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We introduce a new classification of multimode states with a fixed number of photons. This classification
is based on the factorizability of homogeneous multivariate polynomials and is invariant under unitary trans-
formations. The classes physically correspond to field excitations in terms of single and multiple photons,
each of which is in an arbitrary irreducible superposition of quantized modes. We further show how the
transitions between classes are rendered possible by photon addition, photon subtraction, and photon-projection
nonlinearities. We explicitly put forward a design for a multilayer interferometer in which the states for different
classes can be generated with state-of-the-art experimental techniques. Limitations of the proposed designs are
analyzed using the introduced classification, providing a benchmark for the robustness of certain states and

classes.
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I. INTRODUCTION

A central building block of most photonic quantum tech-
nologies is the multimode interferometer, which allows for
linear and nonlinear coupling between different field modes.
Linear interferometers, consisting of beam splitters and phase
shifters, are described by unitary maps [1]. The indistin-
guishability of photons leads to quantum interference [2]
between such field excitations and can produce highly non-
trivial relations between the input and output states. For this
reason, general linear photonic quantum simulators are com-
putationally hard to simulate for classical computers [3.,4],
resulting in recent boson sampling experiments [5-8] and
advances in quantum walks [9,10], to name but a few. Also,
a wide range of challenging graph problems can be solved in
this manner, utilizing encodings via interferometers [11].

Exceeding unitary transformations, nonlinearities are re-
quired, i.e., optical elements that provide a nonlinear coupling
between the different modes of the electromagnetic field. The
presence of nonlinearities additionally increases the complex-
ity of quantum systems [12,13], as well as allowing us to
realize universal photonic quantum computing [14,15]. Exper-
imentally, significant nonlinear coupling can be achieved via
the so-called measurement-based nonlinearities, which com-
prise photon detection and post-selection protocols [16—18].
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For many quantum technological applications, the gener-
ation of particular states is paramount. Multimode interfer-
ometers equipped with photon addition and subtraction offer
powerful tools to satisfy such a demand [19-22]. Thus, the
fundamental understanding of multimode interferometers and
the states that can be reached by such setups is crucial. For
this reason, the question of the availability of transformation
between states becomes a primary concern, and theoretical
methods are in demand. For linear multimode interferometers,
mutual state transformations have been analytically studied,
e.g., in Refs. [23,24], where invariants and necessary criteria
have been proposed. Furthermore, the state’s invariance under
local operations was studied, e.g., in Refs. [25-28]. However,
the analysis becomes more challenging when dimensionality
increases and the resources provided by nonlinearities are
considered.

The aforementioned challenge is usually overcome by nu-
merical simulations, which have a high computational price
tag caused by the underlying permanent calculation [3,29,30].
Here, numerical simulations within the framework of tensor
network states [31] can be effective for certain types of states,
such as matrix-product states [32-35], because of their in-
ternal structure and by harnessing tools from tensor algebra
[36]. For arbitrary states, however, this framework does not
reduce the scaling problem. Yet, it provides a more intuitive
understanding of the behavior of the states.

In this work, we theoretically address the question of state
transformations within rather generic multimode nonlinear
interferometers, for instance, serving as a means to produce
complexly correlated multiphoton states. This encompasses
the introduction of a classification for the set of N-photon
states in an M-mode system by mapping this problem to the
factorization of multivariate polynomials. These classes are
shown to be invariant under unitary transformation. Directed
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transitions between classes are shown to be achievable by
introducing additional nonlinearities. In particular, we demon-
strate how the multilayer nonlinear interferometers can be
designed for the generation of states in different classes, start-
ing from the vacuum.

The structure of the paper is as follows: In Sec. II,
we describe the N-photon quantum state as multivariate
polynomials and introduce the classification based on the fac-
torization of polynomials. In Sec. III, we study the properties
of multilayer interferometers with nonlinearities, differentiat-
ing between photon additions, subtractions, and projections.
In Sec. IV, we present interesting examples of states gener-
ated via multilayer interferometers. We summarize general
properties of the framework and discuss possible extensions
in Sec. IV. We conclude in Sec. V. Appendixes provide addi-
tional context.

II. CLASSIFICATION OF MULTIMODE,
MULTIPHOTON STATES

In this section, we introduce a classification for N-photon
states in M-mode systems. Mapping these states to multi-
variate homogeneous polynomials allows us to introduce the
factorized form of the N-photon states in terms of creation op-
erators. The uniqueness of the factorized form then provides a
natural classification.

A. Quantum states with a total of N excitations
across M bosonic modes

Let ®yp denote the set of all N-photon states
in an M-mode system. Considering the orthonormal
photon-number states, the following set represents a ba-
sist By ={Is1, ..., Sm) 181, ..., sm €Nysp 4+ sy =
N}. Then, each state in @y y has the following generic form:

V) = Z le ~~~~~~ S| M|S1,...,SM>, M
|S15sSM ) EBN.M
obeying (W|W) =3 |f..sul” =1, where f;, _, are

probability amplitudes The number of ba51s states, thus the
dimension of the Hilbert space Hy » = span(By u), is given
by dim HN M = (M+1<]V 1)

In an M-port, linear interferometer, the input creation op-
erators a” are mapped to the output operators b” by an M x M

unitary matrix U:
b’ =Ud". )

The input and output states are connected via a unitary evo-
lution operator {{ that acts on the full Hilbert space Hw.m,
making the problem of finding the output state nontrivial.
Indeed, for two basis states, |T) = |t;, -+ ,ty) and |S) =
|s1, -+, Sy), the transition matrix elements can be calculated
using the permanent perm(Us, 7). That is, we have (T|1)S) =
perm(Us.7)[s1!...sp't1! ... 1p!]7"/%, where the N x N ma-
trix Us, 7 is constructed from the unitary matrix U by repeating
s; times its i-th column and #; times its j-th row; for details,
see, e.g., [29,30]. In general, having an arbitrary initial state
[¥);,, the calculation of the output state |i),,, requires the
computation of all matrix elements (T|U|S), and thus the
computation of (dim H,; y)* permanents.

B. Polynomial representation and irreducible
factorization thereof

States in Eq. (1) can be recast in terms of the creation
operators &IT,

Sorons
wy= Y e
S1yeney SMEN Sl SM
S1+ sy =
xal® .4l Mvac), (3)

where |vac) = |0, ..., 0). In this form, we can encode the
quantum state |W) via a degree -N, homogeneous, multivariate
polynomial as |W) = py (&J{, ceey &L)|vac), where we have M

arguments, x = (xy, ..., X)), and
pw= Y legg @
1oy EN S12Sm
s1+-+su=N

in which all terms have the same, fixed degree N = s; +
- 4 sy. Moreover, since the creation operators for different
modes commute, the elements of @y, can be identified with
elements of the commutative ring of multivariate polynomials,
(C[X], . ,)CM].
For each homogeneous polynomial py(x) of degree N
exists a factorization of the following form [37]:

pe@) =N P, ©)

ik

where the factors p(’)(x) are homogeneous and irreducible
polynomials of iy order and NV € C is a constant. In con-
trast to univariate polynomials over the complex field, C[x],
which can always be decomposed in terms of linear factors
pf), in the multivariate case, M > 1, the polynomial py (x)
of degree N > 2 can be irreducible itself. Specifically, the

factorized form of the aforementioned quantum state is

atat
Z y}l Vi J| jz

Jisj2=1

ny n

- VT ) T

i=1 \ji=1 i=1

n3
atatal
xl_[ Z J/j] j.j345,45,4;, ...|vac), (6)

i=1 \Jji,j2,j3=1

where each bracket corresponds to an irreducible homoge-
neous polynomial p,((l), and where n; is the number of linear
pil), n, is the number of quadratic, etc., polynomials, with
1ny 4 2ny + 3n3 + - - - = N to result in the sought-after total
degree N.

Expressing the state in Eq. (3) in the factorized form of
Eq. (6) requires the factorization of a high-dimensional mul-
tivariate polynomial, which is quite challenging in practice.
Moreover, any small perturbation in the probability ampli-
tudes might lead to an irreducible polynomial, rendering
numerical computations difficult. Nevertheless, there are ro-
bust and stable numerical algorithms that allow us to factorize
the polynomials with a given precision [38,39]. Specifically,
for polynomials over algebraic number fields, the factorization
algorithm is realized in the SageMath package [40].
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As mentioned above, to determine the class of a quan-
tum state within the proposed classification, it is required
to factorize the corresponding multivariate polynomial into
irreducible factors, being irreducible in the ring of polyno-
mials. We would like to contrast this type of factorization
with other forms of factorizations (decompositions) of the
tensor representation of quantum states, such as canonical
polyadic [41], Tucker [42], and tensor-train decompositions
[43] (known also as matrix-product states [32]), for instance.
While approximate methods for tensor decompositions exist
(see, e.g., [44—47T]), these cannot be directly applied for the
factorization task required for our classification, which is ask-
ing for a different kind of factorization. This distinction also
implies that the connection between tensor-network states and
the introduced classification is clearly not trivial and requires
future investigation.

C. Classification and discussion

It is well established that the symmetric tensor algebra
S(CM) and polynomials in M variables C[x1, . .., xp] are iso-
morphic [[48], pp. 506]. As a consequence, the multiplication
in the polynomial ring corresponds to the symmetrized tensor
product in S(CM) that yields the bosonic exchange symmetry
of quantum states. Therefore, factorizations of polynomi-
als correspond to symmetric tensor decompositions. In other
words, with respect to the symmetric tensor product, we can
ask ourselves to which extent we can factorize the photons’
states as joint excitation of multiple quantized modes, hence
addressing the bosonic entanglement of symmetric particle
states [49].

As mentioned before, the non-negative integer n in Eq. (6)
describes how many irreducible degree-k polynomials there
are to factorize the state, and the collection (n, ..., ny) is
unique for a given |W); see Lemma A 1 in Appendix A. This
allows us to introduce a classification scheme of the quantum
states in the set @y j based on the polynomial factorization of
pw(x), where the different classes encompass the states with
different tuples (ny, ny, ..., ny).

Our kind of factorization allows us to allocate processes of
collective excitations of different orders. Indeed, the integer
number n; shows how many simultaneous excitations of k
photons across M modes. For instance, n; = N means that
each of the N photons is excited strictly independently but
may be generated in various superpositions of modes, y{&f +

et yI{',I&L. When other values of n; # n; are nonzero, mul-
tiple photon excitations are necessary to create the state. For
example, if n, > 0, there are at least two photons that must
have been generated simultaneously as a photon pair; like-
wise, they are the result of a jointéirreducibleAtwo—lz)hoton
excitation, y{,a[> + -+ v} ,akal + - +yj ya;, dis-
playing the correlations in this photon pair.

To designate each class, we utilize the following notation:
[1™ 27 .0 N™]y,ie.,

W) e [1" 22 ... Ny & |¥) asinEq.(6),  (7)

listing factors as “[... degree™™ ™™ ] mberof modes-” FOT

example, the class [V corresponds to the states that
can be linearly factorized, and the class [N']y; determines
states given by one N-th-degree irreducible polynomial. In

FIG. 1. Scheme of all possible classes of five-photon states for
(a) M = 2 and (b) M > 3 bosonic modes.

between, as another example, the class [14 2° 3%]5 = [1* 3%]5
includes all the states in a five-port interferometer whose
factorization in Eq. (6) contains four first-order and two third-
order polynomials; the number of photons in this case is
1 x443x2=10.

For two-port interferometers (M = 2) and a given N, there
exists only one class, [1¥],, as any two-variable homogeneous
polynomial can be factorized into linear polynomials. Non-
trivial factorizations emerge for higher-mode systems, M > 3,
where the number of classes corresponds to the number of
integer partitions; see Theorem A 1 in Appendix A. In Fig. 1,
all the possible classes of states with N = 5 photons are rep-
resented for M = 2 and M > 3 systems as examples.

The important property of the factorization in Eq. (6) is the
fact that the tuple (ny, ny, ..., ny) remains unchanged when
the variables are transformed through unitary transformations;
see Theorem A 2 in Appendix A. This means that a linear opti-
cal interferometer cannot change the class of the state, show-
ing a robustness against the choice of mode basis [50]. This
also emphasizes the importance of nonlinear networks for
generating and transitioning to more complex quantum cor-
relations. Such nonlinear interferometers and their optical im-
plementation are characterized in the remainder of this work.

III. MULTILAYER INTERFEROMETER

We now introduce nonlinearities that allow transitions be-
tween the classes. The first nonlinearity utilized is photon
addition. Based on this nonlinearity, we present a multilayer
interferometer with alternating unitary transformations and
photon additions. We show that this scheme provides the
generation of any state in the class [1V]y. In order to reach
a different class, we then introduce photon-subtraction and
projection nonlinearities to our multilayer interferometer.

A. Photon-addition nonlinearity

The first nonlinearity we study is a photon addition, written
as &' for a generic mode. Clearly, this nonlinear operation
increases the number of photons in the system, rendering it
possible to utilize the vacuum |vac) as the input state for
all modes of the interferometer. Consecutive actions of N
photon-creation operators generate M-mode basis states,

.SM> EBNqM. (8)

Going beyond relatively simple basis states, we consider
a multilayer system where each photon addition is followed
by a unitary transformation; see Fig. 2(a). In the first layer,

&41”‘ ~~€1LSM|vac) o |81, 82, ..
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FIG. 2. (a) Scheme of the multilayer interferometer with pho-
ton additions &' in the first channel and linear transformations
U®D, ..., UM (b) Scheme of the transitions between states enabled
by the multilayer system. Allowed transitions are indicated by ar-
rows. Blue regions correspond to the classes [1"]);, while the white
region indicates other classes.

the state after photon addition reads Ez+|vac) and the uni-
tary transformation &j — Z U, mzf yields a single photon

W)y, =>. ;U ](,1].)?1;|0) that is spread across modes. The addi-

tion of a second photon gives &IW = a1 Z Ul(lj) jlvac)

which is followed by a second unitary transformat1on result-
ing in [y), o< (3, Ul(i)&j)( Zj X U(I)U(z) lvac). Iterating
this procedure for N layers, we eventuallly arrive at a state in
the following form:

Nl—[ Zy;j lvac) = N¢f - -

i=1 \ j=I

6;{, |vac), )

which belongs to [1V]y since it only includes first-order poly—
nomials. Also, we introduced the operators cI = Z _1vja j
to describe the superposition of modes that is ex01ted by each
added photon. Each operator ¢] is determined by the row-
vector I = (yf, ..., yi,); therefore, the full state |¥) can
be represented by a multiset (aka unordered tuple) of vectors
as

[y = (T, ..., TV, (10)

We note that the polynomial py(x) = p;(x) - - - py(x) that
describes the state |¥) is not unique in the following sense:
The multiplication of each linear factor p;(x) by a nonzero
scalar s; does not change the physical state. In terms of the
multiset 'y, this means that the same state is described by

L= {s;TM, ... syT™} If we additionally choose T'"! to
be normalized, the given multiset 'y uniquely determines the
quantum state, providing the general parametrization of the
class [1V]y

Since the state in Eq. (9) is the same as a linearly factorized
state in Eq. (6), states in classes other than [1V]y, are not
reachable with the multilayer scheme in Fig. 2. However, can
this scheme with photon additions and unitary transformations
reach any state in the class [1V]3;? The answer is yes, as shown
in the following:

Y1 ) YL )
d M
/__\
W”\ |1/;>©
|¢>-\a\f [,
\_ XX, \_ XV,

FIG. 3. Effect of unitary transformation and photon addition.
The bold dots represent the states that are connected via unitary
transformation. After photon addition, the states |¢) and |¢) = U |¢)
are transformed into |1) oc af|¢) and |) o at|@), respectively. The
resulting states |y) and |v/) are not necessarily connected via a
unitary transformation anymore.

1. Unitary transformations in [1V ]y,

First, we analyze a unitary transformation U. Applying
U to the state, the superposition of creation operators éj is
mapped as

M M M
S I PBUCED S AR
j=1 k=1 k=1

which results in the first-order polynomials, meaning that a
unitary transformation may not alter the class. The vector Il

maps as
r'‘! — rily, (12)

with the updated multiset T'y = {THU, ..., TVIU} that de-
termines the transformed state. Because the unitary U is the
same for each i, the angles between the vectors ' remain
invariant along the linear optical circuit.

Note that Eq. (12) defines a finer structure inside the class
[V, meaning that the subclasses are defined as the set of
states that can be transformed one into the other by means
of unitary transformations. For two-mode states (M = 2), this
result is known as the invariance of Majorana stellar represen-
tation under unitary maps [23], where the states are considered
equivalent if their constellations coincide up to rotations on
the sphere [51,52]. For multimode states in the class [1V]y
for M > 3, the multiset of vectors I'y defines the state, and
they can be interpreted as an M-dimensional Majorana stellar
representation.

2. Photon additions to [1V ]y

Now, we analyze photon addition in our multiset represen-
tation, beginning with a state |¢) from the class [1V],, that
is represented by the multiset I'y = (ri, .., TV After
a photon addition, the state reads |y) o &ﬁd)), which is in
[1¥+11,; see Fig. 3. Thus, the addition of one photon adds the
vector ''V*+11 = (1,0, ..., 0) to the already existing multiset
of vectors,

ry = .. ¢V piv+iy (13)

If—before the photon addition—we rotate the state |¢) to
|¢) via a chosen U, we therefore rotate the multiset ;=
(T, ..., W1} with the rule 'V = TUIY as discussed be-
fore. The addltlon then generates a different state |/) oc & |¢>
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with vectors I'; = (vt T TN+ Now, the angles
between the vectors in the multisets I'; and I'y, are altered
according to our choice of U; thus, in general, the states |{)
and |//) cannot be transformed into each other via a unitary
transformation; see Fig. 3.

3. Summary

In the multilayer interferometer with alternating unitary
transformations and photon additions enables one to construct
an arbitrary multiset of normalized vectors, with arbitrary
relations of angles between them. Therefore, the scheme in
Fig. 2(a) is universal in the sense that we can reach the entire
class [1V],. Some concrete examples are presented in Sec. IV.

B. Photon subtractions and photon-projection nonlinearities

As described in Sec. IIT A, photon additions alone are
insufficient for exceeding the class [1¥],,. However, starting
from those states, we can go backward—i.e., apply nonlinear-
ities that reduce the number of photons—in order to approach
different classes with complex correlations. To this end,
we study single-photon subtraction and single-photon pro-
jection as experimentally accessible, measurement-induced
nonlinearities in this section. Using the setup in Fig. 2 in com-
bination with the nonlinearities discussed here then renders it
possible to go from the base class [1V],; to more sophisticated
classes [1" 22 ... N™']y.

1. Single-photon subtraction

The scheme of the subtraction process is shown in
Fig. 4(a). Applying an annihilation operator that implements
the subtraction in the k-th mode transforms the state from |)
in Eq. (9) to

19) o (yie] e+ 4+ ylel---el_)lvac), (14

because of &k&j. =68+ &jﬁk’ which yields the identity
M
ae] =Y ylad] = yi + & a. (15)
j=1

More compactly, the state after subtracting one photon in the
k-th mode takes the form

N N
¢y o D v [Te] Ivac). (16)

i=1 j=1

J#
This resulting state has one photon less and is written as a

sum—not a product—of linearly factorized polynomials and
thus is not in the base class [1¥ ']y, in general.

2. Single-photon projective measurement

As an alternative to photon subtraction, we can reduce the
number of photons of the state by one with a measurement in
the k-th mode. This is described through a projection operator
1, = &z|vac)k(vac|k&k; see Fig. 4(b). The detection of one
photon in the mode k of the state |/), Eq. (9), generates the

FIG. 4. Scheme of the multilinear interferometer with N-
additions and rotations together with (a) a single subtraction and
(b) a single projection. Gray insets represent the transitions between
classes under subtraction and projection. Different colors represent
different classes, and allowed transitions are indicated by arrows.

collapsed state

N N
|6) oc ey o« Y v []d] [Ivac), (17)
i=1 j=1
i
where 3; = 6; - ykj &}:. Note that, in contrast to photon sub-

traction, the projection ﬁk removes the k-th mode, and the
collapsed state has a reduced mode number M — 1. But, anal-
ogously to subtraction, the state after projection in Eq. (17) is,
in general, no longer in the class [1V~'];,_; of a purely linear
factorization.

3. Unitary transformation

The states in Eqs. (16) and (17) can be combined with
another linear transformation U, cf. Sec. III A. Indeed, the
operators éj and 3} are straightforwardly transformed with
the expression in Eq. (11). The structure of the resulting states
remains the same—a sum of linearly factorized polynomials.
Therefore, a unitary transformation cannot change any class;
see Theorem A 2 in Appendix A.

4. Remarks

Beyond the explicit procedures presented here, we can
certainly also concatenate the described processes, leaving
us not only with linear combinations of factorized polyno-
mials but multilinear generalizations thereof, as exemplified
later in this work. Furthermore, multiphoton subtractions and
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projective measurements on more than one photon would
have a similar impact. For the sake of simplicity, however,
we forego the explicit consideration of nonlinear multiphoton
processes within this work.

C. Probability amplitudes
1. States in the class [1V ]y

Equation (6) provides a straightforward way to compute
probability amplitudes. More directly, states in the class [1V],,
are described by linearly factorized polynomials. This renders
it possible to determine probability amplitudes in terms of
permanents as outlined by the following steps.

In step 1, we stack the row-vector I'"! and build the ma-
trix I'M of size M x N. In step 2, for the basis state |S) =
s, ..., su), we prepare the matrix I's from I' by taking s,
times the first column of ', s, times the second column,
etc. The resulting matrix I's of size N x N now allows us
to calculate the unnormalized probability amplitude for the
chosen Fock state |S) as

- _ perm(f‘s)

fSl ..... Sm (18)

S1! te SM!
The normalized probability amplitudes f, ,, obeying
the normalization condition Zsl ..... . [f51....su |- =1, can be

sequently, for [1V]y class elements, finding all probability
amplitudes requires the computation of only dim Hy » per-
manents. Note that for creating I's with a structure of repeated
columns, more efficient algorithms from Refs. [30,53] may be
used.

2. States after subtraction and projection

The states after a single subtraction and after a projection
are given by the sum of linearly factorized polynomials, cf.
Egs. (16) and (17), respectively. For the i linearly factorized
polynomial in that sum and the Fock state |S), the unnor-
malized probability amplitudes f;’ can be computed using
Eq. (18). The total unnormalized probability amplitudes then
are

=Y "1 (19)

An appropriate normalization can be carried out after comput-
ing all the contributions fs, as done before.

D. Treatment of imperfections

The experimental implementation of nonlinear multi-
mode interferometers requires—in addition to the linear
components—experimental realizations of creation and an-
nihilation operators via measurement-based protocols. Their
imperfections, e.g., nonideal detectors, mode mismatch be-
tween optical elements, and losses, provide the total loss of
photons, which limits the practical implementation of the
proposed multilayer interferometers and makes the current
classification not directly applicable. This can be mitigated,
for example, with post-selection strategies to a subspace of
a fixed photon number. Moreover, when the losses can be
described via additional virtual linear beam splitters followed

by the trace over the virtual modes, the output states will
become a mixture of states with different numbers of photons.
Then, our classification can be applied to each pure state
constituting the mixture, which will fall into a different class
depending on the number and position of the lost photons.
More generally speaking, a convex roof construction for each
class (or a selection of classes) can be formulated, allowing for
mixtures of states within a class (or across multiple classes).

IV. STATES GENERATION: EXAMPLES

In this section, we apply the construction schemes de-
vised in the previous section. This includes physically relevant
base-class states in [1V¥]y as well as highly structured and
irreducible states in [N'],;. Furthermore, numerical optimiza-
tions to produce sought-after target states are carried out with
multiple instances of subtractions and projections, utilizing
and generalizing the single-instance description as derived
above.

A. Base class [1V]y

Already, the states in the base class [1¥]y appear in
different, pioneering topics in quantum optics and quantum
technologies, such as boson sampling [7] and quantum walks
[9]. Also, the class [1V¥]y further includes interesting el-
ements, such as states that remain mode entangled under
unitary transformations [50]. As developed above, an arbitrary
state in the base class can be generated via the multilayer
interferometer in Fig. 2(a). Therefore, the remaining task of
generating a specific state is reduced to finding the unitary
matrices U™ . This can be done, for example, via numerical
optimization schemes.

1. Symmetric example for a two-mode system

As mentioned in Sec. IIB, all N-photon states in the
two-mode system are members of the [1V]y—, class. As an
example, one can generate NOON states [54,55], INOON) =
(IN, 0) + |O,N))/ﬁ, which can be defined in terms of the
polynomials as x} 4+ x) = ]_[fyzl(xl + whxy), where wy =
exp(2mi/N). Thus, we have

N
INOON) o [ | (a] + apas)Ivac), (20)

n=1

and the multiset Iyoon consists of N vectors, I = (1, )
for 1 <n < N. The unitary matrices needed to generate
NOON states with the multilayer interferometer in Fig. 2(a)
are

U < cos(m /N)

—isin(w /N)
—isin(w /N) >’ @D

cos(m /N)
forl <n < N, and
1 1
UM = (f ﬂ). (22)
V2.2

This result is consistent with the decomposition found in
Ref. [56]. Further, note that the choice of matrices U is not
unique.
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FIG. 5. The structure of multivariate polynomials for the states
obtained via (a) the single-photon subtraction and (b) the single-
photon projection from a state belonging to the class [14]y, with y; =
0. Different terms are highlighted in different colors. The coefficients
| are indicated by the colored squares. In (b), the dotted squares
represent the absence of these coefficients. See the main text for
details. Gray insets represent the corresponding transitions between
classes under subtraction and projection, different colors represent
different classes, and allowed transitions are indicated by arrows.

2. Asymmetric example for a three-mode system

Another interesting state which belongs to the linearly fac-
torizable class is the antisymmetric state [57]:

L
V6
—10,2,1) —[1,0,2) — 12,1, 0)). (23)

W) = —=(0,1,2) +[1,2,0) + 12,0, 1)

The corresponding polynomial is p(x,y, z) = yz> + xy*> +
X2z —y?z —x22 — x>y = (x — y)(y — 2)(z — x), which can be
directly translated into an optical network with the general
approach discussed above. In contrast to the antisymmet-
ric state, the symmetric one, where p(x, y, z) = yz> + xy*> +
X2z +y?z + xz2 + x*y cannot be factorized, is shown in
Sec. IVB.

B. Irreducible class [N']y

Unlike the states in [1V]y, the generation of states from
other classes needs additional nonlinearities, such as photon
subtraction, measurement projections, and potentially other
nonlinear processes corresponding to multiple photon genera-
tion, e.g., parametric down-conversion, four-wave mixing, etc.

For instance, one experimentally easily accessible example
of the state that is described by irreducible second-order poly-
nomials of the class [21]y/ is the biphoton state, which may be
generated via multimode parametric down conversion. Such a
state can be represented in the form [¢/) oc Y, yfiAlTAleac),

where the operators A:f represent  so-called Schmidt
modes [58,59].

In the following, let us discuss the key difference between
the subtraction and projection, i.e., between the schemes in
Figs. 4(a) and 4(b), respectively. The ability to generate states
is related to their internal structure after subtraction and pro-
jection. Schematically, such a difference is depicted in Fig. 5.
Having the photon subtraction in the first channel, the co-
efficient with the subscript “1,” namely y{, appears twice
in Eq. (16): once as a scalar factor before the products of
operators || itk 6} and once hidden as the coefficient ylj#k

inside the operator éj itself; see color-highlighted squares in

Fig. 5(a). In contrast, in the measurement-projection scheme,
the coefficient y{ is present only once: as a scalar factor

before the term [, c;';. The other terms do not contain the

coefficient ylk since the operators ﬁ,j do not depend on it,
thanks to projection; see Eq. (17) and dashed empty squares
in Fig. 5(b).

As a result, the photon subtraction nonlinearity introduces
additional constraints to the state transformation, while the
projection is more flexible, which is an interesting insight

TABLE I. The first and second columns represent the target states and their classes [N . The third column presents the fidelities between
the target and closest state that can be generated via single-photon subtraction from the class [1¥*']), via the scheme depicted in Fig. 4(a). The
fourth column presents the similar fidelities for single-photon projection from the class [1¥!]y,,; via the scheme depicted in Fig. 4(b).

subtraction projection
target state class fidelity fidelity
W), = 52(12,0,0) +10,2,0) +10,0,2)) [2'3 100.0% 100.0%
W), = (13,0,0) +10,3,0) +10, 0, 3)) [3' 83.3% 100.0%
[W); = J5(14,0,0) +0,4,0) + (0,0, 4)) [4' 66.6% 95.5%
W), = ﬁ(lZ, 0,0,0)+10,2,0,0) +10,0,2,0) +10,0,0,2)) [2' 75.0% 75.0%
|W)s = ﬁ(|0,1,2)+|1,2,0)+|2,0,1)+|0, 2,1)+11,0,2) + 12,1, 0)) [3']; 96.4% 100.0%
W) = 55(11,1,0) +[1,0,1) +10, 1, 1)) [2'5 99.89% 100.0%
W), = 55(12,2,0) +12,0,2) +10,2,2)) [4'1; 98.1% 100.0%

033062-7



DENIS A. KOPYLOV et al.

PHYSICAL REVIEW RESEARCH 7, 033062 (2025)

( subtraction part

E

FIG. 6. (a) The scheme of the multilinear interferometer with N
additions and rotations U™ and consequent K-photon subtractions
with rotations V™. (b) Scheme of the transitions between states
enabled by the multilayer system. The allowed transitions are indi-
cated by arrows. The blue region corresponds to the classes [1¥]y;
other classes are shown in other colors. White regions correspond to
arbitrary remaining classes.

for future experimental implementations. However, this is at
the expense of a reduction of available modes, which restricts
scalability.

Now, we present some states that can be generated with
the schemes presented in Fig. 4. In particular, for [N']y;, we
give examples of states that either can or cannot be generated
via photon subtraction and photon projection from the classes
[1¥*1],, and [1V+1]4,, respectively.

In Table I, the considered examples are presented. Specif-
ically, we examine different variations of multimode NOON
states [60] and other symmetric states. The third and fourth
columns show the highest fidelity for a single subtraction and
projection, respectively. The numerical procedure utilized to
find the states is presented in Appendix C. As we can see in
Table I, the three-mode NOON state |\W;) can be generated
via both the single subtraction and the projection processes
with unit fidelity. In contrast, the state |\W,) is only generated
reliably via a single projection scheme, while the states |W3)
and |\W,) are not reachable with a unit fidelity. From Table I,
one can see that the projection allows us to generate the states
[W),, |¥)s, |W)g, and |¥),, which is impossible with a single-
photon subtraction. This is further related to the fact that,
in the case of projection, we are starting from a wider class
in terms of the number of modes. All examples in Table I,
however, can be approximated with fidelities exceeding 50%.

C. Multiple subtractions and projections

We can scale the proposed schemes to encompass multiple
photon subtractions, multiple projections, and the projection
onto states with a higher number of photons, e.g., in a looped
configuration [61]. The multilayer interferometer with multi-
ple subtractions is shown in Fig. 6. The state after multiple
subtractions is obtained in a similar manner as described
above by sequential actions of annihilation operators followed
by unitary transformations. These unitary transformations in-
crease the degrees of freedom and, together with multiple
subtractions, allow us to generate states that are not reachable
otherwise.

As an example, we numerically probe whether the ex-
tended scheme up to two subtractions and rotations yields
a better—possibly perfect—generation of some states dis-
cussed earlier. For instance, we find that the states V)5 and
|W)e, which were not reached via a single subtraction, can
be generated by performing a unitary transformation after
the single-photon subtraction. Moreover, the states |V), and
|W), can be generated after two subtractions and two unitary
transformations, i.e., after two layers in Fig. 6.

The proposed computational method is based on multi-
variate polynomials and has a low computational cost after
every intermediate layer. This is the basis of our numerical
optimization and makes the polynomial for the final state
comparatively easy to compute. When explicitly obtaining the
final state, the main computational cost arises from finding
its probability amplitudes, which, however, can be done using
row vectors of polynomial coefficients of the final state. In
contrast, the approach [30], for example, would require the
reconstruction of the probability amplitudes after each uni-
tary transformation in the multilayer interferometer. Note that
similar expressions can be obtained for multiple projections.
The main limitation here is the reduction in the number of
modes after each projection. However, as mentioned before,
one viable extension could be the use of the projections to
n-photon states, with n > 1.

V. CONCLUSIONS

In this work, we established a classification scheme for
multiphoton states in multimode bosonic systems. Equating
the problem of factoring single-photon states, photon-pair
states, triplet states, etc., of a multiphoton state to the problem
of a factorization of multivariate polynomials led to distinct
classes of states concurring with the degree of polynomial
factorization. The base class is described via photons which
may be spread across all modes but are generated individ-
ually, presenting a surprising form of global factorization
property of individual photons. Other classes require the joint
multiphoton excitation; for example, irreducible photon pairs
corresponding to factors of quadratic polynomials that can-
not be factorized linearly. The most advanced class contains
one entirely irreducible polynomial which requires complex,
highly multiphoton processes to be generated, resulting in so-
phisticated quantum correlations. Importantly, the introduced
classes are shown to be invariant under arbitrary unitary mode
transformations.

Beyond the classification itself, we explored ways to gen-
erate states in each class via readily available experimental
techniques. Our studies include arbitrary linear networks in
combination with nonlinear components. For example, we
demonstrated that all states in the base class of linearly
factorizable states can be reached via photon addition and
unitary transformations in a multilayered setup. From this
base class, we showed how photon-subtraction schemes and
photon-measurement-induced nonlinearities render it possible
to transition to other classes of complex, irreducible states.

The introduced classification and relatively cheap com-
putational costs of the methods formulated in this work are
going to be useful to design optimal experiments with quan-
tum light. In addition, the fabrication of quantum devices can
benefit from the understanding of the state transformations
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available under nonlinear operations, together with the proper
architecture of linear optical interferometers [1,62-64] and
optimization methods [65].

Since the design of quantum states is a core step for most of
the ongoing photonic quantum technologies, our framework is
applicable across various scenarios, €.g., in quantum process
tomography, quantum communication, and quantum param-
eter estimation. Moreover, our scheme clearly shows which
kinds of states can be achieved with the available resources
provided by a setup. For instance, it shows how generalized
NOON states cannot be achieved with linear optics only.

Our work opens the possibilities for several future research
directions. For example, further work can include a refinement
of the structure of the proposed classes. Other methods from
algebraic geometry can be used for a deeper understanding of
the properties of quantum states in multimode interferometers.
Since our classes are invariant under unitary mode transforma-
tions, future studies will also produce a better understanding
of the relationship between the potentially delocalized field
excitations in terms of multiple photons and entanglement
across specific mode bases.
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APPENDIX A: CLASSIFICATION PROOFS

Lemma A 1. The numbers (ny, ny, .. ., ny) of degree 1, de-
gree 2, ..., degree N factors in Eq. (6) are well-defined for
any state W.

Proof. The complex polynomials C[xy, ..., xy] constitute
a unique factorization domain [[37], Thm. 2.8.12]. Thus, the
representation Eq. (6) is unique up to reordering the irre-
ducible polynomials and multiplication of scalar, nonzero
factors. The existence of the representation Eq. (6) for any
given state follows because factors of homogeneous polyno-
mials are homogeneous. The numbers n; correspond to the
number of homogeneous irreducible polynomials of degree i
in Eq. (6). By the uniqueness properties of factorizations, the
tuple (ny, ny, ..., ny) exists and is unique for any given state
|W).

Theorem A 1. For many-mode interferometers with M >
3, the number of nonempty classes corresponds to the number
of integer partitions a(N) [[67], AO00041].

Proof. The homogeneous polynomial pi(x,y,z) = x* +
y* — z is irreducible for any k € N (Fermat curve). For any
tuple S = (ny, ..., ny), with Zii x n; = N, the polynomial
P =p}'...py belongs to the class [1" ...N"]. Thus, to
any integer partition ) ;i X n; = N, the class [1" ... N"] is
nonempty. Therefore, the number of (nonempty) equivalence

classes coincides with the number of integer partitions when
M > 3.

Theorem A2. The class [1™ ...N"™] of a state |W¥) is in-
variant under transformations of a state |¥) by a linear
interferometer.

Proof. 1f |W) is transformed to |W') by a linear interfer-
ometer, described by a unitary matrix U of size M x M, then
the associated homogeneous polynomials py and py relate
as py (x) = py(Ux). The homogeneous polynomials py and
pw have the same class [1™ ... N"]: Consider the polyno-
mial pg of class [1™...N™] in its irreducible factorized
form [Eq. ((6). Any factor constitutes a homogeneous poly-
nomial. The degree of homogeneous polynomials is invariant
under invertible, linear transformations. Thus, a factorization
of py with tuple (ny, ny, ..., ny) can be obtained from the
irreducible factorization Eq. (6) of py. Assume one of the
homogeneous factors of py is not irreducible and is factor-
ized further. Then, using the inverse of the considered linear
transformations of variables, we achieve a factorization of
pw in the original variables with some tuple (1}, nj, ..., ny,).
Let k be the first index for which n; # ny. Then nj > n; by
construction. Subsequent factorization applied to each factor
(if necessary) yields a tuple (n}, n}, ..., ny) for py differ-
ent from (ny, ny, ..., ny), but this contradicts the uniqueness
properties of the irreducible factorization of py.

APPENDIX B: NONUNIVERSALITY OF THE SCHEMES
INVOLVING AN INTERFEROMETER
WITH A SINGLE ANNIHILATION

In this section, we will show that when the number of
photons N and the number of modes M are large, a single
annihilation operation cannot produce all quantum states of
N — 1 photons with M modes from states of type [1V]),. In the
following, C[x1, ..., x)]x denotes homogeneous polynomials
in Clxy, ..., xy] of degree k.

Theorem B 1. Consider the set [1V]y; € Clxy, ..., xp]n of
homogeneous polynomials of degree N with M variables that
factor into a product of homogeneous polynomials of degree
1. Furthermore, consider the operation

T, : [Ny = Clxi, ..., Xy
N N N
[T~ D v 1 pe (B1)
k=1 =1 k=l ket

for y € CV. Then the set
{Tp:yeC" pell™u},

is a true subset of C[xy, ...
large enough, i.e.,

, Xprlv—1, provided that M, N are

M+ N -2
MN + N — < 0.

M1 B2)

033062-9



DENIS A. KOPYLOV et al.

PHYSICAL REVIEW RESEARCH 7, 033062 (2025)

Proof. Any polynomial in [1V],, can be presented in the
form p = nszl(Ollka] + - - 4 opgpxar) With o € C. Its im-
age under 7, for y € C" has the form

N

N
Tp=Y [] vl +- +amexm).
i=1 k=1, ki

The expression contains MN + N parameters o, ¥; € C.
The space of degree N — 1 polynomials C[xy, ..., xy]y—1 has
dimension

M—1 N —1
dime (Clxi, ..., xplyv-1) = <( A;t(l )>
(M+N_2)M+N7%

_(M+N—2>N 1
M- V27 (M — DM=3(N — V-3

Here, the last relation denotes an asymptotic expansion which
has been obtained from the Sterling approximation of bi-
nomial coefficients as M, N both tend to infinity. As the
dimension grows asymptotically faster than the number of
parameters MN + N of T, p and the parameters enter in a
continuously differentiable way, the set

{T,p : yeCY pellVyl,

cannot cover all of C[xy, ..., xyln—1-

Theorem B 1 has the following implication for a linear
interferometer.

Corollary B1. If

(B3)

M+ N -2
MN + N — <0,
M—1

holds true, then a linear interferometer with a single annihi-

lation operation cannot produce all quantum states of N — 1

photons with M modes from states of type [1V]y,. Condition

Eq. (B3) is asymptotically fulfilled when the number of pho-

tons N and the number of modes M both become large.
Remark B 1. For concreteness, some values of

MN + N —dimc (Clxy, ..., xpln-1),

are reported in the following:

B M=2M=3M=4M=5M=6 M=T7T]
N=2 4 5 6 7 8 9
N=3 6 6 5 3 0 —4
N=4 8 6 0 —11 =28 —52
N=5 10 5 -10 —-40 -91 170
N=6 12 3 -26 —-90 —-210 -—414
N=7 14 0 —49 —168 —413 —868
N=8 16 -4 =80 282 736 —1652
N=9 18 -9 —120 —441 —-1224 -2931
N=10 20 —15 —170 —655 —1932 —4925
N=11 22 —22 =231 =935 -2926 —7920

IN=12 24 —30 —304 —1293 —4284 —12280|

(B4

At negative values, the statement of Proposition 3 and The-
orem A 1 hold true. No claim is made for ranges of (M, N),
where values are non-negative.

APPENDIX C: NUMERICAL OPTIMIZATION

Here, we present the numerical scheme for studying the
desired state generation in a scheme depicted in Fig. 4(a). This
scheme consists of two parts: (i) the generation of the state
[¥); in the class [1VF!]), via the photon additions and unitary
transformations, and (ii) the generation of a final state |), o
a|yr); via the single photon subtraction. Therefore, the task of
obtaining the target state |y) is reduced to the determination
of a proper initial state |), in [1V*!]);, which can be done
with the use of numerical multivariate optimization methods.

Our optimization scheme is the following:

(1) Instead of the determination of matrices U, in
Fig. 4(a), we use the multiset I' (V. x M complex parameters
)/j’f) to parametrize the state | (I"));, Eq. (9).

(2) The action of the annihilation operator gives us the
state |,(I)) = Naly (D)),

(3) As aloss function, we use £(I') = 1 — F, where F =
[{(Wra (D)7 )|? is a fidelity function.

(4) For the numerical realization, we use the Optax library
[68] of the JAX framework [69]; the optimal parameters y;
for a given target state |); are obtained with a stochastic
gradient descent-based optimizer.

(5) So far as the gradient-based methods depend on initial
conditions, in our simulations, the optimization was per-
formed for 5000 randomly generated initial conditions for
multisets I".

Note that the single subtraction does not allow us to gener-
ate any desired state (see the proof in Appendix B); therefore,
the loss function can be nonzero.

For the projection scheme, Fig. 4(b), the optimization pro-
cedure is similar to the subtraction one. The main difference
is the intermediate state |y);, which belongs to the class
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