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One of the most surprising features of effectively non-Hermitian physical systems is their potential to exhibit
a striking nonlinear response and fragility to small perturbations. This feature arises from spectral singularities
known as exceptional points, whose realization in the spectrum typically requires fine-tuning of parameters.
The design of such systems receives significant impetus from the recent conception of exceptional deficiency,
in which the entire energy spectrum is composed of exceptional points. Here, we present a concrete and trans-
parent mechanism that enforces exceptional deficiency through lattice sum rules in non-Hermitian topological
square-root insulators. We identify the resulting dynamical signatures in static broadband amplification and
non-Abelian adiabatic state amplification, differentiate between bulk and boundary effects, and outline routes to
implementation in physical platforms.
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Introduction. Effectively non-Hermitian physical systems
can exhibit striking responses to small perturbations, a be-
havior rooted in spectral singularities known as exceptional
points (EPs) [1–6]. At an EP, the eigenstates associated with
the degenerate eigenvalue become identical, in contrast to the
situation in Hermitian systems where the eigenstates form a
basis. This eigenstate coalescence leads to dramatically al-
tered static and dynamical responses to external perturbations
[7,8] and driving [9,10] down to the quantum limit [11–13],
which can be exploited, for instance, for sensing [14–20],
lasing [21,22], amplification [23,24], and mode conversion
[25,26]. Realizing EPs typically requires fine-tuning, making
their robust engineering a central challenge. The number of
parameters required to obtain a single EP in the spectrum can
be lowered by symmetries, such as parity-time symmetry in
gain-loss balanced structures [27]. The realization of higher-
order EPs, in which the number of coalescing states is larger
than two, has benefited from the introduction of nonreciprocal
and unidirectional coupling schemes, which can be realized in
topolectric [28,29], mechanic [30–33], and quantum-optical
[34] lattice systems as well as resonator-waveguide arrange-
ments [35,36]. Despite these advances, conventional EP
implementations remain limited in scope: Their functionality
is typically restricted to narrow spectral regions near isolated
EPs, and their realization often hinges on delicate parameter
tuning or symmetry constraints that fix the position of the
EP in the spectrum. This poses a fundamental limitation for
broadband applications or robust device design. In light of
this, the recently introduced concept of exceptional deficiency
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[37]—in which every energy level of a system is an excep-
tional point—marks a significant conceptual breakthrough. It
opens the door to broadband EP-enhanced phenomena and
offers a route toward advanced non-Hermitian functionalities.
The original proposal, implemented in active mechanical lat-
tices, achieves this through a tailored coupling between two
subsystems with matching spectra.

Here, we present a concrete and transparent mechanism
that enforces exceptional deficiency via lattice sum rules in
non-Hermitian square-root topological insulators. The square-
root construction principle [38] provides concrete guidance
for the design and interpretation of a wide range of lattice sys-
tems with topological properties [39–45], including higher-
order topological systems such as quadrupole insulators (QIs)
[46,47], which we will employ to illustrate our results. Ap-
plied to exceptional deficiency, this approach offers a natural
path to identify two subsystems with matching spectra, pro-
vided by mutually coupled sublattices, as well as an explicit
condition for the required coupling configuration. As square-
root topological insulators offer a wide range of phenomena,
they also present an ideal platform for identifying signatures
of exceptional deficiency. We demonstrate this here for static
broadband amplification and adiabatic state amplification, and
show that this leads to state-selective and non-Abelian ampli-
fication mechanisms. Before we discuss these phenomena, we
describe the general construction principle of exceptionally
deficient topological square-root topological insulators and
their implementation in the QI setting.

Construction principle. Figure 1 depicts the general con-
struction principle of exceptionally deficient topological
square-root insulators, along with a specific implementation
based on a quadrupole insulator. The square-root construction
connects uncoupled parent systems with Hamiltonian H2 with
a nontrivially coupled system with Hamiltonian H . In our ex-
ample, the parent systems provide four sublattices, labeled A,
B, C, and D, which are taken to be equivalent in the Hermitian
limit. We consider nontrivial square roots that mutually couple
sublattices (A, B) to sublattices (C, D), resulting in a generic

2643-1564/2026/8(1)/L012031(6) L012031-1 Published by the American Physical Society

https://orcid.org/0000-0002-0475-9984
https://orcid.org/0000-0002-7959-0992
https://ror.org/04f2nsd36
https://crossmark.crossref.org/dialog/?doi=10.1103/svp4-ksxf&domain=pdf&date_stamp=2026-02-03
https://doi.org/10.1103/svp4-ksxf
https://creativecommons.org/licenses/by/4.0/


SUBHAJYOTI BID AND HENNING SCHOMERUS PHYSICAL REVIEW RESEARCH 8, L012031 (2026)

C

BD

A
√

D B

CA

parent system square-root TI(b)

D B

CA

D B

CA

exceptionally 
deficient TI sum rule

(·)2

(a)

FIG. 1. (a) Construction principle of an exceptionally deficient
topological insulator (TI) based on a sublattice sum rule inherited
from a squared parent system. The sum rule constrains the nonre-
ciprocal non-Hermitian couplings with part C (arrows) so that the
squared parent system displays unidirectional couplings from subpart
B to subpart A (double arrow). (b) Interpretation as a square-root TI,
resulting in a nontrivial system with chiral symmetry.

block Hamiltonian

H =

⎛
⎜⎜⎝

0 0 HAC HAD

0 0 HBC HBD

HCA HCB 0 0
HDA HDB 0 0

⎞
⎟⎟⎠ (1)

possessing a chiral sublattice symmetry XHX = −H with
X = diag(1,1,−1,−1). Taking the couplings to be real,
we also obtain a conventional time-reversal symmetry corre-
sponding to complex conjugation K. Exceptional deficiency
will be enforced by demanding the lattice sum rule (lattice
assignment without loss of generality)

HBCHCA + HBDHDA = 0 (2)

and supplementing this with a generalized transposition sym-
metry [48,49]

RHT R = H, R =

⎛
⎜⎜⎝

0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1

⎞
⎟⎟⎠, (3)

where the involution R, inherited from the sublattice permuta-
tion symmetry of the parent system, commutes with the chiral
operator, XRX = R.

Given the sublattice sum rule (2), we can construct right
eigenstates ul = (al , 0, cl , dl )T (a column vector) by solving
the reduced eigenvalue problem

(HACHCA + HADHDA)al = E2
l al (4)

associated with the A sublattice of the parent system, choosing
El as the positive or negative square root of E2

l , and com-
pleting the eigenstate with cl = E−1

l HCAal , dl = E−1
l HDAal .

Analogously, we obtain left eigenstates vm = (0, b′
m, c′

m, d′
m)

(a row vector) by solving the reduced eigenvalue problem

b′
m(HBCHCB + HBDHDB) = E2

mb′
m (5)

associated with the B sublattice of the parent system, choosing
Em as the positive or negative square root of E2

m, and complet-
ing the eigenstate with c′

m = E−1
m b′

lHBC, d′
m = E−1

m b′
lHBD.

The sublattice sum rule (2) guarantees that

vm · ul = 0, (6)

and crucially this holds even when El = Em. The generalized
transposition symmetry transforms the reduced eigenvalue
problems (4) and (5) into each other, so that the constructed
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FIG. 2. (a) Implementation based on a π -flux quadrupole insu-
lator with reciprocal couplings s ≡ 1 and t as well as additional
nonreciprocal couplings of strength ε. The squared parent system
(box) decomposes into the AB and CD subsystems, where the sum
rule enforces unidirectional couplings between A and B. (b) The two
corner states for the system in panel (a) with 10 × 10 unit cells and
in ε = −t = 1/2. Each state belongs to two degenerate eigenvalues
forming an exceptional point, and this also applies to all other states
of this exceptionally deficient system. The bottom part shows the
energy spectrum of the system, with the zero-energy corner states
marked in green.

right and left eigenstates can be paired up throughout the
whole spectrum. In a Hermitian setting, where right and left
eigenstates can furthermore be translated into each other,
we have constructed a basis, and realize that all eigenval-
ues are even-fold degenerate, without resorting, for instance,
to an explicit Kramers degeneracy [50,51]. In generic
non-Hermitian systems, however, condition (6) amounts to
self-orthogonality, which marks out EPs [1–5]. Therefore, we
have constructed an exceptionally deficient system.

QI-based realization. To illuminate how this construction
results in exceptional deficiency, we turn to the concrete im-
plementation given in Fig. 2(a). This implementation is based
on a standard Hermitian QI model [46], formed by a unit cell
with four sites, intracell couplings t , and intercell couplings
s ≡ 1. The non-Hermitian modification is obtained from ad-
ditional nonreciprocal intracell couplings of strength ε, while
the topologically nontrivial features arise from π fluxes at-
tached to each plaquette. The Hermitian system possesses a
fourfold rotational symmetry induced by

C4 =
(

0 1
−iσ2 0

)
, (7)

with block Pauli matrices σi, where notably C4
4 = −1. The

symmetries can further be combined into a generalized time-
reversal symmetry operation T = KC2

4 , T 2 = −1, rendering
all energy levels in the Hermitian model twofold Kramers
degenerate. Importantly, the C4 symmetry is broken in the
nonreciprocal couplings of strength ε, and the system does
not display non-Hermitian Kramers degeneracy [51]. Instead,
the stated sum rule and generalized transposition symmetry
enforce exceptional deficiency. By construction of the model,
these features apply to finite systems with open boundary
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FIG. 3. Static state amplification in the exceptionally deficient
QI with 6 × 6 unit cells and fixed ε = 1/4, t = −1/2. The insets
show the intensity distribution of the chosen initial states, which are
uniformly localized on the A, B, C, or D sublattices. The main panels
display the time dependence of the total intensity. Significant state
amplification ∝ t2 (red curves from polynomial fits) occurs whenever
the initial state has components outside of the span of the eigenstates
(the A sublattice lies within this span). This provides a broadband
signature of exceptional deficiency.

conditions. In the range |t | < 1, the Hermitian QI then ex-
hibits four corner states that appear in twofold degenerate
pairs at opposite energies close to zero. In the non-Hermitian
model, these states instead form two EPs. We illustrate these
corner states in Fig. 2(b), where ε = −t = 1/2. Because
of the exceptional deficiency, not only these corner states,
but all size-quantized states in this finite system, are EPs.
Next, we identify two dynamical signatures of the excep-
tional deficiency in such finite systems, obtained from the
state evolution i d

dt ψ(t ) = H (t )ψ(t ) with static or adiabati-
cally time-dependent Hamiltonian H (t ).

Static broadband state amplification. For time-
independent Hamiltonians H , the key dynamical signature
of exceptional points is the occurrence of a solution
exp(−iElt )wl − it exp(−iElt )ul along with the standard
solution exp(−iElt )ul , where El is the degenerate eigenvalue,
ul the degenerate eigenvector, and wl the generalized
eigenvector obeying Hwl = Elwl + ul [1]. The total intensity
I (t ) = |ψ(t )|2 then acquires a t2 dependence, which is
absent only when the initial state does not overlap with the
generalized eigenvector. In an exceptionally deficient system,
this static state amplification should occur for any initial
condition that lies outside of the span of the eigenvectors ul ,
elevating it to a broadband effect. To obtain a clear signature
of this broadband effect, we utilize the fact that in the QI
realization, the A sublattice lies completely within the span
of the eigenvectors, while the B sublattice lies completely
outside this span. As shown in Fig. 3, the dynamical signatures
are then directly observable in the time-dependent intensity
from initial states that are uniformly distributed on a given
sublattice (see the Supplemental Material [52]). As expected,
state amplification is absent for the initial state on the A
sublattice, but occurs for initial states localized on any of

the three other sublattices, and it is most pronounced for
the initial state on the B sublattice. In all these three cases,
we observe a clear t2 dependence, up to coherent periodic
oscillations that generally depend on the initial state.

Non-Abelian adiabatic state amplification. Next, we utilize
the corner states in the QI model to illuminate the dynam-
ical consequences of the exceptional deficiency in a second
setting. For this, we exploit the fact that the deficiency is
maintained across the whole parameter range, which provides
us with the opportunity to explore how states dynamically
evolve while being stabilized at an EP. This feature leads us
to consider the phenomenon of adiabatic state amplification
[53–55], concerning the intensity change I (t ) = |ψ (t )|2 of a
state as parameters λ are slowly changed along a path C. This
effect is manifestly non-Hermitian, as Hermitian evolution
preserves the norm of a state. Initialized in a long-living,
spectrally isolated, right eigenstate |R(λ(0))〉, with the long
lifetime required so that the adiabatic theorem applies [56,57],
the state follows the instantaneous right eigenstate |R(λ)〉,
while the intensity acquires a geometric amplification factor

Ag(C) = exp

[
− 2

∫
C

Im[ALR(λ) − ARR(λ)] · dλ

]
(8)

connected with the imaginary part of the Berry connections

ALR(λ) = i
〈L(λ)|∇λR(λ)〉
〈L(λ)|R(λ)〉 , (9)

ARR(λ) = i
〈R(λ)|∇λR(λ)〉
〈R(λ)|R(λ)〉 , (10)

where 〈L(λ)| is the associated instantaneous left eigenstate.
As the intensity is a measurable physical quantity, the
geometric amplification factor is gauge invariant even when
the path C is open. On the other hand, expression (8) implies
Ag = 1 for any closed path C that retraces itself back to the
starting point, a feature tied to the Abelian nature of the
associated complex Berry phase.

The Berry phase becomes non-Abelian when the state
is degenerate [58], and in the non-Hermitian setting, this
non-Abelian phase again acquires imaginary parts [59]. As
shown in Fig. 4, concrete non-Abelian effects manifest for
the exceptionally deficient non-Hermitian QI, making them
directly observable in the state amplification. In the figure,
we amplify a state by slowly varying ε over time from the
Hermitian starting point ε = 0 to ε = 1/4, and then back to
ε = 0. For the initial state, we consider, in turn, one of the
four corner states, predominantly localized on the A, B, C, or
D sublattice (see insets). The first non-Abelian manifestation
is the observation that at the end of the evolution, the final state
has been transformed into the state predominately localized
on the A sublattice. The second non-Abelian manifestation
is the observation that, with the exception of the situation
where the initial state is equal to this universal state, a sig-
nificant intensity amplification has occurred. Notably, both
effects occur even though the path C retraced itself and, thus,
would be absent in the Abelian case. The state amplification
is systematic, scaling as ∼(dε/dt )−2 [60] in analogy with the
t2 scaling of static amplification described above, and is equal
for the two evolutions starting predominantly on the C and D
sublattices, while the amplification of the state starting on the
B sublattice is twice as large.

L012031-3



SUBHAJYOTI BID AND HENNING SCHOMERUS PHYSICAL REVIEW RESEARCH 8, L012031 (2026)

0

0.25

ε

0 2000t

2

0 0

100

0

50

0

50

I(
t)/
I(

0)

I(
t)/
I(

0)

I(
t)/
I(

0)

I(
t)/
I(

0)

0 2000t 0 2000t 0 2000t 0 2000t

0

max

FIG. 4. Adiabatic state amplification in the exceptionally deficient QI with 6 × 6 unit cells and t = −1/2, as ε is ramped up and down.
The insets show the chosen initial state (predominantly localized in one of the four corners) and the corresponding final state, which is always
predominantly localized in the lower left corner. Significant state amplification ∝ (dε/dt )−2 occurs whenever the initial state differs from this
dynamically selected final state.

Signatures of broken bulk-boundary correspondence. The
dynamical effects described so far occur for finite systems,
benefiting from the exactness of the described construction
principle. However, the spectral features of non-Hermitian
systems with nonreciprocal couplings are known to be highly
sensitive to the boundary conditions, invalidating the bulk-
boundary principle that connects finite and infinite periodic
systems in Hermitian topology [61,62]. This characteristic is
exemplified by the non-Hermitian skin effect [63–67], where
the bulk and boundary spectra for periodic and open boundary
conditions drastically differ. In the described non-Hermitian
QI model, we find that while states of the infinitely periodic
system remain strictly degenerate, the degeneracies are no
longer necessarily exceptional points, so that the system is
only partially exceptionally deficient. This behavior follows
directly from analyzing the Bloch Hamiltonian [52]

H (kx, ky) =

⎛
⎜⎜⎝

0 0 r + e−ikx t + e−iky

0 0 −t − eiky t + eikx

t + eikx −r − e−iky 0 0
t + eiky t + e−ikx 0 0

⎞
⎟⎟⎠,

(11)

where r = t + ε and we set the lattice constant a ≡ 1. The
sum rule (2) is obtained from the identity

(−t − eiky )(t + eikx ) + (t + eikx )(t + eiky ) = 0, (12)

highlighting the role of the π fluxes generated by the nontriv-
ial square root. The generalized transposition symmetry takes
the form(

σ1 0
0 −σ3

)
H (kx, ky)

(
σ1 0
0 −σ3

)
= HT (ky, kx ), (13)

amounting to a reflection about the line x + y = 0. Hence, the
four bands

E (1)
± (kx, ky) = ±

√
|t + eikx |2 + |t + eiky |2 + ε(t + eikx ),

E (2)
± (kx, ky) = ±

√
|t + eikx |2 + |t + eiky |2 + ε(t + eiky ),

(14)

whose winding in the complex plane signifies the non-
Hermitian skin effect [67], respect the spectral symmetry
E (1)

± (kx, ky) = E (2)
± (ky, kx ). For kx �= ky, the band degeneracy

occurs between different locations in the Brillouin zone, in-
volving two mutually orthogonal extended Bloch states, as
in a Kramers-degenerate system. Therefore, the continuous
spectrum of this system exhibits exceptional deficiency only
for kx = ky ≡ k, where each of the twofold degenerate bands
E (1)

+ (k, k) = E (2)
+ (k, k) and E (1)

− (k, k) = E (2)
− (k, k) is associ-

ated with a unique extended Bloch eigenstate u±(k, k)eik(x+y).
The proposed construction principle of exceptionally deficient
models thus also opens up an avenue for exploring the break-
down of the bulk-boundary correspondence in non-Hermitian
systems.

Conclusions and outlook. In summary, we provided a
transparent construction principle to design non-Hermitian
systems that exhibit exceptional deficiency. The square-root
construction allowed us to equip the system with topological
features, which we exemplified by a quadrupole insulator
model with corner states. Exceptional deficiency gives rise
to striking dynamical signatures, including in broadband and
adiabatic state amplification, and unveils non-Abelian geo-
metric characteristics that can be utilized for mode conversion.
Our framework is readily implementable in existing platforms
such as topolectric circuits [28,29], active acoustic and me-
chanical metamaterials [30–33], and quantum-optical systems
[68], including dissipative cold atom setups [34], only requir-
ing rearrangement of components in previous setups to adapt
the nonreciprocal couplings to the stated sum rule. Therefore,
our work establishes a versatile route for designing excep-
tionally deficient systems that can be flexibly equipped with
desired features, enabling unique phenomena across a broad
range of non-Hermitian settings.
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