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We develop an age-structured hydrodynamic (HD) theory that describes the collective behavior of N > 1
anomalously diffusing particles under stochastic renewal resetting. The theory treats the age of a particle—
the time since its last reset—as an explicit dynamical variable and allows for resetting rules that introduce
global interparticle correlations. The anomalous diffusion is modeled by the scaled Brownian motion (sBm):
a Gaussian process with independent increments, characterized by a power-law time dependence of the diffusion
coefficient, D(t) ~ t*#~!, where H > 0. We apply this theory to three different resetting protocols: independent
resetting to the origin (model A), resetting to the origin of the particle farthest from it (model B), and a scaled-
diffusion extension of the “Brownian bees” model of Berestycki ez al. [Ann. Probab. 50, 2133 (2022)]. In all these
models, nonequilibrium steady states are reached at long times, and we determine the steady-state densities. For
model A, the (normalized to unity) steady-state density coincides with the steady-state probability density of a
single particle undergoing sBM with resetting to the origin. For model B, and for the scaled Brownian bees, the
HD steady-state densities are markedly different: In particular, they have compact supports for all # > 0. The
age-structured HD formalism can be extended to other anomalous diffusion processes with renewal resetting
protocols that introduce global interparticle correlations.

DOI: 10.1103/sxf5-674q

I. INTRODUCTION

Stochastic resetting refers to the class of stochastic pro-
cesses where a random process is intermittently interrupted,
and the system is instantaneously returned to a prescribed
configuration. The simplest and most studied example is a
single Brownian particle on the line whose position is reset
to its initial value at random times drawn from a Pois-
son process [1]. Already this minimal model exhibits key
signatures of resetting: the emergence of a nonequilibrium
stationary state (NESS) with nontrivial properties and an op-
timizable mean first-passage time to a specified target. Over
the last decade, the resetting paradigm has been extended to
a broad variety of processes and reset protocols, including
non-Poissonian resetting, space-dependent reset rules, reset-
ting in confinement, and resetting in external potentials; see
the topical reviews [2,3] and references therein. Applications
span diverse contexts such as stochastic search and foraging,
reaction and enzyme kinetics, population dynamics, queuing
and computer algorithms, and optimization of stochastic pro-
cesses subject to restart [2—6].

In many physical and biological systems, resetting involves
interacting degrees of freedom. Resetting in many-body
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systems with local or nonlocal interactions has been shown
to produce rich collective phenomena, including nontrivial
correlations and scaling regimes absent in the single-particle
setting [7—-14]. On the other hand, particle diffusion in het-
erogeneous or viscoelastic media, in crowded intracellular
environments, or along disordered landscapes is often anoma-
lous [15-18], so that the mean-squared displacement scales
nonlinearly with time, (x2(@)) ~ 2, with H # 1 /2. The
regime 0 < H < 1/2 corresponds to subdiffusion, typically
arising in crowded or viscoelastic environments, while H >
1/2 describes superdiffusion, associated with long-range cor-
relations or heterogeneous energy landscapes.

The combined effect of anomalous transport and stochastic
resetting of a single particle has been explored in a variety
of settings, including continuous-time random walks, scaled
Brownian motion, and other anomalous diffusion processes
under reset [19-23]. However, the collective behavior of many
anomalously diffusing particles, particularly under nonlocal
reset rules, remains essentially unexplored, and a systematic
theoretical framework for such systems is lacking.

In this paper, we develop a versatile hydrodynamic (HD)
formalism that provides a leading-order description to the
collective dynamics of N >> 1 anomalously diffusing particles
for a broad class of resetting rules, including the rules that
introduce global interparticle correlations. For concreteness
and analytical tractability, we focus here on scaled Brow-
nian motion (sBm): a Gaussian process with independent
increments, characterized by a power-law time dependence
of the diffusion coefficient, D(t) ~ t>#~!, where H can be
any positive number [24-27]. In the presence of resetting,
even a single particle performing sBm exhibits a rich behav-
ior with two possible formulations of the model. In the first
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formulation—the nonrenewal resetting—the spatial resetting
events do not affect the time dependence of the diffusion co-
efficient [21]. Here, we focus on the second formulation—the
renewal resetting—where the internal clock of a particle is
reset along with its spatial coordinate [20].

The key element of our HD formalism is an explicit ac-
count for the age structure of the population of particles,
where the age of a particle, t, is defined as the time passed
since its last reset. Age-structured models are widely used in
demography and epidemiology [28-31], but to our knowledge
they have not yet been applied to many-particle stochastic re-
setting models. We argue that such an extension is useful when
the underlying diffusion is anomalous, because the transport
properties of particles performing anomalous diffusion often
depend on their history [32-35].

The age-structured HD formalism for anomalously diffus-
ing particles with resetting clearly identifies the three basic
components of the dynamics: the t-dependent diffusive trans-
port in space, the aging in 7, and the particular renewal
resetting mechanism implemented through a boundary con-
dition at T = 0. This formalism circumvents a single-particle
description and applies to a broad class of time-dependent
renewal processes that introduce interparticle correlations.

We illustrate the age-structured HD formulation on three
representative models that differ among themselves by their
(Poissonian) resetting rules. In model A, each particle is reset
individually to the origin. In model B, only the particle far-
thest from the origin is reset to x = 0. Finally, for the scaled
Brownian bees, the farthest particle is reset to the location of
a particle chosen at random [36]. In each of these models,
a NESS emerges at long times, and we use our HD theory
to determine the steady-state density fields. For model A, the
HD steady-state density coincides with the previously known
steady-state single-particle distribution [20], as to be expected
for independent resetting. For model B and for the scaled
Brownian bees, the HD steady-state densities are markedly
different from the single-particle probability density. In partic-
ular, they exhibit compact support for all H > 0. In the special
case H = 1/2, we recover the previously known HD results
for resetting Brownian particles in models A and B [10] and
for the “standard” Brownian bees [8,9]. Throughout the paper,
we compare our results for the three models with Monte Carlo
simulations.

In Secs. II-1V, we present the age-structured HD descrip-
tions and determine the steady-state densities, for the three
resetting models. We conclude the paper with a short discus-
sion in Sec. V. The simulation algorithm is briefly described
in the Appendix.

II. MODEL A

A. Microscopic model

We consider N > 1 independent particles moving on the
real line. Each particle performs the sBm [24,26,27] with
exponent H > 0 and diffusion coefficient D:

(@) —x;(HPPy=2Dt —s), i=1,....,N. (1)

In model A, one particle is randomly chosen at random times,
with total Poisson rate Nr, and reset to the origin. Upon
resetting, the particle’s clock is also reset to zero, and the

particle resumes the sBm. The single-particle (N = 1) version
of this model was introduced and analyzed by Bodrova et al.
[20].

B. N — oo: age-structured HD

In the HD limit N — oo, one can describe the N-particle
system by a coarse-grained density u(x, t), which we rescale
by N, so that

o0
/ ulx,t)dx = 1. 2)
—00

A key element of our HD theory for the sBm is an explicit ac-
count for the individual “clocks,” or ages, of the particles. We
introduce the age-structured density n(x, t,t) (also rescaled
by N), where 0 < t < ¢ is the particle age, which is the time
since the last reset. The coarse-grained toral density u(x,t)
is then obtained by integrating the age-structured density
n(x, t, t) over all ages t between 0 and ¢:

u(x,t) =/ n(x, t,t)dr. 3)
0

The HD equation for the age-structured density has the fol-
lowing form:
on(x, t,t)+ d.n(x, t,t)
= 2HD ! Bfn(x, T,t) —rn(x, 1,t),
0<t<t. 4)

x| < oo,

The 7-dependent diffusion term describes the scaled diffusion.
The linear decay term describes the independent resetting of
particles. Finally, the advection term d.n describes the par-
ticle aging. In the absence of diffusion and resettings, the
age distribution would follow the simple first-order equa-
tion d,n(x, t,t) + d.n(x, t,t) = 0. The characteristics of this
equation are described by the equation dt /dt = 1, so the par-
ticles’ ages T increase linearly with time ¢ as to be expected.

Importantly, the instantaneous resetting of the particles to
the origin enters this formulation as a boundary condition at
zero age, T = O:

n(x,0,t) =réx). 5)

Finally, the particle conservation reads

/oodx/ drn(x,r,t)z/oo ulx,t)dx = 1. (6)
—o00 0 —o0

As one can see, the parameter N drops out of the rescaled HD
problem.

For the standard Brownian particles, H = 1/2, Eq. (4)
simplifies to

dn(x, t,t) + dn(x, T,1) = Dd*n(x, T,t) — rn(x, T, 1),
0<t <. @)

Integrating both sides of this equation over t from O to ¢ and
using Eq. (5), we reproduce the familiar equation [10]

oru(x,t) =D afu(x, t) —ru(x,t) +rdéx), (8)

which describes model A for the standard Brownian particles.
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FIG. 1. Steady-state age-structured density n,(x, 7) at x =1 vs
t for model A with r = D = 1 and four different values of H (see
legend). Symbols: simulations with N = 10° particles. The simulated
density histograms are computed by averaging over 100 configura-
tions observed at different times at intervals of At = 10 between
them. Black dashed lines: Eq. (12) for each of the H values.

C. Steady state

At t — oo, the age-structured density ng(x, 7,t) ap-
proaches a steady state

ns(-xs T) = t1—1>11010 n(xv ‘Ca t) (9)

with a nontrivial age structure. To determine ng(x, 7), we drop
the #-derivative term in Eq. (4) and obtain the equation

d.ng(x, 7) = 2HD 77" 9?ny(x, ) — rag(x, T),

x| <00, O0<7t1<o00, (10)
which should be solved with the boundary condition
ns(x, 7 =0) = ré(x), (11)

If we now treat t as “time,” Eq. (10) describes an effective
nonstationary (in time 7) decay of particles diffusing in the
bulk following their instantaneous release at x = 0 and t =
0. The solution of this problem is straightforward, and the

J

F(1—H)-T(1-3H)%,
FO—H)+5-T (=L () 13 <H <1,

2 (3 =3

1
us(|x] L o)~ —=—=

N

where we have set r = D = 1 for brevity. As one can see
from Eq. (15), the maximum density is observed at x = 0,
and it is finite only for H < 1. For H > 1 it diverges, but
this singularity is integrable and therefore legitimate. For H =
1/2, Eq. (13) yields us(x) = (1/2)e™"! in agreement with
Ref. [10].

Figure 2 shows the steady-state total density us(x) for
several values of H, and the maximum steady-state density
at x = 0 as a function of H. The bottom panels compare the
exact densities with their large- and small-x asymptotics (14)

resulting age-structured steady-state density is

x2
re "t
ArnD tH

Figure 1 compares this simple but nontrivial result with our
simulations. At T =0, the age-structured density vanishes
identically for all x # 0. This is to be expected, because all
newly reset particles are placed at the origin. At a given
x # 0, ng(x, ) has a maximum at an age t* determined by
the algebraic equation Hx?/(2D t**) = r t* + H, which has
a unique solution t* > 0. The steady-state total HD density
us(x) is obtained by integrating Eq. (12) over the age variable
T from zero to t = oo:

ng(x, 7) = (12)

() = = /ood B
us(x) = T
= i Jo o

Equation (13) perfectly coincides with the steady-state posi-
tion distribution pg(x) of a single particle that performs sBm
with resetting. The latter expression for p;(x) was obtained,
by a different method, in Ref. [20]. This coincidence is to
be expected because of the independence of the particles in
model A, and it serves as a sanity test of the age-structured
HD model. As we will see shortly, the steady-state densities in
two other models, which we consider here, are quite different
from the single-particle density.

The characteristic spatial scale, defined by Eq. (13), is £o ~
(D/r). Let us consider the |x| > £y and |x| < £y asymp-
totics of ug(x) [and of ps(x)]. The |x| > £y asymptotic can be
obtained by the saddle-point method (see also Ref. [20]), and
it is the following:

1-2H
22H+) |—2H
) |x |21

R 2
(2H + 1)(55) ™ ot |x| 2T
2H

13)

r H
>0 =\ a@r b\ 20r

X exp

(14)

The |x| < £y asymptotic can be obtained via a truncated Tay-
lor expansion of the integrand at small |x|, leading to

0<H<1/3,

-4 (15)

2\ 1=H
), H>1,

(

and (15). Finally, Fig. 3 compares the steady-state density
us(x) for different H with simulations.

According to Eq. (12), the steady-state HD density lives on
the whole line |x| < co. However, the actual average system
radius £, defined as the average distance to the origin of the
farthest particle, is of course finite for any finite N. Formally
speaking, this effect is missed by an HD theory, but for
model A it is in fact captured, with logarithmic accuracy, by
the simple order-of-magnitude estimate N fe—oo ug(x)dx >~ 1,
which has an obvious physical meaning. Using the large-|x|
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FIG. 2. Steady-state total density us(x) for model A with r = D = 1. (a) us(x) for H = 1/5 (blue), 1/2 (black), 4/5 (magenta), and 2
(brown); see legend. These results were obtained by numerically evaluating the integral in Eq. (13). (b) The H dependence of the maximum
density reached at x = 0 for 0 < H < 1. For H > 1, the maximum density diverges, but this singularity is integrable. us(x), see Eq. (13),
alongside its large- and small-x asymptotics (14) and (15), respectively, for H = 1/5 [panel (c)] and H = 4/5 [panel (d)].

asymptotic (14) of ps(x) = us(x), we obtain in the leading
order:

o aa( H \'anNyTt:
bH) =2 <2H+1) N e

This expression agrees with the leading term of the large-N
asymptotic of the exact microscopic expression for £ [37]. For
H =1/2, Eq. (16) predicts

2(H =1/2) ~InN, (17)
e H=03
—1] H=0.5
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FIG. 3. Steady-state total density u,(x) for model A with r =
D =1 and four values of H (see legend). Symbols: simulations with
N = 10° particles. The simulated density histograms are computed
by averaging over 100 configurations observed at different times at
intervals of At = 10 between them. Black dashed lines: Eq. (13) for
each of the H values.

in agreement with Ref. [10].

III. MODEL B

A. Microscopic model

The only difference, but an important one, between models
A and B is that in model B it is the particle farthest from
the origin that is reset to the origin. Clearly, this resetting
rule introduces nonlocal interparticle correlations. As a result,
the collective behavior of particles in model B is not reducible
to a single-particle behavior, but in the limit of N — o0, it is
amenable to an HD theory.

B. N — oo: age-structured HD

A key feature of the HD particle density u(x, ) (which
we again rescale by N) in model B is that it has a compact
support, |x| < L(z). In the particular case of H = 1/2, this
property was uncovered in Ref. [10]. The edges of support,
|x] = L(¢), act as effective absorbing walls. Their a priori
unknown position, at all times, is dictated implicitly by the
particle conservation:

L(t)
/ u,t)dx =1, u(lx|=L@),t)=0, (I8)
—L(t)

so one has to deal with a moving-boundary problem. We
again introduce the age-structured density n(x, t,?), where
0 < t <t is the time since the last resetting, and u(x,t) =
fot n(x, t,t)dt. The HD equation for model B is, in the

023103-4



AGE-STRUCTURED HYDRODYNAMICS OF ENSEMBLES OF ...

PHYSICAL REVIEW RESEARCH 8, 023103 (2026)

dimensional units,
dn(x, T, 1) + dn(x, T, 1) = 2HD 71 92n(x, 7, 1),
Ix| < L(). (19)

O0<t<t,

Note the key structural difference: In model A, the indepen-
dent resetting produces the bulk loss term —rn [see Eq. (4)],
whereas in model B the farthest-particle resetting is encoded
in the absorbing boundaries at |x| = L(r), with no bulk loss
term.

Like in model A, the resetting of particles to the origin,
accompanied by the age renewal, is described by the boundary
condition

n(x,0,t) = ré(x). (20)

Finally, the particle conservation takes the form

L(t) t L)
/ dx / dt n(x, ‘L’,I)E/ u(x,t)dx = 1. 21
0

L(t) —L()

For the standard Brownian motion, H = 1/2, Eq. (19) simpli-
fies to

dn(x, T,t) + dn(x,7,t) = Dd?n(x, 1),
0< <, x| <L@). (22)
Integrating this equation over t, we obtain
oru(x,t) =D afu(x, t)+rdéx),
|x| < L(t), u(xL(),t)=0 (23)

and

L(t)
/ ulx,t)ydx =1. 24)
—L(t)

Equations (23) and (24) coincide with model B for the stan-
dard Brownian particles [10].

C. Steady state

As t — 00, the absorbing walls at [x| = L(¢) come to rest.
The steady-state value of L reflects a balance between the
effective particle source at the origin and the diffusion flux
of the particles into the absorbing walls. The age-structured
density ng(x, 7, t) approaches a steady state

ng(x, ) = t]i“o]o n(x, t,t) (25)

with a nontrivial age structure. The steady state is described
by the equation

o:ns(x, ) =2HD 721 8fns(x, T), |x| <L = const,
(26)
with the boundary conditions ng(£L, t) = 0, and the “initial”

condition
ng(x, T = 0) = ré(x), 27

where we again treat T as time. With these conditions, Eq. (26)
describes an effective nonstationary (in time 7) diffusion flux,
created by an instantaneous release of mass at x = 0, to the
absorbing boundaries at x = %L, where the parameter L is
a priori unknown. This problem can be easily solved by
introducing a “stretched time” 72 and expanding the solution

] o H=03
0201 ﬂ(’é =03
i \'*, v H=038
T 0154 &) N\ N s H-12
- R %" \‘i
® 1 ! \
I % 0
) O.IO‘I i 4 T . \\
ER PR
= iy ¥ S
0.058 14 R
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0.00 "IJ i *"‘-l-;lv.:!~v:-:~:;‘
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T

FIG. 4. Steady-state age-structured density n,(x, ) at x = 1 for
model B with r = D = 1 and four different values of H (see legend).
Symbols: simulations with N = 10°, where the simulated density
histograms are computed by averaging over 100 configurations ob-
served at different times at intervals of At = 10 between them. Black
dashed lines: Eq. (28) for each of the H values.

over the eigenmodes ~ cos[(2m + 1)wx/2L]. The resulting
age-structured steady-state solution reads

72@m+1)2pc2H 2 D
ng(x,7) = Ze ( :L> co S[%}’

x| < L, (28)

and O for |x| > L. Figure 4 compares this result with our
simulations. At 7 =0, the age-structured density vanishes
identically for all 0 < |x| < L, because all newly reset par-
ticles are placed at the origin. At a given 0 < |x| < L, the
density (28) as a function of t rises from zero, peaks at a
finite 7*, and then decays. Unlike in model A, there is no
effective particle loss in the bulk. As a result, the peak value of
ng increases with H—in contrast to model A (compare Figs. 4
and 1).

The normalized particle density is obtained by integrating
Eq. (28) over the age variable t:

us(x) = /Oons(x, T)dt
0

() (4L L2
T\ 2H
Z COS (2m+1)rrx]

m 0 (2m+ l)H

(29)

What is left is to determine L = L(H) from the conservation
law, see Eq. (21), and we obtain

1+H\/_{rF<l+%)|:§<l+:I i)
o e

where ¢ (s, a) is the generalized Riemann zeta function [38].
As H — oo, L(H) approaches a finite limit. In the units

L(H) =
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FIG. 5. Steady-state density us(x) for model B with r = D = 1. (a) us(x), see Eq. (29), for H = 1/5 (blue), 1/2 (black), 4/5 (magenta),
and 2 (brown). (b) The support radius L = L(H) as described by Eq. (30) (blue solid line) and its limit for H — oo, Eq. (31) (red dashed
line). (c) The H dependence of the maximum density reached at x = 0 for 0 < H < 1. For H > 1, the maximum density diverges, but this
singularity is integrable. (d) Comparison of the theoretically predicted us(x), Eq. (29) (black dashed lines), with simulations (symbols) with
N = 10’ particles and four different values of H (see legend). The density histograms are computed via averaging over 100 configurations of

the system, observed at intervals of Ar = 10.

r=D =1, itis equal to

32e77/2T(5/4)*

LH - o0) = 5
b4

=1.6398109..., (3D

where y is Euler’s constant.

The maximum value of the density (29) is observed at the
origin. Similarly to model A, it is finite for H < 1 and diverges
for H > 1, but this singularity is integrable and therefore
legitimate. Interestingly, for model B, the maximum density
as a function of H reaches its minimum at an intermediate
value of 0 < H < 1, which depends on the reset rate r but is
independent of D.

Figure 5 shows the steady-state total densities us(x) for
several values of H, the support radius L = L(H), and the
maximum steady-state density at x = 0 as a function of H.

For H = 1/2, Egs. (29) and (30) simplify to

u(x) = é(L —xD, x| <L, L=+2D/r, (32)

in agreement with Ref. [10].

IV. SCALED BROWNIAN BEES
A. Microscopic model

This model is a natural extension of the Brownian bees
model proposed by Berestycki et al. [8,9] and studied
in Refs. [8,9,11,39,40]. In the original formulation of the
Brownian bees model, N >> 1 particles perform independent
Brownian motions and independently branch at a given rate
but, at each branching event, the particle farthest from the
origin is removed. This model can be easily reformulated in
terms of resetting, where the particle farthest from the origin
is reset to the location of any of the particles chosen at random.
Similarly to model B, this resetting rule introduces global
interparticle correlations, so that the collective behavior is
irreducible to the single-particle behavior. In this case as well,
the HD theory proves very useful.

B. N — oo: age-structured HD

As in the original Brownian bees model [8,9], the coarse-
grained density u(x,?) of the scaled Brownian bees has
compact support |x| < L(¢) in the limit of N — oo. Here too,
there are effective absorbing walls at |x| = L(¢), and their
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FIG. 6. Scaled Brownian bees with » = D = 1 and four different values of H (see legend). (a) Steady-state age-structured density n,(x, )
at x = 1. Simulations (symbols) are compared to Eq. (36) (black dashed lines). (b) The steady-state total density u;(x). Here, Eq. (38) (black
dashed lines) is compared with simulations (symbols). Also shown is the limiting solution (39) obtained at H — oo (red dashed line). In both
panels, N = 10°, and simulated density histograms are computed by averaging over 100 configurations observed at different times at intervals

of At = 10 between them.

position is implicitly governed by the particle conservation
[see Eq. (21)].

Our HD formulation of this model is also age-structured
and employs the density n(x, 7, t). The latter obeys the equa-
tion

on(x, t,t)+ o.n(x, t,t) =2HD -1 afn(x, T,1),

O<t<t, |x|]<L(t), (33)
which is identical to its counterpart (19) for model B. The
particle conservation also has the same form (21) as in model
B. Differently from models A and B, the boundary condition

at T = 0 is now nonlocal in t:
t
nx,t=0,t)=rulx,t)= / n(x, t,t)dr. (34)
0

This equation reflects the fact that the “newborn” particles,
which appear at reset rate r, can be accommodated at locations
of particles of all ages.

One can check that, for H = 1/2, Egs. (33) and (34) can
be reduced to the equations for the total density u(x, t) of the
original Brownian bees model [8,9].

C. Steady state

Here too, at t — oo, the age-structured density ng(x, T, t)
approaches a steady state with a nontrivial age structure. The
steady-state density n(x, T) is described by the same equa-
tion (26) as in model B. The boundary conditions are again
ng(*L, ) = 0, but the initial condition (in terms of the time
7) is different. This condition follows from Eq. (34) and has
the form

ng(x, 7 =0) = /00 ng(x, 7)dr, (35)
0

where we have again switched to the dimensionless units
r = D = 1. In spite of the unusual form of the “initial” condi-
tion (35), the steady-state problem can be solved quite easily.
Indeed, since the age-structured density ng(x, T) must be posi-
tive for all |x| < L, only the lowest Dirichlet eigenmode of the
operator d”/dx* can contribute. This immediately leads to the

following ansatz:

alirH X
ng(x, ) = Aexp <_W> cos <Z>

The a priori unknown system radius L = L(H) and the am-
plitude A = A(H) can be determined from Egs. (21) and (35).
After a straightforward algebra, we obtain

T 1 —H
LH) = E[F(l + ﬁ>i| ,

AH—lFl YN
an=3]r(1+35)]

Figure 6(a) compares the theoretically predicted age-
structured steady-state density ng(x, T) with simulations.
Notice that, in contrast to model B, the age-structured den-
sity in the present case has a maximum at the origin, as the
particles can be reset to any |x| < L.

Integrating Eq. (36) over t and using Eq. (37), we obtain
the steady-state total density of the scaled Brownian bees:

—1F11H FllH
wor=3 (g o)

x| < L(H),

(36)

(37

(38)

and zero for |x| > L(H). For H = 1/2, Eq. (38) reduces
to that for the Brownian bees, u;(x) = (1/2)cosx, and L =
/2 [8,9]. As H — 0, L(H) goes to zero as ~H'"* while the
maximum density at x = 0 goes to infinity as H~!/4.

Like in model B, the support radius L(H) reaches a
finite limit as H — oo: L(H — o0) = (/2) e”/?>. Remark-
ably, us(x) approaches a universal limiting solution in this
limit:

1 _r _v b/

us(x, H - 00) = Ee Z2cos(e”2x), x| < Ee”/z. 39)
This solution is shown in Fig. 6(b) alongside a comparison
of the predicted steady-state total density (38) for different
values of H with simulations.
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V. DISCUSSION

We have presented a versatile age-structured HD formal-
ism that captures the leading-order N — oo behavior of large
ensembles of anomalously diffusing particles subject to a va-
riety of resetting protocols, including protocols that introduce
strong nonlocal interparticle correlations. We have illustrated
the formalism by considering scaled Brownian particles un-
der three different resetting protocols. In all three models,
we have determined the age-structured particle density at the
steady state, which then yields the steady-state total particle
density. We argue that the age-structured formulation is quite
general. Beyond the applicability to different resetting rules,
the approach can accommodate other underlying transport
processes whose propagators are explicitly time-dependent.
In particular, it can be used when the scaled Brownian mo-
tion is replaced by a continuous-time random walk, where an
aged-structured description, without resets, has already been
suggested [41].

As we have shown, the age-structured HD formalism
provides a valuable qualitative and quantitative insight into
the physics of these systems. However, by construction, this
formalism ignores fluctuations. These can be studied in a
straightforward manner in model A because of its nonin-
teracting character [37]. However, for correlated ensembles,
exemplified by model B and by scaled Brownian bees, such
a straightforward analysis, based on the single-particle pic-
ture, is not feasible. Yet, the fluctuations in these globally
correlated systems are undoubtedly of great interest. One in-
teresting statistics is the system’s radius £ where even in the
standard case H = 1/2 a nontrivial In N/N scaling behavior
of the variance of £ with N was uncovered [10,11]. A natural
framework for studying this and other statistical properties
of the correlated models is fluctuating hydrodynamics—a
mesoscopic theory in which the HD description is aug-
mented by suitable Langevin-type noise terms that capture,
on large spatiotemporal scales, the randomness of the un-
derlying microscopic processes. Developing a first-principles
age-structured fluctuating-hydrodynamic framework for the

sBm with resetting under different resetting rules therefore
appears to be a promising direction for future research.
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APPENDIX: MONTE CARLO SIMULATIONS

We simulate N particles undergoing sBm with exponent
H and the model-specific random resets. Between resetting
events, the position increments of a particle i are Gaussian
with variance 2D ; dt, where ¢; is the internal clock of parti-
cle i, that is the time since the last reset for that particle. See
Ref. [26] for a detailed explanation on how to simulate sBm.

As explained in the main text, the resets occur with ex-
ponential rate rN. At each reset, only one particle is reset.
For model A, we choose a particle at random and set its
coordinate to 0; for model B, we find the particle with the
largest absolute value of the coordinate and set it to 0; and for
the scaled Brownian bees, we find the particle with the largest
absolute value of the coordinate and place it at the location of
a randomly selected particle [10,11].

The characteristic relaxation time of each of these three
models is O(1/r) in macroscopic units of time; i.e., the sys-
tem “forgets” its initial condition after O(N) resetting events.
Consequently, a simulation run up to time 10° provides many
effectively uncorrelated samples, which can be used for test-
ing the theory.

The simulations were done using Python version 3.11 with
NumPy for numerics and Matplotlib for visualization.

[1] M. R. Evans and S. N. Majumdar, Diffusion with stochastic
resetting, Phys. Rev. Lett. 106, 160601 (2011).

[2] M. R. Evans, S. N. Majumdar, and G. Schehr, Stochastic re-
setting and applications, J. Phys. A: Math. Theor. 53, 193001
(2020).

[3] S. Gupta and A. M. Jayannavar, Stochastic resetting: A (very)
brief review, Front. Phys. 10, 789097 (2022).

[4] A. Kundu and S. Reuveni, Preface: Stochastic resetting—
Theory and applications, J. Phys. A: Math. Theor. 57, 060301
(2024).

[5] S. Meir, T. D. Keidar, S. Reuveni, and B. Hirshberg, First-
passage approach to optimizing perturbations for improved
training of machine learning models, Mach. Learn.: Sci.
Technol. 6, 025053 (2025).

[6] J. R. Church, O. Blumer, T. D. Keidar, L. Ploutno, S.
Reuveni, and B. Hirshberg, Accelerating molecular dynamics
through informed resetting, J. Chem. Theory Comput. 21, 605
(2025).

[7]1 A. Nagar and S. Gupta, Stochastic resetting in interacting par-
ticle systems: A review, J. Phys. A: Math. Theor. 56, 283001
(2023).

[8] J. Berestycki, E. Brunet, J. Nolen, and S. Penington, Brow-
nian bees in the infinite swarm limit, Ann. Probab. 50, 2133
(2022).

[9] J. Berestycki, E. Brunet, J. Nolen, and S. Penington, A free
boundary problem arising from branching Brownian motion
with selection, Trans. Am. Math. Soc. 374, 6269 (2021).

[10] O. Vilk, M. Assaf, and B. Meerson, Fluctuations and first-
passage properties of systems of Brownian particles with reset,
Phys. Rev. E 106, 024117 (2022).

[11] M. Siboni, P. Sasorov, and B. Meerson, Fluctuations of a swarm
of Brownian bees, Phys. Rev. E 104, 054131 (2021).

[12] R. Vatash and Y. Roichman, Many-body colloidal dynamics
under stochastic resetting: Competing effects of particle in-
teractions on the steady-state distribution, Phys. Rev. Res. 7,
L032020 (2025).

023103-8


https://doi.org/10.1103/PhysRevLett.106.160601
https://doi.org/10.1088/1751-8121/ab7cfe
https://doi.org/10.3389/fphy.2022.789097
https://doi.org/10.1088/1751-8121/ad1e1b
https://doi.org/10.1088/2632-2153/add8df
https://doi.org/10.1021/acs.jctc.4c01238
https://doi.org/10.1088/1751-8121/acda6c
https://doi.org/10.1214/22-AOP1578
https://doi.org/10.1090/tran/8370
https://doi.org/10.1103/PhysRevE.106.024117
https://doi.org/10.1103/PhysRevE.104.054131
https://doi.org/10.1103/wz1y-hgnk

AGE-STRUCTURED HYDRODYNAMICS OF ENSEMBLES OF ...

PHYSICAL REVIEW RESEARCH 8, 023103 (2026)

[13] M. Biroli, H. Larralde, S. N. Majumdar, and G. Schehr, Extreme
statistics and spacing distribution in a Brownian gas correlated
by resetting, Phys. Rev. Lett. 130, 207101 (2023).

[14] M. Biroli, S. N. Majumdar, and G. Schehr, Resetting Dyson
Brownian motion, Phys. Rev. E 112, 014101 (2025).

[15] J.-H. Jeon, V. Tejedor, S. Burov, E. Barkai, C. Selhuber-Unkel,
K. Berg-Sgrensen, L. Oddershede, and R. Metzler, In vivo
anomalous diffusion and weak ergodicity breaking of lipid
granules, Phys. Rev. Lett. 106, 048103 (2011).

[16] R. Metzler, J.-H. Jeon, A. G. Cherstvy, and E. Barkai,
Anomalous diffusion models and their properties: Non-
stationarity, non-ergodicity, and ageing at the centenary of
single particle tracking, Phys. Chem. Chem. Phys. 16, 24128
(2014).

[17] O. Vilk, Y. Orchan, M. Charter, N. Ganot, S. Toledo, R. Nathan,
and M. Assaf, Ergodicity breaking in area-restricted search of
avian predators, Phys. Rev. X 12, 031005 (2022).

[18] O. Vilk, E. Aghion, T. Avgar, C. Beta, O. Nagel, A. Sabri, R.
Sarfati, D. K. Schwartz, M. Weiss, D. Krapf, et al., Unravelling
the origins of anomalous diffusion: From molecules to migrat-
ing storks, Phys. Rev. Res. 4, 033055 (2022).

[19] A. Biswas, J. L. Dubbeldam, T. Sandev, and A. Pal, A resetting
particle embedded in a viscoelastic bath, Chaos 35, 031102
(2025).

[20] A. S. Bodrova, A. V. Chechkin, and I. M. Sokolov, Scaled
Brownian motion with renewal resetting, Phys. Rev. E 100,
012120 (2019).

[21] A. S. Bodrova, A. V. Chechkin, and 1. M. Sokolov, Nonrenewal
resetting of scaled Brownian motion, Phys. Rev. E 100, 012119
(2019).

[22] W. Wang, A. G. Cherstvy, R. Metzler, and 1. M.
Sokolov, Restoring ergodicity of stochastically reset
anomalous-diffusion processes, Phys. Rev. Res. 4, 013161
(2022).

[23] Y. Liang, Q. Wei, W. Wang, and A. G. Cherstvy, Ultraslow
diffusion processes under stochastic resetting, Phys. Fluids 37,
032014 (2025).

[24] J.-H. Jeon, A. V. Chechkin, and R. Metzler, Scaled Brownian
motion: A paradoxical process with a time dependent diffusivity
for the description of anomalous diffusion, Phys. Chem. Chem.
Phys. 16, 15811 (2014).

[25] A. S. Bodrova, A. V. Chechkin, A. G. Cherstvy, H. Safdari,
I. M. Sokolov, and R. Metzler, Underdamped scaled Brownian
motion: (Non-)existence of the overdamped limit in anomalous
diffusion, Sci. Rep. 6, 30520 (2016).

[26] S. C.Lim and S. V. Muniandy, Self-similar Gaussian processes
for modeling anomalous diffusion, Phys. Rev. E 66, 021114
(2002).

[27] H. Safdari, A. V. Chechkin, G. R. Jafari, and R. Metzler, Aging
scaled Brownian motion, Phys. Rev. E 91, 042107 (2015).

[28] G. F. Webb, Theory of Nonlinear Age-Dependent Population
Dynamics (CRC Press, New York, 1985).

[29] B. Charlesworth, Evolution in Age-Structured Populations
(Cambridge University Press, Cambridge, 1994).

[30] F. Brauer and C. Castillo-Chavez, Mathematical Models in Pop-
ulation Biology and Epidemiology (Springer, New York, 2012),
Vol. 2.

[31] H. Inaba, Age-Structured Population Dynamics in Demography
and Epidemiology (Springer, Singapore, 2017), Vol. 1.

[32] I. Golding and E. C. Cox, Physical nature of bacterial cyto-
plasm, Phys. Rev. Lett. 96, 098102 (2006).

[33] S. C. Weber, A. J. Spakowitz, and J. A. Theriot, Bacterial
chromosomal loci move subdiffusively through a viscoelastic
cytoplasm, Phys. Rev. Lett. 104, 238102 (2010).

[34] I. Bronstein, Y. Israel, E. Kepten, S. Mai, Y. Shav-Tal, E. Barkai,
and Y. Garini, Transient anomalous diffusion of telomeres in
the nucleus of mammalian cells, Phys. Rev. Lett. 103, 018102
(2009).

[35] A. Caspi, R. Granek, and M. Elbaum, Enhanced diffusion in
active intracellular transport, Phys. Rev. Lett. 85, 5655 (2000).

[36] In the original formulation [8,9] of the Brownian bees model,
each particle can branch into two particles and, at each branch-
ing event, the particle farthest from the origin is removed. This
model, however, is equivalent to a resetting model where the
particle farthest from the origin is reset to the location of any of
the particles chosen at random.

[37] O. Vilk and B. Meerson, Collective behavior of independent
scaled Brownian particles with renewal resetting, Phys. A: Stat.
Mech. Appl. 692, 131542 (2026).

[38] S. Wolfram, Mathematica, Version 14.0.0.0, Wolfram Research,
Inc., 2024.

[39] B. Meerson and P. Sasorov, Persistent fluctuations of the swarm
size of Brownian bees, Phys. Rev. E 103, 032140 (2021).

[40] P. Sasorov, A. Vilenkin, and N. R. Smith, Probabilities of mod-
erately atypical fluctuations of the size of a swarm of Brownian
bees, Phys. Rev. E 107, 014140 (2023).

[41] H. Berry, T. Lepoutre, and A. M. Gonzalez, Quantitative con-
vergence towards a self-similar profile in an age-structured
renewal equation for subdiffusion, Acta Appl. Math. 145, 15
(2016).

023103-9


https://doi.org/10.1103/PhysRevLett.130.207101
https://doi.org/10.1103/d29k-kmcs
https://doi.org/10.1103/PhysRevLett.106.048103
https://doi.org/10.1039/C4CP03465A
https://doi.org/10.1103/PhysRevX.12.031005
https://doi.org/10.1103/PhysRevResearch.4.033055
https://doi.org/10.1063/5.0253019
https://doi.org/10.1103/PhysRevE.100.012120
https://doi.org/10.1103/PhysRevE.100.012119
https://doi.org/10.1103/PhysRevResearch.4.013161
https://doi.org/10.1063/5.0255601
https://doi.org/10.1039/C4CP02019G
https://doi.org/10.1038/srep30520
https://doi.org/10.1103/PhysRevE.66.021114
https://doi.org/10.1103/PhysRevE.91.042107
https://doi.org/10.1103/PhysRevLett.96.098102
https://doi.org/10.1103/PhysRevLett.104.238102
https://doi.org/10.1103/PhysRevLett.103.018102
https://doi.org/10.1103/PhysRevLett.85.5655
https://doi.org/10.1016/j.physa.2026.131542
https://doi.org/10.1103/PhysRevE.103.032140
https://doi.org/10.1103/PhysRevE.107.014140
https://doi.org/10.1007/s10440-016-0048-3

