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A group of techniques known by the general name of single-molecule localization microscopy reaches
a nanometer-scale spatial resolution of point light emitters, well below the diffraction limit of traditional
microscopy. The key feature of these techniques is blinking, alternation of bright and dark states, of each emitter
so that no more than one emitter is bright within the width of the point-spread function of the microscope
during a time sufficient for its localization. We give a formulation of the optical part of these techniques in terms
of quantum metrology, where the limit of precision is determined by the Fisher information on the emitters’
positions contained in the measurement data. We show that the advantage in resolution provided by making the
emitters blink is a consequence of the fundamental property of Fisher information, its convexity. In particular,
we prove the weak matrix convexity and the trace convexity of the Fisher information matrix—two fundamental
results in the multiparameter estimation theory. We show also that the advantage in information is inherent to
the quantum state of light itself before the measurement and is related to the convexity of the quantum Fisher

information matrix.
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I. INTRODUCTION

The lateral resolution of a conventional far-field micro-
scope is fundamentally restricted by the diffraction limit,
equal to about half the wavelength of the illuminating light
[1], which is above 200 nm in the visible range. In the last 30
years, numerous methods for surpassing the diffraction limit
have been developed and are known by the general name of
superresolution microscopy [2—4]. One of the most successful
directions in this area of research is related to subdiffraction
imaging of pointlike incoherent sources of light represented
by fluorescent molecules [5-7], achieving nanometer-scale
lateral resolution and distinguished by the Nobel Prize in
Chemistry in 2014 "for the development of superresolved
fluorescence microscopy." An important subdirection is repre-
sented by the techniques of stochastically activated (blinking)
fluorophores such as photoactivated localization microscopy
(PALM) [8], stochastic optical reconstruction microscopy
(STORM) [9], points accumulation for imaging in nanoscale
topography (PAINT) [10], and their variants, known by the
general name of single-molecule localization microscopy
(SMLM) and having found numerous applications in cell
biology [6]. The SMLM techniques have also been applied
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to color centers in diamond, providing subdiffraction-limit
sensing of magnetic or electric fields [11,12].

The general principle of SMLM consists in making the
fluorophores blink, by a mechanism specific to each tech-
nique, so that not more than one source is present within the
width of the point-spread function (PSF) of the microscope
during a time sufficient for its precise localization. The latter
is achieved by a simple arithmetic mean of the photodetec-
tion positions or by taking an analytical model for the PSF
and estimating the position of its peak by least squares or
maximum-likelihood estimation [13]. The standard deviation
of the source position scales as 1/+/N with the number N of
detected photons [14], which allows one to localize isolated
fluorophores with an uncertainty of about 1 nm by detecting
N ~ 10* photons for each of them by a technique known as
fluorescence imaging with one-nanometer accuracy (FIONA)
[15]. Similarly, the positions of multiple sources within the
PSF can be found by modeling the intensity distribution on
the microscope camera by a sum of PSFs and estimating the
positions of its peaks, albeit with a much larger uncertainty
[16,17].

The 1/+/N scaling of the position standard deviation is
easily understood in the framework of mathematical statistics,
namely, its branch known as point estimation theory [18,19].
The central relation of this theory is the Cramér-Rao bound
for the variance of any unbiased estimator of the parameter x:

(Ax)* > 1/F, (1)

where F is the Fisher information on this parameter con-
tained in the measurement data. Here and below, underlined
letters denote quantities related to the entire measurement
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session typically consisting of many photodetections. In the
case of localization of a single emitter, the subsequent pho-
todetections are statistically independent, and the total Fisher
information carried by N photons is simply F = NFippo,
where Fiphot 18 the Fisher information on the emitter posi-
tion carried by one photon. The Cramér-Rao bound can be
asymptotically reached in the high-N limit when the estima-
tor is given by the maximum-likelihood estimation [18,19].
Thus, the 1/+/N scaling of the position standard deviation is
a mere consequence of the additivity of Fisher information
with respect to independent observations. The single-photon
Fisher information can be calculated for various models of
the PSF and the accompanying noise [20,21] providing the
Cramér-Rao bound for any given N. The variance of the
estimated emitter position was shown to approach the Cramér-
Rao bound for N = 10°-10* photons, allowing thus for
superresolution.

The same argument can be applied to determining the
separation of two closely spaced emitters: the total Fisher
information carried by N photons on the separation is F =
N Fyep, tphot» Where Fiep, 1phot 18 the information on the separation
carried by one photon. This information tends to zero together
with the separation of the emitters [22]; however, for whatever
small Fiep 1phot» ONE can make the total information arbitrarily
large by collecting a sufficiently large number of photons
and thus determine the separation with arbitrary precision.
In practice, a fluorophore emits a limited number of photons
before photobleaching, and, therefore, individual localization
of blinking emitters gives much better results than a simul-
taneous localization of multiple cofluorescent emitters within
the width of PSF. The precision gain attained by making the
sources blink is the key feature of SMLM. A question arises:
Is it a general law of Nature that blinking emitters send more
information on their locations than cofluorescent ones?

In this paper, we give a positive answer to this question,
showing that the informational advantage gained by blinking
is a consequence of another fundamental property of Fisher
information, its convexity. We consider the task of localization
of an arbitrary number of light sources as a multiparameter
estimation problem and prove that, in a scenario where all
sources emit the same number of photons and microscopy sat-
isfies the conditions of translation and rotation invariance, the
Fisher information matrix possesses the property of weak ma-
trix convexity, which results in a higher localization efficiency
for blinking sources. We also prove that, in the general case of
arbitrary numbers of emitted photons, the Fisher information
matrix possesses the property of trace convexity, which leads
to a higher localization efficiency of blinking sources when
it is measured in terms of the new measure, which we call
“average eigenparameter precision.”

The paper is structured as follows. In Sec. II we recast
the formalism of quantum metrology [23-26] in the context
of localization of dim incoherent sources of light [22,27-30],
extending a more traditional approach of classical metrology
typically used in this context [20,21,31-34], and introduce
three measures of localization efficiency. In Sec. III, we prove
the fundamental properties of the Fisher information matrix
mentioned above. In Sec. IV, we compare two scenarios of
cofluorescent and blinking sources and show that the lat-
ter always has an informational advantage. We illustrate the

developed theory by an example of two incoherent sources in
Sec. V and extend the results to the quantum Fisher informa-
tion matrix in Sec. VI. The obtained results are summarized
in Sec. VIIL.

II. QUANTUM METROLOGY FORMALISM
FOR LOCALIZATION OF POINT SOURCES OF LIGHT

A. Cramér-Rao bound

The objective of quantum metrology is inference of an un-
known parameter 6, which may be a vector 6 = {0y, ..., Oy},
encoded into the state of the object, po(6), which is a density
operator in the Hilbert space of the object. For this purpose a
generalized quantum measurement of the object is repeated N
times, the object being prepared in the same state po(0) for
every trial, so that the state of all N object samples is p 0(9) =

00(0)®V. In the task of localizing point sources, considered
here, 6 includes the spatial coordinates 7, = (¥, ¥x) of each
source on the object plane. In this task, the entire fluorescence
session time (=1 ms) is split into time bins of short duration
(&1 ns) so that not more than one photon is detected in each
time bin. The empty time bins are discarded, while the time
bins with detections are numbered withn =1, ..., N, where
N is the total number of photons detected. The point r,, on
the image plane where a photon was detected in the nth bin is
considered a result of a measurement of the nth sample of the
field. That is, it is implied that the sources’ coordinates do not
vary with time and the subsequent acts of spontaneous emis-
sion are statistically independent. Note that the exact times
of photon detections may not be resolved by the camera of
the microscope and are not necessary for the statistical model.
Even if the probability of photon detection in one time bin
is as small as 0.01, the total number of detected photons can
be rather high, typically N ~ 10*. Specifically, po(6) can be
understood as the density operator of the electronic excitation
in a time bin where a photon was detected. Alternatively, it
can be understood as the density operator of a spontaneously
emitted photon on the object plane.

A generalized quantum measurement consists of measur-
ing a probe system upon its interaction with the object and
comprises three main stages: initialization of the probe, inter-
action between the probe and the object, and measurement of
the probe [26].

In the first stage, the probe is prepared in a state p » which
is, in the simplest case of independent identical systems, just
a direct product of the states of each sample of the probe pp:
Pp= p,?N . However, more complicated entangled probes can
be used for reaching the quantum-enhanced sensitivity [23],
which we do not consider here. In optical microscopy, the
probe is represented by the part of the optical field captured
by the aperture of the microscope (see Fig. 1). For the spon-
taneous emission of fluorophores, its initial state is vacuum.
Thus, its preparation simply means screening the field of view
of the microscope from the background light in the frequency
band used for imaging.

In the second stage, the probe and object undergo an in-
teraction, which is described in the most general form by
a completely positive trace-preserving linear map &£, so that
the state of all N samples of the object and probe after
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FIG. 1. Scheme for measuring the positions of two incoherent sources by imaging them in a microscope equipped with a single-photon
avalanche diode (SPAD) array and estimating the positions from the measurement data. The dotted red lines show the rays that form the
geometrical images at points x; and x,, while the solid red line shows the field intensity distribution in the image plane as a sum of two

point-spread functions centered at x; and x;.

the interaction is BOP(Q) = S[BO(Q) ® BP]’ This map can be
made unitary on an extended state space by a Stinespring
dilation, that is, by adding up an environment system with
the initial state p . and tracing out the environment after the
interaction: QOP(G) = TrE{QBO(Q) Qp,® BEQT}, where U
is the unitary operator describing the interaction of the object,
probe, and environment and { stands for Hermitian conjuga-
tion. In the simplest case of independent identical interactions,
both the state of the environment and the interaction operator
are simple direct products of one-sample operators pr and
Us: p, = pEN and U = U®V. In optical microscopy of flu-
orophores, the environment is represented by the part of the
optical field not captured by the aperture of the microscope
and the degrees of freedom of the fluorophore other than the
optical transition responsible for the spontaneous emission.
The interaction consists in optical excitation of a transition
belonging to the environment, from where the excitation is
transmitted to the object, which spontaneously emits a photon,
belonging to the probe or to the environment.

In the third stage, the probe is measured giving the out-
come r, which is a combination of measurement outcomes
r, for every sample of the probe: r = {r|, ..., ry}. The prob-
ability of this outcome is given by the Born rule p(r|0) =
Trp{A(r)p,(0)}, where p,(6) = Tro{p,,(6)} is the state of
the probe with the object traced out, and A(r) is the posi-
tive operator-valued measure (POVM) for the outcome r. As
before, for independent identical measurements, the POVM
is a direct product of POVMs for every sample: A(r) =
®N_ | A(ry). Collective measurements of probe samples are
studied in some scenarios of quantum metrology [23], but are
not considered here. When the magnification of the micro-
scope is sufficiently high, its field of view is covered by a large
enough number of pixels, so that the measurement outcome
can be represented by the continuous coordinate r, = {x,, y,}
of the detected photon. The effects of detector pixelation are
studied in the literature [20], but are not considered here.

The corresponding single-sample POVM is the projection on
the single-photon state at point r,: A(r,) = |r,){r,|, where
|r,) = a'(r,)|vac), a’(r,) being the photon creation operator
at point r,, and |vac) the vacuum state of the field.

Summing up the above relations, we write the conditional
probability of the measurement outcome r under the condition
that the parameter is 6 as

prle) = Tr{AWUp, @) ®p, ®p UTY.  (2)

where the trace is taken over all N samples of the three
systems: object, probe, and environment. The value of the
parameter 6 is inferred from the random outcome r by a
function &(r) known as the estimator, which is again a random
variable. The estimator is called unbiased if its mean coincides
with the true value of the parameter, (6(r)) = 6, where the
angular brackets denote the averaging with the conditional
probability, Eq. (2). For any unbiased estimator, its covariance
matrix Cov(9) x = ((8; — 6,)(@ — 6;)) is lower bounded by
the Cramér-Rao bound discussed in the Introduction for a sin-
gle parameter and having a matrix form in the multiparameter
case [18,19]:

Cov(d) = F1(0), A3)

where the matrix inequality A > B for two Hermitian ma-
trices A and B means that the matrix A — B is positive
semidefinite, i.e., all its eigenvalues are non-negative [35],
and F(0) is the Fisher information matrix, whose elements are
defined as

ap(rl0) dp(rlo
L-,»(e):/ L oprle) dpe)
p(rlo) 26; 30,

Here and in the following, we assume that p(r|f) is nonzero
everywhere, which is true for an imaging system whose point-
spread function is modeled by a Gaussian. Note that we use
bold font for matrices, italic for their elements, Roman for the

“
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elements of function matrices, and underline, as above, for the
quantities related to the entire set of N samples.

In optical microscopy, the typical estimator for the location
of a single emitter is the result of fitting the distribution of
the field intensity on its image spot by a two-dimensional
Gaussian function [9,12]. In the case of multiple emitters, the
Cramér-Rao bound is saturated by finding the parameter 8 (r)
which maximizes p(r|0) considered as a function of # and
known in this aspeEt as likelihood, which gives the name of
“maximum likelihood” to the estimator [18,19].

B. Localization efficiency

The diagonal elements of the matrix Cov(#) give variances
of the components of 6, Cov(@ )i = Var(@,-), and traditionally
the entire diagonal of the covariance matrix is considered the
indicator of success in determining the unknown parameters.
However, when tens or hundreds of sources are available,
one might be interested in one number characterizing the
efficiency of mass localization. We prefer to express this
“localization efficiency” through the inverse of the parameter
variance known as precision [28,36], so that a high efficiency
corresponds to a low position variance. This localization
efficiency can be introduced in several alternative ways, de-
pending on the order in which the averaging and inversion are
performed.

Definition 1. For any unbiased estimator 6 of an M-
dimensional parameter 6, the average total precision is

Hin(9) = Q)

Tr{Cov(d)}

This quantity is the inverse of the average variance and,
according to Eq. (3), satisfies the inequality

M

Hio(0) < W,

(6)

which is asymptotically saturated by the maximum-likelihood
estimator.

However, the average variance can be odd suited to the
description of the case where a localization of multiple fluo-
rophores is required. Imagine a situation where one of the 100
fluorophores does not emit light for some reason. In this case,
the probability distribution does not depend on the position
of this fluorophore, and therefore all rows and columns of
the Fisher information matrix corresponding to its coordinates
are zeros. The variance of these coordinates is infinite and
the average variance is infinite as well, giving Htot(é) =0,
which means failure of the estimation procedure. On the other
hand, absence of one of 100 fluorophores is not important for
the task of visualization of a biological object, for which the
fluorophores are intended. Thus, we arrive at another measure
of the localization efficiency where the individual precisions
are averaged rather than the individual variances.

Definition 2. For any unbiased estimator 6 of an M-
dimensional parameter 6, the average individual precision is

H; é—l 3 ! 7
md()—A—/[Zm~ )

i=1

In the considered case of one dark fluorophore, its indi-
vidual precision 1/ Cov(@)ii is zero and does not contribute to
the average individual precision defined by Eq. (7). The upper
bound for the average individual precision is set according to
Eq. (3), by the inequality Hiya(0) < Fina(6), where

M

_ 1 1
Foa(0) = + > TRIR 8)

i=1

is the average individual Fisher information. This bound
is asymptotically saturated by the maximum-likelihood
estimator.

Both Hjyq (9) and F},4(0) share the drawback of being non-
invariant with respect to rotations in the parameter space.
Aiming at an invariant measure, we introduce one more
measure of localization efficiency. First, we define the preci-
sion matrix [36] Prec(é) = Cov(é)‘l, whose diagonal entry
Prec(d);; is larger than or equal to the individual precision
1/Cov(@);;. If we consider an orthogonal rotation in the
parameter space, ¢ = 076, where ¢ = {¢1, ..., ¢y}, both
parameter vectors are understood as column vectors, 7' de-
notes a transposition, and O is an orthogonal matrix such that
Cov(®) = OTCov(9)0 is diagonal with » = O”) an unbi-
ased estimator for ¢, then Prec(®);; = 1/Cov(®);;. We will
call ¢ the eigenparameter of the localization task. Now, we
define the third measure of localization efficiency as follows.

Definition 3. For any unbiased estimator 6 of an M-
dimensional parameter 6, the average eigenparameter preci-
sion is

Heig(9) = Ai/lTr{Prec(é)}. ©)

The upper bound for this quantity can be found from
Eq. (3). For any two invertible Hermitian matrices A and
B, A > B if and only if A~! < B! [35]. Note that the co-
variance, precision, and Fisher information matrices are real
symmetric by definition, and as such are Hermitian. There-
fore, Eq. (3) can be rewritten as Prec(d) < F(9). Taking a
trace of both sides of this inequality, we obtain Heig(é) <
F(6), where

_ 1
F() = A—/ITr{E(G)} (10)

is the average Fisher information. This bound is asymp-
totically saturated by the maximum-likelihood estimator.
The matrix O diagonalizing the covariance matrix coincides
asymptotically with that diagonalizing the Fisher informa-
tion matrix. However, the matrix O is itself dependent on
the unknown parameters and is typically unknown when the
localization procedure starts.

Two commentaries on the introduced measures are nec-
essary. It is typical for multiparameter quantum metrology
to introduce a weight matrix assigning different statistical
weights to different parameters and to consider the trace of
the product of the covariance matrix with the weight matrix as
a measure of the multiparameter estimation success [25,26].
We do not see why, in the task of multiple source localization,
one source might have preference before another and therefore
assign equal weights to the coordinates of all sources, which
leads us to a simple summation in all three definitions.
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It should also be understood that the measures given by
Definitions 2 and 3 are not intended for use in the fitting algo-
rithms. The quantities Hmd(é) and H., (9) may be very large
in the case where only one source is localized with very high
precision but the positions of all other sources are totally un-
known, which is not the best localization outcome. We assume
that the fitting is realized by the maximum-likelihood esti-
mation and the measure of localization efficiency is applied
afterward to the results of such estimation. The evaluation
of efficiency here is similar to that in quantum teleportation
[37,38]: the verifier knowing the exact positions of the sources
gives a sample to the microscopist, who returns the estimated
source positions, for which the verifier calculates the measure
of efficiency, similar in this respect to the teleportation fidelity.

The three introduced measures are ordered as follows:

Hio(0) < Hina(0) < Heig(9). an

The first inequality follows from the convexity of the function
f(x) = 1/x on the interval x € (0, +00), resulting in

1 I 1 J
f(M ;M) < i ;f(xi)- (12)

Substituting x; = Cov(é )ii» we obtain the first inequality. To
prove the second inequality, consider an invertible real sym-
metric M x M matrix A and a unit M x 1 vector v. Let
O be an orthogonal matrix that brings A to the diagonal
form, A = ODO”, where D is diagonal. Then v” Av = 37 D7,
where o = O7 v. Since ¥ is also a unit vector, the numbers f)iz
sum up to unity and can be considered as statistical weights.
From the convexity of the function f(x) = 1/x on the interval
x € (0, +00), as above, we obtain

M M
f(Z f)?Dii) <) B fD), (13)
i=1 i=1

or (3"DH)~! < "D~ and, as a consequence, (vT Av)~! <
v’ A~'v. Choosing a vector v; = §;,, for some 1 < m < M,
we obtain the inequality 1/A,,, < A Y- Substituting
Apm = Cov(@)mm and summing up over m, we obtain the
second inequality of Eq. (11).

C. Quantum Cramér-Rao bound

For a given state of the object, the conditional probabili-
ties, Eq. (2), and therefore the parameter variances calculated
from them, depend on four quantities: p , p,, Uy, and A(r).
Each of these quantities can be manipﬁfate_f to optimize the
estimation. In particular, optimization of A(r) corresponds
to the choice of the best measurement for the given state
of the probe, p_(6). For this purpose, the quantum Fisher
information matrix Q(0) is defined as [39-41]

Q,.(0) = 3Tr{(LiLl; + L;L)p,O)), (14)
where £; is the symmetric logarithmic derivative operator
defined by the equation

d

1
2 2r @ = 51£2,) + P, O)L;] (15)

The Quantum Fisher information matrix satisfies the con-
dition F~'(#) > Q!(0), where F~'(0) is calculated for the
same state of the probe with an arbitrary POVM A(r).
Moreover, there is often an optimal POVM A1) (but not
always [25]) for which F{(6) = Q~'(6). This means that the
quantity Tr{Q~'(6)}/M gives the lower bound of the aver-
age variance for the optimized measurement. As mentioned
above, manipulation of p , by entangling the probes is known
to further minimize the estimation error in some tasks of
quantum metrology [23]. In this paper, we show that the super-
resolution obtained by making the sources blink corresponds
to manipulation of p 0(0) without affecting the value of the
parameter 6.

III. ADDITIVITY AND WEAK CONVEXITY
OF FISHER INFORMATION MATRIX

The Fisher information matrix possesses some remarkable
properties, which are summarized below. First, we reformu-
late its standard definition [18,19] in terms of a functional of
the probability density.

Definition 4. Given two positive integers £ and M and a
random variable X € R? depending on parameter 8 € R, so
that the probability density for X under condition that the
parameter is 6 is g(X |0), the Fisher information matrix for the
information contained in X about 6 is the (M x M)-matrix-
valued functional F ;ﬁ) [¢(X|0)], whose matrix elements are

1 9q(X10) 99(X|0) ,

‘X. (16)
cq(X10) 06 30,

FiPlaX10)]; = /
R

Now, we formulate the property of additivity for this
functional.

Lemma 1. The Fisher information matrix possesses the
property of additivity:

FODg,(X110)q2(X210)]
= FUV[q1(X110)] + F\P[g2(X210)], (17)

where X; € R¢ and X, € R®.

The proof can be found in the literature [19]. Next, we
formulate the property of convexity in the single-parameter
case proven by Cohen [42].

Lemma 2 (Cohen). In the single-parameter case, M = 1,
the Fisher information matrix (reducing to a scalar in this
case) possesses the property of strict convexity:

FOlyqi(X10) + (1 — y)q2(X10)]
<y POl 10+ (1 = »FOlgx10)], (18)

forany 0 < y < 1 and q,(X16) # ¢2(X10).

This property can be extended to the multiple-parameter
case by the following theorem.

Theorem 1. Given two positive integers K > 2 and d, in
the general case of M parameters split into K groups of d
parameters each, 6 = {0, ..., 0k}, where 6, ¢ RY, M = Kd,
and given real numbers i, ..., ug belonging to [0, 1) and
summing up to unity, the Fisher information matrix possesses
the following properties.
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(A) Strict weak matrix convexity in the case of equal
weights u, = 1/K:

1 & ¢
fﬁff[; Z%(xm] <= X Flaxio). 19

k=1 k=1

under condition that the probability density (X |6) depends
on 0; only and

Jo. i=jeltk—1d+1, kd]

u [e(X10)];; 0, otherwise,

(20)

where fj is a positive number independent of k.
(B) Strict trace convexity in the general case of arbitrary
weights fuy:

K K
Tr{fﬁ?[z uqumm]} <Y wTr{F g (X 10)1}.
k=1 k=1
1)

Proof. Let us denote the matrix in the left-hand side
of Eq. (21) by F and that in the right-hand side by B =
> uk]:%)[qk (X10)]. F is areal symmetric matrix and as such
can be brought to a diagonal form by an orthogonal rotation
in the parameter space: F = OD;O”, where Dy is diagonal
and O is orthogonal. Consider a linear transformation from
the (column) vector of parameters 6 = {6, ..., 0y} to the
new vector of parameters ¢ = {¢y, ..., ou}, ¢ = O76. The
conditional probability density of X for given ¢ is G(X|¢) =
q(X|0g). Let us denote the Fisher information matrix for
the information contained in X about ¢ by F. According to
Definition 4, its elements are

~ 1 0G(X|p) 0G(X|p)
Fy'laX|o);; = f ‘X
wldXIol = | Xl 0 ae,

00k 36
=D P laX10)]y -
2.7 g 00,

= A 1g(X10)), 040y, 22)
kil

or F = OTFO = Dg. This means that ¢ can be considered as
a vector of “eigenparameters” of the matrix F. Let us fix all
eigenparameters except for one, ¢;, and write the conditional
probability density of X for given ¢; as §'(X|¢;) = G(X|¢).
The Fisher information contained in X about ¢; is

FOl7 X1p)] = FL1X 1)),
= Z ‘F;’f)[q(anmnomionb (23)

mn

According to Lemma 2, it satisfies the strict convexity
inequality

K K
FO |:Z Hkq;C(X|§0i):| < Zﬂk]:l(e)[%(xkﬂi)]. (24)

k=1 k=1

Applying Eq. (23) to each side of this inequality, we obtain

K
P [Z i (X |9)} OrniOni

mn k=1

K
<Y 0wiOn Y Ty laeX10)],,,  (25)

mn k=1

or, in matrix form,
(O (F — F)O}; > 0. (26)

In the case of part A, we have F= Joln /K, where Iy is
the unit M x M matrix, which can be seen when applying the
condition of equal weights, u; = 1/K, and then the identity
3 Fa 1qe(X10)lwn = foSmn following from Eq. (20). Since
inequality (26) holds for any i and both matrices O FO =¥
and O" FO = Dy are diagonal, this inequality can be rewritten
as OT (F —F)O > 0 or F < F, which gives Eq. (19). Part A
of the theorem is proved.

In the general case, we sum Eq. (26) over i and use the
invariance of the trace with respect to orthogonal rotations to
obtain TrF < TrF, which coincides with Eq. (21) and proves
part B. |

Note that the area of applicability of the matrix convexity is
slightly wider than that stated in part A of Theorem 1. Indeed,
what we need for the proof is that F is proportional to the
unit matrix, which can be reached by replacing fy by f; in
Eq. (20) and demanding, instead of equal weights, that 1 fx
are independent of k.

IV. LOCALIZATION OF BLINKING SOURCES

Now, we consider K pointlike mutually incoherent sources
of light located at unknown locations {x;, y;} on the object
plane of the microscope. The sources have brightnesses By,
summing up to the full brightness B = )", B;. We define rel-
ative brightnesses py = By /B determining the part of a given
source in the total photon flux. We consider two scenarios for
estimating the K unknown locations (see Fig. 2).

In the first scenario, which we call “cofluorescence,” all
sources can emit light simultaneously. Every detected photon
can come from the kth source with the probability w, so that
the state of the source in each time bin is pg"ﬂ” =) MkPOks
where pgy is the state of the object with just the kth source
active, and the state of the object samples in all time bins

Cofluorescence scenario

1 2 1 1 12 2 2 1

° o o | o o0 [ o | |o e time
Blinking scenario
1 11 2 2 2
® e o ® [ ] @ time

window 1 dark period window 2
FIG. 2. Photocounts (red balls) appearing in certain time bins in
two scenarios of fluorescence. The number above a ball shows from

what source the photon comes.
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where the photons are detected is

N
Qg)ﬂ" = (Z MkPOk) . 27
%

All other quantities in the right-hand side of Eq. (2) cor-
respond to independent identical generalized measurements;
that is, they are simple Nth powers of the single-sample
quantities:

pp=05", pp=pg", U=U®, A =][]A0w.
n

(28)

Substituting these expressions into Eq. (2), we obtain
p(rlo) = I, p(r.10), where

p(rl0) = Te{ A(MU p™(0) ® pp ® peU'}  (29)

is the single-sample conditional probability of measurement
outcome r = {x,y}, which is the location of the detected
photon. Substituting this probability into Eq. (4), we find the
Fisher information matrix in the form F_ 5, (0) = NFcon,(6),
where Foq,(0) is the single-sample Fisher information matrix
with the elements

L 9p(r|0) dp(r|6)
Faopui:(6) = dr.
cottij (0 /p(r|9) 00, 00,

(30)

In the second scenario, which we call “blinking,” the object
is affected so that just one source is active in a given time
window separated from the neighboring windows by dark
periods. Let us denote by Tk(’) the duration of the window of
the ith activity of the kth source. This duration is assumed to
be long enough for a successful identification of the source
number by the localization algorithm. We unite all windows
of the same source into the kth superwindow of duration
Ti=)Y; Tk(’). For a sufficiently long experiment, the durations
of activity of the sources are approximately equal, 7, = T.
Therefore, each source emits the total number of N, = N
photons (we assume that ;N is an integer, which is a good
approximation for a high N). The state of all N; samples in the
kth superwindow is p?,ﬁvk. The joint state of all N samples of
the source is

oo™ = pG @ @ piRk. (31)

All other quantities in the right-hand side of Eq. (2) are
simple Nth powers of the single-sample quantities, as in the
previous scenario. Substituting these expressions into Eq. (2),
we obtain p(r|6) = ]_[szll_ak(LkW), where r, is a part of r
with the outcomes in the kth superwindow and Bk(gk|9) =

[T, pi(rial6) with
pi(rl8) = TH{A(U por(0) ® pp @ prU'}  (32)

the single-sample conditional probability of measurement out-
come when the kth source is only active. Here, the index kl
means the /th element in the kth superwindow and equals
kl =1+ Z]:n;ll N,,. Substituting this probability into Eq. (4),
we find the Fisher information matrix in the form F;, (0) =
> N F™(9), where FI¥1(9) is the single-sample Fisher infor-
mation matrix in the kth window, where just the kth source is

active:

FiEk](Q) _ / 1 0p(r|0) 8pk(r|9)dr. 33)
pr(rl0) 30 00;

Actually, F'¥1(9) depends on the location §; = 7 of the kth
source only, because other sources are inactive in this super-
window.

In order to satisfy the condition of Theorem 1, we need
to restrict our consideration to microscopy with certain prop-
erties, typical of ordinary microscopes within their field of
view [43].

Definition 5. Microscopy with magnification g€ R is
translation and rotation invariant if the conditional distribution
of the coordinates r = {x, y} of a detected photon on the image
plane under condition of a single source at point 7 = {¥, } on
the object plane, p(r|r), satisfies the conditions

p(r =+ grolF + 7o) = p(r[F), (34)
p(Rr|RF) = p(r|7), (35)

where 7y = {Xo, yo} is an arbitrary real vector and R is a
rotation matrix on the object plane.

Such a microscopy is characterized by a special form of the
Fisher information matrix.

Lemma 3. In translation- and rotation-invariant
microscopy, the Fisher information matrix on the position of
a single source 7 = {X, } is proportional to the unit 2 x 2
matrix I,

FRprM = fol, (36)

where fj is a positive number independent of 7.

Proof. Rotating the parameters as ¥ — RF7, we find from
Eq. (16) the corresponding rotation of the Fisher information
matrix, F3 [p(r|RF)] = RF[p(r|F)IR”. Since the Jaco-
bian corresponding to a rotation of integration coordinates is
|det R| = 1, we also have F$”[p(Rr|RF)] = F[p(r|RF)].
Combining these two equalities with Eq. (35), we obtain in-
variance of .7:(22)[p(r|f)] to rotations, which means that it is
proportional to the unit matrix I. Substituting Eq. (34) into
Eq. (16), we find F[p(r|7 + 7o)l = F [p(r|7)], which
means that f; is independent of 7. |

Now, we formulate the following theorem.

Theorem 2. For F 5, (0) defined with the object state (27),
Fiink (0) defined with the object state (31), and all generalized
measurements being independent and identical, the following
inequalities hold for any pox, pp, pe, U, and A(r).

(A) In the case of translation- and rotation-invariant mi-
croscopy with Ny = N/K,

Eoink(0) > F o, (0). 37

(B) In the general case of arbitrary Ny, at least two of
which are nonzero,

Tr{F i (0)} > Tr{F_ 4,(0)}. (38)

Proof. Substituting Egs. (27) and (28) into Eq. (2) and
using the property Tr{A ® B} = TrATrB, we obtain p(r|6) =
[1, p(ral0) with p(r|6) defined by Eq. (29), which can be
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rewritten as

prlo) =Y jupi(rl0), (39)
k

where p;(r|6) is defined by Eq. (32). Substituting this form of
E(K |0) into Eq. (4) and using the additivity of Fisher informa-
tion by Lemma 1, we obtain

Ecoﬁu (9) = NFcoﬂu (9)7 (40)

where Fn,(0) is a single-sample Fisher information matrix
calculated as a functional of p(7|6), Feoqu(0) = .’Fﬁ)[p(r|9)],
where the upper index ¢ = 2 is the dimension of the vector
r={x,y}

On the other hand, substituting Eqgs. (31) and (28) into
Eq. (2), we obtain p(r|0) = [Te, p, (r,16), where p, (r,10) =
l_[évil pi(ri10) and py(ry|0) is given by Eq. (32). Substituting
this form of p(r|@) into Eq. (4) and using the additivity of
Fisher information by Lemma 1, we obtain

Foin(0) = Y NF¥(0), 1)
k

where FI¥1(0) is given by Eq. (33) and calculated as a func-
tional of py(r|0), F¥(0) = F [ pi(r|0)]. Finally, we apply
the equality Ny = Npy. In the case of Ny = N/K, using the
convexity of the Fisher information matrix by part A of
Theorem 1, we obtain Eq. (37). Condition (20) is satisfied
according to Lemma 3. In the case of arbitrary N, using the
convexity of the trace of the Fisher information matrix by part
B of Theorem 1, we obtain Eq. (38). [ |
If the matrices A and B are invertible and positive, A > B
is equivalent to A~! < B~! [35]. As a corollary to Theorem
2, we have El:nlnk(e) < E;)Iﬂu (0), and therefore, for a saturated
Cramér-Rao bound, in the case of equal brightnesses,

Huink(9) > Heoa (), (42)

where H () may be any of the three measures of localization
efficiency introduced in Sec. II B, Hmt(é), Hind(@), or Heig(@).
Moreover, Eq. (42) holds for He;, (§) also in the case of arbi-
trary brightnesses.

V. LOCALIZATION OF TWO INCOHERENT SOURCES

In this section, we consider a simple example illus-
trating the theory developed above and consisting of a
one-dimensional localization of two incoherent sources lying
at unknown locations X; and X, on the object plane of the
microscope and having known relative brightnesses p; and
Wo. On its image plane, they are represented by two spots
centered at x; = g¥; and x, = gX,, where g is the microscope
magnification. We consider the task of estimating the param-
eter vector 8 = {x;, x»}, from which X; and X, can easily be
found (see Fig. 1).

The localization efficiency is characterized by the three
measures introduced in Sec. II B. Operationally, this can be
realized by the following protocol: (i) the verifier prepares
two sources and passes them to the microscopist, commu-
nicating the brightnesses ©t = {1t1, (2} but not the locations
0 = {x1, x2}; (ii) the microscopist returns the estimates of the
locations § = {1, X»} to the verifier; (iii) such an exchange

is repeated many times, generating a set of data; (iv) the ver-
ifier calculates the covariance matrix Cov(d);x = ((%; — x;)
(Xx — x)) for the subset of data with given 6 and u; and
(v) from the covariance matrix, the verifier calculates the
localization efficiency H(0) as a function of 8 and u.

We consider an ordinary wide-field microscope with a cir-
cular aperture having the properties of translation and rotation
invariance within its field of view. When the number of pho-
tons on the image plane within the coherence time is much less
than unity (which means that the source is “dim”), the wave
function of the photon coming from the kth source is [22,27]
¥ (x — xx), where ¥ (x) is the impulse-response function of
the optical system of the microscope [43]. For simplicity, we
assume that this function is real and model it with a Gaussian
function so that its square, the PSF of the microscope, is
normalized to unity:

Y(x) = e ¥ 43)

Qro?)i/

where the standard deviation o determines the size of each
spot.

When just the kth source is active (blinking scenario), the
state of the probe (single-photon field) on the image plane is
prk = W) (W(xe)|, where

~+00
W) = / dx (x — x)a’ (x)|vac), 44

oo

a’(x) being the photon creation operator at point x. In
direct detection, the POVM for detecting a photon at posi-
tion x is the projector on the one-photon state at position
x, ie., A() = a'(x)|vac)(vac|a(x). Then, the probability
of measurement outcome x is pi(x|x1, x) = Tr[ppr A(x)] =
¥2(x — x;), where we have used the commutation relation
[a(x), a'(x')] = §(x — x). The corresponding Fisher informa-
tion matrix is Figk] =025 i0i. The Fisher information matrix
of the entire estimation session with N detected photons, 1N
of which coming from the first source and @, N coming from
the second one, is thus

- N (146 0 45
_blink_m 0 1—8’ ( )

where we express the relative brightnesses, satisfying the
relation @) + uy = 1, through one parameter 0 < § < 1,
which we assume to be known, as u; = %(1 +§) and
= %(1 — §). The average Fisher information in this sce-
nario is Fync = N/202.

When the two sources are active simultaneously (cofluores-
cence scenario), the state of the probe on the image plane is
Pp = [1Pp1 + MU2Pp2 and the probability of the measurement
outcome x is

p(xlxr, x2) = wir(x — xp) + P (x — x2). (46)
This function is shown in Fig. 3.

The Fisher information matrix of the entire estimation
session with N detected photons distributed according to
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p(z|r1, 22)

1(1+9)

(1-9)

N[

FIG. 3. Statistical model for two cofluorescent incoherent
sources. The solid lines show the point-spread functions centered
at positions x; and x, on the image plane of the microscope. The
dash-dotted line shows their sum corresponding to one observed spot
when the sources are active simultaneously.

Eq. (46) is

Nuipj [+ (xlx)pj(xlx;
Elggﬂu — il / (x —)C,')()C _xj)Pz( | z)pj( | ])
! ot ) p(xlx1, x2)

(47)

The corresponding variance lower bounds L;; = (E_l );; are
calculated numerically and shown in Fig. 4(a) for the case
of equal brightnesses ©; = uy = % In this case, due to the
symmetry with respect to the exchange of parameters x; and
X, we have Ly = L,, for both scenarios, and the variance
of the cofluorescence scenario is always above that of the
blinking scenario, in correspondence with Theorem 2.

In Fig. 4(b), we see a similar situation for the case of
unequal brightnesses. The variance lower bounds are different
in this case, with the brighter source having a lower position
variance. In the blinking scenario, the variance lower bounds
for the positions of the first and second sources are (1 +
8) 'Ly and (1 — 8)~ 'Ly, respectively, where Ly = 1/Fyjinc. In
the cofluorescence scenario, the variances of both positions lie
above those of the blinking scenario, though the case of un-
equal brightnesses is not covered by Theorem 2 for individual
bounds.

We also see in Fig. 4(a) that the variances of both positions
tend to infinity at a small separation, which means that these
positions are difficult to estimate. However, intuitively we
understand that the centroid (x; + x,)/2 of the overlapping
spots can still be estimated with high precision. To show it ex-
plicitly, we pass from our parameters 6 = {x|, x,} to a rotated
vector of parameters ¢ = {c, s}, where ¢ = (x; —i—xg)/ﬁ is
the scaled centroid and s = (x, — x1)/ /2 is the scaled sepa-
ration. This rotation in the parameter space can be written as

¢ = 0} ,0, where
__ (cos& —siné&

0; = (siné cosé& ) (48)

is the matrix of orthogonal rotation by angle &. The Fisher in-

formation matrix in the new basis is simply F = or /a¥O0z 4.
Applying this transformation to Eq. (45), we obtain

- N 1 -6
Foink = ) (_ s 1 ) (49)

which gives the variance lower bounds L. = Ls = Lo/
(1 — 82). In the cofluorescence scenario, the variance lower

bounds for ¢ and s are calculated numerically and shown
in Fig. 4(c) for the case of equal brightnesses. We see that,
indeed, the variance of the scaled centroid at zero separation
approaches that of blinking sources, but the variance of the
scaled separation goes to infinity. Now, we can explain why
the positions x; = (¢ — s)/\/i and x, = (¢ + s)/\/i become
completely indeterminate in the s — 0 limit: they include the
scaled separation s whose variance tends to infinity.

The case of unequal brightnesses is illustrated in Fig. 4(d).
We see that both ¢ and s become indeterminate at s — 0
in the cofluorescence scenario. This may be caused by the
presence of one variable with a divergent variance in both
these parameters, as is the case for x; and x, analyzed
above. Indeed, the limiting value of the Fisher information
matrix is

. N M% 123V%%)
Xh_I)n Ecoﬂu = ) (50
2 0% \ M2 %)

This matrix has a zero determinant, but its trace is nonzero.
It means that one of its eigenvalues is zero, but another
is not: Ay = N(u? + p3)/0?, k2 = 0. As a consequence, at
any s, we can introduce two eigenparameters, as discussed
in Sec. II B: the best combination of the two positions b =
x1 cos& + x; sin& corresponding to the higher eigenvalue of
F, . q.(s) and the weighted separation w = x, cos§ — x; sin&
corresponding to its lower eigenvalue. The latter parameter
has a divergent variance at s — 0, while the former is well
determined.

In Fig. 4(e), we illustrate the behavior of eigenparameter
variances and the angle & in the case of equal brightnesses.
We see that £ = 7 /4 at low separation, which corresponds to
b = c and w = s, exactly as in Fig. 4(c). At higher separation,
the angle becomes & = —m /4, which means that the parame-
ters are relabeled: b = —s and w = c. This happens because
s has a higher eigenvalue in this region. We also see that
both eigenvalues of E;O;u(e) are larger than the degenerate
eigenvalue of Egl}nk(e), as prescribed by Eq. (37).

A more interesting case of unequal brightnesses is il-
lustrated in Fig. 4(f). We see that the angle & changes
continuously, tending to zero at high separation, where the
matrix F g, (s) becomes diagonal in the (x;, x,) basis. The
parameter b has always a finite variance, while that of w
is divergent at a small separation. Both variances in the
cofluorescent scenario lie above their counterparts in the
blinking scenario, which means that A;(Fy;..) = Ai(F.q.),
where A;(A) is the ith eigenvalue of a Hermitian matrix A,
when the eigenvalues are sorted in a nonincreasing order. It is
known that for any two Hermitian matrices A and B, A > B
is a sufficient but not necessary condition for X;(A) > A;(B)
(see Corollary 7.7.4 in Ref. [35]). This means that we cannot
conclude from Fig. 4(f) that inequality (37) holds also in the
case of unequal brightnesses, not comprised by Theorem 2.
However, an additional numerical study shows that the min-
imal eigenvalue of the matrix Fyj;., — F g4, is positive in the
limits of computational error, which is a numerical evidence
in favor of validity of inequality (37) in a more general case
of unequal brightnesses.

Thus, the variance lower bounds for eigenparameters Ly,
and L,,, appear to be the best characteristics for the overall
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FIG. 4. Variance lower bounds in the units of Ly = 20'>/N for estimating the unknown positions (x, x,) of two incoherent sources by
detecting N photons in a microscope with the point-spread function of standard deviation o . § is the relative brightness difference of the sources.

Parameters (c, s) are the scaled centroid and separation, respectively.

Parameters (b, w) are the eigenparameters of the Fisher information

matrix obtained from (x, x,) via a rotation by angle £: b = x; cos§ + x; sin& and w = x; cos& — x; sin&.

localization efficiency. If we wish to combine them in one
scalar figure of merit, we should avoid the divergence of L,
at zero separation. The best way to do it is to pass from
variances to precisions, as discussed in Sec. II B. The local-
ization efficiency defined in three possible ways is shown
in Fig. 5(a) for the case of equal brightnesses and saturated
Cramér-Rao bound. This figure confirms what we have al-
ready seen in Fig. 4(e): the Fisher information matrix of

blinking sources is larger than that of cofluorescent ones and,
therefore, all three measures of localization efficiency are
higher for blinking sources.

The case of unequal brightnesses is shown in Fig. 5(b). We
see that He;, is higher for blinking sources than for cofluores-
cent ones, which is a direct consequence of the trace convexity
of the Fisher information matrix, proven in Theorem 1. The
other two measures, Ho; and Hj,g, are also higher for blinking
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FIG. 5. Localization efficiency in the units of Hy = N/20? for estimating the unknown positions (x;, x,) of two incoherent sources by
detecting N photons in a microscope with the point-spread function of standard deviation o. The blinking scenario demonstrates a higher

localization efficiency, whatever measure is used for the latter.

sources, though this fact lies outside the scope of the validity
of Theorem 2. We also clearly see the ordering of the measures
prescribed by Eq. (11).

VI. EXTENSION TO QUANTUM FISHER INFORMATION

The results of the previous sections can be rather straight-
forwardly extended to the case where the upper bound for
localization precision is quantified by quantum Fisher infor-
mation, which may correspond to a better measurement than
the direct detection, as discussed in Sec. II C.

A. Additivity and convexity of quantum Fisher
information matrix

We begin by reformulating the definition of the quantum
Fisher information matrix [39—41] as a map from a family of
density operators in the state space of a quantum system to the
space of real symmetric matrices.

Definition 6. Given a positive integer M, a state space of a
quantum system S, and a family of density operators p(0) €
S depending on parameter § € R, the quantum Fisher infor-
mation matrix for the information contained in p(6) about 6
is the (M x M)-matrix-valued map Q;f)[p (0)], whose matrix
elements are

IO = STr{(LiL; + L,L:)p(0)}, (5D
where the symmetric logarithmic derivative £; is defined by
the equation

a
39,70 = 51Lip(0) + p(O)Li].

Now, we formulate the property of additivity for this map,
which is well known from the literature [39-41].

Lemma 4. The quantum Fisher information matrix pos-
sesses the property of additivity:

Q1®%)[p,(6) ® p2(0)]

= Q7 [p1(O)] + Q47 [2(0)],
where p1(0) € S; and p,(0) € S,.

(52)

(33)

Next, we formulate the property of convexity in the single-
parameter case. The property of nonstrict convexity is known
from the literature [44,45], but we need the strict convex-
ity property, which is proven below. In the proof, we use
the well-known fact that, in the one-parameter case, quan-
tum Fisher information represents the result of maximizing
classical Fisher information over all quantum measurements
[40,41].

Lemma 5. In the single-parameter case, M = 1, the quan-
tum Fisher information matrix (reducing to a scalar in this
case) possesses the property of strict convexity:

Q¥ yp1(8) + (1 — 1)02()]

<y m @)1+ 1 =T p@)], (54
for any 0 <y <1 and p;(#) and p,(0) satisfying the
requirement

Tr{A, (X)p1(0)} # Tr{A, (X)p2(0)}, (55)

where A, (X) is the POVM maximizing the information re-
trieved from the state y p(6) 4+ (1 — y)p2(0) by measuring
an {-dimensional variable X .

Proof. The left-hand side of Eq. (47) can be represented as

¥y p1(0) + (1 — y)pa(6)]
= FOlyqi(X10) + (1 — y)g2 (X 10)],

where ]-"l(e) is the classical Fisher information defined in
Definition 4, and the probability distributions ¢;(X|6) =
Tr{A, (X)p;(6)} correspond to the optimal measurement of
yp1(0) + (1 = y)p2(0).

The strict convexity property of the classical Fisher infor-
mation (Lemma 2) and Eq. (55) imply that

FOlygi(X10) + (1 — y)q2(X10)]
<y FOlG X1+ (1 — ) FOlgpX10)].  (57)

For each term on the right-hand side of inequality (57), the
following relation holds:

FOlqix10)01 < FPlg\X10)] = Q2 [0:(0)],

(56)

(58)
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where the probability distribution ¢;(X|6) = Tr{A;(X)p:(0)},
i =1, 2, corresponds to the measurement A;(X) maximizing
the information retrieved from the state p;(#) and, therefore,
defines the quantum Fisher information for that state.

Combining Eqgs. (56)—(58), we prove the lemma. |

This property can be extended to the multiple-parameter
case by the following theorem.

Theorem 3. Given two positive integers K > 2 and d, in
the general case of M parameters split into K groups of d
parameters each, & = {0y, ..., O}, where 6, ¢ RY, M = Kd,
and given real numbers ug, ..., ug belonging to [0, 1) and
summing up to unity, the quantum Fisher information matrix
possesses the following properties.

(A) Strict weak matrix convexity in the case of equal
weights u, = 1/K:

(5)[ Zpk(e)} <z Z Qi o). (59)

_under condition that the density operator p(6) depends on
0 only and

, i=] k—1)d+1,kd
Sl @)], = {qo i=jelt—Dd+1kd

0, otherwise,

where g is a positive number independent of k.
(B) Strict trace convexity in the general case of arbitrary
weights piy:

K
{ o [Z ukpkw)] } <Y mTr{ QP [pk(6)]}.

k=1
(61)

This theorem can be proven exactly the same as
Theorem 1, by rotating the parameter vector to the eigenpa-
rameters of the quantum Fisher information matrix and apply-
ing the single-parameter convexity, established by Lemma 5,
to each diagonal entry. In doing this, we assume that condition
(55) is satisfied every time convexity is used for a mixture
of two density operators. If, by chance, this condition is not
satisfied, then the sign “less than” should be replaced by “less
than or equal to.” Note that in the task of localization of
sources of light, considered here, density operators p;(6) and
02(0) typically depend on different sets of parameters—the
coordinates of the corresponding sources—and the full equiv-
alence of the conditional probability distributions resulting
from them is highly unlikely.

B. Quantum Fisher information for localization
of blinking sources

The consideration of Sec. IV can be extended to quantum
Fisher information. In the cofluorescence scenario, the state of
the probe, defined in Sec. I A, is [)‘I’f’ﬂ“ = p°°ﬂ“)®N where

~ coﬂu

Zukppk, (62)

and the quantum Fisher information matrix, after Lemma 4,
has the form gc Oﬂu(Q) = NQcofu(0), where Qconu(f) is the

single-sample quantum Fisher information matrix with the
elements

Qcoﬂu U(G) - ITI"{(»C »C + [, ﬁ )pcoﬂu}. (63)

In the blinking scenario, the state of the probe is
M =pp ® - ® Pt (64)
and the quantum Fisher information matrix is Q, . (6) =
3, NiQ¥(0), where Q¥1(9) is the single-sample quantum

Fisher information matrix in the kth window, where just the
kth source is active:

QI(0) = S Tr{(LiL; + LiL)Ppi). (65)

In both Egs. (63) and (65) the symmetric logarithmic deriva-
tive is defined for the respective density operator according to
Eq. (15).

The advantage of a blinking scenario is formulated by the
following theorem. For its formulation, we need one more
definition.

Definition 7. Microscopy is quantum translation and rota-
tion invariant if the quantum Fisher information matrix of the
state pp(r) of a single-photon field on the image plane about
the coordinates r = {x, y} of the image of a single source hav-
ing emitted this photon satisfies the condition Q(2$)[ pp(n)]ij =
qod;j, where ¢y is independent of r.

Theorem 4. For Q offu (6) defined with the object state (62)
and Q (9) defined with the object state (64), the following
1nequa11t1es hold:

(A) In the case of quantum translation- and rotation-

invariant microscopy with Ny = N/K,
Qi @) > QO (66)

(B) In the general case of arbitrary Ny, at least two of
which are nonzero,

Tr(Q,;,, (9)) > Tr{Q,, (0)). 67)

The proof of this theorem follows the lines of that of
Theorem 2: applying the additivity and convexity properties
of Lemma 4 and Theorem 3.

As a corollary to Theorem 4, we have g;hlnk(e) QC Ohu( )
in case A. Does it mean that the localization efficiency is
always higher in the blinking scenario for any choice of
measurement? In the case of Fisher information discussed
in Sec. IV, the answer is positive, because the Cramér-
Rao bound is always asymptotically saturable. The quantum
Cramér-Rao bound, however, is asymptotically saturable only
in the case where the equality

holds for any i and j, meaning that the parameters 6; and 6;
are compatible for a simultaneous quantum estimation [25].
Let us show that this equality holds for the blinking scenario
in the case of a real impulse-response function ¥ (x, y).

When just the kth source is active, the state of the single-
photon field on the image plane is ppy = |Wy)(Wi|, where,
similar to Eq. (44), we write

+o00
W) =// dxdyy(x —xi,y = yi)a' (x, y)|vac),  (69)
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with a' (x, y) being the photon creation operator at point (x, y).
Substituting this density operator into Eq. (15), we find the
symmetric logarithmic derivatives in the form

Li = [0;We) (Wil + [Wi) (9; Wil (70)

where i takes the values xi, y; and the states |d,¥;) and
|0y W) are defined similarly to Eq. (69) but with replacements
¥(x,y) = oY (x,y) and ¥ (x,y) — 9,¥(x,y), respectively.
Note that the square of the function v (x, y) is normalized to
unity, but the square of its derivative is not necessarily that;
i.e., the state |9; W) is not normalized in general. Differenti-
ating the norm (W, |W;) = 1, we obtain Re{(d;V;|¥;)} =0,
and since the impulse-response function is assumed to be
real, |0;Wy) is orthogonal to |W;). Substituting Eq. (70) into
Eq. (68), we ascertain that the commutator average is zero.
It means that x; and y; are compatible for a simultaneous
quantum estimation in the window where their source is ac-
tive. The same argument applies to the locations of all other
sources.

In summary, the quantum Cramér-Rao bound is asymptoti-
cally saturable in the blinking scenario. We do not discuss here
whether it is saturable or not in the cofluorescence scenario,
because, in any case, the advantage of the blinking scenario,
expressed by inequality (42), holds for the optimal quantum
measurement. As in Sec. IV, this inequality holds for any mea-
sure of localization efficiency in the case of equal brightnesses
and a quantum translation- and rotation-invariant microscopy,
and for Hej, (é) in the general case.

It is easy to see that the property of quantum translation and
rotation invariance, formulated in Definition 7, is reached for
a rotationally invariant impulse-response function, ¥ (Rr) =
¥(r), where R is a matrix of rotation on the (x,y) plane.
Indeed, from Egs. (69) and (70), we obtain Q(ZS)[,bpk]i i =Jij
where

+o0
Ty = (0,010, Wy) = / / 0, (5, ), (x, y) dx dy,

(71)

which reduces to J;; = ¢od;; for a rotationally invariant
impulse-response function.

C. Localization in one dimension

We illustrate the developed theory by the same example
of two incoherent sources in one spatial dimension as in
Sec. V. We find easily from the formalism of the preceding
section that
N (1+3$ 0
Qi = Eotink = m( 0 1 — 5)’ (72)

The quantum Fisher information matrix in the case of
two cofluorescent incoherent sources with unknown relative
brightness was found by Rehatek and co-workers in Ref. [28]
for the same Gaussian shape of the impulse-response func-
tion. We assume that the relative brightness is known and
use from this reference only the 2 x 2 submatrix related to
the centroid Sy = (x; + x2)/2 and the separation S = x; — x»,
which we denote by gfoﬂu. We transform this matrix into our

__ATOR .
parameters x; and x; as QC ol = A gc OﬂuA, where A is the

transformation matrix for the (column) vectors of the param-
eters, {So, S} = A{xy, x»}, and we obtain

N (1+8-8 —B
Qcoﬂﬁp( 8 1_5_,3)’ (73)

where
1 2
B =gl =) — e AT (74
lo}

The variance lower bounds L; = (g_l)ii are shown in
Fig. 6(a) for the case of equal brightnesses, ;| = pu, = %, and
in Fig. 6(b) for the case of unequal brightnesses, (] # w,. We
see that, in contrast to Figs. 4(a) and 4(b), the variance lower
bound in the cofluorescence scenario does not go to infinity
at zero separation. This fact indicates the possibility of an
efficient localization of two incoherent sources by means of
optimal measurements, such as spatial mode demultiplexing
[22,27,46—48]. In Fig. 6(a), the lower bound for the cofluo-
rescent scenario lies above that for the blinking scenario, in
correspondence with Eq. (66).

A similar behavior is shown in Figs. 6(c) and 6(d) for
the scaled centroid and separation. The quantum Fisher infor-
mation matrix is obtained in this basis as Q = O /4QO0x /4,

which gives the matrix Q in the form of Eq. (49) and

—blink
3 N (1-28 —s
I a5)

The variance lower bounds for the eigenparameters b and
w are shown in Figs. 6(e) and 6(f) together with the rotation
angle £. We see that the latter tends to zero at zero separation
in the case of unequal brightnesses, meaning that the best
parameter in this limit is the position of the brighter source
rather than the centroid as in Fig. 4(f).

The localization efficiency defined in three possible ways
for a saturated quantum Cramér-Rao bound is shown in
Fig. 7(a) for the case of equal brightnesses. As in Fig. 5(a), we
see that all three measures of localization efficiency are higher
for blinking sources, which is a consequence of Eq. (66).
The case of unequal brightnesses is shown in Fig. 7(b). We
see that H., is higher for blinking sources than for coflu-
orescent ones, which is a direct consequence of the trace
convexity of the quantum Fisher information matrix, proven in
Theorem 3.

VII. CONCLUSION

Our comparison of cofluorescent and blinking scenarios
for the task of localizing dim incoherent sources of light
showed that the blinking scenario always has an informational
advantage when the localization efficiency is measured by
the average eigenparameter precision, which is a consequence
of a fundamental property of the Fisher information matrix,
its trace convexity proven in Theorem 1. This advantage is
also proven for a more popular measure of efficiency, average
position variance, however, only in the case of translation- and
rotation-invariant microscopy and equal numbers of photons
emitted by each source, which is a consequence of another
fundamental property of the Fisher information matrix, its
weak convexity proven in the same theorem. Moreover, we
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FIG. 6. Variance lower bounds in the units of Ly = 20'>/N for estimating the unknown positions (x, x,) of two incoherent sources by
measuring optimally N photons in a microscope with the point-spread function of standard deviation o. § is the relative brightness difference
of the sources. Parameters (c, s) are the scaled centroid and separation, respectively. Parameters (b, w) are the eigenparameters of the Fisher
information matrix obtained from (x;, x,) via a rotation by angle &: b = x; cos& + x; sin§ and w = x, cos§ — x; sin&.

have shown that this advantage is a consequence of the cor-
responding properties—trace and weak matrix convexity—of
the quantum Fisher information matrix calculated for light
on the image plane of a microscope. The informational ad-
vantage of the blinking scenario can be ascribed to a higher
a priori information, which one has about the number of
simultaneously active emitters: 1 in the blinking scenario and
K > 1 in the cofluorescent one. The advantage in a priori

one

033065-14

information can be quantified by the advantage in the Fisher
information calculated in this work.

We believe that these results are important for both the
fields of superresolving optical microscopy and quantum
metrology, at the junction of which they are located. On the

hand, they show that the information gain produced by

blinking, well known for decades in the superresolving optical
microscopy, is a mathematical consequence of such properties
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FIG. 7. Localization efficiency in the units of Hy = N/20? for estimating the unknown positions (x;, x,) of two incoherent sources by
optimally measuring N photons in a microscope with the point-spread function of standard deviation ¢ under condition of saturated quantum
Cramér-Rao bound. The blinking scenario demonstrates a higher localization efficiency, whatever measure is used for the latter.

of the Fisher information matrix as additivity and convexity.
On the other hand, it shows that blinking of the sources can in-
crease the Fisher information on their location even to a higher
extent than the optimization of the quantum measurement,
much studied in the last years in the framework of quantum
metrology.

The obtained results are important for a deeper understand-
ing of techniques based on blinking fluorophores [2—4], which
are instrumental in advancing superresolution imaging tech-
niques and improving the sensitivity of fluorescence-based
biosensors. Both fields are essential for modern biomedical
research.

The area of applicability of these results is not reduced
to spatial superresolution but also comprises superresolving
spectroscopy that allows one to distinguish overlapping spec-
tral lines of optical [49] and magnetic [50,51] fields. Another
interesting extension of the developed theory is the analysis
of superresolution optical fluctuation imaging (SOFI) [52],
where the brightnesses of the sources do not fall to zero, as

in SMLM, but fluctuate in time. A future study will show how
the information gain provided by this technique is related to
the convexity of the Fisher information.
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