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Stretched-exponential aging governs nonequilibrium precipitate patterns
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Localized growth in driven materials is often governed by intermittent failure, yet how a material’s his-
tory biases failure sites remains poorly understood. Using pause-restart experiments on chemical precipitate
membranes, we quantify the probability of age-dependent breaching. We show that the kinetics follow a
stretched-exponential aging law with parameters that obey one-parameter scaling. As the system approaches

a critical concentration, the stretching exponent 8 tends to zero, signaling a crossover to scale-free, power-law
behavior. A stochastic cellular automaton based on this aging rule reproduces the emergent filaments and their
concentration-dependent thickening. Our findings identify aging-controlled failure with long-lived but decaying
memory as a general route to pattern formation in far-from-equilibrium systems.

DOI: 10.1103/t5gt-r6q2

I. INTRODUCTION

Materials that exist only under nonequilibrium conditions
represent a largely unexplored frontier of condensed and soft
matter physics [1—4]. In such systems, continual energy input
can, in principle, maintain structures that would otherwise
disintegrate, enabling dynamic reconfiguration, repair, and
growth across length scales [5,6]. These behaviors require
localized failure events whose probability depends on a ma-
terial’s history, linking far-from-equilibrium matter to broader
concepts of aging, memory, and fracture familiar from glasses,
soft solids, and dissipative media [7-9]. Yet, with few ex-
ceptions, such adaptive dynamics remain rare in inorganic
materials and are largely confined to living systems, such as
growing plants and remodeling tissues [10-12].

A chemical system that approaches these dynamics is the
class of inorganic precipitation structures known as chemical
gardens [13-16]. These structures form far from equilib-
rium when a metal salt crystal is introduced into silicate
or related solutions, producing self-organized hollow tubes
with micrometer- to millimeter-scale diameters [17,18]. The
tube walls consist of thin, insoluble precipitates, typically
metal hydroxides coated with silica. Growth is driven by
osmotic pressure differences between the inner and outer so-
lutions that sustain fluid flow and continuous dissolution of
the salt seed [19-21]. In closed structures, expansion pro-
ceeds either through stretching of compliant wall segments or
through local breaches that allow the interior solution to surge
outward [22].

More controlled versions of the chemical garden exper-
iment replace the seed crystal with a salt solution that is
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steadily injected into the precipitation-inducing reaction part-
ner [23-25]. Such studies identified distinct growth dynamics
and morphologies and allowed for quantitative analysis of the
tube diameter [26]. Further simplifications of the experiment
reduce the spatial dimensionality by confinement to microflu-
idic channels or the quasi-two-dimensional gap between two
parallel plates [27,28]. In Hele-Shaw cells with a central in-
jection port, chemical gardens can take a variety of different
macroscopic shapes, including expanding rings, irregularly
layered membranes, and filamentlike conduits that are close
analogs of the three-dimensional precipitate tubes [28—33].

A recent model suggested that pattern selection in these
systems is controlled by the temporal aging of the pre-
cipitate membrane, but this hypothesis has not been tested
experimentally and the underlying failure statistics remain
unknown [34]. Here, we directly test this hypothesis using
pause-restart experiments that quantify the probability of age-
dependent breaching. We find stretched-exponential behavior,
with tightly coupled parameters that cross over to scale-free
failure kinetics near a critical concentration. A stochastic
cellular automaton incorporating this rule reproduces the
observed filament formation and concentration-dependent
thickening. These results establish aging-controlled failure
as a physical mechanism for pattern selection and identify
chemical gardens as a minimal model for adaptive growth in
far-from-equilibrium materials.

II. EXPERIMENTAL METHODS

Solutions of Na,Si03-5H,0 (Fisher Chemicals) and CoCl,
(TCL America) were prepared in high-purity water. The setup
consisted of a horizontally placed LED monitor for homo-
geneous white or contrast-enhancing red illumination, the
Hele-Shaw cell, a connected syringe pump (New Era Pump
Systems, NE-4000), and a Nikon D3300 camera with a Tam-
ron 90 mm macro lens mounted above the cell. The two
Hele-Shaw plates (plexiglass) measured 21.5 x 21.5 cm? with
a gap height of 0.2 mm created by small spacers. The cen-
tral injection port faced downward. At the beginning of each
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experiment, 1 ml of sodium silicate solution was injected into
the cell to produce an approximately circular layer around
the port. During the experiments, images were recorded at a
rate of 60 frames/s and spatial resolution of 35 pixel/mm. We
constructed all age maps based on the time of the largest local
intensity drops. The injection rate was 0.15 ml/min, unless
otherwise noted. All experiments were carried out at 21 °C.

III. NUMERICAL METHODS

We employed a cellular automaton model with two reac-
tants (A, B) and one product species (C). Most simulations
were performed on a square lattice of N x N = 150 x 150
sites with an initial circular B region of radius ro = 10 lattice
units. C sites are eligible for breach if they have at least
Bnin = 2 neighboring B sites. At each time step, at most
one breach occurs: Probabilities are computed from the age-
dependent kernel for all m eligible sites, normalized to unity,
and a single site is selected via multinomial sampling. Dis-
placed material is redeposited at the nearest available A site,
selected randomly among equidistant candidates. Simulations
terminate when the outermost C site exceeds a radial distance
of N/2 — 2 lattice units from the center.

For the wait-time analysis, simulations used N = 250 and
first evolved for 1000 time steps to establish a mature pattern.
Dynamics were then paused for 7, steps during which all pre-
cipitate ages advance uniformly without permitting breaches
or redeposition. Upon resumption, the age of the site selected
for the first breach was recorded. For each t,, value, this sam-
pling was repeated 500 times; results were aggregated over 12
independent runs with different random seeds.

IV. RESULTS AND DISCUSSION

In our experiments, we slowly deliver CoCl, solution from
a central injection port into a thin layer of sodium silicate
solution confined to a horizontal Hele-Shaw cell. In response,
precipitates form nearly instantaneously [35] along the inter-
face of the two liquids. These solid reaction products create a
thin membrane that substantially slows further mixing and ef-
fectively compartmentalizes the reaction system into an inner
and an outer domain. However, as the injected liquid is incom-
pressible, the membrane must continuously fail to accommo-
date the volume of the steadily arriving CoCl, solution.

Figure 1 shows representative photos of patterns obtained
at two concentrations ¢ of the optically transparent silicate
solution and after 95 s of injection. The patterns consist of
differently colored regions that have been studied spectro-
scopically [36,37]. The pink interior is primarily due to Co(II)
solution (a hexaaqua complex) and solid 3-Co(OH),. The
turquoise blue color is caused by [Co(OH)4]*~ ions in the
hydrated, gel-like membrane. Darker features likely indicate
further oxidation to CoO(OH) (brown) and Co304 (black).

In agreement with earlier studies by Haudin er al.
[28,38,39], we find that low silicate concentrations tend to
produce fairly compact patterns that, upon closer inspection,
reveal a labyrinthine structure (not shown). This structure
arises from thin filaments at the pattern’s perimeter that serve
as the active growth zones. At higher silicate concentrations
such as in Fig. 1, these filaments extend away from the

(b)

FIG. 1. Photos of precipitate patterns formed when pink CoCl,
solution is injected into a Hele-Shaw cell filled with clear sodium
silicate solution. The black disks are injection ports connected to tub-
ing. Initial concentrations: [CoCl,] = 0.625 M and (a), (b) [silicate]
=4.0 and 5.0 M, respectively. Image heights: 10.0 cm. Injection rate:
(a) 1.15 ml/min and (b) 0.15 ml/min.

injection site and form more clearly identifiable conduits.
Filament width increases with silicate concentration. In addi-
tion, freshly formed segments preferentially adhere to nearby
regions, producing a serpentine appearance.

All precipitate patterns in our experiments (and most re-
lated studies) grow only at a small number of distinct active
zones. These growth points are typically the tips of the finger-
like structures. However, stochastic transitions can cause new
filaments to emerge from older precipitates or active filaments
to cease growth or branch. In addition, some experimental
conditions can give rise to more irregular patterns in which
active zones are short-lived and frequently switch location.

Because filament growth zones persist for extended times,
we employ a pause-restart protocol to increase the likelihood
of changes in the active growth site [Fig. 2(a)]. We first
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FIG. 2. (a) Measurement protocol: the pattern is pregrown, injec-
tion is paused for a wait time 7,,, and growth is restarted while breach
sites are optically detected. (b) Example of a paused pattern (left)
and subsequent regrowth at the breach site (arrow). (c) Color-coded
precipitate age maps for representative patterns at silicate concentra-
tions ¢ = 3 and 5.25 M; blue and red indicate fresh and old material,
respectively. The time range in panel (c) is limited to the pregrowth
stage.
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pregrow the precipitation pattern for approximately 100 s,
and then stop the cobalt injection and wait for a controlled
interval t, = 10-90s. After this wait time, the pump is
restarted briefly and the locations at which growth resumes
are recorded. These sites may coincide with previously active
regions or emerge at new positions. Representative before-
and-after images of this breach-induced regrowth are shown
in Fig. 2(b).

The age of the precipitate at each renewed growth site is
obtained from heat maps such as those in Fig. 2(c), which
record the time 7 at which each point precipitated relative to
the stopping time ¢+ = 0. Small # corresponds to freshly formed
material, whereas large ¢ indicates older regions. The relevant
age of a site at restart is therefore ¢ + 1,,.

The events that constitute breaches in this protocol are
chemically driven local processes in which the two reactant
species come into contact across the wall and produce ad-
ditional material. The precipitate membranes are essentially
inextensible, so growth does not proceed by elastic stretch-
ing. Our imaging cannot resolve the underlying microscopic
event, which may range from the formation of transient
pores or defects that are immediately filled by fresh precip-
itate to discrete ruptures that briefly allow interior solution
to surge outward before being sealed; the former is more
plausible in young, compliant precipitate and the latter in
older, more silica-condensed regions. The probability P(¢|t,)
characterized below therefore quantifies the susceptibility of
the membrane to renewed growth as a function of local age,
independent of which microscopic mechanism dominates.

Before analyzing the dependence on breach age and
wait time, we first verify that the underlying distribution
of precipitate ages is unbiased. To this end, we extract the
formation times fcqge along the pattern boundary and plot their
ordered values versus rank (not shown). In all experiments,
this relation is linear, indicating a uniform distribution of
formation times along the edge. The slope varies slightly with
silicate concentration ¢, consistent with changes in filament
width and overall pattern compactness. Linear behavior is also
obtained when the entire interior of the pattern is included in
the analysis.

The top row of Fig. 3(a) shows the distribution of breach
events as a function of the wait time #,, and precipitate age 7.
The data comprise 270 experiments [five per (c, t,,) pair] with
an average of 4.8 £ 1.6 detected breach sites per run. This
number is independent of #,, and shows only a mild decrease
from 4.8 to 3.9 as ¢ increases from 1.0 to 4.5 M, with a subse-
quent increase at higher concentrations. Because the number
of events fluctuates between runs, each column is normalized
to unity, converting counts to probabilities while preserving
the relative distribution across ages. Short wait times strongly
favor breaches in the youngest regions of the membrane,
consistent with the persistence of active growth zones in
unperturbed systems. Increasing 7, shifts breaches toward
progressively older material, effectively sampling deeper into
the membrane’s age distribution. This shift strengthens with
increasing silicate concentration, concentrating probability in
the lower-right region of the heat maps.

The data in Fig. 3(a) allow us to test candidate func-
tional forms for the aging kinetics. Because aging depends
equally on the elapsed growth time ¢ and wait time t,,, the
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FIG. 3. (a) Age-dependent breach probabilities after pauses in
CoCl, injection at varying silicate concentrations ¢ between 1 and
5 M. Top row: experimental probability distributions P(t|t, ) per 10-s
bin for different breach formation times ¢ and wait times t,,. Each col-
umn is individually normalized. Bottom row: stretched-exponential
fits with respective § values. (b), (c) Stretched-exponential fit pa-
rameters B and k vs c. Error bars represent profile-likelihood-based
confidence intervals. Fits (red curves) yield the indicated square
root laws. Inset: k vs g follows k8 = 2.8. The 5 M data point
was excluded from fits due to poorly constrained values (flat profile
likelihood).

breach probability should depend only on their sum, 7 + 7.
In our previous work, we assumed a simple exponential bias,
P ~ e which here implies P ~ e K*+%) For fixed f,,
the prefactor e % factors out and is removed by column
normalization, predicting identical distributions for all #,.
This prediction is inconsistent with the experiments, which
show pronounced, concentration-dependent differences be-
tween columns. We therefore conclude that precipitate aging
does not follow simple first-order kinetics.

We next compare alternative functional forms for the
breach probability. Power laws, P ~ (¢ 4 ¢t,,)™%, and stretched
exponentials, P ~ ¢ X+t pboth provide reasonable de-
scriptions of the data. However, the power-law fits result
in unphysically large exponents (¢ ~ 8 for c = 1-4 M)
and exhibit larger residual errors. In contrast, the stretched
exponentials reproduce the measured probabilities more
closely [Fig. 3(a), lower row], yielding mean residual errors
approximately 12% lower than the power-law fits. Stretched-
exponential kinetics are also widely observed in aging and
relaxation processes in disordered materials such as glasses
and gels, supporting their physical relevance in our system
[9,40-42].
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Figures 3(b) and 3(c) summarize the fitted parameters
B and k as functions of the silicate concentration c. The
stretching exponent 8 decreases from approximately 0.4 to
0.1 as ¢ increases from 1.0 to 5.25 M, indicating a progres-
sively heavier-tailed distribution than a simple exponential.
Increasing silicate concentration likely produces thicker and
mechanically stronger precipitate membranes that are harder
to rupture away from existing weak points, so that flow and
stress remain focused along previously opened conduits rather
than being redistributed over many newly formed breach sites.

The data in Fig. 3(b) are well described by a square-root
dependence, B o (¢* — ¢)!/2, which extrapolates to a critical
concentration ¢* = 5.6 M where 8 — 0. We use “critical”
here in the sense of a qualitative change in the aging law,
specifically, the vanishing of a characteristic timescale at c*,
rather than in the thermodynamic sense of diverging correla-
tion lengths and universality. The rate parameter k increases
with ¢ and follows the complementary scaling k o< (¢* —
c)~1/2, diverging near the same c*.

The stretched-exponential fits were performed using
the dimensionless time variable T =1¢/(1 s), so that P ~
exp(—kr‘g ) and k is dimensionless. This convention avoids
assigning different units to k for different fitted values of S.
The coupled trends in k£ and B suggest that ¢* marks the
concentration at which conduit-dominated growth becomes
scale-free: The membrane no longer exhibits a characteristic
aging time, and failure remains biased by prior growth over
all experimentally accessible ages.

The inset of Fig. 3(c) shows k versus §, revealing an in-
versely proportional dependence that follows k 8 ~ 2.8 and
is consistent with the inverse and direct square-root laws
of k(c) and B(c), respectively. The two parameters in the
stretched-exponential probability distribution are therefore
tightly coupled. This connection has important implications
for the behavior of the material near the critical silicate
concentration c¢*. Since the exponent § vanishes at c*, one
might initially interpret this state as a material without any
age bias. However, the behavior is qualitatively different.
Because k diverges at the same point while the product k 8
remains finite, the stretched exponential does not approach a
bias-free, time-independent probability. Using the expansion
(t +1,) ~ 1 4+ BIn(t +1t,) for small B, we obtain

- B - -
e e (1 41, M

so that the limiting form becomes a power law. The kinetics
therefore lose a characteristic timescale and cross over to
heavy-tailed, scale-free behavior, implying algebraically slow
decay and long-lived memory.

The apparent divergence of k at ¢* is a feature of the
parametrization rather than a physical singularity: k carries
B-dependent units and is not by itself a physical observable.
The physically meaningful quantity is the characteristic time
7. = k~ /B which vanishes as 8 — 0. The crossover at c* is
therefore the loss of this timescale, not the divergence of any
physical observable.

Increasing silicate concentration thus drives the mem-
brane toward a dynamically critical state, consistent with
the observed persistence of filaments. Below c*, the relevant
clock is set not by the fast cobalt-silicate chemistry but by

microscopic chemomechanical processes within the heteroge-
neous membrane, including possible local thinning that brings
reactants into contact, silica condensation that stiffens fresh
patches, and stress-driven rearrangements. The intrinsically
distributed rates of these processes are consistent with the
stretched-exponential form observed at ¢ < ¢* and disappear
as a characteristic scale at ¢*. Comparable transient memory
effects have been observed in cyclically driven non-Brownian
suspensions [8].

To gain further insight into the patterns formed at and
above c¢*, we performed experiments at concentrations of
5.5 and 6.0 M, close to the solubility limit of the sodium
silicate used here. These conditions consistently produced
filamentlike patterns, indicating that the extrapolated criti-
cal concentration does not correspond to a transition toward
radially uniform or age-independent growth. Instead, the
persistence of localized growth zones is consistent with
the power-law kinetics expected in the B — 0 limit of the
stretched-exponential model. Attempts to quantify the aging
dynamics using our wait-time protocol were unsuccessful at
these concentrations. Upon restarting injection, breaches oc-
curred predominantly near the injection port rather than along
the filament perimeter, suggesting that mechanical weakness
dominated the failure process. These events likely represent
experimental artifacts that obscure the intrinsic age selectivity
of the membrane.

Our finding of stretched exponentials governing the age-
dependent dynamics of precipitate membranes can be further
tested in a simple cellular automaton model [34]. The model
is intended as a phenomenological test of whether the exper-
imentally measured aging rule is sufficient to reproduce the
observed morphologies, rather than as a microscopic deriva-
tion of the stretched-exponential law.

The model uses a two-dimensional lattice in which each
site represents reactant A (silicate), reactant B (CoCl,), or
precipitate C. Precipitate forms locally whenever A and B
coexist within a site’s neighborhood, and existing precipitate
ages at each time step by incrementing its time stamp. Sites el-
igible for renewed growth are precipitate cells in contact with
B; among these candidates, a single breach site is selected
stochastically with probability weighted by an age-dependent
kernel P(t) oc exp(—kt?), so that younger precipitate is pref-
erentially removed. The displaced material is then redeposited
by converting the closest available A site to new precipitate,
chosen randomly among the nearest candidates, which mimics
incompressible flow that advances the membrane locally.

Representative simulation results obtained with this model
are shown in Fig. 4(a), where rows and columns have the
specified k 8 and B values, respectively. Note that the time
scaling of the experiments does not transfer to the discrete
time steps of the model, making a direct use of the measured
k B value impossible. Over the shown parameter range, we
find primarily filaments but for small k 8 values also irreg-
ular patterns and expanding fronts of approximate circular
shape. The filamentary morphology is essentially indepen-
dent of lattice size, with larger N producing longer filaments
without changing the pattern or its statistics. The simulations
also capture the experimentally observed thickening of fila-
ments with decreasing values of 8 (i.e., increasing silicate
concentrations).
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FIG. 4. Stochastic cellular automaton simulations with an age-
dependent breach probability P(¢) oc exp(—kt?). (a) Representative
morphologies for different (8, k 8) values showing filamentary con-
duits of increasing average width, irregular patterns, and rugged
fronts. Blue represents the injected solution; orange and black mark
newly formed and old precipitate, respectively. (b), (c) Simulated
restart experiments reproducing age/wait-time probability maps for
kB =1and B =0.5,0.25, respectively. Color denotes the column-
normalized probability that the first breach after a wait time #,, occurs
in material of age 7.

In addition, the model allows us to reproduce the wait-time
procedure of our experiments [Fig. 2(a)]. After a pregrowth
phase of 1000 time steps, we pause the dynamics for a pre-
scribed number of time steps t,, by advancing all precipitate
ages without permitting breaches or redeposition, and then
restart the dynamics and record the age ¢ of the precipitate site
selected for the first breach. Repeating this sampling generates
model analogs of the experimental 7,,, t probability maps, with
each column normalized to unity. Representative results for
fixed k8 =1 and two different 8 are shown in Figs. 4(b)
and 4(c). The simulations reproduce the experimentally ob-
served broadening of the age distribution and the increasing
t,, dependence as B decreases, confirming that the stretched-
exponential aging kernel alone captures the persistence and
thickening of filamentary growth.

While it is remarkable that such a simple model captures
the essential experimental features, our simulations also re-
veal a limitation. For irregular patterns and expanding fronts,
multiple growth zones remain active, whereas filamentary

growth collapses to a single dominant site. This “winner-
take-all” behavior is not observed experimentally. To break
this behavior, we explored nonmonotonic aging functions that
assign zero probability to sites with ¢ < 7. For the stretched-
exponential and tested parameters around (k, 8) = (4, 0.25),
this modification induces on average two active filaments
when f., equals approximately 20 time steps (not shown),
suggesting that a sharp suppression of breaches in the freshest
precipitate may not have been resolved experimentally. How-
ever, alternative explanations include local curvature effects,
local reactant depletion, or other self-limiting mechanisms
such as the increasing pressure head in extending filament
conduits.

V. CONCLUSIONS

In conclusion, we showed that precipitate membrane
growth is governed by a universal aging law. Near a critical
concentration c*, the stretching exponent 8 approaches zero,
causing the system to lose its characteristic timescale and
transition to scale-free, power-law kinetics. This mechanism
is related to aging and yielding in disordered soft materi-
als, where relaxation depends on heterogeneous structure and
long-lived memory [9,41-44]. Its clearest broader relevance,
however, is to expanding systems in which growth proceeds
against an aging boundary. Biological examples include grow-
ing plant stems, fruit rinds, and epithelial tissues, where newly
formed or actively expanding regions deform more readily
than older, mechanically differentiated tissue. By identifying
how age-dependent failure selects breach sites, we establish
a concrete route by which growth history can guide pattern
formation in far-from-equilibrium materials [10-12].
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