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The conventional paradigm of quantum computing is discrete: It utilizes discrete sets of gates to realize
bitstring-to-bitstring mappings, some of them arguably intractable for classical computers. In parametrized
quantum approaches, the input becomes continuous and the output represents real-valued functions. While
the universality of discrete quantum computers is well understood, basic questions remained open in the
continuous case. We focus on universality of multivariate functions. Current approaches require either a number
of qubits scaling linearly with the dimension of the input for fixed encodings or a tunable encoding procedure in
single-qubit circuits. The question of whether universality can be reached with a fixed encoding and sublinearly
many qubits remained open for the last five years. In this paper, we answer this question in the affirmative for
arbitrary multivariate functions. We provide two methods: (1) a single-qubit circuit where each coordinate of the
arguments to the function to represent is input independently and (2) a multiqubit approach where all coordinates
are input in one step, with number of qubits scaling logarithmically with the dimension of the argument of the
function of interest. We view the first result of inherent and fundamental interest, whereas the second result opens
the path toward representing functions whose arguments are densely encoded in a unitary operation, possibly

encoding, for instance, quantum processes.

DOTI: 10.1103/t49h-jmty

I. INTRODUCTION

Quantum computing extends the paradigm of classical
circuits by adding elements to the set of available logical op-
erations, as allowed by the principles of quantum mechanics.
The conventional paradigm of quantum computing is discrete
and relies on a discrete set of gates to realize probabilistic
bitstring-to-bitstring mappings. Some of these mappings are
believed to be intractable for classical computers [1]. Moti-
vated by near-term quantum computing and the limitations of
their experimental realizations, recently there has been sub-
stantial interest in settings where quantum computers are used
to realize continuous-valued functions depending on contin-
uous parameters, which we refer to as variational quantum
computing. Such variational approaches may be utilized in a
plethora of contexts, including quantum optimization [2—4] or
quantum machine learning [5—-8], among others. In all of these
cases, the question of the set of functions such a family can
represent—i.e., the universality of such a function family—is
central.

For discrete computation, universality is well understood,
in both classical and quantum cases. Both classical and quan-
tum computing provide universality in terms of the capacity
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to represent (or compute) arbitrary Boolean functions [9].
In the classical case, Boolean universality can be achieved
in constant-width settings [10,11]. Quantum computing can
surprisingly do better by representing arbitrary Boolean func-
tions over n bits using just a single-qubit wire [12]. For the
continuous classical case, much is known about the repre-
sentation power of many models such as neural networks
[13,14], or via, e.g., the Kolmogorov-Arnold representation
theorems [15], but for the quantum analogous fundamental
open problems persisted.

Various methods to represent continuous functions with
parametrized quantum circuits exist, mainly depending on
how the arguments x of the functions are encoded [8,16—
19]. We consider these encoding gates to be interleaved with
parameter-dependent gates to construct a larger quantum cir-
cuit U(0, x) [20]. The type of encoding has direct impact on
the number of parameters needed to guarantee universality
in the functions that a quantum circuit can represent. For
m-variate functions, fixed-encoding gates require the number
of tunable parameters to scale as O(exp (m)) and the num-
ber of qubits as O(m) [16,17,21]. In contrast, single-qubit
circuits suffice to guarantee universality if the coordinates of
x admit preprocessing through arbitrary linear combinations
before being input to the encoding gates [22]. The existence
of universality guarantees in the scenario where x is densely
encoded, i.e., maximally using the size of the Hilbert space
through a fixed O(logm)-qubit encoding gate, remains an
open question. Note that preprocessing is not available in this
scenario due to the large number of coordinates in x.

In this work, we address the minimal qubit requirements to
represent multivariate arbitrary functions with fixed-encoding
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TABLE I. Summary of existing results for universality of different function families and quantum circuits. The results in this work improve

state-of-the-art requirements by exponential scalings.

Reference Preprocess No. of qubits No. of parameters Functions Norm
Foundational results Fourier [23], Eq. (3) No - owm™) L,-integrable Iz
UAT [13], Eq. (4) Yes - O(Lm) Continuous I llso
QSP (form = 1) [18], No O(m) owm™) Continuous I lloo
Theorem 5 and, Yu and
Chen’s PQC [16],
Theorem 7
Quantum circuits Data reuploading [22], Yes 1 O(Lm) Continuous I lloo
Theorem 8
This work, Theorem 1 No 1 O(Lm) Continuous I 1loo
This work, Theorem 2 No O(logm) O(Lm) Continuous I 1loo
gates, obtain universality guarantees for O(log m)-qubit fixed- universality for functions of the form
encoding gates, and provide a comprehensive comparison to
previous results (see Table I). We consider two scenarios. UAT L )
If each coordinate of x is input independently from others, g ()= Zan exp (i(wy, - x + ¢n)), 4)

single-qubit quantum circuits are universal for multivariate
functions of arbitrary dimension. In the dense scenario where
a m-dimensional x is densely encoded in a fixed gate, univer-
sality holds for only O(log m)-qubit circuits. These findings
bridge the gap between the existing results and further reduce
the qubit requirements from the previous O(m).

II. BACKGROUND ON UNIVERSALITY

Parametrizing arbitrary functions allows us to approximate
them through controllable function families. The expressivity
of these function families quantifies the range of imple-
mentable maps. Maximal expressivity is commonly referred
to as universality, guaranteeing that arbitrary functions can
be approximated. The formal definition of universality is as
follows.

Definition I (Universality). Let G; = {g} be a sequence of
function families, G, € G; ;. Let F = {f} be a reference
function family,and g, f : X C R”™ — C. Let p define a func-

tion norm as
1/p
£, = (/ le(x)l”dx) . (D

The sequence G, is universal with respect to F for the p-norm
if

VfeF.Ve>0, 3LgeG st [f—gl,<e ()

Next, we cover some universality results. We remark that
these results will be illustrative for our findings, but the list
is by no means an exhaustive review. The first result is the
known Fourier’s theorem, relying on functions of the form

g = > cpe”", 3)

n
lmlly <L

for x € R™, n € Z™. These functions are universal in the
I - |l norm for square-integrable periodic functions. This re-
sult makes apparent that universality for functions of the
form of g{(x) demands O(L™) degrees of freedom. Alterna-
tively, the universal approximation theorem (UAT) guarantees

n=1

with w, € R", «,,, ¢, € R, for continuous functions in the
|l - llo norm. This theorem requires only O(Lm) degrees of
freedom. Detailed statements of both theorems are available
in Theorems Al and A2, respectively.

The differences between the universality properties of both
function families are rooted in the presence of tunable pa-
rameters w,. In short, Eq. (3) decomposes a function into
a chosen basis of the space of functions. However, Eq. (4)
decomposes a function into terms with nonzero overlaps with
all the (infinitely many) elements of any basis for the func-
tion space. As a consequence, the function space is densely
covered. We refer the interested reader to Ref. [13] and the
proof of UAT for an in-depth discussion. The constraints
on | - |l{2,00y NOrms or continuous versus square integrable
can be overcome by choosing different function families, for
instance, Fejér’s trigonometric or Bernstein’s polynomial ap-
proximations [24,25]. Another component is the periodicity
of the functions, which can be overcome by symmetrizing the
function and appropriately adapting the domain [26].

III. UNIVERSALITY IN PARAMETRIZED
QUANTUM CIRCUITS

In this work, we consider quantum circuits to encode a
given function. These circuits combine arguments x and tun-
able unitary gates in a global operation U, (0, x), where L is a
parameter to scale the size and depth of the circuit. We define
the hypothesis functions given by the quantum model as

hi(x) = (0]UL(6, x)]0). &)

Notice that h; represents a complex number that cannot be
retrieved through measurements. The choice above will be
used in this manuscript as a mathematical formulation. The re-
duction to a measurable quantity can be achieved, for instance,
by taking the modulus of 7, (x), among other choices. We
call a family of quantum circuits universal if the sequence of
function families ; = {h;} is universal, under the conditions
of Definition 1.
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FIG. 1. Quantum circuits with parameters and fixed-encoding gates can represent multivariate continuous functions with multiple qubits.
In the figures, x; is a shorthand for exp(io.x;) and 6; ; for an arbitrary parametrized gate. The top figure corresponds to our main result, in
Theorem 1, while bottom figure is a common approach in reuploading models [16,17]. This figure serves as a summary for the paper: We show
that single-qubit quantum circuits with fixed-encoding gates retain universal representation capabilities for multivariate functions.

We cover now relevant results on universality for quantum
circuits with tunable parameters. The arguments x are input to
the quantum circuit through encoding gates, which in certain
cases admit tunable parameters. Analogously to the discussion
in Sec. II, the presence of tunable encodings allows for the
distinction of two cases.

First, we focus on fixed encodings, that is, cases in which
x is introduced through queries to unitary operations that
only depend on the data. For univariate functions (m = 1),
it is possible to use a method based on QSP [27] to reach
arbitrary polynomials up to degree L with single-qubit circuits
and O(L) degrees of freedom; see Theorem 5 [18]. Depend-
ing on the polynomials to be encoded, this circuit provides
universality with different conditions. For multivariate func-
tions of arbitrary m, there exist constructions for arbitrary
m-dimensional (Bernstein’s) polynomials to degree L with
O(mlogL) qubits and O(mL™) parameters; see Theorem 7
[16]. This circuit family provides universality for continuous
functions. If we drop the condition for fixed-encoding gates,
it is possible to achieve universality for multivariate functions
with single-qubit circuits and O(Lm) parameters, for continu-
ous functions in the || - ||o0; see Theorem 8 [22]. The different
conditions for the considered scenarios are analogous to those
discussed in Sec. II. The observations there given can be easily
transported to results on quantum circuits.

To question the impact of quantum circuits, it is inter-
esting to consider how the arguments x are encoded. The
only operation that allows such encoding is querying an
x-dependent unitary operation. In the context of quantum
circuits, one can then argue that having fixed-encoding gates
implies that O(exp(m)) parameters are required to achieve
universality. This is a direct consequence of the models con-
sidered for fixed encodings, where each coordinate of the
arguments x;, i € {1, 2, ..., m}, is independently input to the
quantum circuits, for instance, through unitaries composed
of tensor products. On the other hand, tunable encodings
seem to be required to achieve universality with O(m) many

parameters. The trade-off between controllability of the en-
coding or number of degrees of freedom in principle hinders
multidimensional analogous to QSP, that is, scenarios where
m coordinates are simultaneously and densely encoded to
a quantum circuit without ancillary qubits. Surprisingly, we
show in the next section that there exists a construction to
circumvent this trade-off. It is possible to approximate a cir-
cuit with multiple qubits that densely encodes data into a
single-qubit wire at the expense of deeper circuits, as depicted
in Fig. 1.

IV. RESULTS

Universality for multivariate functions with fixed-encoding
gates is possible. We begin by defining a multivariate single-
qubit reuploading model with fixed-encoding gates.

Definition 2 (Multivariate fixed reuploading). A single-
qubit multivariate data reuploading circuit with fixed-
encoding gates is given by

L m

N
UM @, ¢, 0x) = | [T [ %% enrese

j=1k=1n=1
% 61900'181(1500')»61)»0'3 , (6)

where 0, ¢, A are real and tunable.
The first main result of this manuscript holds as follows.
Theorem 1. Consider the model Ume(O, ¢, A;x) from
Eq. (6). The sequence of output function families H = {hz},
with

hy(x) = (01U (8, ¢, 2;x)]0), (7

is universal with respect to multivariate continuous functions
£ 1[0, 1™ — C with the constraint |f(x)|> < 1, in the || ||oo
norm.

We provide a sketch of the proof, with details given in
Appendix C and the references therein. As discussed in the
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FIG. 2. High-level illustration for the basic concepts of the proof
for universality. Consider the curved blob to be a representation of
a set of functions. Triangles are components specified by different
gates in the circuit. The reuploading model with tunable parame-
ters (left) is represented by triangles with tunable sizes and shapes,
while fixed-encoding gates (right) are represented by fixed-shaped
triangles, but tunable in size. We can approximate the large tunable
triangles with small fixed-shaped triangles. In the limit, any curved
blob can be approximated by many small triangles.

previous section, the key to universality with a small number
of parameters is to construct a family of functions whose
elements overlap with all (infinitely many) elements of any
basis of the function space. For instance, Fourier expansions
are restricted to functions in the basis exp(inx) with n € Z. In
contrast, exp(iax) with o € R overlaps with all elements of
the Fourier basis simultaneously. This observation was used
in Theorem A2 to establish universality without relying on
a specific basis. In the case of the quantum circuit, fixed
inputs limit the expressivity to functions of the form exp(inx),
since encoding gates can only be applied an integer num-
ber of times. However, by quantum signal processing (QSP)
[18], we can approximate the univariate function exp(ié,wx)
to arbitrary precision (see Lemma C1). The next step is to
show that these univariate approximations can be composed
to approximate a multivariate gate of the form exp(i6,w - x).
Finally, applying the triangle inequality shows that if such
circuits can approximate any continuous function, and these
circuits can themselves be approximated with fixed-encoding
gates, then the construction in Definition 2 achieves univer-
sal approximation. A graphical summary of this reasoning is
shown in Fig. 2.

As discussed in the previous section, the key element
for attaining universality with a small number of parameters
is to create a family of functions whose elements overlap
with all (infinite) elements in any basis of the space of
functions. As an example, Fourier expansions are limited to
representing a function in the basis exp (inx), n € Z. How-
ever, exp (iex), @ € R, does overlap with all elements of the
Fourier basis simultaneously, and this fact was used in The-
orem A2 to prove universality without relying on basis of
the space of functions. Our quantum circuit mimics this idea.
Fixed inputs limit our expressivity to functions exp (inx) since
we can only apply the encoding gates an integer number of
times. Note, however, that we can approximate exp (i6,wx), a
univariate function, to arbitrary precision using QSP [18]; see
Lemma C1. Next, we need to show that the aforementioned
approximations can be stacked to obtain another approxima-
tion for a multivariate gate of the form exp (i6,w - x). The
last step is to apply a triangle inequality. If such circuit can
approximate any continuous function, and this circuit can be
approximated with fixed-encoding gates, then the circuit in

Definition 2 can approximate any function to arbitrary preci-
sion. See Fig. 2 for a graphical interpretation of this proof.

Theorem 1 shows that it is possible to approximate ar-
bitrary continuous multivariate functions with single-qubit
circuits and fixed-encoding gates of the form exp (i6,7mwxy).
The circuits to achieve this require to query the m different
encoding gates (one per coordinate) on demand. This result
implies a reduction in the requirements of number of qubits
from linear in m to just one. This result is analogous to Bar-
rington’s theorem for classical circuits [11,12].

For completeness, we can extend the obtained result to
a more general theorem of functional analysis, independent
from quantum circuits.

Corollary 1. Let Gy = {gr.n} be the sequence of sets of
functions gy : [0, 17" — C of the form

L m N
an® =Yy [] D2 ciene™, ®)

j=1 k=1 n=—N

for x € [0, 11", w,, € R™, a,, ¢, € R. Then, G; y is univer-
sal with respect to the set of all continuous functions f :
[0, 17" — C, in the norm ||-||so.

The proof can be found in Appendix D.

For the second main result of this manuscript, we con-
sider a generalization of the univariate encoding ™% to a
multivariate case. The motivation to study these cases stems
from considering the arguments input to the system as the
query of a unitary gate carrying all relevant information. We
consider diagonal encoding, which needs O(logm) qubits to
carry O(m) real numbers. Specifically, we consider the case
where the m-dimensional input is given by a matrix of the
form

V) =) k) (k| @ ™45/2, ©
k=1

This scenario contrasts with other approaches where the ar-
guments are carried by a tensor product of m matrices of
size 2 x 2 [17]. In Appendix G, we consider an even more
restricted additional case when the encoding matrix contains
each coordinate of the input as a diagonal element.

Definition 3 (Reuploading: fixed encoding gates and arbi-
trary dimensions). A multiqubit multivariate circuit with fixed
encoding gates is given by

L
UL(®, @, 1;x) = | [[R®;, ¢;)Vinx) | R0, $o)Viu(X),

j=1
(10)

where R(0, ¢) are the specifications through Euler angles of
arbitrary SU(2m) matrices.

Our quantum circuit only includes V,,,(x) and not any con-
trolled version of it. Thus, we fix the relative phase with extra
dimensions, ensuring the unitary is an element of SU(2m).
However, this choice does not hinder the generality of our
arguments. Any change in the relative phase can be given by
an affine transformation of x. From a direct comparison to
QSP (Theorem B1), we note that V,,(x) plays the role specific
angles in the Euler decomposition of SU/(2m). The extension
to Euler decomposition of arbitrary dimensions [28] shows
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that R(0, ¢) specifies any unitary matrix in SU(2m), except
for the relative phases among columns, fixed by x. We refer
the reader to Appendix E for a detailed description.

We can now state the final result.

Theorem 2. Let U (®, @, A;x) be the gate defined in Def-
inition 3, with O(log m) many qubits. The sequence of output
function families H = {h.}, with

hp(x) = (O|UL(®, ©, X;x)|0), an

is universal for all continuous complex functions
F@), If®)le <1, for x € [0, 1]", with respect to the
[l ll oo nOrM.

The proof can be found in Appendix F. This model has a
constant overhead in depth as compared to the single-qubit
case from Theorem 1. The sketch of the proof is as follows.
There exists a choice of ®, ® such that the concatenation of
layers of the form R(@;, ¢;)V,,(x) provides a matrix in a block
form, such that the first block is €%, for any k, and the
rest is the identity matrix. This transforms a multidimensional
problem into a concatenation similar to Definition 2. Appli-
cation of results from Theorem 1 provides universality. In
Appendix G, we consider an even more condensed additional
case when the encoding matrix contains each coordinate of
the input as a diagonal element.

The results here described open an avenue toward rep-
resenting functions in the case where the arguments are
accessible via query operations and exponentially many co-
ordinates are simultaneously available, thus more explicitly
utilizing the exponential size of the Hilbert space. An example
of such operations on demand is time evolution dynamics,
interleaved with tunable gates. Other existing methodologies
encode argument coordinates individually, for example, by
means of encoding gates composed of tensor products [16,17],
thus severely limiting, for instance, the applicability of learn-
ing processes to scenarios with classical data. In addition to
this advantage, our construction requires a qubit scaling of
O(log m), improving previous linear scalings. Consequently,
the requirement for the number of parameters required to
specify these models is reduced from exp (O(m)) to just
O(poly(m)). One can interpret this as an efficient general-
ization of QSP in which the signal is densely encoded in
the form of independent quantities inside a unitary gate of
dimension 2. These properties are minimal requirements for
the existence of quantum advantages in variational learning
problems, to be further investigated.

V. CONCLUSIONS

In this paper, we show that it is possible to encode any con-
tinuous function of arbitrary dimensions using single-qubit
quantum circuits with fixed-encoding gates. This finding ex-
tends existing results of universality for multivariate functions
with fixed encodings on multiqubit and multivariate functions
with tunable encodings in single-qubit circuits.

As a second result, we show that universality on multivari-
ate functions is also attainable if the arguments are input by a
diagonal unitary matrix in ®(logm) qubits, where m is the
dimension of the function to represent. This finding opens
a path toward m-dimensional generalizations of QSP where
the argument x is given as the entries of a unitary matrices,

for instance, time evolution, and opens the path for broader
quantum machine learning algorithms.

The question of whether a trade-off between tunability of
encoding and the number of qubits is needed is now closed.
The results here depicted can be interpreted as analogous
to width-depth trade-offs in Boolean classical and quantum
computing. Our results support universality by showing the
existence of circuits with arbitrarily accurate approximations
to functions. The performance of those models in practice,
for instance, related to trainability or (non)dequantizability,
is a valuable future research direction. The extension of QSP
techniques to multivariate functions with a reduced number
of parameters paves the way toward machine learning ap-
proaches that take black-box quantum operations as inputs.
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APPENDIX A: RELEVANT THEOREMS ON

UNIVERSALITY

Theorem Al (Fourier theorem). Let GF = {g/ (x)} be the
sequence of sets of functions gf : [0, 17" — C of the form

gf(x) = Z cnexp (i2mn - x)

n

(AD)

forn = (ny,...,n,) € N ||n|lo <L and ¢, € C. For ev-
ery square-integrable function f :[0, 11" — C, f € F, the
sequence g{ is universal with respect to F in the norm |- ||,
if the coefficients are given by
Cn = / dx f(x)e™ 27 (A2)
[0, 1]

The interpretation of this theorem is direct in the language
of Hilbert spaces. We consider functions as elements of an
infinite-dimensional Hilbert space. In this case, the basis of
the space is the set {€?""*}, with n a vector of integers. The
Hilbert space is equipped with the inner product

(f(x), gx)) = frx)gx)dx,

[0,1]m

(A3)
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and in particular

<ei2n'n<x, ei27rl~x) — 1_[8,,]([1{, (A4)
k=1

thus yielding an orthonormal basis. The Fourier theorem is
nothing but the transformation of functions from arbitrary
forms to this Hilbert space picture.

Theorem A2 (Universal approximation theorem, adapted
from [13]). Let QBAT = {g[LJAT(x)} be the set of functions
gYAT 1 [0, 11" — C of the form

L
g ) = @b (w, - x+ ), (AS)

n=1

forx € [0, 11", w, € R, a,, ¢, € R, and o (-) a discrimina-
tory function. For every continuous function f : [0, 1]" —
C, f € F, there exists an N such that GVAT is universal with
respect to F in the norm ||-||». Discriminatory functions are
those satisfying

/ dux)6(w-x+¢)=0, weR" ¢pecR & pu=0,
[0,1}"
(A6)

with u being Borel measures. In particular, ¢ is a discrimi-
natory function.

The interpretation of this theorem can be done in terms of
the Hilbert space discussed after Theorem Al. For arbitrary
w, ¢, discriminatory functions satisfy that they have nonzero
overlaps with all elements in the basis of functions. For expo-
nential functions

eiwx — Z Cn(w)eirﬁﬂx’ (A7)
—i iw
c(w) = m(e 1). (AB)

This property, together with the Hahn-Banach theorem, guar-
antees dense covering of the space of continuous functions,
hence universality. We refer the reader to the original state-
ment of the UAT in Ref. [13] for an in-depth proof.

APPENDIX B: RELEVANT THEOREMS ON
UNIVERSALITY OF QUANTUM CIRCUITS

Theorem Bl (Reuploading: fixed encoding gates, adapted
from Refs. [18,19]). Consider the single-qubit circuits

L
Ug(o’ ¢’ Ax) = 1—[ ezozej £i6v9; ezo’:an ezazeoem@oew:x’
Jj=1

(BI)

where oy, are Pauli matrices and x € [0, 1]. The se-
quence of output function families H; = {h.}, iz : [0, 1] —
C, [he(x)| < 1, hg(x) = (0JUL (B, @, 1;x)|0) is universal with
respect to univariate square-integrable functions f : [0, 1] —
C with the constraint | f(x)|> < 1 in the ||-||> norm.

Proof. We recall Theorem 3 in Ref. [18], formulated as
follows.

Theorem B2 (Generalized quantum signal processing).
Consider the building block

4 tM cos(0)
e sin(6)

RO.4.1) = ( e'¢ sin(@))'

—cos(f) (B2)

Then, VL € N, 30, ¢ € REH! A € R, such that

L ix
TTR®;. 65, ) | R6o, 60, 3) = (gﬁ%

j=1

) (B3)

with P(e™), Q(e™) being polynomials of degree L subject to
the constraint |P(e™)|? + |Q(e™¥)|? = 1, Vx.

In the same Ref. [18], Corollary 5 demonstrates that P(e™)
can be chosen arbitrarily. Additionally, Theorem 6 in the
same reference implies that it is possible to obtain arbitrary

polynomials of the form
P'(e") = e P(e"), (B4)

if the argument is transformed according to x — —x in the last
k layers.

We focus on this last result. Notice that changing the sign
of x is equivalent to performing an inversion, as

e—i)c 0 i eix 0
(3 ) =ex( O
We identify

eix 0 ix eix/Z 0 ix ix/26.

e—ix 0 —iv2 e—ix/2 0 —ix)2 —ix)26.

(B7)

(BS)

By querying L times the first operator and L times the second,
consecutively, we can represent any polynomial by virtue of
Ref. [18]. These gates are accessible with the same query, plus
the unitary transformation that can be absorbed in the gates
before and after. The global phases are compensated. Thus,
following this recipe, we can find arbitrary polynomials of the
form
L
P(eix) — Z Cjei‘jx.

j=L

(B3)

These polynomials are Fourier series up to degree L, and thus
this family of functions is universal as stated in Theorem Al.

Finally, we bridge the gap between this result and our
statement in Theorem B1. Notice that in this case x € [0, 27 ].
To maintain consistency with our result, we impose x € [0, 1]
at the expense of adding the factor 27 in the encoding. The
building block in Eq. (B2) is decomposable as Eq. (B1) up to
global phases.

Theorem B3 (Reuploading: fixed encoding gates, multi-
variate, adapted from Ref. [16]). There exists a sequence
of quantum circuits Wy (x, #) with number number of qubits
O(@mlogL), depth O(mL™logL), and number of trainable
parameters O(mL™), such that the sequence of output function
families H; = {h.}, hp(x) = (0|W,(x, #)]|0) is universal with
respect to multivariate continuous functions f : [0, 1]" — C
with the constraint | f(x)|> < 1, in the ||-|| s norm.
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Theorem B4 (Reuploading: tunable encoding gates [22]).
Consider the single-qubit circuit

L
Ul\j/(o’ ¢7 W, )‘"x) — l_[ eié\':ej eié}(ﬁ, ei63Wj-x ei&;@oeiav(boeié\':)»’
j=1

(B9)

with oy, being Pauli matrices and x € [0, 1]". The se-
quence of output function families Hyp = {h.}, h(x) =
(01U (8, ¢, W, A;x)|0) is universal with respect to multivari-
ate continuous functions f : [0, 1]" — C with the constraint
|f@)|> < 1 in the norm ||-||so- |

APPENDIX C: PROOF OF THEOREM 1

The road toward proving universality is to show that cir-
cuits as given in Eq. (6) can approximate circuits of the form
given in Eq. (B9), with arbitrary precision.

The first step is to approximate gates of the form e
where x is the input and w is a tunable real weight, with
circuits composed of fixed-encoding gates. Inspection of Def-
inition 2 allows us to identify

iwxé,
s

N
R]k(oj > ¢]k, x) = 1_[eiej‘kmé':ei¢/,k,n6yeiﬂxk6z ~ eiw/‘xk&;,
n=1

(CDH

as a requirement for the approximation. We just need to show
that there exist parameters 6, ¢ ko depending on wy € R,
such that the above equation holds to arbitrary precision .
This is possible by means of the following result.

Lemma CI. For a gate R(0, ¢, x) as given in Eq. (C1), for
any w € R and for any ¢ > 0, there exists a value N and
parameters (0, ¢) such that

sup [[R(6, ¢, x) — exp (iwx6.)||F < &, (C2)
x€[0,1]
where ||-||r is the Frobenius norm.

Notice that the Frobenius norm || - || is a matrix norm,
and not a function norm as other norms used throughout the
text. In this and subsequent proofs, the co-norm for functions
is made explicit as sup,[o j» to avoid confusion with matrix
norms. The Frobenius norm of a matrix is defined as

IAllF = VTr(ATA). (C3)

Proof. We consider in this proof only approximations to
w € [—m /2, w/2]. Without loss of generality, this implies
arbitrary approximations for w € R, since the integer approxi-
mation to w is attainable by just repeating the encoding layer.
Notice that, by definition, f(x) = e™* satisfies |f(x)|*> = 1.
By Theorem B1, we know that it is possible to construct
arbitrary polynomials P(e™) of degree at most N into a unitary

matrix as
_Q}kv(x) N eiwx 0
Py (x) ~\o e~ |

(C4)

wo0.0= (g0

In the language of Theorem B1, P(x) is a Fourier-like poly-
nomial of ¢ up to degree N. In particular, we choose the
polynomial to be a Cesaro mean of the function e"**. |

Definition C1 (Cesaro means). Let f : R — C be a con-
tinuous function with period 27, and let gfl (x) be its n-term
Fourier series. The Cesaro mean of order N is given by

N
1
Py(x) = —— , Cs
N (x) NHn:_Ng‘,Z(x) (C5)
or equivalently
N
N+1—1n
Py(x)= Y —————c,e"™. (C6)
= N+1

This choice of Py (x) implies several convenient properties.
First, Py(x) can be understood as the convolution of the func-
tion ' with the Féjer kernel [24]

N n
Kn(0) = —— DN e (C7)

N+ 1 n=0 k=—n
which satisfies
/deN(x) =1. (C8)
Thus,
[Pvlloc = sup ’/dtei"’(’“")KN(t)dt
x€[0,1]
< sup |e™| / dtKy(t)dt| = 1. (C9)
x€[0,1]

Therefore, we can implement this function within a unitary
operation.

Second, we can recall Fejér’s theorem [24].

Theorem C1 (Fejér’s theorem Ref. [24]). Let f: R — C
be a continuous function with period 2, and let Py (x) be its
N-term Cesaro mean. Then, Py converges uniformly to f as
N increases, that is for every ¢ > 0, there exists N satisfying

sup [f(x) — Pyv(x)]eo < €. (C10)
x€[0,1]

Choosing Py(x) as the corresponding Cesaro mean, we
choose 0, ¢ such that R; x (0, «, ¢; ;, x) implements Py (x)
and Oy (x) as in Eq. (C4). With this choice, we can now write
the Frobenius norm of the difference matrix as

IRk (8, bsr x) — €™ ||
= V2/|Py(x) — €52 4 [Qn(x) 2.

The Frobenius norm can be bounded as follows. We use first
the triangle inequality and convexity of functions to reach

1= [Py _ |ON ()

2 2 7
(C12)

(C11)

le™* — Py(x)| = 1 — [Py(x)| >

hence,
IRk (8k. b4 X) — €|
< V2V |ewr — Py(x)[? + 2|ei"* — Py(x)|.

By virtue of Fejér’s theorem, we can make the supremum
norm of this function arbitrarily small, as long as e""* sat-
isfies the continuity assumption. We enforce this constraint

(C13)
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by finding the Cesaro means of an auxiliary-related function,
following the techniques in Ref. [26]. We define the period of
this auxiliary function as

etwx 0<x<1,

eiw(Z—x) (C14)

ax) 1l<x<?2,

and compute the Cesaro means of this function. This function
is equivalent to €™* in the domain x € [0, 1], and it also
fulfils all the requirements of Fejér’s theorem. We just need
to ensure that our model is capable of expressing polynomi-
als of e"™*, This follows immediately from the definition of
R; (0. ®; . x), which has ¢ in it. Thus, we can find a
gate R; (04, @ ko x) satisfying that for all ¢ > 0, there exists
an N such that

sup (IR k(8. b4, %) — € |p <&, (C15)

x€[0,1]

and conclude the proof.

We can also bound the errors in Lemma C1.

Corollary C1. The circuit R(0, ¢, x) from Lemma C1 can
be realized using N fixed-encoding gates, with

NeOw +e7?). (C16)

Proof. We begin with the function defined in Eq. (C14).
This function is continuous and periodic. Its Fourier series is

J

For the second term,

oo

n=N+1 n=N+1

We see that the first term dominates over the second term.
Now, we only need to rearrange terms from Eq. (C19) to show

sup |Py(x) — ™| € ON7Y). (C22)
x€[0,1]

We recover now the Frobenius norm from Lemma C1:
”Rj,k(oj’k, ¢j,k7 x) — £l w6 Il
= \/E\/le(x) e 2§ [ On ()2

By virtue of Fejér’s theorem, the absolute value can be
made arbitrarily small. Hence, in particular, |Py(x) — e“‘”‘|2 <
|Py(x) — e™*] < 1. It is immediate to see that

IR k(8 b s X) — €™l < V6| Py(x) — e¥], (C24)

and subsequently

(C23)

SUp [|R;x (@ @4 %) — €% [l € OWNT2). (C25)
x€[0,1] ’
Therefore, we can approximate the gate ¢™*% with two

steps. First, we apply ¢™*% a number of times N’ to reach
o — N'm| < 7 /2. Second, we use Fejér’s theorem to approx-
imate ¢'"*%, for |w| < 7 /2, with the errors specified in this

N N
2 n 2 (4
< J <= 1
znlcl\ﬂ(z ) (

+/Nd X 2 4+11 4N% — 1
=—\zt+zlog| —— ).
A R G R AN

ZC<§:|C|<2/°° 1 <2[°° 12 1
4 "Saly n2—1/4 “n )y m—1/42 aN-1/4

given by the sets of coefficients

1 2
Cp = f ei(wfn)xdx + ei2w/ e*i(ern)x
0 1

__w((=Dre™ —1)
= (C17)

We bound now sup,o 1y [Pv(x) — e™*|. The definition of
Py (x) from the proof of Lemma C1 implies

N

Py(x) — WX — Z

n=—N

—In| T _

an+1 Z c,e"™; (C18)

|n|=N+1

hence, by the triangle inequality,

N 00

. 2
sup [Py(x) — ™| < ———| ) ncy| +2 Cnl-
x€l0,1] h N+1 nX:I: ! n:%-:&—l ’

(C19)

For this proof, we consider that |w| < 7 /2. The reason is
that we can obtain K ~ w exactly with K gates, and from
this point on it is only needed to approximate the remainder
lw| < /2 using Fejér’s theorem. We focus on each term
individually. The first term is a 1-norm of the vector defined
by nc,. Thus,

(C20)

(C21)

(

proof. Hence, in order to approximate ¢, to & precision in
the Frobenius norm, we need to apply

NeQw+e?) (C26)

gates.
For the next step, we subsequently apply Lemma 1 to show
that there exist parameters #', ¢’ such that, for given W, 0, ¢,

mf g/ AR
Uy @,¢,1;x)
L
~ l_[ ei9;616i¢;6)‘ei > wj kX6 ei%&: eiq‘){)&veik’
=1

=U" (0. ¢, W, 1;x). (C27)

In a nutshell, we take our previous result to approximate
a gate of the form e™*% Then, we can subsequently
apply these gates to approximately obtain [], e =
exp (i ), xywi6;), which are tunable weights. This step
bridges the gap with models relying on tunable weights. We
refer the reader to Fig. 3 for an illustration of this step. |

Lemma C2. Consider the reuploading models
Ur, ¢, W, x;x) from Eq. (B9) and UL“?f(O/, ¢, A';x) from

043282-8
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FIG. 3. Quantum circuit allowing the universality of quantum reuploading models, with fixed-encoding gates (in this figure represented

by {x1,x2,...,

X,). By Lemma Cl1, we show that gates of the form e™*% can be approximated to arbitrary accuracy by a reuploading

circuit with fixed-encoding gates. The successive application of these approximations allows for an approximation of e™*%, where x is now

multidimensional.
Eq. (6). Forany ¢ > 0, L, (0, ¢, W), there exists value L’ > L,
(0', ¢') satisfying

sup |Tr((UY(0, ¢, W, A;x) —
xel0, 1]

<e. (C28)

U@, ¢/, 2;x))10)(01)]

Proof. We aim to bound the difference between the out-
put functions of two unitaries built with and without tunable
weights, explicitly U (6, ¢, W, A;x) and UM (@', ¢', M5 x).
First, Holder’s inequality allows us to write

min sup ITe((U 60, ¢, W, Asx) — USN (0, ¢, 25x))10)(0]) |
Ui?f(a/’ ¢/’ )\'/;x)”OO
(C29)

< minsup | U (6, ¢. W, A;x) —
0.6 x

where the matrix norm is the oo-Schatten norm. Both
Ur@,¢,w,r;x) and UL“/‘f(O/, ¢',\;x) are constructed
through layers. Following the rationale of Eq. (Cl), we
group the gates in U (6, ¢, 2;x) to approximate /%
in U0, ¢, W, x;x). When this is done, we can match the
parameters in (6, 0), (¢, §) to apply the same operations
between encoding gates as in U} (0, ¢, W, A; x). This fixes the
parameters @, ¢’, thus giving an upper bound to the previous
equation.

We can now use the triangle inequality. Consider two uni-
taries given by uU, vV, where u, v, U, and V are unitaries as
well. Then,

|uU — vV | = luU —vU +vU — vV ||

S lu—vll + U =V (C30)

This procedure is repeated telescopically to the ma-
trix UY(0, ¢, W, A;x) — UL“,‘f(0/,¢',A’;x). We tune the pa-
rameters in U(@', ¢', 1;x) to exactly match those of
U (0, ¢, W, A;x) in the gates between encoding gates thus not
contributing to the difference. For the steps involving e/i+%,
we approximate it with gates of the form R; (6, @; 4, x).
Thus,

1UY 0, ¢, W, hsx) — UD (O, ¢, 23 %)l

L m
<Y sup IRk (Oks §) 40 ) — €|
j:1 k=1 XkE[O,lj
(C31)
By virtue of Lemma CIl, the Frobenius norm

IR k(0 @4 x) — €%z can be made arbitrarily
small. The Frobenius norm upper bounds the co-norm; thus,
each of the components in the sum can be made arbitrarily
small.

For the final step, we just need to consider Lemma C2
and the triangle inequality. A model with tunable weights can

approximate any function with arbitrary accuracy, and a fixed-
weight model can approximate a model with tunable weights
as well. Then, single-qubit fixed-weight models are universal
approximators, at the expense of an overhead in depth. ]

Theorem C2. Consider the model UL“,lf(()/, ¢, \';x) from
Eq. (6). The sequence of output function families H = {Al,},
with

Ry, (x) = (O|US (@, ¢/, 1/3)]0), (C32)

is universal with respect to multivariate continuous functions
f:[0, 1" — C with the constraint |f(x)|*> < 1, in the ||-]|s
norm.

Proof. This corollary is an immediate consequence of
Lemma C2. The considered model can approximate a mul-
tivariate function Ay (x) = (0|U}Y(6, ¢, W, 1;x)|0) output by a
model with tunable weights. The triangle inequality implies

|75, ) — £ < @) — hp @) + 1h(x) — £
(C33)

Each term can be made arbitrarily small: the first one by virtue
of Lemma Cl1, and the second one following Theorem B4.
Hence, universality is guaranteed. ]

This last theorem is analogous to the one written in the
main text.

APPENDIX D: PROOF OF COROLLARY 1

Proof. To prove Corollary 1, we follow the same procedure
as for the quantum reuploading circuits. We will approximate
¢™* with its Cesaro mean and merge all the functions together.
The distance between a function gy (x) from Theorem A2 and

its discrete-weight approximation is given by

m

sup Z Vi He“”“*k - Z vi HPNw,Am)

xe[0,1]" = kel
L m
<Y Iyl sup [ e HPNMxk) (D1)
=1 x€[0 11" [y k=1
with Py o, being the Cesaro means. Since
sup |f(x)] = sup [ f(x)l, (D2)
xel0,1]" xe[0,1]"

we can perform an equivalent trick to the one in Eq. (C30) and
find

m

sup Zm]—[ o Zy]]_[wjk(xk)
Jj=1 =

xe[0,1]™ =1

m

<Y Iyl sup e

j=1 k=1 x€[0,1]

W X

= Py.w; ()] (D3)
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Since Py,q,, (xx) is the Cesaro mean of e+ up to degree
N, we can recall Fejér’s theorem to approximate the desired
function with arbitrary precision. Hence, this construction
provides universal functions in the assumptions of Fejér’s
theorem.

APPENDIX E: EULER ANGLES FOR SU(N)

We follow the construction in Ref. [28] for Euler rotations
of arbitrary dimensions. We first define the generators of
the corresponding algebra su(N) as generalized Gell-Mann
matrices

1 0 o --- 0
o -1 0 --- 0
=0 0 0 - 0f (ED)
0 0 0 0
0 —i 0
R i -~ 0 --- 0
8k—12+1 = IT' , (E2)
O --- 0 --- 0
1 0 O 0 0
0O 1 0 0 0
. 2 o 01 --- 0 0
EN2—1 = NN : | (E3)
o o0 o0 --- 1 0
o o0 o0 --- 0 -1

There exists an Euler decomposition of arbitrary dimension
by employing a recursive construction in which matrices
in SU(N) are defined as matrices in SU(N — 1) plus extra
parameters:

U= 1_[ ei§392k,3eig(k27])+192k,2 [S[/[(N — 1)]ei§N2—10N2—1'
2<k<N

(E4)

Notice that this construction allocates all rotations constructed
as exponentiations of diagonal matrices at the rightmost part
of the operations. Hence, we can justify our choice V,, (x) from
Eq. (G1). Such definition allows for a one-to-one identifica-
tion of values x and the corresponding Euler angles for the
diagonal elements.

APPENDIX F: PROOF OF THEOREM 2

Proof. We begin by considering the x-encoding gate

eiﬂxl/Z 0 L O
0 e*inxl/Z . 0
V,(x) = 0 0 emx/? 0

0 0 0 P

(F1)

We design now a permutation IT; that exchanges the posi-
tions 2j and 2j + 1, except for j = k. An example of this

permutation is given by

eirrxl/2 0 . 0
0 e—irrxl /2 . 0
IV, (x) = 0 0 el 0

0 0 0 e
(F2)

These permutations are implementable with gates R(6, ¢),
since R specifies any unitary gate, except for the relative
phases among columns [28], and no phases are needed for the
permutations. It is immediate to see

em 0 0

0 e 0

Ri(x) =V, )V, x)=| 0 0 10
1

0 0 0

em 0 imx, 6,
= [0 e—m} 0 =<e o ?) (F3)
I

The construction of R;(x) requires an overhead of O(1)
encoding gates of the form V), (x) to achieve it. The same
condition holds for any other Ry (x). These blocks, up to per-
mutations that can be reabsorbed in the parametrized gates,
allow us to conduct the algorithms in Theorem B1 on the
2 x 2 upper-left corner. This can be extended to all coordi-
nates. Notice that the relative phases cancel each other due
to the matrix being applied the same number of times. Since
universality is guaranteed in Theorem B1, this construction
allows for universality as well in the multiqubit case. |

APPENDIX G: AN EXTENSION TO THEOREM 2

The proof above allows us to formulate an alternative the-
orem considering a different encoding gate, defined as

m

Vo) = 3 M) (k] A+ e R M 1) (m 1]

k=1
eimx/m 0 0 - 0
0 gm0 .. 0
— 0 0 eiﬂxg/m . 0
0 0 0 el Lim %

(G

We define the auxiliary permutations Iy ;, for j < k, k < m,
being circular permutations on all elements except for k, of
distance j. Again, these permutations are implementable with
gates R(0, ¢), since R specifies any unitary gate, except for the
relative phases among columns [28], and no phases are needed
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for the permutations. An example of this permutation is

ema/m 0 0 e 0
0 P DY e 0 . 0
MV, =| 0 0 gm0 (G2)
0 0 0 cee @ /m
We apply subsequent permutations until finding
AT 0 0 0 e 0 0 0
m—1 0 e_i’“/m 0 0 0 1 0 0
vi@=[]m,mey=| 0 0 e 0 |=ewmlo 1 0. @3
=1 : : : : O
0 0 0 e ixi/m o 0 0 ... 1
The next step is to apply the same permutation cycle over this permuted matrix to find
1 0 o --- 0
m 0 e™ 0 ... 0
Vi (=x) = [ [ Mov, ) = ™/ 0 01 - 0 (G4)
Jj=1 : : oo
0 0 0o - 1
[
We can identify functions H = {h.}, with
I:eirrxl 0 i| 0
Rie) =Vn, (=x)Vp, )= | [ 0 7™ hi.(x) = (0]UL(®, @, 1:x)0), (G6)

0 1

el x16; 0
= ( 0 I)' (GS)
The construction of R;(x), or equivalently Ry (x), requires an
overhead of O(m?) encoding gates V/ (x).

From this point, we can repeat the steps in Appendix F and
formulate the following theorem.

Theorem G1. Let Up(®, @, A;x) be the gate defined in
Definition 3, with encoding gate V,, (x). The family of output

is universal with respect to the norm ||| for all continuous
complex functions f(x), || f(x)|leco < 1, for x € [0, 1]™. This
model has overhead O(m?) in depth as compared to the single-
qubit case.

The main difference of this theorem with respect to The-
orem 2 is that this case requires one qubit less. However,
the overhead in depth as compared to the single-qubit case
is beneficial to Theorem 2.
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