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Data-efficient learning of anomalous diffusion with wavelet representations:
Enabling direct learning from experimental trajectories
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Machine learning (ML) has become a versatile tool for analyzing anomalous diffusion trajectories, yet most
existing pipelines are trained on large collections of simulated data. In contrast, experimental trajectories, such
as those from single-particle tracking (SPT), are typically scarce and may differ substantially from the idealized
models used for simulation, leading to degradation or even breakdown of performance when ML methods
are applied to real data. To address this mismatch, we introduce a wavelet-based representation of anomalous
diffusion that enables data-efficient learning directly from experimental recordings. This representation is con-
structed by applying six complementary wavelet families to each trajectory and combining the resulting wavelet
modulus scalograms. We first evaluate the wavelet representation on simulated trajectories from the andi-datasets
benchmark, where it clearly outperforms both feature-based and trajectory-based methods with as few as 1000
training trajectories and still retains an advantage on large training sets. We then use this representation to
learn directly from experimental SPT trajectories of fluorescent beads diffusing in F-actin networks, where
the wavelet representation remains superior to existing alternatives for both diffusion-exponent regression and
mesh-size classification. In particular, when predicting the diffusion exponents of experimental trajectories, a
model trained on 1200 experimental tracks using the wavelet representation achieves significantly lower errors
than state-of-the-art deep learning models trained purely on 10° simulated trajectories. We associate this data
efficiency with the emergence of distinct scale fingerprints disentangling underlying diffusion mechanisms in the
wavelet spectra. These findings position the wavelet representation as a data-efficient basis for machine-learning
analysis of anomalous diffusion, reducing reliance on simulation-based training and enabling more direct use of

experimental trajectories.
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I. INTRODUCTION

Anomalous diffusion [1-4], a widespread phenomenon
where transport deviates from classical Brownian motion, is
prevalent across various complex systems such as biolog-
ical tissues [5-8], crowded environments [9—15], complex
fluids [16-19], and financial markets [20-22]. Effective anal-
ysis of anomalous diffusion is essential for revealing the
dynamics and interactions within these systems. Beyond tra-
ditional statistical methods [23-32], machine-learning (ML)
techniques [33—44] have recently gained significant attention
for their powerful ability to characterize anomalous diffusion
trajectories, with applications including diffusion-exponent
prediction [45-52], diffusion model classification [53-60],
and state transition detection (i.e., trajectory segmentation)
[61-80]. These ML methods have greatly enhanced the pre-
cision of anomalous diffusion analysis and have the capacity
to address challenges that conventional methods struggle to
overcome.
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Currently, the prevailing ML approaches for analyzing
anomalous diffusion follow a simulation-based paradigm
[81,82], where models are trained on large synthetic datasets
generated from idealized diffusion models. Once trained,
these models are then transferred to real experimental data for
analysis. By carefully designing simulated diffusion scenar-
ios, the simulation-based paradigm leverages large amounts
of labeled synthetic data, allowing ML models to capture
complex patterns and relationships that would be difficult
to discern using traditional methods [83-91]. However, this
paradigm relies heavily on the assumption that simulated data
closely mirror real experimental conditions, which is often
not the case due to factors such as limited sample sizes,
differences in diffusion processes, and distribution shifts be-
tween synthetic and real data [92-94]. As a result of this
simulation-to-reality gap, models trained on simulated data
may not generalize well to real-world scenarios, leading to
performance degradation or even failure when applied to ex-
perimental data.

Despite these inherent limitations of the simulation-based
paradigm when transferring to experimental data, it has so
far remained the primary route for applying ML to anoma-
lous diffusion. This situation is largely driven by practical
constraints on experimental data. In typical experiments like
single-particle tracking (SPT) [55,95-101], the total num-
ber of recorded trajectories is itself limited [102]. Moreover,
since obtaining high-quality labels for these trajectories is
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substantially more difficult than generating labeled synthetic
data, only a small fraction of experimental trajectories can
be reliably annotated. Under such data constraints, the two
main representation families for anomalous diffusion trajecto-
ries, namely, feature-based [60,103—106] and trajectory-based
[46,55-57] representations, encounter specific limitations in
the absence of simulation-based training, albeit for opposite
reasons:

(1) Feature-based representations map each trajectory to
a vector of handcrafted descriptors with clear physical or
statistical meaning, such as the mean-squared displacement
(MSD) and p-variation statistics. These physics-informed fea-
tures allow models to remain reasonably reliable with limited
experimental data, but their expressive power is constrained
by the predefined feature set, so performance quickly saturates
at a relatively low level even as more data are added [61].

(2) In contrast, trajectory-based representations operate
directly on raw trajectories or step sequences, typically using
deep sequence models to learn data-driven features. These
high-capacity models can achieve excellent performance
when trained on large datasets, but are extremely data hungry
and tend to severely underperform in the small-data regime
(e.g., on the order of 103 experimental trajectories) [46].

Taken together, these observations highlight that overcom-
ing the limitations of the simulation-based paradigm cannot
be achieved simply by accumulating more simulated data or
scaling existing ML methods. Instead, relaxing this reliance
on large synthetic datasets requires a trajectory representation
of anomalous diffusion that combines physics-informed mul-
tiscale features with sufficient expressive capacity, enabling
data-efficient and stable learning from limited experimental
data while still fully exploiting large training sets when avail-
able. Wavelet transforms, with their inherent ability to localize
signal structure simultaneously in time and scale, are natural
candidates for constructing such a representation.

Indeed, wavelet and spectral methods have a substantial
history in the analysis of anomalous diffusion and single-
particle trajectories, though they have been deployed in a
fundamentally different manner from the approach proposed
here. Chen et al. [98] applied the Haar continuous wavelet
transform (CWT) with adaptive universal thresholding to SPT
data, using the wavelet coefficients as a diagnostic tool to seg-
ment trajectories into distinct dynamical states such as active
transport and passive diffusion. Krapf et al. [26] developed
an exact analytical framework for the single-trajectory power
spectral density of fractional Brownian motion, establishing
how spectral scaling encodes the anomalous-diffusion expo-
nent. More broadly, wavelet coefficient moments and their
scaling properties have been used to characterize self-similar
processes [107]. A unifying feature of these prior approaches
is that wavelet or spectral coefficients are ultimately re-
duced to lower-dimensional descriptors or summary statistics
(such as thresholding decisions, scaling exponents, or spectral
slopes), which are then used for inference. The representation
we introduce below departs from this paradigm: Rather than
extracting predefined statistics from the wavelet coefficients,
it retains the full two-dimensional (2D) scalogram as an im-
agelike input to supervised learning models, thereby allowing
the downstream model to discover task-relevant patterns di-
rectly from the time-scale plane.

In this work, we pursue this idea by constructing a wavelet-
based encoding of anomalous diffusion trajectories. By
mapping trajectories to wavelet modulus scalograms on the
time-scale plane, the characteristic multiscale structure of ran-
dom motions is rendered explicit and becomes more amenable
to learning. On simulated trajectories from the andi-datasets
benchmark [81], the wavelet representation consistently out-
performs both feature-based and trajectory-based approaches
in diffusion-exponent regression and diffusion-model classi-
fication, even when trained on as few as 1000 trajectories.
On experimental SPT trajectories of fluorescent beads dif-
fusing in F-actin networks [55], models built on the wavelet
representation remain superior to alternative representations
for both diffusion-exponent regression and mesh-size classi-
fication. Notably, when predicting the experimental diffusion
exponents, a model trained on 1200 experimental trajectories
using the wavelet representation achieves substantially lower
errors than state-of-the-art (SOTA) deep learning models fol-
lowing the simulation-based paradigm (trained purely on 10°
simulated trajectories). In addition, the characteristic scale
fingerprints in the wavelet spectra are analyzed, which provide
physical insights into the data-efficient behavior of the wavelet
representation. These results demonstrate that the wavelet
representation enables data-efficient learning of anomalous
diffusion, thereby allowing direct learning from experimental
trajectories and offering a promising direction toward devel-
oping alternatives to the simulation-based paradigm.

The rest of this paper is organized as follows. Section II
presents the proposed wavelet representation in detail. Sec-
tion III summarizes the simulated and experimental datasets,
the associated learning tasks, and the evaluation metrics
used in this work. Section IV reports the main results on
simulated trajectories from the andi-datasets benchmark. Sec-
tion V presents the results on experimental SPT trajectories
of fluorescent beads in F-actin networks, specifically con-
trasting the proposed direct learning approach against the
prevailing simulation-based paradigm. Section VI addresses
interpretability by analyzing scale fingerprints in the wavelet
spectra. Finally, we draw our conclusions in Sec. VII. Sup-
porting information on wavelet scale ablation, experimental
trajectory length distributions, detailed model-wise perfor-
mance, noise optimization for simulation-based training, and
wavelet family selection is provided in the Appendixes.

II. WAVELET REPRESENTATION

In this section, we describe the proposed wavelet-based
representation of anomalous diffusion in detail. For brevity,
we refer to it as the wavelet representation throughout this pa-
per. We start from a single standardized one-dimensional (1D)
trajectory x(¢) of length L and compute its CWT [108,109]
with respect to a mother wavelet 1 (¢). The CWT is defined as

o Lft—DbY dt
W, (a. b)=/ o (7)ﬁ (1)

where a > 0 denotes the scale, b is the translation (time po-
sition), and the superscript * denotes complex conjugation.
For a fixed wavelet family, the complex coefficients Wy, (a, b)
form a 2D time-scale representation of the trajectory, and we
use their modulus |Wy, (a, b)| to construct a wavelet modulus
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FIG. 1. Representative example of the continuous wavelet trans-
form applied to a 1D trajectory. (a) Standardized 1D trajectory x()
of length L = 100. (b) Corresponding wavelet modulus scalogram
|Wy (a, b)| computed with the real Morlet wavelet over 24 discrete
scales.

scalogram. In this work, all CWTs are implemented using the
Python package PyWavelets [110]. A representative exam-
ple is shown in Fig. 1: A standardized 1D trajectory with
L = 100 [Fig. 1(a)] is transformed into a modulus scalogram
evaluated at 24 scales [Fig. 1(b)] using the real Morlet wavelet
[111]. The color in this scalogram encodes the magnitude of
|Wy (a, b)|, with localized high-amplitude patches revealing
the multiscale structure of the underlying random motion.

Six standard continuous mother wavelets are employed to
construct the wavelet representation in this work:

(1) Real Morlet wavelet [111]: A sinusoidal carrier modu-
lated by a Gaussian envelope, widely used for time-frequency
analysis of oscillatory signals.

(2) Mexican hat wavelet [112]: Proportional to the second
derivative of a Gaussian function, acting as a band-pass, pulse-
like kernel sensitive to local peaks and curvature changes.

(3) Complex Gaussian derivative wavelet [113]: A
complex-valued wavelet defined as the P-th (P =1 in this
work) derivative of a complex Gaussian function, providing
simultaneous access to amplitude and phase information.

(4) Complex Morlet wavelet [114]: A Gaussian envelope
multiplied by a complex sinusoidal carrier, with explicitly
tunable bandwidth and center frequency.

(5) Shannon wavelet [115]: A band-limited sinc function
modulated by a complex exponential, corresponding to an
idealized rectangular passband in the frequency domain.

(6) Frequency B-spline wavelet [116]: A wavelet with a
B-spline-shaped passband in the frequency domain, realizing
a smooth, band-limited kernel with controllable main-lobe
shape and smoothness.

The detailed analytical forms of these mother wavelets, the
abbreviations used throughout the text, and the corresponding
PyWavelets identifiers and parameter settings are summarized
in Table I.

Next, we adopt a fixed set of 24 scales for all CWT com-
putations in this work:

{0.1,0.2,...,09,1,2,...,15}, 2)

which spans from fine to coarse resolutions on the time-
scale plane. For the wavelet families considered here, the
pseudofrequency associated with a given scale a is approx-
imately inversely proportional to a, so smaller scales tend
to emphasize faster local fluctuations, whereas larger scales
capture slower, more global structure. For discretely sampled
trajectories with unit sampling interval, such a pseudofre-
quency interpretation is only approximate, and scales a < 1
may formally correspond to pseudofrequencies beyond the
Nyquist limit. However, since our goal is to construct an ML
representation, we use the CWT primarily as a multiscale
feature extractor rather than as a precise spectral estimator. To
enrich the wavelet representation with short-time information,
we explicitly include subunit scales a € {0.1,0.2,...,0.9} to
realize very short-support wavelet filters that are sensitive to
variations over windows of one to a few time steps, such as
abrupt changes in displacement or local fluctuations in step-
to-step variability. On top of these fine scales, we use integer
scales a =1,2,...,15 to capture slower variations in the
overall spreading behavior and larger-scale trends along the
trajectory. Preliminary experiments on simulated trajectories
further indicate that extending the integer-scale range be-
yond a = 15 does not bring systematic improvement, whereas
augmenting the integer scales with the subunit scales yields
a consistent gain in downstream performance. We therefore
adopt the combined set in Eq. (2) as our default scale grid
for all subsequent experiments. Detailed ablation results that
support this choice are reported in Appendix A.

After specifying the mother wavelets and the scale set in
Eq. (2), we now describe how the wavelet representation is

TABLE I. Continuous wavelet families used to construct the wavelet representation. Here, Abbrev. lists the shorthand names of wavelet
families used throughout the text, PyWT identifier gives the corresponding callable name in PyWavelets, and Parameters specifies the wavelet

parameters used in our implementation. j denotes the imaginary unit.

Continuous wavelet family Abbrev. PyWT identifier Analytical form of ¥ () Parameters
Real Morlet morl morl V(t) = e/ cos(5t) -
Mexican hat mexh mexh Y(t) = ﬁ e (1—1?) -
Complex Gaussian derivative cgau cgaul Y(t) ;—l:,( e e*’z) Derivative order P = 1
Complex Morlet cmor cmorl.5-1.0 Y(t) = ﬁ e~ /B gi2nCt B=15 C=1.0
Shannon shan shan1.5-1.0 P(t) = JEW et B=15,C=1.0
sin(r B L M
Frequency B-spline fbsp fbsp3-0.5-0.5 v(t) = «/1?[5(373,’”)] 2 et M=3,B=05, C=0.5
by
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FIG. 2. Schematic construction of the wavelet representation. A multidimensional trajectory is first split into its 1D components, which are
standardized. Subsequently, continuous wavelet transforms with six mother wavelets on the 24-scale grid of Eq. (2) produce wavelet modulus
scalograms, which are resampled to a common 256 x 256 resolution and concatenated into a 6d-channel tensor. This wavelet representation

is then used as the input to downstream supervised (vision) models.

constructed for a generic trajectory, as illustrated schemati-
cally in Fig. 2. The detailed steps are as follows:

(1) We consider a d-dimensional trajectory x(¢) € RY of
length L (with d = 1, 2, 3 in this work) and decompose it into
its d 1D components. Each 1D component is then standard-
ized independently by a per-trajectory normalization to zero
mean and unit variance.

(2) For each standardized 1D component, we compute
the CWT with each of the six wavelet families in Table I,
evaluated on the 24-scale grid in Eq. (2). This yields, for each
wavelet, a wavelet modulus scalogram |W,, (a, b)| defined on
a discrete time-scale grid of size 24 x L. For a d-dimensional
trajectory, this step produces 6d scalograms in total.

(3) Each scalogram is subsequently resampled onto a
common 256 x 256 grid in the time-scale plane. The result-
ing 6d scalograms are then concatenated along the channel
dimension to form a 6d-channel tensor, which we refer to as
the wavelet representation of the trajectory.

(4) This multichannel representation serves as the input to
downstream supervised models (in particular, computer vision
models) for learning from the trajectories, without requiring
any further task-specific feature engineering.

This procedure yields a multiscale, imagelike represen-
tation of trajectories that can be coupled with standard
supervised models without additional feature engineering.
We note that the computational overhead of constructing
the wavelet representation is modest: With GPU-accelerated
model inference, the total per-trajectory processing time of
the wavelet pipeline is comparable to that of the feature-
based pipeline. A detailed analysis of computational cost and
scalability for all three representation families is provided in
Appendix B. In the following section, we detail the datasets
and learning tasks used to assess its performance.

III. DATASETS AND TASKS

In this section, we present the anomalous diffusion datasets
and learning tasks used to evaluate the proposed wavelet

representation, together with the corresponding evaluation
metrics. Section III A describes the simulated trajectories gen-
erated with the andi-datasets library [81] and the associated
tasks of diffusion-exponent regression and diffusion-model
classification. Section III B introduces the experimental SPT
trajectories of fluorescent beads diffusing in F-actin networks
with different mesh sizes [55] and the corresponding task
design.

A. Simulated dataset and benchmark tasks

The simulated anomalous diffusion trajectories used in this
work are generated with the open-source andi-datasets
library, originally developed for the AnDi Challenge and now
widely used as a benchmark for testing analysis methods on
anomalous diffusion data. This library implements five proto-
typical stochastic models of anomalous transport covering a
broad range of diffusion exponents «:

(1) Annealed transient time motion (ATTM) [117]: A non-
ergodic process in which the particle undergoes Brownian
motion with a diffusivity that is randomly renewed in time
or space, leading to effective exponents in the range 0.05 <
a < 1.

(2) Continuous-time random walk (CTRW) [118]: A
random-walk model with broadly distributed waiting times
between successive steps, giving rise to subdiffusive dynamics
with 0.05 <o < 1.

(3) Fractional Brownian motion (FBM) [119]: A Gaussian
process driven by fractional Gaussian noise with power-law
temporal correlations, which can generate both subdiffusive
and superdiffusive behavior, 0.05 < @ < 2.

(4) Lévy walk (LW) [120]: A superdiffusive model in
which step durations and jump lengths are coupled, producing
non-Gaussian displacement statistics and exponents in the
range 1 <o < 2.

(5) Scaled Brownian motion (SBM) [121]: A diffusion
process with a deterministically time-dependent diffusion co-
efficient, yielding 0.05 < o < 2.
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FIG. 3. (a) Schematic illustration of F-actin networks with mesh sizes & ~ 225, 250, 300, 550, 625, and 750 nm (top row), together with
representative 2D bead trajectories recorded under each condition (bottom row). (b) Distributions of the diffusion exponent « estimated from
TA-MSD fits for all trajectories at each mesh size; histograms show the counts of trajectories vs o, and the red dashed line in each panel marks

the mean exponent for that condition.

Here, the diffusion exponent « characterizes the time scal-
ing of MSD (MSD ~ ¢*). Simulated trajectories are generated
from these five diffusion models in one, two, or three spatial
dimensions with uniformly spaced time steps and optional
additive Gaussian localization noise.

On this simulated dataset, we consider two supervised
learning tasks. The first is the diffusion-exponent regression
task, where the goal is to infer the diffusion exponent o of
a single trajectory. Performance on this regression task is
quantified by the mean absolute error (MAE):

N
1
MAE = N ; letip — @il 3)

where «;, and «;gr denote the predicted and ground-truth
exponents of the ith trajectory, respectively, and N is the
number of test trajectories. The second is the diffusion-model
classification task, in which each trajectory must be assigned
to one of the five diffusion models { ATTM, CTRW, FBM, LW,
SBM}. As in the AnDi Challenge, we evaluate the classifica-
tion performance using the microaveraged F1 score:

precision x recall

Fl1=2x 4

precision + recall”

Here, precision and recall are computed by pooling true pos-
itives (TPs), false positives (FPs), and false negatives (FNs)
over all five classes, and are given by

TP
TP + FP’

TP

recall = ——.
TP + FEN

precision =

&)

B. Experimental SPT dataset and task design

The experimental SPT dataset in this work originates from
the study by Granik et al. [55], which contains fluorescence
trajectories of micron-sized beads embedded in reconstituted
F-actin networks with controlled mesh sizes. In their exper-
iments, fluorescent polystyrene beads with diameter dps ~
550 nm are dispersed in entangled F-actin gels prepared at dif-
ferent actin monomer concentrations, yielding networks with
characteristic mesh sizes & & 225, 250, 300, 550, 625, and
750 nm. The mesh size for each condition is estimated from
established microrheology calibrations. By tuning the mesh
size, the authors modulate the crowding and viscoelastic prop-
erties of the medium, thereby altering the diffusive behavior of
beads. 2D trajectories are then acquired by video fluorescence
microscopy. [llustrations of different mesh sizes and their cor-
responding representative trajectories in this dataset are shown
in Fig. 3(a).

The SPT trajectories in this dataset exhibit substantial het-
erogeneity in length across the six mesh sizes. As reported
in Appendix C, for the three smaller meshes (225, 250, and
300 nm), most trajectories contain more than 103 time steps,
with a broad tail extending up to several thousand steps. For
the larger meshes (550, 625, and 750 nm), the trajectories
are typically shorter, with lengths concentrated in the range
of a few hundred time steps. Moreover, to characterize the
dynamical behavior under each condition, we estimate the
diffusion exponent « for every trajectory by fitting the slope
of its time-averaged mean-squared displacement (TA-MSD)
in log-log coordinates. The resulting distributions of « are
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TABLE II. ML models used for different data representations. Here, Representation lists the type of input representation, ML model gives
the model family, Implementation details specifies the hyperparameters or implementation used in our experiments, and Abbrev. lists the

shorthand names of ML models used throughout the text.

Representation ML model Implementation details Abbrev.
Wavelet EfficientNet [33] timm/efficientnet_bb5.sw_in12k_ft_inlk [122] EffNet
RegNet [34] timm/regnetz_040_h.ra3_inlk [123] RegNet
Vision transformer [35] timm/vit_huge_patchl4_224.orig_in21k [124] ViT
Feature LightGBM [36] n_estimators=100, max_depth=5 LGB
XGBoost [37] n_estimators=100, max_depth=5 XGB
Random forest [38] n_estimators=100, max_depth=None RF
Linear regression [40] / LinR
Logistic regression [41] c=1.0 LogR
Trajectory Transformer [39] Ref. [73] Trm
WADNet [46] Ref. [125] WADNet
LSTM [42] 3 recurrent layers, hidden size 64 LSTM
GRU [43] 3 recurrent layers, hidden size 64 GRU

shown in Fig. 3(b). For all six mesh sizes, the « values are
broadly distributed around a well-defined peak. As the mesh
size increases from 225 to 750 nm, the peak of the distribution
shifts toward larger «, with mean exponents (highlighted by
red dashed lines) increasing from clearly subdiffusive values
below unity at small meshes to values close to « &~ 1 at large
meshes.

To adapt these experimental trajectories to supervised
learning, we construct fixed-length segments and define two
learning tasks. For each mesh size &, the pool of available
long trajectories is first randomly split into disjoint training,
validation, and test sets. After this trajectory-level separation,
long tracks are partitioned into nonoverlapping 2D segments
of a target length L € {50, 100, 150, 200, 250}. All segments
are then standardized (zero mean, unit variance per segment)
and randomly shuffled within each subset. Each segment in-
herits the mesh-size label of its parent trajectory as well as
the diffusion exponent o estimated from its TA-MSD. Based
on these labels, two supervised tasks are considered, in direct
analogy with the simulated case in Sec. IIT A:

(1) The first is diffusion-exponent regression, where the
target is the TA-MSD-based exponent o of each segment.
Model performance is quantified by the MAE, as defined in
Eq. (3).

(2) The second is mesh-size classification, in which each
segment is assigned to one of the mesh-size conditions & €
{225, 250, 300, 550, 625, 750} nm. Performance is evaluated
using the micro-averaged F1 score, following the definition in
Eq. (4).

IV. RESULTS ON SIMULATED TRAJECTORIES

In this section, we systematically compare the proposed
wavelet representation with feature-based and trajectory-
based representations on the simulated benchmark described
in Sec. III A. The detailed choice of features used in the
feature-based representation can be found in Table 3 of
Ref. [83], whereas the trajectory-based representation is ob-
tained by applying per-trajectory standardization to the raw
trajectories. For each representation family, we couple the in-
put encoding with strong supervised learners (feature vectors

with decision-tree or linear models, raw trajectories with deep
sequence networks, and wavelet representations with modern
vision architectures). The specific ML models used for each
representation, together with the abbreviations adopted in this
work, are summarized in Table II. It is worth mentioning
that the three vision models listed in Table II are initialized
with ImageNet-pretrained weights. An ablation study com-
paring pretrained and trained-from-scratch versions of these
architectures (Appendix D) shows that pretraining provides
a moderate boost in the small-data regime (N, < 10*) but
becomes negligible for Ny, > 10°, where both settings con-
verge to the same performance. This convergence indicates
that the high asymptotic accuracy is an intrinsic property
of the wavelet representation, while pretraining serves as a
practical accelerator that improves sample efficiency when
training data are limited.

First, we evaluate these learners on diffusion-exponent
regression (MAE) and diffusion-model classification (micro-
F1) for 2D simulated trajectories of fixed length L = 100,
across a range of training set sizes Ny,i,. Here, Figs. 4(a)
and 4(b) present a comprehensive performance comparison
of ML models listed in Table II across a wide spectrum of
training set sizes, ranging from 10° to 10° trajectories. Each
heatmap reports test set scores (on 2 x 10° trajectories) as
a function of Ny.in. Across this entire range and for both
tasks, models built on the wavelet representation consistently
achieve lower MAE and higher F1 than those using feature-
based or trajectory-based representations. This advantage is
particularly pronounced in the small-data regime, but it re-
mains visible even when the training set contains as many as
10° simulated trajectories.

In addition, the comparison between feature-based and
trajectory-based representations highlights a distinct trade-
off regarding data scalability. With limited training data,
feature-based models generally outperform trajectory-based
deep sequence models, reflecting the benefit of explicit
physics-informed descriptors in the low-sample regime. How-
ever, their performance quickly saturates as the dataset
size increases. As the training set grows (Nyin = 10%), the
trajectory-based models gradually narrow the gap and even-
tually outperform the feature-based ones, highlighting their
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(@) Wavelet Feature
1000 m 0.2808 0.3116
5000 0.2231 0.2307 0.2734 0.3095
FL“; 10000 0.2178 0.2241 0.2719 0.3088
g 50000 0.2077 0.2163 0.2681 0.3093
g 100000 0.2052 0.2147 0.2673 0.3092
E 200000 0.2028 0.2136 0.2664 0.3092
500000 0.2005 0.2094 0.2652 0.3073
1000000 0.1985 0.2075 0.2638 0.3053
EffNet RegNet ViT LGB XGB RF LinR

(b) Wavelet Feature
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FIG. 4. Performance comparison of wavelet-based, feature-based, and trajectory-based representations on 2D simulated trajectories of
length L = 100. (a), (b) Heatmaps displaying the performance on the test set across varying training set sizes Ny.in. (2) MAE for diffusion-
exponent regression (blue scale; darker indicates lower error). (b) Micro-averaged F1 scores for diffusion-model classification (red scale;
darker indicates higher F1). (c), (d) Detailed performance comparison at the small-data regime N.,;, = 1000, highlighting a clear advantage of
wavelet-based models over both feature-based and trajectory-based alternatives.

higher asymptotic capacity when sufficient data are available.
Nevertheless, they remain clearly inferior to the wavelet-based
approach.

Moreover, to further illustrate data efficiency, Figs. 4(c)
and 4(d) depict the performance distribution of individual
models at a fixed training size of Ny, = 1000. A clear hier-
archy emerges that underscores the data-efficient nature of the
wavelet representation: wavelet-based models cluster in the
high-performance region (low MAE, high F1), followed by
feature-based models, while trajectory-based models struggle
to generalize from such limited data.

Based on these comparative results, we establish a stan-
dardized setup for the subsequent experiments, which focus
specifically on the challenging small-data regime (Nyan =
1000). We select the top-performing model from each rep-
resentation family to serve as a representative baseline for
further comparison:

(1) EfficientNet (EffNet) is selected to represent the
wavelet approach.

(2) LightGBM (LGB) is chosen as the representative for
feature-based learning.

(3) Transformer (Trm) is selected to represent trajectory-
based sequence modeling.

Unless otherwise specified, these three models will serve
as the benchmarks for their respective representation families
in the remainder of this work.

Having established the baseline performance, we now an-
alyze the three representation families in more detail in the
small-data regime (Nyin = 1000). We examine four aspects:
stability against sample variation, dependence on trajectory
length, generalization across spatial dimensionality, and ro-
bustness to localization noise, with the results summarized
in Fig. 5. We begin by assessing the stability of each rep-
resentation under random resampling of the training set. To
this end, we construct 50 independent training subsets of
size Niain = 1000 and evaluate the models on a fixed test
set. The resulting boxplots in Figs. 5(al) and 5(a2) reveal
a clear contrast: While the wavelet-based and feature-based
models exhibit tight, compact distributions, the trajectory-
based model suffers from significant variance and numerous
outliers. This result underscores that deep sequence models
become highly sensitive to sample selection when constrained
by limited data, whereas the wavelet representation provides a
robust embedding that is largely invariant to data resampling.

We then characterize the dependence on trajectory length
L and spatial dimensionality. As shown in Figs. 5(bl) and
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FIG. 5. Detailed performance analysis on simulated trajectories in the small-data regime (Ny.;, = 1000). (al), (a2) Boxplots of test MAE
and F1 scores over 50 independent training subsets. Wavelet-based and feature-based models exhibit high stability (tight distributions),
contrasting with the high variance of trajectory-based models. (bl), (b2) Dependence on trajectory length L; the wavelet representation
outperforms the baselines across all lengths. (c1), (c2) MAE and F1 scores for 1D, 2D, and 3D trajectories, confirming consistent performance
rankings across spatial dimensions. (d1), (d2) Performance vs signal-to-noise ratio (SNR); the wavelet representation demonstrates higher
noise resilience compared to feature-based and trajectory-based alternatives.

5(b2), although performance naturally improves with increas-
ing L across all methods due to the accumulation of temporal
information, the wavelet representation maintains a decisive
lead throughout the entire range. This advantage extends to
the spatial domain as well; Figs. 5(cl) and 5(c2) confirm
that the performance hierarchy is preserved across 1D, 2D,
and 3D systems, indicating that the efficacy of the wavelet
approach is intrinsic to the representation rather than an arti-
fact of a specific dimensional setting. Finally, we investigate
the robustness of the representation to localization noise. We
add zero-mean Gaussian noise with standard deviation o, to
the simulated trajectories, corresponding to signal-to-noise
ratios SNR = 1/0,, and evaluate performance across a range
of noise levels. As shown in Figs. 5(d1) and 5(d2), while
performance inevitably degrades for all models as the SNR
decreases, the wavelet-based model remains markedly more
resilient, maintaining the lowest MAE and highest F1 even
in the noisiest conditions, whereas trajectory-based models
deteriorate sharply. This suggests that the wavelet transform
effectively filters high-frequency fluctuations while preserv-
ing the essential multiscale features required for diffusion
analysis.

This comprehensive superiority is further corroborated
by a detailed comparison across individual diffusion mod-
els (ATTM, CTRW, FBM, LW, and SBM), presented in
Appendix E. Irrespective of the underlying physical mech-
anism, the wavelet representation consistently achieves the
lowest regression errors and highest classification scores, con-
firming that its advantage is universal across the different
types of anomalous diffusion considered. Collectively, these
findings on simulated trajectories demonstrate that the wavelet

representation is more data efficient and robust than existing
alternatives, providing a strong rationale for its application
to experimental trajectories where data scarcity and noise are
unavoidable.

V. RESULTS ON EXPERIMENTAL SPT TRAJECTORIES

Building on the analysis of simulated benchmarks, we
now address the critical challenge of learning directly from
real experimental trajectories. In this section, we compare the
three representation families (wavelet-based, feature-based,
and trajectory-based representations) on SPT recordings of
fluorescent beads diffusing in F-actin networks, employing
EffNet, LGB, and Trm as their representative learners. Dis-
tinct from the simulation-based paradigm that leverages large
synthetic datasets, our approach here relies exclusively on ex-
perimental trajectories for both training and evaluation. To this
end, we deliberately restrict the number of labeled tracks to
mimic the data-scarce and noise-dominated conditions char-
acteristic of real SPT experiments.

To rigorously evaluate the representations in the
data-scarce regime, we curate small experimental
subsets that closely mirror the simulated conditions
in Sec. IV. For each of the six mesh-size conditions
(& € {225, 250, 300, 550, 625, 750} nm), we randomly
sample 200 trajectories to form a balanced training set,
yielding a total of Ny, = 1200 experimental tracks. This
scale aligns with the small-data regime (N, = 1000)
investigated in the simulated benchmarks. For performance
evaluation, we construct a separate, larger test set by
sampling 800 independent trajectories per condition
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FIG. 6. Results of diffusion-exponent regression on experi-
mental SPT trajectories in F-actin networks with Ny, = 1200.
(a) Test MAE as a function of segment length L for wavelet-based,
feature-based, and trajectory-based representations; the wavelet rep-
resentation consistently yields the lowest error across all lengths.
(b) Test MAE resolved by mesh size £ at L = 200, showing that the
wavelet representation maintains the smallest error for all network
conditions.

(totaling Neg = 4800). To assess the robustness of each
representation across different trajectory durations, we
repeat this sampling procedure for five distinct segment
lengths L € {50, 100, 150, 200, 250}. The ensuing analysis is
organized into two parts. In Sec. V A, we benchmark the three
representation families directly on these limited experimental
datasets. Subsequently, in Sec. VB, we challenge the
prevailing simulation-based paradigm by contrasting the
wavelet-based model trained only on the small experimental
set against SOTA deep networks trained on massive simulated
trajectories.

A. Benchmarking representations via direct learning
from limited experimental trajectories

In this subsection, we first benchmark the three repre-
sentation families on the diffusion-exponent regression and
mesh-size classification tasks defined in Sec. III B, using the
small experimental training and test sets described above
(Ngain = 1200, Nieg = 4800).

For the diffusion-exponent regression, Fig. 6(a) reports
the MAE as a function of segment length L. While pre-
diction error naturally decreases with L for all methods,
the wavelet representation establishes a distinct advantage,
achieving the lowest MAE across the entire range. Notably,
the feature-based representation, although strong on simulated
benchmarks, exhibits a pronounced gap in this experimental
setting. This suggests that with only 1200 training samples,
handcrafted statistical descriptors suffer from fluctuations in-
herent to experimental noise, whereas the wavelet transform
extracts more robust signatures. The trajectory-based model
yields the largest errors, reinforcing the difficulty of train-
ing deep sequence models on raw coordinates without large
datasets. The robustness of the wavelet representation is fur-
ther highlighted in Fig. 6(b), which decomposes the MAE by
mesh size £ at L = 200. Regression difficulty varies across
mesh sizes, and all models show elevated errors at specific
conditions (e.g., £ = 300 and 750 nm), yet the wavelet repre-
sentation consistently attains the lowest MAE. This indicates
that the wavelet representation provides a robust basis for

diffusion analysis that is largely insensitive to the specific
viscoelastic properties of the environment.

In the mesh-size classification task, discerning the exact
environmental condition proves challenging in the small-data
regime due to the small variations between mesh sizes (as
small as 25 nm) and the presence of experimental noise.
Consequently, absolute F1 scores remain moderate for all rep-
resentations (Fig. 7). Nevertheless, the wavelet representation
establishes a clear lead over the alternatives. Figure 7(a) shows
that while the wavelet representation’s F1 score scales natu-
rally with L, reaching ~0.6 at L = 250, the feature-based and
trajectory-based representations plateau at lower levels (F1
~0.40-0.45). The confusion matrices for L = 200, presented
in Figs. 7(b)-7(d), offer physical insight into this disparity.

The experimental system involves beads of diameter dpg ~
550 nm diffusing in meshes of varying sizes. For the smaller
meshes (& € {225, 250, 300} nm), where & < dps, the beads
are strongly confined. In this regime, all three representations
capture the signatures of confinement relatively well, as evi-
denced by the recognizable diagonal structures in the top-left
3 x 3 blocks of the confusion matrices. However, the wavelet
representation [Fig. 7(b)] yields the sharpest separation with
the least leakage between adjacent classes, indicating that
it successfully resolves the subtle variations in confinement
degree that feature-based and trajectory-based statistics miss.
For the larger meshes (¢ € {550, 625, 750} nm), the mesh
size becomes comparable to or larger than the bead diameter.
In this regime, the bead motion is less strongly constrained
and relatively closer to free diffusion, making the trajecto-
ries more statistically similar and difficult to differentiate.
Reflecting this physical ambiguity, both wavelet-based and
feature-based models [Figs. 7(b) and 7(c)] exhibit “blocky”
confusion regions among these large-mesh classes, indicating
that distinguishing between these subtle variations in mesh
size is challenging for any method. Crucially, however, the
trajectory-based model [Fig. 7(d)] suffers from a more severe
failure mode: It displays significant off-diagonal dispersion
that extends beyond the large-mesh block, frequently misclas-
sifying large-mesh trajectories (less confined) as belonging
to small-mesh conditions (confined). This contrast highlights
that while the large-mesh regime is difficult for all, the wavelet
representation remains the most robust, preserving the distinc-
tion between confined and less-confined states better than the
alternatives.

B. Wavelet representations versus the simulation-based
paradigm

As highlighted in Sec. I, the general strategy for the
machine-learning analysis of anomalous diffusion relies on
the simulation-based paradigm. In this paradigm, ML models
are trained on large synthetic datasets and then transferred
to experiments. Despite exploiting effectively unlimited la-
beled trajectories, their performance is ultimately constrained
by the simulation-to-reality gap, because idealized diffusion
models cannot fully reproduce the complex noise patterns,
viscoelastic memory, and transient heterogeneities present in
real recordings. Consequently, simply increasing the volume
of synthetic training data yields diminishing returns once per-
formance is limited by this distributional mismatch rather than
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FIG. 7. Mesh-size classification on experimental SPT trajectories in F-actin networks with Ny, = 1200. (a) Micro-averaged F1 score as
a function of segment length L for wavelet-based, feature-based, and trajectory-based representations; the wavelet representation achieves
the highest F1 for all L. (b), (d) Confusion matrices for L = 200 for the wavelet-based, feature-based, and trajectory-based representations,
respectively [rows: ground-truth (GT) mesh size £ € {225, 250, 300, 550, 625, 750} nm; columns: predicted &; entries in percent].

sample size. In this subsection, we challenge this paradigm
by conducting a direct head-to-head comparison. We contrast
the performance of the WADNet, a SOTA deep model from
the AnDi Challenge, trained on up to 10° simulated trajecto-
ries, against our wavelet-representation-based model (EffNet),
trained directly on a small set of 1200 experimental segments.

To push this simulation-based baseline to its performance
limit, we construct two optimized synthetic training sets for
the WADNet, each expanded to 10° trajectories to represent
the saturation level of the paradigm:

(1) Sim-FBM: Consisting exclusively of FBM trajecto-
ries. Since the original experimental study [55] identified
FBM as the primary diffusion mechanism of the beads,
this configuration provides the simulation model with strong
physical priors, effectively creating an “idealized” training
scenario informed by prior literature.

(2) Sim-All: A balanced mixture of the five standard
anomalous diffusion models (ATTM, CTRW, FBM, LW,
SBM) to promote generalization and reduce potential model
bias.

Crucially, to reduce the domain shift between simulation
and reality, we add zero-mean Gaussian noise into these
simulated tracks. The noise intensity o, is selected by grid
search to best match the localization error of the experimental
setup (see Appendix F). These massive, noise-matched simu-
lated trajectories are designed to approximate an upper bound
on the performance achievable within the simulation-based
paradigm.

Before proceeding to the formal comparison, we first
assess whether performance has saturated with respect to
training data by examining how it scales for the two com-
peting approaches at L = 200, as illustrated in Fig. 8(a). For
the simulation-based models, increasing the synthetic training
set size from 10* to 10° trajectories yields only marginal
improvements on the experimental test set, leading to a clear
performance plateau. This observation indicates that the per-
formance of WADNet is limited by a persistent mismatch
between simulated and real diffusion dynamics, rather than by
a lack of training samples. In contrast, the wavelet representa-
tion shows no sign of saturation. As the experimental training
set size increases from Ny,in = 1200 to Ny,in = 7200, the pre-
diction error consistently decreases, indicating that the model

has not yet reached its performance ceiling. Consequently, the
comparison presented below pits the approximately saturated
performance of the simulation-based paradigm against the
early-stage, data-constrained performance of the wavelet rep-
resentation, with the specific comparison regimes highlighted
by dashed boxes in Fig. 8(a).

With the saturation behavior established, we now turn to
the direct performance comparison. Figure 8(b) presents the
diffusion-exponent regression results for the WADNet trained
on the large Ny,in = 10° simulated datasets versus the exper-
imental models trained on the restricted Ny, = 1200 subset.
The wavelet representation consistently attains the lowest
MAE, significantly outperforming both the Sim-FBM and
Sim-All baselines across all trajectory lengths. Despite the
three orders of magnitude disparity in training data volume,
the wavelet representation extracts more relevant physical in-
formation from a few thousand real segments than the deep
learning baselines learn from millions of imperfectly matched
simulated trajectories. This superiority is robustly preserved
across diverse physical environments, as shown in the mesh-
size decomposition in Fig. 8(c) (for L = 200). Regardless of
the specific viscoelastic condition, the wavelet representation
maintains the lowest error, whereas Sim-FBM and Sim-All
consistently yield larger errors by a visible margin. It is worth
noting that in the experimental context, the ground-truth value
of « is operationally defined by the TA-MSD fit rather than
a theoretical generation parameter. Therefore, the superior
performance of the wavelet representation reflects, at least
in part, its ability to reproduce this established experimental
standard, effectively bypassing the simulation-to-reality gap
that limits simulation-trained models.

However, attributing this superiority solely to the elimina-
tion of the simulation-to-reality gap would be an oversimplifi-
cation. The performance of feature-based and trajectory-based
representations trained on the same 1200 experimental seg-
ments provides a critical test of this hypothesis. Theoretically,
direct experimental learning benefits from inherent label con-
sistency: The training targets (TA-MSD estimates) share the
same distribution, noise characteristics, and estimator biases
as the test set, whereas simulation-based training relies on
theoretical ground-truth labels that may not perfectly map
to empirical estimators. Yet, despite this intrinsic advantage
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FIG. 8. Wavelet representations vs the simulation-based paradigm on the experimental SPT test set (N = 4800). (a) MAE for the
diffusion-exponent regression at fixed segment length L = 200 as a function of training set size Ny.,. Dashed boxes highlight the training
regimes used for the comparisons in panels (b) and (c). (b) MAE as a function of segment length L for the wavelet representation, Sim-FBM,
Sim-All, feature-based, and trajectory-based models. Across all lengths, the wavelet representation attains the lowest MAE. (c) MAE resolved
by mesh size £ for L = 200, where the wavelet model achieves the smallest error for all network conditions.

of in-distribution training, Fig. 8(b) shows that the feature-
and trajectory-based models yield error rates on par with the
simulation-based WADNet, failing to replicate the substantial
gain achieved by the wavelet model. This finding is pivotal:
It strongly suggests that the performance leap cannot be at-
tributed solely to in-distribution training on experimental data.
Instead, it confirms that the breakthrough relies on the specific
synergy between the on-distribution nature of direct experi-
mental learning and the high data efficiency of the wavelet
representation. Collectively, these results demonstrate that the
wavelet representation constitutes a viable alternative to the
simulation-based paradigm, enabling high-precision analysis
by learning directly from limited experimental recordings
without relying on large simulated datasets.

VI. INTERPRETABILITY: THE PHYSICAL ORIGIN
OF DATA EFFICIENCY

The superior data efficiency and generalization capabil-
ity of the wavelet representation, as demonstrated in the
preceding sections, warrant a physical explanation. Why
does transforming a trajectory into a time-scale scalogram
allow a machine-learning model to learn more effectively
from limited data than utilizing the raw trajectory or hand-
crafted features? Our central thesis is that the CWT explicitly
disentangles the multiscale physical mechanisms driving
anomalous diffusion, such as nonstationarity, temporal corre-
lations, and transient heterogeneities. These mechanisms are
often hidden in the time domain or averaged out by global
statistical descriptors, whereas the wavelet scalogram renders
them explicit as distinct geometric patterns in the time-scale
plane.

To understand the physical content of the scalograms,
we first interpret the continuous wavelet transform in the
language of stochastic processes. For a trajectory x(f), the
coefficient Wy, (a, b) at scale a and time b is the inner product
between x(¢) and a time-localized analyzing wavelet cen-
tered at b with an effective support of order a. Its modulus

|Wy (a, b)| therefore measures the magnitude of fluctuations
of x(¢) on timescales of order a in a neighbourhood of b. In
this sense, the scalogram |Wy, (a, b)| can be regarded as a local
multiscale structure function: At each point (a, b), it probes
the amplitude of fluctuations on a characteristic timescale a.

As a representative example, standard results from wavelet
analysis for self-similar processes show that the moments of
coefficients scale as (|Wy (a, b)|9), o< a*“P [107]. Specifically,
the scaling of the modulus closely tracks the diffusion ex-
ponent « [e.g., {(2) = «a + 1 for FBM]. Thus, the vertical
profile of the scalogram encodes information equivalent to the
MSD, but resolved locally. Crucially, unlike the global MSD
that averages over time, the time localization of the CWT
preserves nonstationary features, such as diffusivity changes
or trapping events. This capability creates distinct 2D “scale
fingerprints” that reveal the underlying physical mechanisms,
which we examine in detail below for both simulated diffusion
models and experimental SPT trajectories.

A. Scale fingerprints of anomalous diffusion models

To illustrate how these scale fingerprints manifest in prac-
tice, we examine the wavelet spectra of the five prototypical
models implemented in the andi-datasets library. As our
machine-learning pipeline utilizes a stack of six complemen-
tary wavelet families, a specific criterion is required to select
the most appropriate channel for visual interpretation. Guided
by the ablation study in Appendix G, we adopt a best-in-class
strategy for this purpose: For each diffusion model, we select
the mother wavelet that attains the highest diagonal classifi-
cation accuracy for that class in the single-wavelet setting.
Consequently, the representative scalograms are generated
using the morl for ATTM, cgau for CTRW and LW, and
mexh for FBM and SBM, which are presented in Fig. 9 (with
trajectory length L = 100). Although the raw trajectories
often appear qualitatively similar, their wavelet spectra dis-
play highly structured, model-specific fingerprints driven by
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FIG. 9. Representative wavelet scalograms (trajectory length L = 100) for five anomalous diffusion models (columns) under varying
anomalous exponents « (rows). To visualize the most discriminative features, each model is paired with its optimal mother wavelet (noted
in parentheses), selected based on the highest single-wavelet classification accuracy (see Appendix G).

distinct physical mechanisms underlying each type of anoma-
lous diffusion:

(1) ATTM (from diffusivity switching to patchy patterns):
In the ATTM model, the particle undergoes Brownian motion
with a diffusion coefficient D(¢) that resets stochastically.
Within a constant-D interval, the process exhibits stationary
increments; however, sharp transitions in D cause simulta-
neous magnitude jumps across all scales. This mechanism
manifests in the scalogram as a “patchy” texture (Fig. 9, first
column), where rectangular blocks of uniform intensity are
separated by vertical edges. For classification, these edges
serve as a distinct signature of medium heterogeneity. Regard-
ing parameter estimation, the contrast between these blocks
can be qualitatively associated with the heterogeneity of the
diffusion process in our simulations; as « increases (from top
to bottom), the joint statistics of diffusivities and residence
times change so that the texture tends to become more uniform
and less segmented. This gradual homogenization allows the
vision models to regress « based on the decaying prominence
of the patches.

(2) CTRW (from trapping events to vertical gaps): The
subdiffusive CTRW is governed by heavy-tailed waiting times
W(r) ~ t~°, where diffusion exponent « = ¢ — 1. During a
trapping event, the particle is effectively immobilized, which
suppresses wavelet coefficients across all scales. In the scalo-
gram (Fig. 9, second column), these events appear as deep
vertical “gaps” or cones of silence. This sparse pattern is the
primary cue for diffusion-model classification. Crucially for
exponent regression, the statistics of the width and density of
these gaps depend on the anomalous exponent « through the
waiting-time distribution. As shown in Fig. 9, a lower « (top
row, a = 0.25) corresponds to a heavier tail in the waiting
time distribution, resulting in wider and more prominent gaps
compared to the higher o case (bottom row, @ = 0.75), where
the texture becomes denser with more closely spaced activity
cones.

(3) FBM (from self-similarity to spectral slopes): FBM is
a Gaussian process characterized by long-range correlations
defined by the Hurst exponent H. Unlike ATTM or CTRW,
FBM scalograms (Fig. 9, third column) are statistically homo-

geneous along the time axis but exhibit a strong dependence
on the scale axis. The classification relies on this temporal
uniformity. For regression, the model leverages the “spectral
slope” along the vertical axis. A low « (subdiffusive, top
row) implies negatively correlated increments, concentrating
energy at fine scales (high frequencies) and creating a rough
texture. Conversely, a high « (superdiffusive, bottom row)
implies positive correlations, shifting energy to coarse scales
(low frequencies) and resulting in a smoother texture with
high-intensity regions at the bottom of the scalogram.

(4) LW (from ballistic flights to coarse-scale ridges): Lévy
walks consist of ballistic flights coupled with power-law
distributed durations. A constant-velocity flight represents a
linear trend, which manifests as an intense, horizontal ridge
concentrated at coarse scales (Fig. 9, fourth column). While
the presence of these ridges distinguishes LW from the local-
ized features of CTRW, their persistence encodes the diffusion
exponent. As « increases toward the ballistic limit (comparing
top row o = 1.25 to bottom row o = 1.75), the flight dura-
tions become longer. Consequently, the coarse-scale ridges in
the scalogram become more continuous and elongated in time,
providing a robust visual feature for estimating «.

(5) SBM (from aging to temporal gradients): For SBM,
the diffusivity scales deterministically as D(t) ~ t*~!. This
aging process breaks time-translation invariance, creating a
global gradient in scalogram intensity along the time axis
(Fig. 9, fifth column), which serves as the unique identifier
for SBM. The direction and steepness of this gradient allow
for precise regression of «. For subdiffusive cases (o < 1, top
row), the diffusivity decays over time, causing the scalogram
to fade from bright to dark. In contrast, for superdiffusive
cases (o > 1, bottom row), the diffusivity increases, resulting
in a gradient that brightens from early to late times. This inver-
sion of the temporal gradient provides a clear, monotonic cue
for the vision models to determine the anomalous exponent.

Collectively, these analyses make precise what we mean
by “scale fingerprints”: Each physical mechanism gives
rise to a characteristic arrangement of intensity in the
time-scale plane, such as patchy domains from diffusivity
switching, sparse gaps from heavy-tailed trapping, vertically

023122-12



DATA-EFFICIENT LEARNING OF ANOMALOUS ...

PHYSICAL REVIEW RESEARCH 8, 023122 (2026)

£=750 nm

£=300 nm

FIG. 10. Evolution of wavelet scalograms for experimental SPT
trajectory segments (L = 100) in F-actin networks with increasing
mesh sizes &.

homogeneous spectra with scale-dependent slopes from long-
range correlations, coarse-scale ridges from ballistic flights,
and temporal gradients from aging. In contrast to raw tra-
jectories, where these mechanisms are often obscured by
stochastic fluctuations, the wavelet representation disentan-
gles them into a small set of robust multiscale patterns that
are naturally amenable to pattern recognition by vision ar-
chitectures. These fingerprints simultaneously encode model
identity through their qualitative structure and the anomalous
exponent through systematic deformations along the columns
of Fig. 9. Therefore, the wavelet representation reduces the
effective complexity of the learning problem and enables
vision models to achieve high accuracy in both diffusion-
model classification and diffusion-exponent regression even
in the small-data regime. In the next subsection, we show that
analogous scale fingerprints also emerge in the experimental
SPT trajectories in F-actin networks and that they carry clear
signatures of confinement and mesh-size dependence.

B. Experimental validation: fingerprints of confinement
in F-actin networks

To validate whether the concept of scale fingerprints ex-
tends beyond theoretical prototypes to complex experimental
systems, we analyze the SPT trajectories of fluorescent beads
diffusing in F-actin networks. In this system, tracer diffu-
sion is modulated by the mesh size £ of the network, which
imposes steric constraints and yields a tunable degree of
confinement. As in the previous subsection, we visualize
single-channel wavelet spectra in order to highlight qualitative
patterns. Given that previous studies [55] have characterized
these SPT trajectories as FBM, we employ the mexh to gener-
ate the experimental scalograms, as this kernel demonstrates
superior efficacy for FBM in our simulated benchmarks (see
Appendix G).

Figure 10 presents the wavelet spectra of experimen-
tal trajectory segments (L = 100) with varying mesh sizes

ranging from £ = 225 nm to £ = 750 nm. A visual inspection
reveals that the mesh size acts as a control parameter that
systematically alters the texture of the scalograms, mirroring
the “rough-to-smooth” transition described in the theoretical
FBM analysis (refer to Fig. 9, third column). For dense net-
works with small mesh sizes & € {225, 250, 300} nm where
& < dps, the scalograms exhibit a “rough” and fragmented
texture, particularly at fine scales. Physically, this texture
reflects the strong steric confinement imposed by the dense
network. Although the underlying mechanism is caging, the
resulting rapid directional reversals phenomenologically re-
semble the antipersistent correlations of subdiffusive FBM.
In the wavelet domain, these rapid reversals manifest as
high-frequency interruptions that preclude the formation of
continuous structures, resulting in a rough, vertically stri-
ated pattern. Note that, similar to the simulated FBM, these
scalograms are approximately homogeneous along the time
axis and do not exhibit pronounced long-time trends, distin-
guishing them from the transient patchiness of ATTM or the
temporal gradients of SBM.

As the mesh size increases to & € {550, 625, 750} nm
where & > dps, a morphological transition occurs. The
distinct vertical striations gradually merge into smoother,
continuous horizontal ridges that span extended temporal
durations. At & = 750 nm, the texture at the coarse scales
(bottom of the scalogram) becomes significantly brighter and
more coherent. This evolution is consistent with the relaxation
of confinement constraints. As the pores enlarge, the bead
motion approaches free diffusion, effectively reducing the
apparent antipersistence observed at finer scales. This shift
effectively redistributes spectral energy from fine to coarse
scales, visually reproducing the signature of higher-« regimes.

These findings elucidate the physical origin of the wavelet
representation’s data efficiency. By converting subtle tempo-
ral correlations into salient, high-contrast visual features, the
wavelet representation effectively lowers the learning barrier.
The model does not need to implicitly derive the complex
statistical laws of viscoelasticity from massive datasets of raw
coordinates; instead, it can directly leverage these explicit
textural motifs that robustly encode the system’s state. This di-
rect mapping from physical constraints (mesh size) to textural
features (roughness versus smoothness) significantly reduces
the effective complexity of the learning problem, enabling the
vision backbone to generalize accurately even when trained
on limited examples.

VII. CONCLUSION

In this work, we have introduced a wavelet-based represen-
tation of anomalous diffusion trajectories and demonstrated
that, when combined with standard supervised models, it
enables data-efficient learning directly from experimental
recordings. By mapping trajectories to multichannel wavelet
modulus scalograms computed from six complementary con-
tinuous wavelet families, we obtain an imagelike, multiscale
encoding in which the temporal structure of random motion
is rendered explicit in the time-scale plane. On simulated
trajectories from the andi-datasets benchmark, models utiliz-
ing the wavelet representation maintain superior accuracy in
diffusion-exponent regression and model classification with
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as few as 1000 training trajectories, while remaining robust
to localization noise and variations in trajectory length. Most
notably, when applied to experimental SPT data of fluo-
rescent beads in F-actin networks, our approach achieves a
decisive advantage. A vision model trained on merely 1200
experimental segments using the wavelet representation yields
significantly lower regression errors than SOTA deep learning
models trained on 10° simulated trajectories. These results
challenge the prevailing reliance on massive synthetic datasets
as the primary route to high-performance ML for anoma-
lous diffusion, suggesting instead that a physics-informed
representation coupled with small-scale, in-distribution ex-
perimental data offers a more effective strategy. We note
that these conclusions have been validated specifically for
diffusion-exponent regression and diffusion-model/mesh-size
classification on the datasets considered here. Whether the
observed data efficiency extends to substantially different
experimental systems (e.g., intracellular transport [126,127],
crowded colloidal suspensions [128,129]) or to other analysis
tasks remains an open question that warrants future investiga-
tion.

This data efficiency of the wavelet representation origi-
nates from the ability of the continuous wavelet transform
to explicitly disentangle the multiscale mechanisms govern-
ing random motion. As our interpretability analysis reveals,
complex dynamic behaviors, such as diffusivity switching
in ATTM, heavy-tailed trapping in CTRW, or antipersistent
correlations in FBM, are rendered into distinct, stationary
geometrical patterns or “scale fingerprints” in the time-scale
plane. By converting temporal statistical properties into robust
visual textures, the wavelet representation reduces the effec-
tive complexity of the learning problem, allowing standard
vision architectures to identify physical states without implic-
itly reconstructing statistical laws from raw coordinates. The
supporting codes in this work are accessible at our GitHub
repository [130].

Looking forward, the wavelet representation opens several
promising avenues for future research. One immediate avenue
is the application of this framework to trajectory segmentation
(or change-point detection) in heterogeneous environments.
Given the wavelet transform’s inherent sensitivity to local
transient features (manifested as vertical edges or texture
shifts in the scalograms), adapting object detection or seg-
mentation networks to the wavelet domain could potentially
enable precise detection of state transitions even within ex-
tremely short trajectories, a regime where current statistical
sliding-window methods [61-70] often struggle. We empha-
size, however, that this extension remains prospective; it has
not yet been demonstrated and will require dedicated bench-
marks on both simulated and experimental segmentation tasks
in future work.

A second, perhaps more fundamental direction is to use
this representation for the unsupervised discovery of diffusion
behaviors. Current ML approaches are largely supervised,
limiting analysis to a predefined set of theoretical models
(e.g., the five standard models used in this work). However,
experimental systems often exhibit complex dynamics that do
not fit neatly into these categories. Since the wavelet repre-
sentation provides a rich and distinct fingerprint for different
dynamical universality classes, its combination with unsu-

pervised clustering or manifold learning techniques could, in
principle, allow researchers to construct a purely data-driven
taxonomy of random motion. While yet to be empirically
verified, such an approach holds the potential to enable the
identification and characterization of previously unknown dif-
fusion modes directly from experimental data, paving the way
for a deeper understanding of transport phenomena in com-
plex biological and soft matter systems.
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APPENDIX A: ABLATION STUDY
ON THE WAVELET SCALE SELECTION

In the main text, we fix the set of CWT scales to
{0.1,0.2,...,09,1, 2, ..., 15}, which combines a block of
subunit scales with a finite range of integer scales. In this
Appendix, we provide an ablation study that motivates this
choice and, in particular, the upper cutoff at a = 15 and the
inclusion of the subunit scales a < 1.

In this ablation study, 2D simulated trajectories of fixed
length L = 100 and L = 500 generated with the andi-datasets
library are considered. As in the main text, we evalu-
ate the wavelet representation on two benchmark tasks:
diffusion-exponent regression (MAE) and diffusion-model
classification (micro-F1), using a training set of 1000 tra-
jectories together with a test set of size 2 x 10°. We vary
the maximum integer scale an,x over the values am.x €
{7, 11, 15, 19, 23, 27, 31} and compare three scale configura-
tions:

(1) Subunit-only scale, {0.1,0.2,...,0.9};

(2) Integer-only scale, {1, 2, ..., dmax};

(3) Combined scale, {0.1,0.2,...,0.9,1,2, ..., dmax}-

Results of the ablation study are presented in Fig. 11. Here,
panels (a) and (b) report the MAE for exponent regression
at L = 100 and L = 500, respectively, as a function of ap,y;
panels (c) and (d) show the corresponding micro-F1 scores for
diffusion-model classification. Obviously, for both trajectory
lengths and both tasks, the performance curves for both the
integer-only and the combined scale configurations exhibit
a clear optimum around @, = 15. Increasing amax beyond
this point does not provide systematic improvement and in
some cases degrades the performance of wavelet representa-
tion, which indicates that very coarse scales contribute little
additional useful information while potentially introducing
redundancy or edge effects.

In addition, the comparison between integer-only and com-
bined scales shows that augmenting the integer scales with
the subunit scales a € {0.1,0.2,...,0.9} consistently im-
proves performance: Across all tested anmax and both tasks, the
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FIG. 11. Ablation study of the CWT scale selection on 2D
simulated trajectories. Panels (a) and (b) show the MAE of diffusion-
exponent regression for trajectories of length L = 100 and L = 500,
respectively, as a function of the maximum integer scale am,y; panels
(c) and (d) show the corresponding micro-F1 scores for diffusion-
model classification. Both regression and classification performance
are optimized around @y, = 15, and the combined scale consistently
outperforms the integer-only one.

combined-scale representation attains lower MAE and higher
F1 than using only integer scales. Moreover, as highlighted
by the stars in Fig. 11, the subunit-only scale already achieves
nontrivial performance levels in both MAE and F1, which
demonstrates that the wavelet coefficients at a < 1 indeed
encode meaningful short-time structure.

Based on this ablation, we adopt the combined scale grid
{0.1,0.2,...,09,1,2,..., 15} as the default in all experi-
ments reported in the main text. This choice balances coverage
of short- and long-time behavior, avoids unnecessary prolifer-
ation of very coarse scales, and is empirically near optimal for
both exponent regression and model classification.

APPENDIX B: COMPUTATIONAL COST ANALYSIS
OF THE WAVELET REPRESENTATION

To evaluate the practical overhead of the wavelet rep-
resentation, we benchmark the end-to-end computational
time per trajectory for the three representation families on
2D simulated trajectories across a range of lengths L €
{50, 100, ..., 500}. For each method, we separately measure
the preprocessing time (transforming a raw trajectory into
the model-ready input) and the model inference time. Pre-
processing is performed on the CPU (Intel Core 17-10700K);
neural network inference (EffNet and Trm) is measured on an
NVIDIA TITAN RTX with batch size 32, while LightGBM
inference runs natively on CPU. The total time ¢, denotes the
end-to-end computational time from raw trajectory input to

25
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FIG. 12. End-to-end computational time per trajectory (¢.) as a
function of trajectory length L for the three representation families.
For neural-network-based models (EffNet and Trm), 7. includes CPU
preprocessing and GPU-accelerated inference; for the tree-based
model (LGB), both preprocessing and inference are performed on
CPU. Hardware details are specified in Table III.

final prediction output, measured under each method’s stan-
dard deployment setting (GPU for neural networks, CPU for
tree models). All reported timings are averaged over 3000
independent trajectories.

Table III summarizes the results for L = 100, 300, and
500. The wavelet preprocessing (~9—14 ms) is dominated by
the six CWT computations and the subsequent resampling
to 256 x 256 resolution; this cost grows sublinearly with
L because the number of wavelet scales is fixed. In con-
trast, the feature-based preprocessing (~7-19 ms) grows more
steeply, as several handcrafted descriptors (e.g., p-variation
and autocovariance statistics) involve computations that scale
superlinearly with trajectory length. The trajectory-based pre-
processing is negligible (<0.3ms), as it consists only of
per-trajectory standardization. Regarding model inference, the
EffNet backbone incurs a notable cost on CPU (~62 ms), but
this is reduced to ~2.3 ms with standard GPU acceleration,
which is the natural deployment setting for vision models of
this scale. We therefore define the total time #. using GPU
inference for neural networks and CPU inference for tree
models, reflecting the standard deployment of each method.
Figure 12 displays the total time f. as a function of L for all
three methods. The wavelet and feature-based pipelines cross
near L & 350: Below this length the feature-based approach is
faster, while above it the wavelet representation becomes more
efficient. The trajectory-based pipeline remains the fastest
throughout, though this speed advantage must be weighed
against its substantially lower data efficiency and accuracy
as demonstrated in the main text. For reference, processing
the entire experimental test set of Ny = 4800 trajectories
with the wavelet pipeline takes approximately 1 min on this
hardware configuration, confirming the wavelet representation
as a practical choice for limited experimental recordings.
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TABLE III. Computational time per trajectory for different representations across varying trajectory lengths (L). All preprocessing and
CPU inference are performed on an Intel Core 17-10700K; GPU inference is measured on an NVIDIA TITAN RTX with batch size 32.

Preprocessing (CPU) Inference (CPU) Inference (GPU) Total time, 7.
Method L (ms) (ms) (ms) (ms)
Wavelet + EffNet 100 9.44 61.37 2.34 12.77
300 11.51 61.86 2.31 14.58
500 13.65 62.38 2.32 16.27
Feature + LGB 100 6.67 0.46 N/A 7.20
300 12.88 0.44 N/A 13.52
500 18.97 0.43 N/A 19.62
Trajectory 4+ Trm 100 0.12 1.49 0.19 0.32
300 0.15 3.35 0.20 0.37
500 0.21 6.79 0.21 0.43

APPENDIX C: LENGTH DISTRIBUTIONS
OF EXPERIMENTAL SPT TRAJECTORIES

To document the heterogeneity in trajectory length in the
experimental SPT dataset, Fig. 13 summarizes the length dis-
tributions of trajectories recorded in F-actin networks with
mesh sizes & = 225, 250, 300, 550, 625, and 750 nm. Panels
(a)—(c) correspond to the three smaller meshes (225, 250, and
300 nm), where most trajectories contain more than 103 time
steps and some extend up to several thousand steps. Panels
(d)—(f) show the distributions for the larger meshes (550,
625, and 750 nm), where the trajectories are typically shorter,

with lengths concentrated in the range of a few hundred
time steps. These unbalanced length distributions motivate the
fixed-length segmentation procedure described in Sec. III B
when constructing datasets for supervised learning.

APPENDIX D: EFFECT OF PRETRAINED
WEIGHTS ON WAVELET-REPRESENTATION-BASED
VISION MODELS

To disentangle the contribution of the wavelet representa-
tion from that of pretrained vision backbones, we compare
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FIG. 13. Length distributions of experimental SPT trajectories in F-actin networks with mesh sizes & = 225 [panel (a)], 250 [panel (b)],
300 [panel (c)], 550 [panel (d)], 625 [panel (e)], and 750 nm [panel (f)]. For each condition, the histogram shows the number of recorded
trajectories as a function of their length (number of time steps).
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FIG. 14. Effect of ImageNet-pretrained weights on wavelet-representation-based vision models. Top row (a)—(c): MAE for diffusion-
exponent regression; bottom row (d)—(f): micro-averaged F1 for diffusion-model classification, both as a function of training set size Ny, on
2D simulated trajectories of length L = 100. Columns correspond to EffNet [panels (a) and (d)], RegNet [panels (b) and (e)], and ViT [panels

(c) and (f)].

the performance of three vision architectures (EffNet, RegNet,
and ViT) initialized with ImageNet-pretrained weights versus
random initialization (trained from scratch), across a range of
training set sizes Ny, on 2D simulated trajectories of length
L = 100. Figure 14 presents the results for both diffusion-
exponent regression (MAE, top row) and diffusion-model
classification (F1, bottom row). A consistent trend emerges
across all three architectures and both tasks. In the large-data
regime (Niain = 10%), models trained from scratch converge
to essentially the same performance as their pretrained coun-
terparts, with negligible differences in both MAE and Fl1.
This convergence demonstrates that the high asymptotic ac-
curacy is an intrinsic property of the wavelet representation:
Given sufficient training data, the vision models learn equally
effective features from the scalograms regardless of their ini-
tialization, confirming that the multiscale structure exposed by
the wavelet transform is the primary driver of performance.
In the small-data regime (Nipin < 10%), pretrained models
consistently yield lower MAE and higher F1 than their from-
scratch counterparts. This advantage reflects the benefit of
general-purpose visual features (e.g., edge and texture detec-
tors) learned from natural images, which provide a favorable
initialization for extracting patterns from wavelet scalograms
when task-specific training data are scarce. Notably, this

transfer-learning benefit is consistent across all three archi-
tectures, suggesting that it arises from a generic compatibility
between scalogram textures and low-level features learned
on natural images rather than from any architecture-specific
property. Since pretrained weights are readily available and
straightforward to deploy, this moderate small-data boost can
be obtained at no additional cost in practice. Taken together,
these results confirm that pretraining serves as a practical
accelerator that enhances sample efficiency when training data
are limited, while the wavelet representation itself determines
the ultimate performance ceiling.

APPENDIX E: PERFORMANCE ANALYSIS
ON SIMULATED TRAJECTORIES
ACROSS DIFFUSION MODELS

To assess the universality of the wavelet representation,
we further dissect the performance of the three representation
families across five specific diffusion models in the andi-
datasets library: ATTM, CTRW, FBM, LW, and SBM. The
results for 2D simulated trajectories of length L = 100 in the
small-data regime (N, = 1000) are summarized in Fig. 15.
For the diffusion-exponent regression task [Fig. 15(a)], a con-
sistent hierarchy is observed irrespective of the underlying
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FIG. 15. Model-wise performance comparison on 2D simulated trajectories of length L = 100 in the small-data regime (N, = 1000).
(a) MAE for diffusion-exponent regression across five specific models (ATTM, CTRW, FBM, LW, SBM). The wavelet representation
consistently achieves the lowest error compared to feature-based and trajectory-based ones. (b), (d) Confusion matrices for diffusion-model
classification using wavelet-based, feature-based, and trajectory-based representations, respectively. Rows represent GT labels, and columns
represent predictions; values indicate the percentage of correct classifications (diagonal) and misclassifications (off-diagonal). The wavelet
representation shows the strongest diagonal dominance and highest overall F1 score.

physical mechanism: The wavelet representation achieves the
lowest regression error for every model. Notably, the wavelet
advantage is preserved across diverse dynamical regimes,
ranging from nonergodic processes (e.g., CTRW, ATTM) to
ergodic Gaussian processes with long-range correlations (e.g.,
FBM), demonstrating that its efficacy is not tied to a specific
type of anomalous diffusion.

For the diffusion-model classification task, the results for
the three representations are shown as confusion matrices in
Figs. 15(b)-15(d). The wavelet representation [Fig. 15(b)] ex-
hibits the strongest diagonal dominance, yielding the highest
overall micro-F1 score (0.6873). Misclassifications are largely
confined to physically ambiguous pairs, such as the confu-
sion between ATTM and SBM models, which is a known
challenge for short trajectories due to their similar statisti-
cal signatures. The feature-based representation [Fig. 15(c)]
shows a qualitatively similar confusion pattern but with sys-
tematically lower diagonal accuracy (F1: 0.6503). In sharp
contrast, the trajectory-based representation [Fig. 15(d)] suf-
fers from significant off-diagonal dispersion (F1: 0.5178). It
struggles particularly with differentiating FBM from LW and
SBM, as evidenced by the high misclassification rates in the
corresponding rows.
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FIG. 16. MAE on the experimental test set with segments of

length L = 100 [panel (a)] and L = 200 [panel (b)], as a function
of the noise standard deviation o,,. In both cases, the MAE displays a
U-shaped dependence on o, with a consistent minimum at o,, = 0.12
(vertical dashed line).

Taken together, these model-specific analyses confirm
that the superior performance of the wavelet representation
is robust and universal. It effectively captures the distinct
multiscale features of each diffusion mechanism, thereby out-
performing feature-based and trajectory-based baselines in
both regression and classification tasks.

APPENDIX F: OPTIMIZATION OF LOCALIZATION
NOISE INTENSITY FOR SIMULATION-BASED MODELS

To reduce the distributional mismatch between the sim-
ulated training data and the experimental recordings, we

0.70 -
stack
*
0.68 -
mexh
O
O
0.66 - cgau
=
O
0.64 - morl
cmor
062 Og
O shan
0.60 | flbsp L | ! I
0.23 0.22 0.21 0.20 0.19
MAE

FIG. 17. Performance comparison between the full multichannel
wavelet representation (“stack”) and single-wavelet representations
derived from individual wavelet families on the test set. The x axis
represents the MAE for diffusion-exponent regression, and the y
axis represents the micro-averaged F1 score for diffusion-model
classification. The stacked representation achieves the best overall
performance, demonstrating the benefit of ensemble learning from
complementary wavelet bases.
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morl - F1: 0.6425

mexh - F1: 0.6691

cgau - F1: 0.6635

ATTM |43.00 | 18.50 | 7.52 | 1.41 |29.57 ATTM | 29.35 | 22.50 | 13.64 | 0.93 | 33.58 ATTM | 34.01 | 18.22 | 13.93 | 1.38 | 32.47
CTRW | 19.55 6.58 | 0.02 | 1.13 CTRW | 15.88 WgKs 3.28 | 0.05 | 1.14 CTRW | 13.16 451 | 0.00 | 0.37
FBM | 8.52 | 4.67 9.17 | 21.06 FBM | 211 | 3.24 5.13 | 18.07 FBM | 2.13 | 2.72 13.30 | 19.24
LW | 0.83 | 0.04 | 8.30 [ 3.56 LW g 0.26 | 14.73 X0 2.82 LW | 0.26 | 0.00 | 4.16 3.41
SBM |22.89 | 0.20 | 12.51 | 2.68 SBM | 7.76 | 0.64 | 18.16 | 1.34 SBM | 7.72 | 0.32 | 28.25 | 2.72
;g ATTM CTRW FBM LW SBM ATTM CTRW FBM LW SBM ATTM CTRW FBM LW SBM
=
o) cmor - F1: 0.6170 shan - F1: 0.6196 fbsp - F1: 0.6085
ATTM | 38.55 | 18.27 | 5.33 | 3.07 | 34.79 ATTM | 37.54 | 16.29 | 10.34 | 1.65 | 34.18 ATTM |35.98 | 17.17 | 3.55 | 2.94 | 40.35
CTRW | 14.91 8 6.26 | 0.02 | 0.99 CTRW | 18.51 8.87 | 0.04 | 1.16 CTRW | 17.72 SRS 3.96 | 0.02 | 1.75
FBM | 3.54 | 6.28 |31.55 | 32.59 | 26.04 FBM | 3.07 | 2.05 [42.02 | 29.79 | 23.07 FBM | 3.05 | 5.50 | 30.05 | 34.19 | 27.21
LW | 0.48 | 0.02 | 3.25 Reio 6.24 LW | 0.59 | 0.03 | 6.78 5.27 LW | 042 | 0.00 | 0.60
SBM | 14.72 | 0.27 | 8.96 | 5.49 0.56 SBM | 10.90 | 0.16 | 14.26 | 3.15 SBM | 12.80 | 4.58 | 6.17
ATTM CTRW FBM LW SBM ATTM CTRW FBM LW SBM ATTM CTRW FBM LW SBM

Predicted Model

FIG. 18. Confusion matrices for diffusion-model classification using single-wavelet representations. Each panel corresponds to a model
trained exclusively on scalograms from one wavelet family. The overall micro-F1 score is indicated in the title of each matrix. Red numbers
highlight the highest diagonal accuracy achieved for each specific diffusion model across the different wavelet families. These maxima guide
the selection of representative scalograms for visualization: morl is selected for ATTM, cgau for CTRW and LW, and mexh for FBM and SBM.

explicitly add Gaussian localization noise into the simulation-
based training pipeline. The noise intensity, parametrized by
the standard deviation o, is determined via a systematic grid
search designed to minimize the MAE of the simulation-
based models on the experimental test set. We construct
a series of synthetic training sets for both the Sim-FBM
and Sim-All configurations, each containing 10° trajecto-
ries. For each configuration, we generate distinct versions
by adding zero-mean Gaussian noise with standard devia-
tions o,, € {0.00, 0.02, ..., 0.20}. We then train the WADNet
model on each noise-augmented dataset and evaluate its
diffusion-exponent regression performance (MAE) on the
full experimental test set. This procedure is repeated for
trajectory lengths L = 100 and L = 200 to ensure the ro-
bustness of the optimal parameter choice across different
timescales.

Figure 16 summarizes the results of this optimization.
For both L =100 [Fig. 16(a)] and L =200 [Fig. 16(b)],
the MAE exhibits a clear U-shaped dependence on o,. In
the absence of noise (o, = 0), the models suffer from large
errors due to the lack of resilience against experimental im-
perfections. As noise is introduced, performance improves
significantly, reaching a distinct minimum before degrading
again as the noise overwhelms the signal. Crucially, for both
the Sim-FBM and Sim-All models, and across both trajectory
lengths, the optimal performance is consistently achieved at
0, = 0.12 (highlighted by dashed lines). Consequently, we
fix this optimal noise level (o, = 0.12) for all large-scale

(Neain = 10°) simulation-based training described in the main
text.

APPENDIX G: ABLATION STUDY
ON WAVELET FAMILIES AND SELECTION
OF REPRESENTATIVE SCALOGRAMS

The wavelet representation proposed in this work is con-
structed by stacking the modulus scalograms from six distinct
continuous wavelet families: real Morlet (morl), Mexican hat
(mexh), complex Gaussian derivative (cgau), complex Mor-
let (cmor), Shannon (shan), and frequency B-spline (fbsp).
The downstream vision models are always trained on this
six-wavelet representation in order to exploit the comple-
mentary information provided by the different wavelets. For
the interpretability analysis in Sec. VI, however, we need
to display individual scalograms when discussing scale fin-
gerprints. This necessitates a criterion for selecting the most
representative wavelet family for each diffusion model. In this
Appendix, we analyze the contribution of individual wavelet
families to justify the multichannel design and to guide the
selection of these representative visualizations.

To assess the necessity of combining multiple wavelets,
we first quantify the contribution of each wavelet family in
isolation. Using 2D simulated trajectories with Ny, = 1000
and L = 100, we train separate EffNet models on single-
wavelet representations, where the scalogram of only one
mother wavelet is provided as input. Figure 17 compares the
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test performance of these single-wavelet models with that
of the full six-wavelet “stack” model. The stacked repre-
sentation (marked by the star) consistently outperforms any
single wavelet family in both diffusion-exponent regression
(lowest MAE) and diffusion-model classification (highest F1),
thereby validating the multichannel stacking strategy em-
ployed in the main text.

For the purpose of visual interpretation, we then iden-
tify, for each diffusion model, the wavelet family that
performs best when used alone. To this end, we analyze
the class-wise performance using the confusion matrices
of the single-wavelet classifiers, as shown in Fig. 18. We
adopt a best-in-class selection strategy: For each diffusion
model, we select the mother wavelet that achieves the high-
est diagonal accuracy. The corresponding entries in Fig. 18
are highlighted in red. This strategy yields the following
choices:

(1) ATTM: morl attains the highest diagonal accuracy
43.00% for ATTM.

(2) CTRW and LW: cgau achieves the best performance
for both CTRW and LW, with diagonal accuracies of 81.97%
and 92.18%, respectively.

(3) FBM and SBM: mexh gives the highest diagonal accu-
racy for FBM and SBM, with values of 71.46% and 72.10%,
respectively.

These wavelet families are therefore used to generate the
representative scalograms in Fig. 9 in Sec. VI: morl for
ATTM, cgau for CTRW and LW, and mexh for FBM and
SBM. We stress that this choice is pragmatic and guided by
the single-wavelet classification performance. The full six-
wavelet representation remains superior for all quantitative
tasks, but the selected wavelets provide clear and model-
specific scale fingerprints that are well suited for qualitative
interpretation.
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