyy,
Hv’u’ = O»

ife(v,u) e Land e(v', ') € L,

otherwise, (90)

where v'ef~!(v), u'ef~'(u), with f~! being the full preim-
age of the covering map f, and e(u, v) means an edge
connecting the vertices v and u.

The Hamiltonians on the infinite versions of decorated
trees studied in the previous sections are examples of such
lifts of the Hamiltonians defined on the Euclidean side. For
example, in the case of decorations of the square lattice (i.e.,
the Lieb and the double-Lieb lattice) one should first observe
that a regular tree graph with coordination number g = 4 is
the universal covering graph of the square lattice. Since the
decorations are obtained by adding vertices on the edges,
i.e., a local change that contributes more features to the local
neighborhoods, applying the decoration to both the square
lattice and the corresponding tree (both assumed to be infinite,
i.e., never terminating at a boundary), one preserves the cover-
ing structure. Similar covering correspondence can be derived
for the Husimi and for the clique decoration. Starting with
the kagome lattice [Fig. 18(a)] or the star lattice [Fig. 22(a)],
and noting that each triangle (together with all its vertices
and edges) belongs to the neighborhood U, of some vertex v,
we establish the infinite ¢ = 3 Husimi-Cayley (clique-Cayley)
tree as the universal cover of the infinite kagome (star) lattice.

Now, we are set to discuss the lifting of string states. Let
¢ be a finite string state with energy ¢ defined on the lattice L
with Hamiltonian H (for simplicity, we consider normalizable
string states having finite support):

H¢ = ¢¢. 1)

Then, there exists a lift of ¢, which we call ¢, such that ¢ is a
string state of H with the same energy e&:

He = so. (92)

In other words, a string state on a lattice that supports compact
localized states can be lifted to a string state on a covering
graph with the same energy. This property is the direct conse-
quence of the local nature of the wave-function amplitude of
the string state, which can be shown by a direct construction
as follows.

First, we should understand how cycles are lifted to the
covering graph. The covering property implies that a cycle C
is lifted to a set of cycles, which we denote as

1) ={Cy, (93)

where the cycles C; can also have infinite lengths. In particular,
each C; has infinite length in the universal cover .Z. The
statement in Eq. (93) can be shown by indexing the vertices in
CasC = {vy, va, ..., v} and taking a closed path through C
starting from v; and ending at the same vertex. Let us choose
a particular lift v| € f~'(v;) of vertex v; as the starting point
of the path. Then, the path is lifted uniquely to the covering
graph £ via consequent applications of local isomorphisms.
Therefore, we have only two options: either the listed path
starting from v] returns to v{, or it does not. The first option
corresponds to the case when the lift C; is finite, while the
second one corresponds to an infinite cycle C;. By considering
all possible choices of v| € F~Y(v1), we find all lifts of C in
fHO.

Having defined the lifts of cycles, we move to describing
the lift of a finite string state ¢ supported on a cycle C. We
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choose a cycle C; from f~!(C) and denote the amplitude of the
state ¢ at the vertex v as ¢y. Using this notation, we can define
the non-normalized lift ¢V of ¢ by the following formula:

ol =y, v e f1(v), and V' € C;,
ol =0,

vedC,
otherwise, 94)

where f~! means the full preimage of the covering map f.
Informally speaking, for all vertices with the same neighbor-
hood, we assign the same amplitudes of the wave function
as in the covered graph L. Since for each neighborhood the
energy is defined only by the local amplitudes, the energy
stays the same when passing from the graph L to the covering
graph L. Therefore, ¢¥ is an eigenstate of H localized to a
single cycle C; € L, which has the same energy ¢ as the CLS
state ¢ has with respect to the Hamiltonian H. Note that it is
important that we have adopted the more restricted version of
the covering map f, as defined in the beginning of the section,
since this definition preserves the destructive interference on
sites that are adjacent to multiple sites of the initial CLS (such
destructive interference would be lost if the covering graph
were constructed using the canonical definition of covering
map, which can remove all loops).

In the case of finite C, we can normalize ¢®:
B (p(i)

@1
The resulting state ¢ is the lift of ¢ satisfying Eq. (92). How-
ever, we should note that in the case of infinite trees, the lift
of a finite Euclidean string state is an infinite string state (as
illustrated in Fig. 24); hence, the lift is non-normalizable and
one can only use Eq. (94). In other words, the lift ¢ does not
belong to the space £2(L) of square-integrable functions on L.

As discussed in the previous sections, finite trees typically
do not support states that exactly reproduce the flat bands gen-
erated by Euclidean CLS states. Nevertheless, the associated
energy levels converge exponentially toward the flat bands of
the corresponding Euclidean lattices as the tree size increases.
This confirms that the flat bands of Cayley trees are related
to infinite string states of infinite trees. More precisely, one
can still consider a finite string state on a Cayley tree that,
within the bulk, is indistinguishable from an infinite string
chain. The isomorphism breaks only at the end points, which
coincide with the boundary of the Cayley tree. However, the
larger the length of such a string state, the closer the state is
to an eigenstate with exact flat-band energy. This statement
can be formulated more rigorously as follows. Let us denote
such a normalized string state with length L as i and the
corresponding flat-band energy (taken to be the exact flat-
band energy of the Euclidean parent model) as ¢. Since the
mismatch between v/, and an eigenstate with energy ¢ occurs
only at the end points, we can conclude that an appropriately
chosen norm is a decreasing function of L:

¢ (95)

ﬁ.

Here, c is a constant that depends on &, hoppings, and on
the components of the corresponding Euclidean CLS. We also
used the fact that the components of Y, arise from the lift of
Euclidean CLS, and therefore depend on L only through the

II(H —e)yLll < (96)

normalization. By applying spectral decomposition, one can
further show that the energy ¢ lies ar most ¢/~/L away from
the true eigenspectrum of the tree Hamiltonian. Although in
practice, a much faster convergence is observed, as mani-
fested, for example, by the perturbative result for the Husimi
tree in Eq. (76). We should also note that in some cases, such
as for Lieb-Cayley trees with Lieb boundary [Fig. 10(a)], the
existence of an edge does not break compatibility with the
exact flat-band energy, and exponentially localized bulk states
can be obtained as a linear combination of finite string states
lying within the support of the corresponding nonsymmetric
sector.

VIII. CONCLUSION AND OUTLOOKS

In this work, we have extended the concept of flat energy
bands to the setting of decorated Cayley trees. By introducing
tree analogs of several well-known Euclidean lattices, namely,
the Lieb, double-Lieb, kagome, and star lattices, we demon-
strated that exact flat bands or nearly flat bands can persist
when passing from the Euclidean to the tree geometry. In
the infinite limit, these decorated Bethe lattices inherit the
exact flat bands of their Euclidean counterparts with the same
energy, which can be explained by the covering property
of the decorated trees. For finite Cayley trees, the energies
corresponding to Euclidean flat bands can either stay exactly
the same or converge exponentially toward these values as the
number of generations in the tree increases.

Our analysis shows that not only can flat energy bands
arise in the tree analogs of the specified Euclidean lattices, but
that the transition from Euclidean lattices to the tree geometry
can further enrich the phenomenology of the flat bands. For
example, the flat bands can become topological and protected
by chiral symmetry or its generalized versions, as in the case
of the Lieb and the double-Lieb decorations. In particular, we
uncovered an exact mathematical correspondence between the
E = 0 flat-band states of the Lieb-Cayley tree and topological
edge states of Su-Schrieffer-Heeger chains. In other cases, the
flat bands on the decorated trees can be mapped onto states
localized on edge defects in one-dimensional chains, as in the
case of the Husimi and the clique decorations. Remarkably,
when the states on the decorated trees acquire a topological
interpretation, they need not be localized at the boundary of
the tree; instead, they can be exponentially localized at a site
inside the bulk, in a sharp contrast with the conventional bulk-
boundary correspondence known from Euclidean lattices.

Our construction provides a unified framework for under-
standing how topological and flat-band phenomena manifest
on homogeneous non-Euclidean, loopless structures. The
analysis based on symmetry-adapted sectors and their map-
ping to one-dimensional topological chains establishes an
exact correspondence between the number of topological zero
modes and the prediction of the rank-nullity theorem. More-
over, we showed that such topological bulk states persist even
for moderate system sizes, suggesting their potential realiz-
ability in experimental platforms, such as photonic or circuit
networks, which have already been used to emulate some
of the tree systems [28,68] and hyperbolic lattices [96-99].
We expect flat bands, as theoretically described by our study,
to be experimentally detectable in such photonic and circuit
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platforms by identifying energies (frequencies) with large
LDOS but vanishing transmission between distant nodes.
Here, large LDOS signals a narrow energy band, while the
absence of long-range transmission indicates the band is dis-
persionless: both clear fingerprints of an approximately flat
band. The LDOS is accessed by exciting a single node and
measuring the on-site spectral response. In electric circuits,
this is achieved by measuring the impedance Z;(w) at site i to
ground [97,100,101]. In waveguides, we envision the LDOS
to be approximately captured by integrating transmission from
site i to its immediate neighbors (within the support of the
anticipated compact localized states). Vanishing group veloc-
ity is then validated by suppressed two-site impedance Z;;(w)
resp. by suppressed transmission to distant nodes at the same
frequency. (The latter is, essentially, the diagnostic used by
Ref. [96] to detect flat bands in a circuit QED realization of
the hyperbolic-kagome circuit.)

Looking ahead, several directions appear promising. One
concerns extending our analysis to decorated Cayley trees
with inhomogeneous hoppings, similar to Ref. [69], which
may reveal new mechanisms of topological protection. An-
other avenue involves exploring topological states on genuine
hyperbolic lattices, where higher-dimensional topology may
lead to modified notions of the bulk-boundary correspon-
dence. It is also interesting to ponder whether nontrivial
band topology can be manifested through states localized
inside the bulk also in lattices with loops provided that one
maintains the expander property (i.e., negative curvature).
This avenue becomes especially interesting if one takes into
account the recent discovery of bulk topological states on qua-
sicrystals [49,50] and the connection between quasicrystals
and hyperbolic lattices [102,103]. More broadly, our results
point toward a richer landscape of flat-band and topological
phenomena in non-Euclidean systems, where geometry alone
can generate and stabilize unconventional quantum states.
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APPENDIX A: BASIS STATES IN LIEB DECORATION

In this Appendix, we present the construction of the
symmetry-adapted basis for the Lieb-Cayley tree and prove

its completeness. Let the position states be |/, ji,c, m) with
ju=1, ..., K"V and jc=1,...,K'"2 in the Ith (I =
1, ..., M) generation of the branch m (m=1,2, ..., K +

1). In addition, there is the root node at the center of the tree,

labeled as |0). Constructing the basis of the shell-symmetric
sector Hsym, we obtain the following structure for the sym-
metric states:

K+1 K'-!
|- = 1, ju,m), forl odd,
(K + l)KI 1 mZ:IJLz:I
K+1 K'2
D¢ = |1, jc,m), forl even.
(K + I)Kl -2 mX—;;
(A1)

In the above, we have adopted |---) to denote the position
basis and | - - - ) for the symmetry-adapted basis.

We next apply the Hamiltonian to these states to see how
they transform. For example, in a model with K = 2,

H|2)¢ = Z(h UL+ 10 ED32, e, 1)

\/_ (i, )
+12, 1c,2) + 12, 1c, 3))

1
= _(|11 1L9 1) + |17 1L72> + |1’ 1L33>)

V3
1
+ E(B’ Ip, 1) 413,20, 1) + 3, 1L, 2)
+|3,2L,2>+I3 Iy, 3) + 13,2, 3))
1
= —3|1 V6[3)"
7 31~ Jr\/§ 613)
= D" + V2|3) . (A2)

Generalizing from here, we obtain a recursion relation for the
symmetric eigenstates of the form

Evyo = VK + Ly, (A3)
Eyl = VKyS, +1yf,, (A4)
Eyf = 1yl + VK, (A5)

where 1//[]“/ € are the wave function components in the
symmetry-adapted basis. Counting the number of shell-
symmetric states, we find that there are M states. Adding the
|0) = |0) state, we find the total number of symmetric states
as

Ny=M~+1=Mc~+M)+ 1. (A6)

We proceed to construct the basis of the nonsymmetric sec-
tors H{om- As has been shown in Sec. II B, construction of
nonsymmetric basis states on a Cayley tree requires choosing
a node o of the tree and constructing the state from there.
It turns out that it suffices to restrict @ to nodes on layers
Ic € Mc of the Lieb-Cayley tree, as these are the only nodes
at which we can permute subbranches. Specifically, consider
the K > 2 subbranches rooted at this node. Then, « will be on
some even [ layer with the number of remaining layers being
M—1.Letr=1,2, ..., M — [ and let w be a nontrivial Kth
root of unity. A nonsymmetric basis state |/, 7, w), is then
constructed by weighting the position basis |7, k, n), (with
k=1, , K["/21=1) in the rth generation with the powers
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of w, such that all states in the same subbranch have the same
weight, i.e.,
1 K K/
lle. 7 @)y 1= 2 D 0" Y Inkonle. (A7)
n=1 k=1
The states |r, k, n), on the right-hand side lie in a Cayley layer
for r even and in a Lieb layer for r odd.

Below, we provide some example states for K = 2, where
the only nontrivial root of unity is = —1:

le.r=1w=—1)y=(1,1,1) = [1,1,2))/v2, (A8)
le,r=2,0=—1 = (2,1, 1) —2,1,2))/v/2, (A9
lleor=3,0=—1), = (3,1,1) +[3,2,1) (A10)
—13,1,2) — |3,2,2))/+/4. (Al1)

We can now apply the Hamiltonian to these states, e.g.,
Hllc,r =2, 0= —1),
=H(|2.1,1) — 2, 1,2))//2
=(3,1,1)+3,2,1) =13, 1,2)
1
V2
=V2llc, 3, =) + 1llc, 1, =1)a.

Generalizing to the full eigenvalue equation ‘H|¥V) = E|W¥),
one finds the recursion relations

EQ} . =VEK®} , 1+ 10 forrodd, (Al3)

—13,2,2)/V2+ —(1,1,1) — |1, 1,2))/+/2

(A12)

EQ} =08 10+ VK 11 forreven, (Ald)

0= 900 = Plem—t+1,.0° (A15)

Coefficients in these recursion relations define components of
the nonsymmetric Hamiltonian block H{ ..

The constructed symmetry-adapted basis states are orthog-
onal to each other. Furthermore, counting of these states

reveals that they form a complete basis for the Lieb-Cayley
|

tree. To count the nonsymmetric basis states, note that their
origin can be chosen from (K + 1) x K'e~! nodes of the
Ic Cayley layer. Each of these nodes will produce M — [ =
Mc + My, — 2 x Ic nonsymmetric states, where we used that
the layer number / will always be a Cayley layer, which are the
even-numbered layers. Furthermore, we have K — 1 nontrivial
Kth roots of unity w. This gives us the following expression
for the number of nonsymmetric states:

Mc
Np., = Z(K — 1) x (K+1)x Kl™" (M + My, — 2Ic).
le=1
(A16)
Additionally, we get a set of M nonsymmetric states origi-
nating from the central node, as seen with the simple Cayley
tree in Sec. II B. These have degeneracy K due to K non-
trivial (K 4 1)th roots of unity. They are characterized by
Hamiltonian Hgonsym that takes the same general form as the
Hamiltonian H{, ., considered earlier. The number of such
states totals

Np_, =K x M. (A17)

We next determine the total number of states. First, we re-
formulate the number of nonsymmetric states with root o % 0
into a closed form as

Mc
Nooy = ) (K = 1) x (K + 1) x K7 (Mc + My —2lc)
Ie=1

_K+1 B Me
= 7 (MLK = 1KY~ 1)

+2(KMe — 1) = Mc(K — (KM +1)). (A1)

In the above, we adopted the geometric sum twice, and we
further used the following sum:

Mc
Z(K — 1) x (K+1)x2lc x K<
lc:l

K+l
_ x4l LMKt~ 2(Me + DK +2).

(A19)

We sum all symmetry-adapted basis states together, finding

NS +NB!=0 +N31>1 = (K + 1)(MC +ML) + 1 +NB;1

K+1

= ——((K = 1)(Mc + Mp) + (K — 1) + ML(K — 1)(KMe — 1)

K -1

+2(KMe — 1) — Mc(K — 1KY + 1))

3+ K+ (K4 DK x (=2 — (K — DMy + (K — 1)Mc)

ras (A20)

We proceed to show that N — Np,_, — Np,_, — Ns = 0, where the total number of sites N on the Lieb-Cayley tree is given by

Eq. (28). Inserting results in

K+1
N — N5 —Ng_, — N, = 1+ K—Jrl(KML + KMe —2)

_K+1

—— (KM — KM+ (K — DKM, — (K — DKM Mc).

K -1

34K+ K+ DEMe x (=2 — (K — DMy + (K — D)Mc)

K—-1

(A21)
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For the above expression to yield zero, we need to have this
last bracket equal to zero, i.e.,

DEMeM; — (K — DEMeMc) = 0
(A22)
To prove the above, it is important to note that there are only
two cases for the relationship between M¢ and My, in a Lieb-
Cayley tree with the prescribed radius. Either (1) My = Mc¢
or (2) My, = Mc + 1, i.e., either the Lieb-Cayley tree ends on
a (1) Cayley layer or on a (2) Lieb layer. It is then easy to
verify that in both cases the above expression equals zero.

J

(KMe — KM 4 (K —

Considering finally that all the constructed basis states are
orthogonal to each other, we conclude our proof of the com-
pleteness of the constructed basis.

APPENDIX B: BASIS STATES IN DOUBLE-LIEB

DECORATION
We again introduce position states |I, jc/Li/12, M)
with JjL1 = 1, ..., Klil, Ji2 = 1, ..., Kliz, and
je=1, ,K'™3 in the Ith (I=1, ..., M) generation

of the branch m (m = 1,2, ..., K + 1). In analogy with the
previous case, we construct the symmetric states as

K+1 k'
H = ——— |1 jui,m)y, forlmod3 =1, (B1)
K+1 K72
D = I, jio,m), forlmod3 =2, (B2)
T ZZ
K+1 k'3
D¢ = I, jo,m), forlmod3 =0. (B3)
MRy =pID
[
Applying the Hamiltonian to these states gives essentially the E® o= PlertwT Pierilo forrmod3 =2 (Bll)
same behavior as in Appendix A. Skipping these examples a N N
due to their redundancy, we immediately show the energy Epe o = Pler—10 T ‘/Eq)lc,rﬂ,w’ for r mod 3 = 0,
recursion relations, which take the form (B12)
Evo = VE+ Ty} (B4) 0= ¢ 00 = rrrs10r (B13)
= Ky, + 19, (BS)
We next count the total number of nonsymmetric states.
E %L =1y 4+ 1y, (B6)  The origin of our nonsymmetric states can be chosen from
(K 4+ 1) x K1 nodes of the Icth Cayley layer with Ic €
Elﬁ,c = 11// |+ \/_‘//H-l B7 Mc. Each of these nodes will produce M — [ = My + My, +
We find the total number of symmetric states to be Mc —3ic n0n§ymmetrlc States‘ Here, \ye used the fact that the
layer I on which the node is placed will always be a Cayley
Ns =M+ 1= Mc+ My + M)+ 1. (B8) layer with 3/c = I. We further have K — 1 nontrivial roots of

By the exact same procedure as in Appendix A, we con-
struct the nonsymmetric basis states (i.e., basis states of the
nonsymmetric Hamiltonian sectors). Again, these only start
from a node o € M¢ in a Cayley layer. A nonsymmetric basis
state |/, r, w), is constructed by weighting the position basis
|r, k, n)y (Where k=1, ..., K"/31=1) in the rth generation
with the powers of @ (nontrivial Kth roots of unity), such that
all states in the same branch have the same weight, i.e.,
KT7/31

A Za) Z |r, k, n)g

n=1

lle, r, @) = o7 (B9)
Compared to the simple Lieb-Cayley tree, we now have three
layers (instead of two) with the same number of nodes.

By the same procedure as applied to the Lieb-Cayley tree in
the preceding section, one can show that the eigenvalue equa-
tion of the 2xLieb-Cayley tree results in the energy recursion

relation of the form
E¢} ., = VKO, 1o+ 110 forrmod3 =1,

(B10)

unity w, giving the following expression for the total number
of nonsymmetric states:

Mc
Np., = Y (K=1)(K+1) x K" (Mc + My +My, — 3lc)
Ic=1
_K+1
= oMLK = DEY —1)

+ Mio(K — 1)(KMe — 1) + 3(KMe — 1)

— Mc(K — D)(2KMe 4+ 1)). (B14)

Additionally, we have Np_, = K x M nonsymmetric states
that originate from the central (i.e., root) site, with their dy-
namics captured by Hamiltonian H2 ... that takes the same
form as H{, . shown in Eq. (42b). Counting all symmetry-
adapted ba51s states and comparing this count against the

number of sites in position bases, similar calculations as in
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the preceding Appendix lead to

]Vtotal - NS - NB[:O - NBI;I
_ K+l [KM“ + KM — pgMe
K —
+ (K — DKMe(—=My; — Mis +2Mc)].  (B15)

One can show that this expression evaluates to zero for all the
possible choices of M¢/My/My,, categorized as Case 0/1/2
below [Eq. (41)]. For example, by inserting My, = My, =
Mc + 1 into the above, we find

KMo M _ggMe (K — 1)KMe (=M, — My, + 2Mc)
= KMu  gMu g M=l
+ (K — DKM~ (=Myy — My +2My, —2)
= 2KMur — oMt 4 oM — M
=0. (B16)

Since the constructed basis states are orthogonal to each other,
we conclude that we have found a complete set of basis states.

APPENDIX C: BASIS STATES IN HUSIMI DECORATION

We define the position basis states for the Husimi-Cayley
tree in the same way as they are defined for the Cayley tree,
except for removing the central (root) node; i.e., we use the
labels |1, j,m) with j =1, ..., K'inthe Ith(I =1, ..., M)
generation of the branch m (m = 1,2, ..., K 4 1). The def-
inition of the symmetric basis states for Husimi-Cayley tree
follows precisely the same formula as for the Cayley tree
[Eq. (4)], i.e.,

K+1K'-!

2, j,m
,/(K—H)Kl 'mz:ljz;

If we apply the nearest-neighbor hopping Hamiltonian to the
state above, we find a similar dynamics as for the Cayley tree,
except for the appearance of an additional on-site potential.
For example, for K = 2 we obtain

(CI)

HID =H(L 1, 1) +1,1,2) +[1,1,3))/+/3
=((11,1,2) +1,1,3)V3
+ (L L) +(1,1,3)+ (1, 1, 1) 4+]1,1,2))
+02, L) 42,2, 1) + 12, 1,2)
+12,2,2) + 12, 1,3) + 12,2, 3)])//3
=2[1) +V2|2). (C2)

We observe (in contrast with the simple Cayley tree) that
the bond connecting the position states within the [ = 1 layer
generates a contribution on the right-hand side proportional to
|1). The analysis above can be generalized to the following re-
cursion relations for the amplitudes of symmetric eigenstates:

Eyn = Ky + VK, (C3)
EVim =YKy + (K — Dy + VK1, (C4)
0= Va1 (C5)

There is exactly one set of M states captured by the above
equations, which correspond to eigenstates of the Hamiltonian
in Eq. (67a). The factor (K — 1) in Eq. (C4) derives from the
fact that the fully connected set of branching nodes can hop to
more nodes on the same layer for higher K.

Nonsymmetric states for the Husimi-Cayley tree are de-
fined in exactly the same way as for the simple Cayley tree.
Consider the K branches rooted at a node «. Let « be on
layer [ so that the number of remaining layers is M — [; we
user = 1,2, ..., M — [ for labeling the remaining layers and
w for nontrivial Kth roots of unity. A nonsymmetric basis
state |/, r, w), is then constructed by weighting the position
basis |7, k,n) (k =1, ..., K'~!) in the rth generation with
the powers of w, such that all states in the same branch have
the same weight, i.e.,

K)l

Za) erkn (C6)

which exactly reproduces Eq. (11).

To illustrate the action of the Hamiltonian on shell-
nonsymmetric basis states, we consider the case K = 3 for
1,1, w), withM — [ > 1. We find

|l9 r? a))Dt =

1
HIL T, 0)a = ’Hﬁ(wnll, L Do+an|l, 1, 2)qtws]1, 1, 3)y)

= [(w1 + w2 + w3)|a) + (w2 + @3)[1, 1, 1)¢
+ (w1 + w3)[1, 1, 2)¢ + (w1 + @2)[1, 1, 3)4
+o1(12, 1, 1) + 12,2, o + 12, 3, 1))
Fwr(- )+ ws(--)1/V3
=0—1|,1,w)q + VK|, 2, ®),. (C7)

Here, |o) is the seed node. We further used the fact that the
sum of the K'th roots of unity gives zero, i.e.,

K
Za)i =0,

Note that, due to the fully connected property of the
branching nodes, we will always get —1 for the |/, 1, w)
state. This is due to the “mixing” of the » = 1 position states,
which produces a combination of all position states except the
original one for any choice of K and w. To be more explicit,
consider only in-layer hopping at r = 1,

K
therefore Z w; = —wj. (C8)
ii#]

K K

K
'Hr=1<Zw"|l,k,n)o,) => | D o'k
n=1

i=1 n=1,n#i

—Z( o'|1,k, i)y

The energy recursion relations are therefore

E(p;)fl,w = \/E(pﬁlw - ¢zl,w’
= \/Eqbﬁr—l,w + «/fd)lofr-&-l,a) + (K - l)d)?ir,w’ (Cll)

Za) 11, k, n)q (C9)

(C10)

E¢, .

0=0"00=> u-tt1.0 (C12)
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The multiplicity of these states is the same as for the simple
Cayley tree, i.e.,

M—1

Z(K —DEK+DxK'M—-1) (C13)
=1

= Mot — (K + DM.

NBZ>| =

(C14)

Moving on, we investigate the nonsymmetric states with
nonzero amplitudes on the first layer / = 1. For consistency
with prior notation, we formulate these states as if there exists
a central root node at / = 0 from which these states originate.
Although this is not the case, the results are consistent with

such an interpretation:
K+1 K1
(K + DK~ Z (ZV S ) (€1

Here, @ is a nontrivial (K + 1)th root of unity. We arrive at
the energy recursion relations

E¢?, = VK¢, + (K -1}, + VK¢, . (C16)

Ir @)y = ——m—

0 =Yus1,0 = Yo. (C17)

The altered values of the roots of unity do not appear in the
above equations explicitly, but they enhance the degeneracy
to K, such that there are Np_, = M x K states in total.

To conclude this Appendix, we show that the constructed
set of symmetry-adapted basis states is complete. For this
purpose, one simply adds up the number of symmetric and
nonsymmetric states to verify that

(C18)
(C19)

]Vtolal = NB@[ +NBI:0 +NS
= Noota — (K+1)M + K x M + M,

which is mathematically consistent. This result has been an-
ticipated, considering that we simply removed a single node
from the center of the simple Cayley tree while adopting
essentially identical construction of symmetry-adapted basis
states as in the case of the simple Cayley tree.

APPENDIX D: BASIS STATES IN CLIQUE DECORATION

We pointed out in the main text that the clique-Cayley
tree can be interpreted as the Lieb-Cayley tree with addi-
tional bonds connecting all Lieb nodes emanating from the
same Cayley node, minus the node at the center of the Lieb-
Cayley tree. Therefore, let the position states be |/, ji,c, m)
withjp =1, ..., K" "and jc=1, ..., K'?inthe Ith (I =
1, ..., M) generation of the branch m (m=1,2, ..., K +
1). We arrive at the same symmetric states as formerly con-
structed for the Lieb-Cayley tree:

K+1 K!=!
|- = 1, ju,m), forl odd,
(K + 1)K1 1 mZIJLZ]
K+1 K'2
D¢ = 1, jc,m), forl even.
(K + I)Kl -2 V;jczl
(D1

In the above expressions, we use | - - - ) to denote the position
basis and |- --) for the symmetrized basis. While the shell-
symmetric basis states are the same as for the Lieb-Cayley
tree [cf. Eq. (A1)], the dynamics of this symmetry sector is
altered. Applying the Hamiltonian to a state in a Lieb layer in
a tree with K = 2, we find
HIDE = HAL 1, 1) + 1, 1, 2) + 11, 1o,
= (1,1, 2) + |1, 1., 3) + |1, 1p, 1)
111, 3) + 11 1, 1)+ 11, 1, 2)V3
+(12, 1, 1) + 12,16, 2) + 12, 1c, 3)/+/3
2 1
= VB3I + —/32)°
V3 V3
= 2|k + 113)C. (D2)

/Y3

We find again that bonds among the sites emanating from the
same seed induce effective on-site potentials.
The full energy recursion relation takes the form

EYyl = ¥5 + Ky, (D3)
EyF = VKyYS, + K - Dyt +y5,. (D4
EYS =i + VKV, (D3)

where 1//1L /€ are the wave function components of a symmetry-
adapted state. There are Ny = M = (Mc + ML) symmetric
states. The nonsymmetric states are again rooted on nodes o
inside the Cayley layers only. Consider the K branches rooted
at this node. Then, o will be on some even [ layer (/ being the
global layer index) with the number of remaining layers being
M—1.Letr=1,2, ..., M — [ and let w be a nontrivial Kth
root of unity.

A nonsymmetric basis state |/, r, @), is then constructed by
weighting the position basis |r, k,n)y (k=1, ..., KTr/21-1y
in the rth generation with the powers of w, such that all states
in the same branch have the same weight

K/

Krr/zw Za) Z Ir, k, n)q, (D6)

which is exactly the same as Eq. (A7) for the Lieb-Cayley
tree. We can now apply the Hamiltonian to these states, for
example,

|lC7 7, w)a = a7

H”C,r: 1760 = _l)a

1
ZH_ 1517101_1717201
\/§(| Jo — | )a)
1
=—(2,1,1)y — |2, 1,2)4
ﬁ(| Jo — | )a)
1
——=((1, 1, 1) — |1, 1, 2)4
ﬁ(| Jo — | Jo)
=llc,2, =D — llc, I, =1)q- (D7)

As with the Husimi-Cayley tree, we find an effective negative
on-site potential at the start of the chain. Note that for higher
K, we encounter the same features as previously discussed in
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Eq. (C9); i.e., the roots of unity combine in a way to produce
an effective —1 on-site potential.

We have not yet commented on the nonsymmetric states
that originate from the central node (which is removed, i.e.,
nonexistent, in the clique-Cayley tree). We label these basis
states |r, @ )p in analogy with Eq. (C15). When we act with
the Hamiltonian on one of these states, we obtain

1
HIL, @) = —=H@'|1,1,1) + @21, 1,2) + @°|1, 1, 3))
MV
=l((w2+w3)|1 L)+ (@' +o°)1,1,2)
ﬁ 9 k b 9
+ (@' + o)1, 1,3))
1
+—@'2, 1, 1) + @%2,1,2) + @3|2, 1, 3))
V3
—1 1
= —V3|l, @)+ —=V32, @)
V3 V3
=11, @) + 112, @), (D8)
where r € [1, ..., M]. We find that this symmetry sector is

described by the same dynamics as the other nonsymmetric
sectors. Generalizing to the full eigenvalue equation H|W¥) =
E|W), we find the recursion relations

E¢i~,l7w = ¢fé,2,a) - (p?é’]’wv (D9)
E(pi,r,w = \/E(ﬁ?é,r—l,w + (K - 1)¢;z.r,w
+ ¢ 11,00 fOrrodd, (D10)

E¢} o= Pcrtw+ VKPiri1w, forreven, (D11)

0= ¢loé,Mfl+1,w¢Z;,O,a)’ (D12)

for nonsymmetric sectors with seed o # |0). The same equa-
tions are also found for the wave function amplitudes ¢°, for
eigenstates of the nonsymmetric sector with seed at the center.
Counting of the constructed symmetry-adapted basis states
reveals that we have found a complete basis for the clique-
Cayley tree. Specifically, the origin of the nonsymmetric
states rooted at a # |0) can be chosen from (K + 1) x K'c~!
nodes of the /¢ Cayley layer. Each of these nodes will produce
M — 1 = Mc + Mp, — 2 x lc nonsymmetric states, where we
used that the layer number / will always be a Cayley layer,
which are the even-numbered layers. Furthermore, we have
K — 1 nontrivial roots of unity w. This gives us the following
expression for the number of nonsymmetric states with seed
at o # |0):
Mc
Np_, = Z(K — D x (K+1)x K'"YMc + M, —210).
le=1
(D13)

For the nonsymmetric states with seed at @ = |0), we have M
states for each of the K nontrivial (K + 1)th roots of unity. In
total, this gives

Np_, =K x M. (D14)

We therefore find that

Ng+Np_, =(K+1)x M. (D15)
This is exactly the same as for the Lieb-Cayley tree, minus the
central node. One can therefore use the exact same derivation
shown in Appendix A, in the context of the Lieb-Cayley tree
discussion, to show that we have found a complete set of
states.
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