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Quantum 1/f" noise induced relaxation in the spin-boson model
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We extend the spin-boson model of open quantum systems to the regime of quantum 1/ /" noise characterized
by negative exponents of its spectral distribution. Using the numerically exact time-evolving matrix product
operator, we find the dynamic regime diagram, including pseudocoherent dynamics controlled by quantum 1/ 7
noise. We determine the dephasing rate and find for it an empirical formula valid at zero temperature. The bath
reorganization energy depends on the infrared bath cutoff frequency, revealing an increased sensitivity of the
dephasing on the measurement time of an experiment. Our results apply to a qubit as an elementary building
block of a quantum computer and pave the way toward a quantum treatment of low-frequency noise in more

complex architectures.
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Introduction. Dephasing and relaxation in a quantum sys-
tem arise from its interaction with environmental fluctuations,
with their spectral decomposition being a decisive feature that
determines the quantum dissipative dynamics. Understanding
and modeling their influence, and subsequently tailoring their
impact, are key to many research fields [1,2], ranging from
chemical reaction dynamics to atomic, molecular, and quan-
tum optical systems, as well as the development of quantum
computing devices.

The spin-boson model serves as a paradigmatic building
block for understanding the effect of quantum dissipation
and describes a quantum two-state system interacting with
harmonic bath degrees of freedom [1,2]. At low tempera-
tures and weak coupling, damped coherent oscillations are
observed, while stronger dissipation or high temperatures lead
to incoherent decay toward thermal equilibrium. The central
characteristic of environmental fluctuations is their spectral
distribution J(w) x aw’. It captures the combined effect of
the frequency-dependent coupling strength and the density of
states of bath oscillators at a given frequency w. Commonly,
it is modeled as a continuous function of frequency, with the
spectral exponent s and the coupling strength «. The regime
for s > 0 (denoted as sub-Ohmic, Ohmic, and super-Ohmic
forO < s < 1,s = 1,and s > 1, respectively) has been widely
studied using an impressive collection of available numer-
ical and analytical tools [1,2]. The key questions revolve
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around the environmental conditions under which different
types of dynamical behavior occur. These types include a
transition from coherent dynamics at weak dissipation to
incoherent dynamics at strong dissipation, and a transition
from a completely delocalized asymptotic thermal state at
weak dissipation to a localized asymptotic state at strong
dissipation. The bath spectral density also includes a finite
band width characterized by a UV cutoff frequency w.. The
resulting finite response time of the environmental modes may
even generate a pseudocoherent system dynamics [3] that is
entirely controlled by the bath parameters «, s, and @.. Such
a remaining pseudocoherence of the system is surprising for
sub-Ohmic baths [3-15], where low-frequency bath modes
couple stronger to the two-level system than in the case of
a pure Ohmic bath. While relaxation between the two states
is dominantly influenced by the spectral weight of the bath
around the frequency of the transition, dephasing between the
two states is determined by the low-frequency distribution of
the bath modes.

A wide class of nanosystems [16] and, in particular,
current solid-state implementations of quantum computing
architectures [17-22] show typical features of 1/f" noise.
This involves strongly coupled low-frequency bath modes,
ultraslow relaxation, and often purely incoherent dynamics.
Although the microscopic origin of this noise can be dif-
ficult to pinpoint, in many cases, environmental quantum
two-level fluctuators as encountered in amorphous systems
[23,24] are clearly identified [25-27] as its cause. The polar-
ization dynamics in this case has been studied in in Ref. [28].
Quantum statistical noise due to a few two-level fluctuators
is clearly not Gaussian and cannot be adequately modeled
using a spin-boson system with s > 0 [21]. In many cases,
the theoretical description is restricted to weak coupling or
high temperature, employing highly nontrivial approximate
methods [17,29]. Yet, effects of 1/f" noise sources on the dy-
namics of single qubits as described, e.g., by the McWhorter
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model [30,31] are well mimicked by a classical stochastic
process, which becomes Gaussian in the limit of many weakly
coupled two-level fluctuators, provided that a low-frequency
cutoff is introduced on a phenomenological basis [32,33].

While the physics is well understood for weakly damped
single qubits at high temperatures, much less is known for
larger architectures [34], where quantum features of the low-
frequency environment are likely to play an active role. In this
respect, the spin-boson model serves as a paradigmatic build-
ing block for understanding quantum effects of dissipation
for spectral exponents s < 0 in the roadmap of upscaling to
larger systems. This 1/f7-type quantum noise is particularly
interesting at low temperatures. Being notoriously difficult, a
numerically exact investigation of the corresponding highly
non-Markovian and strongly damped quantum dissipative dy-
namics had remained elusive. Yet, 1/f"-type quantum noise
has been recognized as a major limiting factor determining
dephasing of superconducting qubits due to magnetic flux
noise [22]. Additionally, the electronic spin of a color center
that couples to the vibrational motion of freestanding hexag-
onal boron nitride membranes has been analyzed in terms of
the spin-boson model with s = —1 using approximate hybrid
numerical tools [35].

In this work, we extend the spin-boson model to the regime
of quantum 1/ noise and simulate the dynamics for negative
spectral exponents s < O resulting in 1/ " noise with n = —s.
We employ the numerically exact time-evolving matrix prod-
uct operator (TEMPO) technique [36,37], which is based on
the quasiadiabatic propagator path integral (QUAPI) [38,39].
Our investigation yields the dynamic regime diagram of the
different regimes of coherent, incoherent, and pseudocoherent
dynamical behavior. Notably, the latter survives for s < 0, i.e.,
even in the presence of strong low-frequency bath modes.
We demonstrate that the associated dephasing rate still de-
pends linearly on the damping strength for weak damping.
Furthermore, we calculate the proportionality factor and find
an exponential dependence of the dephasing rate on s < O for
zero temperature. As the bath reorganization energy depends
sensitively on the infrared cutoff of the fluctuational modes,
there is an increased sensitivity of the dephasing rate on the
measurement time of an experiment.

Model. We consider the symmetric spin-boson model (7 =
1, kg = 1) with the Hamiltonian

H —ﬁs-f-HB-i-ﬁim
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where £ = > ;j€¢jXj, € denotes the tunneling splitting, and
6/, are the Pauli matrices. The bath is composed of harmonic
oscillators with momenta p;, angular frequencies ;, and po-
sitions %;, which are coupled to the spin via coupling constants
c¢;j. The bath has the spectral density
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with a high-frequency cutoff of w. = 1022 (unless speci-

fied otherwise), a low-frequency cutoff wji;, and a coupling

strength . We consider spectral exponents —1 < s < 1. The
polarization dynamics P(t) = (o,)(¢) is calculated assuming
factorizing initial preparation of the system with P(0) = 1 and
the thermal distribution of the initially uncoupled bath at tem-
perature 7. For the Ohmic and sub-Ohmic baths, other forms
of the initial preparation leave the results qualitatively un-
changed; quantitative modifications are discussed in Ref. [15].
In addition, we calculate the dynamics of the coherence
C(t) = (o, )(t) as well.

Method. To determine the time-dependent reduced den-
sity matrix, we use the numerically exact TEMPO technique
[36,37], which is based on the QUAPI approach [38,39].
The bath oscillators are integrated out analytically, and the
remaining path sum representing the highly non-Markovian
dynamics of the system is numerically computed by the con-
traction of a tensor network. The central quantity is the pair
correlation function [1]

o) = l/ da)(—2)[ th( )(1 — cos(wt))
T Jo w 2T

+ i(sin(wt ) — a)t):|. 3

We note that the term —iwt has been added. This is allowed
because of the freedom of adding an integration constant when
going from the original bath autocorrelation function L(¢) [1]
to its second integral Q(¢). This has convenient consequences,
because the parameter range for which the frequency integral
in Eq. (3) is convergent becomes larger (see below). The low-
frequency cutoff wji; has been introduced in Eq. (2) to make
the integral well defined for s < O at finite temperature and
s < —1 at zero temperature.

Dynamics of the polarization and coherence. In Fig. 1,
we show the results for the polarization P(¢) and the co-
herence C(¢) at zero temperature and no infrared cutoff for
three different representative choices of the spectral exponent,
ie, s=1, s=0, and s = —0.5, each for different damp-
ing constants « (as indicated), which are chosen to reflect
the crossover between the various dynamical regimes. The
first case s = 1 [Fig. 1(a)] marks the standard Ohmic bath,
which has been studied in numerous works before. For in-
creasing damping, the polarization dynamics crosses over
from coherent damped oscillations (blue line with ¢ = 0.1)
to incoherent decay orange and green lines with o = 0.5
and 1.4, respectively. For s = 0 [Fig. 1(b)], the time traces
are shown for o € {0.01, 0.03, 0.08}, and we observe coher-
ent behavior for the two smaller couplings (blue and orange
lines) and pseudocoherent dynamics (green line) at strongest
coupling. In the regime of negative spectral exponents, we
show the time-dependent polarization for s = —0.5 and « €
{0.01, 0.02, 0.04} in Fig. 1(c). Here, we find coherent dynam-
ics at = 0.1 and pseudocoherent behavior for the two larger
couplings.

Under weak coupling conditions, one expects exponential
decay toward thermal equilibrium in the coherence dynamics
C(t). This is observed for the Ohmic case and the s = 0 case at
weakest coupling (blue dashed lines). At larger couplings, one
expects also initial dynamics on a timescale determined by
bath parameters followed by decay dynamics. This is clearly
observed in the orange and green dashed lines. Note that the
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FIG. 1. Time-dependent polarization P(¢) (solid lines) and coherence C(¢) (dashed lines) for three different choices of the spectral
exponent: (a) s = 1,(b) s =0, and (¢c) s = —0.5 for T =0, 0, = 10L2, and w;; = 0.

relevant timescale is shortest in the Ohmic case despite using
for all simulations the same bath cutoff frequency.

Remarkably, we observe qualitatively the same dynamical
behavior for negative exponents of the spectral density, i.e.,
s < 0, as was seen for the deep sub-Ohmic regime, i.e., 0 <
s < 0.45.

Dynamic regime diagram. The polarization dynamics ex-
hibits two distinct regimes: incoherent decay or damped
oscillations. The latter regime can be further divided into a
coherent and a pseudocoherent regime. The key difference
lies in the oscillation frequency: In the coherent regime, it
is determined by both system and bath features, while in the
pseudocoherent regime, it is solely determined by bath param-
eters. Pseudocoherent dynamics is observed for system-bath
couplings that render the system in the localized (equilibrium)
phase. The observed oscillations (due to the nonequilibrium
initial condition) are governed solely by the energy scale of
the bath ultraviolet cutoff frequency. Thus, it is less the coher-
ence of the central quantum system, but more the coherence
of the bath of harmonic oscillators to which the quantum
system is so strongly coupled that its dynamics is enslaved to
the short-lived coherent initial bath oscillations. The complete
dynamical regime diagram for the polarization is depicted in
Fig. 2.

For spectral exponents 0 < s < 1, the dynamical regime
diagram was determined in Ref. [3] and consists of coher-
ent polarization dynamics at weak coupling, transitioning to
incoherent behavior for s > 0.45 as the coupling strength is
increased. Further increasing the coupling strength leads to
the pseudocoherent regime, which is characterized by a single
initial oscillation arising from the finite bath reaction time
determined by 1/w,. For s < 0.45, no incoherent dynami-
cal regime appears, and the system directly transitions from
the coherent to the pseudocoherent dynamical regime as the
coupling strength is increased. This transition was defined
to occur for the coupling strength for which the first local
maximum of the coherent oscillations vanishes.

Our results allow us to complete the dynamical regime
diagram [40] for s <0, as shown in Fig. 2. In particu-
lar, we report the dynamical regime diagram in the regime
of quantum 1/f" noise down to s = —0.75, which is the

smallest spectral exponent where numerical convergence
could be achieved. Interestingly, the transition from coherent
to pseudocoherent dynamics smoothly extends to —0.75 <
s < 0.45. Notably, no incoherent dynamical regime emerges
in the 1/f" regime, contrary to expectations. Instead, the qual-
itative behavior known from 0 < s < 0.45 extends to negative
spectral exponents.

The time traces of P(t) for different values of s and «
are shown in the insets of Fig. 2. In the top left inset, we
depict three representative dynamics for s = —0.5: coherent
behavior for o € {0.02,0.03} and pseudocoherent behavior
with only one minimum for o = 0.04. Similarly, the bottom
right inset shows three representatives for s = 0: coherent

s =—0.5

10° 5 pseudo-coherent

coupling «

10-2 4 coherent

=(d)

T T T T T T 1
—0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
spectral exponent s

FIG. 2. Dynamical regime diagram of the spin-boson model at
T =0, w. = 10L2, and w;, = 0. The green line marks the transition
from the coherent to pseudocoherent behavior. The blue line repre-
sents the transition from the coherent to incoherent behavior. The
orange line represents transition from incoherent to pseudocoherent
behavior. Top left inset: Polarization dynamics for s = —0.5 and
a € {0.02,0.03, 0.04} with minima (maxima) marked by a red cross
(green diamond) showing the transition from the coherent to the
pseudocoherent dynamical regime. Bottom right inset: Polarization
dynamics for s = 0 and o € {0.01, 0.03, 0.08}.
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FIG. 3. Dephasing rate as a function of the coupling strength
for T = 0 for different spectral exponents with linear fits (dashed
lines). Inset: Polarization dynamics P(t) for s = —0.5 and & - 10* €
{0.3, 1.5, 3} fitted with the function given in Eq. (4) (dashed lines).
Moreover, w. = 1022 and w;, = 0.

dynamics for o € {0.01, 0.03} and pseudocoherent behavior
fora = 0.08.

Remarkably, the dynamical regime diagram reveals an in-
flection point in the critical coupling strength «/(s) at s ~
—0.5. We note that we have set w;; = O here dueto 7 = 0. We
conclude that the pseudocoherent dynamical regime, charac-
terized by a single minimum of P(¢) arising on the timescale
1/w,, persists also for quantum 1/f7 noise s < 0.

Dephasing rate. To gain further insight, we next focus on
the regime of small « and use a fitting function [1]

P(t) ~ “

— cos(wot)e V' — —.
1—a 1—a
In the Ohmic case s =1, for T =0, and in the scaling
limit w, — 00, this form follows from the noninteracting blip
approximation (NIBA) [1] (up to an incoherent term less rele-
vant at small coupling strengths). In this case, the parameters
are given by

T o
= Quir — |, = Qg sin | —— |,
wo eff COS |:2(1 —Ol):| Y effSll’l|:2(l —0[)1|

a/(1-a)
Q;sz — (1 — 2a)cos(na)]1/2(1°‘)(g> . 5)

e

We find that Eq. (4) fits our numerical data well across a
wide range of spectral exponents and temperatures in the
weak coupling regime, using &, wy, and y as free parameters.
Mlustrative fits for the case s = —0.5 and zero temperature are
shown in the inset of Fig. 3. From these fits, we extract the
dephasing rates y for coupling strengths where the dynamics
remains weakly damped, resulting in a linear dependence of
y on « (see Fig. 3). Notably, this linear dependence persists
even in the regime of 1/f7-type quantum noise, where one
might naively expect strongly damped dynamics.

To illustrate the linear dependence y o «, we compute
the proportionality constant y’(«)|y—¢ for various spectral
exponents and temperatures by performing linear fits on the
function y(«). The results are shown in Fig. 4. We find

FIG. 4. Slope y'(a)|q=0 as a function of the spectral exponent
for temperatures 7 = 0 and T = 0.1€2, and low-frequency cutoffs
wir = 0 (solid lines), wi; = 1074 (dotted lines), w;; = 1073 (dash-
dotted lines), and w;; = 1072 (dashed lines). The thin dash-dotted
black line corresponds to Eq. (6). Bottom left inset: y'(«)|y—o as
a function of the low-frequency cutoff for s = —0.4 and tempera-
tures as indicated. The black cross marks the NIBA result [Eq. (5)].
Top right inset: Relative deviation of TEMPO from NIBA 1 —
Y/ (@)la=o/y (@) NBA as a function of w, for s = 1.

that in the sub-Ohmic regime (0 < s < 1), the temperature
dependence (at low temperatures, i.e., T < ) is negligible,
whereas for s < 0, the temperature dependence can become
significant. Furthermore, despite the divergence of the integral
in Eq. (3) for s =0 at finite temperature, the dynamics is
largely independent of wj in the time window considered
here (the true asymptotic state is most likely dependent on
wir). However, for smaller values of s, the dephasing rates
can be made arbitrarily large by choosing a correspondingly
smaller low-frequency cutoff wj;. Thus, the low-frequency
cutoff plays a crucial role for dephasing. In any measurement,
the low-frequency cutoff is a characteristic essential parameter
of the experimental setup as confirmed in the experiment of
Ref. [22].
We empirically find the dephasing rate

Yy~ l45ae 2% Q (6)

from the data in Fig. 4 for ¢ <« 1 and w;; = 0. It is valid for
s 2 0 at finite temperatures and for s = —0.5 at zero temper-
ature. The deviation of the numerical results from the NIBA
value of )/’(ot)|01:H:BOA = Qm /2 for s = 1 arises from the finite
high-frequency cutoff (see top right inset of Fig. 4). Thus,
while Eq. (6) has been obtained from data with w, = 10, it
also yields an approximation of the dephasing rate for a wide
range of w, due to the weak dependence of the dynamics on
w. at weak coupling.

Reorganization energy. To quantify the energy contained in
the bath fluctuations, we calculate the reorganization energy
[1], given by

A= /oodw% = 20w (s, wir/w.). @)

ir
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FIG. 5. Reorganization energy A as a function of w;;/w, for s €
{—1, =0.75, —0.5, —0.25, 0, 1}. The solid lines show the exact result
for A of Eq. (7), while the dotted lines show the approximation for
wi; K w, given in the text. The arrow intersects the lines in ascending
magnitude of s.

Here, I'(s, x) is the upper incomplete Gamma function. In the
limit of w; K w., we find that A = —20w.(wir/w.)*/s for
s < 0, which diverges for wi; — 0. For s = 0, we have A =
—2aw. In(w;/w.), and for s > 0, we find A = 2aw.I(s),
where I'(s) denotes the Gamma function. The corresponding
behavior is shown in Fig. 5. Surprisingly, as shown in Fig. 4,
we find that the polarization dynamics is well defined in the
limit w;; — O for at least some s < 0 at zero temperature.

An experiment inherently implies a finite measurement
time window f,.,s that motivates a minimal infrared cutoff
wir = 27 /tmeas- Hence, the longer the data acquisition occurs,
the stronger the impact of the quantum 1/ /7" noise is, which
is consistent with Ref. [22].

Conclusion. Using the numerically exact TEMPO ap-
proach, we have investigated the dynamics of the spin-boson

model in the 1/f" quantum noise regime, where strong low-
frequency bath modes exist at zero temperature. Our analysis
classifies the polarization dynamics into three regimes: co-
herent, incoherent, and pseudocoherent. In the last one, the
dynamics is dominated by the coherent dynamics of the bath,
rendering it independent of the system energy scale. Con-
sequently, the system dynamics is effectively overdamped.
From the polarization dynamics, we extract the dephasing
rate at weak system-bath coupling for spectral exponents deep
into the 1/f" regime for s < 0. We provide an empirical
formula for the dephasing rate at zero temperature across
the full parameter space, which remains valid at finite tem-
perature for a significant portion of the studied parameter
range. Moreover, we reveal the sensitivity of the dissipative
dynamics on the infrared cutoff with no need of phenomeno-
logical assumptions, which explains the strong dependence of
the dephasing on the observation time in flux-noise-limited
dephasing in superconducting qubits. We finally point out
that path-integral techniques used in this work, differently
from approximate master equations, provide a general tool to
study open quantum systems also in the “Brownian” regime
of low temperatures or decoherence rates comparable to the
natural splittings [41]. Therefore, we envision that this work
potentially helps to provide designing guidelines for the real-
ization of multiqubit architectures based on superconductors,
where the presence of several timescales and crowded spec-
tral densities [42] hinders making clear phenomenological
assumptions.
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