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Quantum simulation of wave optics in weakly inhomogeneous media using block encoding
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We propose a quantum algorithm that simulates the propagation of a light field through a weakly inho-
mogeneous medium. In the paraxial approximation, the wave equation in an inhomogeneous material takes
the form of the Schrodinger equation with a time-dependent Hamiltonian. This reduction is used to simulate
wave optical dynamics on a quantum computer. Beam propagator operators for a short propagation distance are
constructed using an efficient and flexible block encoding that enables the simulation of various optical setups.
The algorithm is showcased by simulating the propagation of a one-dimensional Gaussian beam through a lens
of finite thickness, and the resulting spherical aberration is demonstrated.
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I. INTRODUCTION

In recent years, quantum computers have received signif-
icant attention because of their potential to advance various
fields and technologies including simulation [1,2], cryptog-
raphy and communications [3], machine learning [4], and
many more [5-9]. In particular, the simulation of physical
systems was among the very first proposed applications of
quantum computers [10] and has remained central to quantum
computing research ever since [11,12].

Quantum algorithms have been introduced for solving lin-
ear systems [13] and differential equations [14]. In some
cases, these algorithms can exponentially improve the perfor-
mance of simulations compared to their classical counterparts
[5], once a fault-tolerant quantum computer is available
[15-18]. On the algorithmic side, much work has been done
on fundamental primitives such as linear combination of uni-
taries [19], qubitization [20], quantum signal processing, and
quantum singular value transformation [21]. These efforts
have converged to a unified formalism [22], gathering many
of the known quantum algorithms under one common frame-
work using the notion of block encoding [20]. Quantum signal
processing using block encoding has been shown to achieve
optimal computational complexity in the time-independent
Hamiltonian simulation problem [20,21].

Nevertheless, a robust quantum algorithm for simulat-
ing wave optics has not been proposed so far. The diverse
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applications of wave propagation algorithms range from de-
signing optical waveguides, lasers, and integrated circuits to
biomedical optics and imaging [23-27]. In modern optical
engineering, there is an increasing need for more accurate
simulations of beam propagation in complex structures where
the precise control of light is essential. These simulations
require significant memory and processing power; improv-
ing their performance is therefore highly desired [28-30].
Quantum computers are potential candidates to reduce these
computational costs. Quantum registers store a field dis-
cretized at N spatial points in only log, N qubits. This
efficiency in storage can potentially lead to exponential
improvements in the performance as well, since quantum
algorithms operate on a logarithmically smaller number of
memory units compared to classical algorithms. Finding such
efficient quantum algorithms for domain-specific applications
is a key objective of quantum simulation research.

Previous works presented quantum algorithms for cal-
culating the electromagnetic scattering cross section [31],
performing quantum beam propagation in homogeneous me-
dia [32], and simulating quantum optical systems [33]. In
this work, we simulate wave optics on quantum comput-
ers by solving the Helmholtz equation for a scalar field
in a medium with a slowly varying refractive index. The
simulator is implemented using an efficient and flexible block-
encoding structure that can be tuned to simulate the effects
of various optical elements on an incident light beam. The
implementation uses an ancillary quantum register to con-
struct block-encoded phase shifters acting on a target register.
Using a split-step technique [34], these phase shifters are used
along with quantum Fourier transform (QFT) subroutines
[35] to simulate wave propagation in the paraxial approxi-
mation. The ancillary register only needs log, N qubits, and
the gate complexity of the simulator up to an error € defined
using the spectral norm is quadratic in the simulation time
O(T?/e). Therefore, this algorithm establishes a significant
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improvement in computational capacity for high-precision ap-
plications.

Section II discusses the reduction of the Helmholtz equa-
tion to a time-dependent Hamiltonian simulation problem. In
Sec. III, the block encoding of phase propagators is intro-
duced and its relation to Hamiltonian simulation is discussed.
Finally, Sec. IV presents the simulation of a Gaussian beam
incident on a plano-convex lens using the phase propagators.

II. PRELIMINARIES

A. Paraxial wave optics in weakly inhomogeneous media
as a Hamiltonian simulation problem

The scalar wave equation for a field u(r, @) propagating in
a weakly inhomogeneous medium is

V2u(r, w) + k*(r, o)u(r, ) = 0, (D

known as the Helmholtz equation [36], where

2
K (r, w) = Cz—ze,(r, ®) )

is the squared wave number. Here, w, ¢,, ¢, and V2 are, re-
spectively, the angular frequency of the monochromatic wave,
the relative permittivity of the medium, the speed of light in
vacuum, and the Laplacian operator. Equation (1) describes
the propagation of a wave in an isotropic, dispersive, and
inhomogeneous material as long as ¢,(r, @) varies slowly as a
function of the spatial coordinate r, that is,

Ve me) 1 3)

&r(r, ) A

where A is the wavelength. In our discussion, we consider the
case of a monochromatic wave and leave out the @ depen-
dence of ¢, from now on. We also assume that the radiation
is localized in the momentum space and apply the paraxial
approximation. Without loss of generality, we choose the z
coordinate axis to align with the optical axis. After these
assumptions, the solution to Eq. (1) takes the form

u(r) = v(r)e®, 4)

where k = (k(r)) is the wave number averaged over the vol-
ume of the simulation space. Inserting this ansatz into Eq. (1)
leads to the following differential equation for v(r):
Dot v+ KO0 )
i—v(r)+ =Viv()+ ————v({) =0,
9z 2% * 2k

where V2 = aa_; + % is the transverse Laplacian operator.
Since we chose the z axis to match the direction of prop-
agation, we can separate the transverse coordinates r; =
xe, + ye, and the propagation coordinate z = ct to rewrite the
differential equation as

1o L KR (t;ry) — K
i-—v(;r)+ —=Viv#t;r,))+ ———v(t;r; ) =0.
c ot 2% 2k

(6)

This equation is a first-order differential equation in time and
resembles the form of the Schrédinger equation

a -
iﬁglv(t)) = H(1)[v(@)), (N

where

(rijv@®)) = v(t;ry), ®)

and the Hamiltonian of the system is

N h -
A(t) = — (P + P2 — = (5.9 — ) )
2hk Y 2k

= K(px, py) +V(1: 5, 9), (10)

where K and V are the kinetic and potential energy terms.
This shows that the problem of beam propagation in weakly
inhomogeneous media reduces to a time-dependent Hamil-
tonian simulation problem and hence can be solved using a
quantum computer. Note that the potential energy term in the
Hamiltonian is time dependent (or equivalently z dependent
in this case) because the propagating beam interacts with a
varying refractive index during the propagation.

A simulation algorithm starts with a field distribution in the
transverse plane |v(0)) at the initial time + = 0 and evolves
the field after propagating for time 7', or distance z = cT,
in the direction of propagation to compute |v(7)). The time
dependence of the Hamiltonian and the noncommuting kinetic
and potential energy terms in Eq. (10) make this computation
nontrivial. We use a split-step method [34] to perform the
computation on a quantum computer by dividing the evolution
time into a number of small time steps and executing the
corresponding unitary steps sequentially.

Let us partition the total evolution time from ¢ =0 to
t =T into N, equal intervals At = T /N, and define the time
grid t; = jAt. Assuming that Az is small and using the first-
order Trotter-Suzuki formula [37], we can approximate the
total time evolution operator (setting = 1) as a sequence of
evolution operators for time At. For each time step, we use
a midpoint approximation by choosing t;1, to evaluate the
Hamiltonian in the time window [z}, ;4] that leads to

N—1 . . T2
O(T,0) = [ e KdeVammar 4 0<ﬁ). 11
j=0 !

This means that, to execute the time evolution, we need to se-
quentially apply unitary propagation steps of the form e=*A4
and e~V A (o the state |v). The kinetic energy part K is not
a function of time and is a simple quadratic function of the
transverse frequency. Therefore, ¢~ KA1 can be efficiently im-
plemented using standard diagonal unitary synthesis and QFT
subroutines [32]. However, the potential energy part V (¢; X, 9)
is in general changing with propagation time and can be
an arbitrary function of transverse coordinates. In Sec. III,
we construct block-encoded operators that implement such
unitary potential energy propagators and use them to realize
U(T, 0). The block encoding is efficient for implementing a
phase operator exp(i f (X)) under two conditions: (1) the norm
of the phase ||f(x)||; should be small and (2) there should
be an efficient state preparation unitary for the state ¢(x)
such that f(x) « |¢(x)|2. Condition (1) is naturally fulfilled
in the wave propagation problem discussed here, because in
order for the split-step approximation in Eq. (11) to be valid,
the time step Af needs to be small, leading to small local
phases f(x) = —V(¢;x)Ar at each time step. Condition (2)
remains as a requirement for efficiency, meaning that the
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proposed simulator will be efficient if the geometry of the
simulation problem leads to refractive index distribution pro-
files for which we can find efficient state preparation unitaries.
Although state preparation is not efficient in general, there
are large classes of states relevant to optics (e.g., smooth
functions with bounded derivatives) that have efficient initial-
izers [38—41]. Therefore, the block-encoding construction is
suitable for implementing the evolution operator in Eq. (11).
These conditions are discussed further in the following sec-
tions and the detailed analysis of the error scaling is included
in Appendix C.

It is also worth mentioning that we have used the first-order
Trotter formula in this discussion because of its simplicity.
However, it is possible to use more advanced methods such
as higher-order Trotterization [42] or Dyson series [43] to
achieve a more favorable scaling of the time discretization
error with A¢. Our main objective in this work, however, is
to implement evolution operators for a small step size using
block encoding, which then can also be used in other time
discretization schemes.

B. Block encoding

Before presenting the main results, we briefly review the
notion of block encoding. Block encoding is an intuitive and
useful way to model nonunitary operations on quantum com-
puters. The formal definition of block encoding is given in the
following. The presentation follows [21].

Definition I (Block-encoding). A unitary operator Uy is
called an (¢, a, €) block encoding of the (not necessarily
unitary) operator A if

1A — (0% ® DUA(I0)** @ D] < €. 12)

As an intuitive example of the above definition, an exact
block encoding of A (¢ = 0) takes the form

Uy = <A/a *) (13)

* *

meaning that A occupies the top left block of Uy, and %
indicates that the exact values of the other blocks of U, are not
important as long as Uy is a unitary operator. If A were unitary
and we knew how to construct it on a quantum computer, we
could directly apply it to a register |/) to achieve the result

Alv). (14)

However, since A can be nonunitary, A|Y) is not necessarily
normalized, and thus we can only hope for probabilistic access
to it. The block-encoding U, provides such probabilistic ac-
cess. In this example, an a-qubit ancillary register is added to
the primary register to form [0)®¢|v) and the block-encoding
U, acts on the combined register

2aAlY)

Ual0)®|y) = |0) — T s)

where ({(0|®¢ ® I)|L) = 0. If we postselect on the a-qubit
ancillary register being in the zero state, the primary register

—— — gy
||Oi Ug Uo) qu

FIG. 1. Schematic circuit representation of the block-encoding
unit for the phase protocol.

is projected onto a state proportional to A|yr), meaning that
the ancillary register flags the success case. The probability of
success of the postselection is

Puuccess = #(xlflA*Alw)- (16)
Note that any unitary operator is trivially a (1,0,0) block en-
coding of itself; hence, using the block-encoding framework,
we can extend the analysis of quantum algorithms beyond
unitary operations by allowing for ancillary registers, prob-
abilistic success, and flagging of the success case.

III. RESULTS

In order to implement potential energy propagators in the
time evolution operator in Eq. (11), we first construct a block-
encoding unit for a generic phase operator

. 2 -

elgAkP(X)I [x) x| a7
for a small coefficient A and a normalized wavefunction ¢ (x).
Then, we discuss under what conditions this block-encoding
unit can be repeated to synthesize the phase propagator

. 2

et;altﬁ(X)I [x) (x| (18)
for larger coefficients o with high accuracy. Because the uni-
tary propagators e~V VA" from Eq. (11) are diagonal phase
operators in the position basis and the phase V (¢; x) At is small
at each time step, we expect this block-encoding structure
to efficiently implement the propagator using only a small
number of iterations by choosing appropriate A and ¢(x)
parameters. Hence, together with the kinetic propagators, the
block-encoding unit realizes a single time step of the unitary
evolution for a small step size, and this structure is then
used in iterations to simulate arbitrarily long dynamics. The
circuit representation of the block-encoding unit is presented
in Fig. 1. Here, Uy is an amplitude oracle unitary that prepares
the state |¢) in the n,-qubit ancillary register

2]
Usl0) = [¢) = Y p(x)lx), (19)
x=0
and U (0) is defined as a conditional phase operator
&ly)l), forx=y
U@ = ’ ’ 20
©O)1y) ) {|y>|x>, fxzy QO

The block encoding uses the ancillary state |¢) to apply the
¢ PP phase to the n,-qubit primary register |x).

As we will show in the following, the U (6) operator is very
efficient, requiring only O(n,) gates for its implementation.
Therefore, the efficiency of the block encoding is determined
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FIG. 2. Implementation of the conditional phase operator U (9)
for three-qubit input registers, using zero-controlled CNOT gates and
a doubly controlled phase gate.

by the gate complexity of the Uy operator. The main advantage
of using this block-encoding structure is that it reduces the
problem of diagonal phase operator construction to finding Uy
initializers for the corresponding phase distribution. Hence,
the efficiency of our algorithm hinges upon efficient initializer
circuits Uy. However, the strength of this approach is that any
phase profile, for which the corresponding state amplitudes
can be efficiently prepared, is directly mapped to a unitary
phase operator and can be treated efficiently by our algorithm
to simulate wave propagation in a geometry with a given
refractive index structure.

The construction of state preparation unitaries for specific
states is a topic of ongoing research, and a full charac-
terization of the efficiently preparable classes of functions
remains elusive. In optics and many other scientific applica-
tions, the phase distributions usually belong to the class of
smooth functions with bounded derivatives, and one can use
techniques based on matrix product states [38,39] to prepare
the states efficiently. Specific state initializers for particularly
common states such as Gaussian distributions have also been
reported in the literature [40]. Periodic distributions such as
sine- or binary-type gratings can also be implemented by first
preparing the Fourier spectrum of the function followed by
an inverse QFT [41]. For an overview of the state prepara-
tion problem and the representation of data on a quantum
computer, see Refs. [5,44]. These examples already show that
many interesting real-world applications can be implemented
using our algorithm, and the approach directly benefits from
advances in the state preparation problem.

The role of the U (9) operator is to establish the necessary
entanglement between the registers to achieve the desired
phase transformation. This operator is implemented using
O(n,) elementary gates. The general implementation of the
operator for arbitrary n, is discussed in Appendix A. However,
as an example, the implementation for n, = 3 is presented in

Fig. 2, where P(0) = [(1) e([)y] is the elementary phase opera-
tor.

The efficient O(n,) gate complexity means that, in most
cases, the U (0) operator will not be the limiting factor in the
performance of the protocol, considering the usually higher
gate complexity of the state preparation unitary Ug. Also,
when the protocol is used together with the QFT, e.g., in most
simulation problems, the performance will be limited by the
higher (’)(n;) gate complexity of the QFT.

Direct calculation (Appendix B) of the output of the circuit
in Fig. 1 shows that the circuit is a (1, ny, 0) block encoding

of the operator
v .0
A0) = I + 2ie'* sin§;|¢(x)|2|x)(x| Q1

such that the following transformation is performed by the
circuit:

Ual0)®"|yr) = |0)®™A@)|¥) +|L). (22)

The success probability of the operation (namely, the proba-
bility of the ancillary register being |0)) is

Puccess = (WIAT(0)A0) 1Y)
> 1 —si 29 (23)
> sin 3

If we take the phase to be small, # = A < 1, then the operator
becomes

AD) =T+iA) " 1¢@)P1x) (x| + O(A%)

iAY g |x) (x|
X + O(A?) (24)

=e

in the first-order approximation in A, where the success prob-
ability of the operation is

Poyccess = 1- O(Az)' (25)

Starting with the primary register in the state |y) =
>, ¥(x)|x) and applying the block encoding to it, we effec-
tively imprint a phase onto the state as

V) =Y @) — 1Y)~ Y w20, (26)

with arbitrarily high probability. The circuit in Fig. 1 is thus a
(1, ng, O(A?)) block encoding of the operator

iA Y 1) e (x|

e 27)

Hence, if we postselect the success case and repeatedly apply
the circuit m times, we implement the operator
el%ﬁﬂf\tﬁ()ﬂ)\ IX>(X\’ 28)

where @ = mA, and the error of this implementation is € =
O(mA?) = O(a?/m). Therefore, the repeated application of
the block-encoding unit is efficient when the phase coefficient
« is not too large. Given a phase coefficient o, the number
of iterations needed to achieve an error less than € is m =
O(a?/e).

This allows for the implementation of the time evolution
operator in Eq. (11) as

N—1
OT.0)=[[e eVt pay. (29
j=0

thre €t = O(T?/N,) is the total simulation error, and the
e~ VWAL gperators are implemented using the block-encoding
construction by choosing suitable ancillary states |¢) and
phase coefficients « corresponding to the desired phase pro-
files V(¢;x)At at each time step. The requirement of the
protocol on the A parameter to be small also fits well with the
assumption of small At in the Trotter scheme used to simplify
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FIG. 3. Schematic visualization of the simulation setup. The
beam propagates in the z direction.

the total time evolution unitary, which leads to no more than
m = O(1) iterations of the block-encoding unit to realize the
potential propagator at each time step. See Appendix C for a
detailed analysis. This means that, in order to perform a time
evolution for total time 7 with a maximum tolerated error
€0, We need O(T?/e) iterations. Also note that the block
encoding in Eq. (24) directly implements the first-order Taylor
expansion of the unitary
. 2

el;A|¢(X)I [x) (x] (30)

and therefore does not require using advanced Hamiltonian

simulation techniques such as quantum signal processing
[21.,45].

IV. SIMULATIONS

To showcase the algorithm, we simulated the propagation
of a one-dimensional Gaussian beam in a two-dimensional
setup passing through a spherical (plano-convex) lens [46,47].
We assume the paraxial approximation and align the z axis
with the propagation direction. The lens is expected to cause
the beam to focus at a certain propagation distance after the
lens. The lens has a finite nonzero thickness, and due to the
spherical shape of its surface, spherical aberration is expected
to appear. The lens is also assumed to be lossless; therefore,
it only imprints phases on the incident beam. The schematic
plot of the setup is shown in Fig. 3.

Following the split-step procedure described in Eq. (11), in
order to perform the simulation using the protocol, we cut the
lens perpendicular to the propagation axis and approximate it
as a stack of thin rectangular layers of material. This proce-
dure is shown in Fig. 4. Note that the propagation distance z
and the elapsed time are interchangeable according to z = ct.

This allows us to propagate the beam through the lens step
by step by sequentially applying a rectangular phase profile

to the field (in the real domain) and propagating it for the
thickness of each layer (quadratic phase profile in the Fourier
domain). For the phase corresponding to each layer of ma-
terial in the real domain, the ancillary state |¢) is chosen as a
rectangular state whose width is calculated using the curvature
of the lens surface, and the phase coefficient « is chosen such
that the part of the field passing through the material picks
up a phase equal to Af = (n — 1)kyl, where n, kg, and [ are,
respectively, the refractive index of the material, the vacuum
wave number, and the thickness of each slice (Fig. 5).This
particular approximation is not the only possible choice and
is used here for its simplicity. We note that the ability of
the phase protocol to tune the applied phase profiles provides
great flexibility to design and explore various possibilities for
such simulations. This flexibility is showcased in Appendix D,
where several other lens structures are simulated.

Moreover, the kinetic energy part of the Hamiltonian that
simulates the propagation of the field along the z axis is im-
plemented in three steps [32]: (1) applying a QFT to the state
|v), (2) applying the paraxial-approximated transfer function
(a quadratic phase) to the Fourier transform of the field as

2

Holky) = e '3, G1)

where k; is the transverse spatial frequency and z is the
propagation distance, and finally (3) applying an inverse QFT
to retrieve the propagated field in the real domain.

We ran the simulation with the wavelength, initial Gaussian
beam waist, refractive index, radius of curvature, and number
of qubits given, respectively, by A = 1 um, wg = 25um, n =
1.25, R = 50 um, and n, = 7. The result of this simulation is
presented in Fig. 6.

Summarizing our observations from Fig. 6, our results
reproduce the expected focusing of the beam, and we see the
interference of out-of-phase refracted components of the wave
before reaching the focus, which is an aberration expected
from a thick lens with a spherical surface. Furthermore, it
is also known that these aberration effects will decrease if
we change the orientation of the lens such that the incident
beam hits the convex surface first. To showcase the flexibility
of this simulation protocol, we performed the simulation in
the reverse orientation and several other cases, such as lenses
with parabolic surface curvature, and the results are presented
in Appendix D.

Next, we characterized the performance of the quantum
simulation. The most important parameter for the perfor-
mance is the maximum allowed phase step Ap,x in the block
encodings in Eq. (24), which corresponds to the time step size
in the simulation. For benchmarking the effect of A, we
ran simulations keeping all the parameters fixed except for
Anmax, Which was varied over the range [0.001, 0.2], and an-
alyzed two metrics: accuracy and probability of success. The
expectation is that decreasing A, leads to higher accuracy

[ I
E| 1
{ 1.
I 1.

(a) Original lens

(b) Slicing

(¢) Rectangular approximation

FIG. 4. Slicing the lens and approximating it by a stack of rectangular layers with a fixed thickness in the propagation direction.
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f(x)

A6 = (n— 1k,l

X

(b)

FIG. 5. The phase difference that each layer of the material imprints on the incident beam, depending on whether the corresponding part
of the wave in the transverse axis passes through the material or propagates through the vacuum outside the material. (a) The geometry of a
slice of the lens. (b) The corresponding relative phase ¢/ that each slice of the lens imprints on the incident beam in the real domain.

and also higher probability of success at the cost of more
simulation steps, i.e., larger gate count and simulation time.

For measuring the accuracy, we calculated the fidelity be-
tween the output state of the quantum simulation and the state
resulting from classical calculations at a fixed propagation
distance z ~ 200 um. The classical simulation was done by di-
rectly multiplying the incident light field by the corresponding
phases from the simulation scheme in Eq. (11) and using clas-
sical discrete Fourier transforms for the kinetic energy terms.
The reason that the accuracy is defined in this way is to keep
other errors such as the midpoint approximation of the time-
ordered operator and the split-step error the same between the
classical and quantum cases. With that, we isolated the effects
of the errors explicitly resulting from the block-encoded phase
operators of the quantum simulation protocol. The result is
shown in Fig. 7(a).

From analytical calculations (Appendix C), we expect the
error to scale as € = O(Apax). Therefore, the fidelity as a
function of A.x behaves as

F=1-0@")=1-0(A0).

max

(32)

and this is confirmed by fitting a quadratic function to the
fidelity in Fig. 7(a) for small values of Ap,x. Note that the

350
0.200

0.075

300 ==+ Beam waist
Lens’ surface 0.175

= 250 === Fo.cal.poi.nt
g Principal plane 0.150
=
3 z
g 200 0.125°Z
2 2
5 E
= 0.100 —
2150 s
5 =
<
ol
2
A

=
S

0.050

LR --------- -2t -
20 40 60 80 10

0

0.025

0.000

Transverse position (um)

FIG. 6. The result of the quantum simulation of a Gaussian beam
incident on a plano-convex lens. For this simulation, the maximum
phase step was Ap,x = 0.01 and the lens was sliced into 10000
layers.

fidelities are calculated in the case of successful postselec-
tions. To fully characterize the simulation protocol, we should
also analyze the success probability. The total probability of
success as a function of small A,y is

Poyccess = 1 - 0(6) =1- O(Amax)v (33)

meaning that for small A.,x we expect a linear behavior,
which is seen in Fig. 7(b). We conclude the discussion by
mentioning that, although it is not straightforward to calculate
an exact practical value for A, to achieve high accuracy
for a particular simulation problem, it can be said that as
long as the probability of success is high, i.e., postselections
are successful, we know that the accuracy will also be high.
This makes the success or failure of the postselection process
a measure of the accuracy of the simulation as well. In a
real-world application, one can start with a reasonable value
of A« and adapt by tuning it to smaller values if a simulation
trial fails.

V. CONCLUSION

In this work, we discussed how the problem of optical
wave propagation in a weakly inhomogeneous medium in
the paraxial approximation is reduced to a time-dependent
Hamiltonian simulation problem. We then introduced a block-
encoding structure that enables the implementation of unitary
time evolutions accurate to the first-order approximation in
propagation time. The method is highly flexible since the
Hamiltonian is programmed in the quantum computer using
an amplitude oracle that prepares the wavefunction corre-
sponding to a given phase profile. The problem of unitary
phase operator synthesis is therefore mapped to the state
preparation problem. This modularity allows for the sim-
ulation of optical elements with various refractive index
distributions, as long as the corresponding phase profiles can
be prepared efficiently in a quantum register, and any im-
provement to the gate complexity of the state preparation part
is directly transferred to the block-encoded phase operators.

The simulation algorithm is exponentially efficient in
memory consumption, requiring O(log N) qubits for a dis-
cretized light field with the grid size of N in the transverse
plane. A similar improvement (polylogarithmic scaling with
N) for the circuit depth is also possible for simulations involv-
ing refractive index distributions that are efficiently preparable
in quantum registers. This condition is fulfilled by a large class
of relevant scientific applications where the refractive index
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FIG. 7. Characterization of the error and the performance of the quantum simulation. (a) The fidelity between the resulting wavefunction
from the quantum simulation and the classical numerical result obtained by directly multiplying the field with the phases (calculated at
z &~ 200 um), postselecting successful outcomes. The quadratic fit is taken over the range Ay € (0.001, 0.1). (b) The probability of success
of the quantum simulation, that is, the probability of all postselections leading to the desired outcome; the linear fit is taken over the same

range. In these simulations, the number of qubits was n, = 6.

distribution is smooth and bounded in its derivative. Notably,
the number of times that the block-encoding construction is
needed for the simulation grows only linearly with the number
of time steps. Therefore, the block-encoded implementation
does not add further computational complexity in terms of
the simulation time beyond what time discretization already
requires for achieving a desired accuracy. Meanwhile, the
block-encoding subroutine at each time step can potentially
be implemented using a number of gates polylogarithmic in
the grid size N. This efficiency promises quantum advantage
for a range of high-precision applications. We also showcased
the algorithm by simulating a simple wave optics experiment,
that is, the focusing of a Gaussian beam by a lens.

It must be pointed out that the simulation protocol de-
scribed in this work will not be efficient if the objective is to
extract the complete propagated field for a given propagation
distance, because the output is computed as wavefunction
amplitudes in a quantum register. Trying to extract the field
intensity from this quantum register by direct measurement
will inevitably lead to losing the quantum speedup. Recon-
structing the output field via state tomography results in the
same issue. Instead of direct measurements on the output
register, one has to choose a particular observable and only
extract information about that. This is, however, not a draw-
back specific to this protocol but a general consideration for
many quantum numerical solvers. Nevertheless, focusing on
one observable can still be very beneficial, for example, in
an optical design application where the observable can be the
coupling efficiency, mode overlap, or a Zernike coefficient
that needs to be minimized or maximized for an application.

As an example of a concrete readout procedure, we discuss
the estimation of the mode overlap of the final output field
with a target mode, a common problem appearing in optical
applications such as fiber coupling. We propose to estimate
the mode overlap using the swap test [5]. The swap test takes
the register containing the result of the quantum simulator
|[v(#)) as one of its inputs, while the other input is initialized

in a reference state |y,), which, for example, can be the
fundamental mode of a fiber approximated as a Gaussian field.
Measuring the test qubit |g;) after the execution of the swap
test subroutine (Fig. 8) results in the probabilities pg and p; of
the qubit being in states |0) or [1), and pg — p;, which is the
expectation value of the Pauli-Z operator on the test qubit, is
an estimate of the overlap of the two states | (¥, |v(¢))|?, which
is exactly the coupling efficiency to the corresponding fiber
mode. Note that since the estimation only needs measuring
one qubit, the number of times needed to repeat the process
to estimate the overlap to within an error € is N, = O(1/€?),
independent of the number of qubits in the original register
[v(z)). In this way, state tomography is not performed but
the relevant information is efficiently extracted. The ability
to efficiently simulate the propagation of a light field through
optical elements and to estimate design loss functions can
greatly enhance iterative design processes and allow for rapid
optimization of the design of optical systems.

While the simulation algorithm introduced here, in its cur-
rent form, is limited to small numerical apertures and cannot
yet treat polarization, it shows not only that quantum-enabled
optical system design is feasible, but also that exponential
speedup is a possibility. We expect our work to motivate
the optics community to consider quantum computing as
a promising platform for optical simulation and to further
investigate the utility of recent developments in quantum algo-

) —{H|3H
[v(t))
%)

FIG. 8. The swap test for estimating the overlap of two quantum
states. The qubit |g,) starts in the |0) state, and the measurement is
done in the computational basis.
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rithms such as block encoding and quantum signal processing
for advances in the field.
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APPENDIX A: IMPLEMENTATION OF THE
CONDITIONAL PHASE OPERATOR

Here, we provide the details of the implementation of the
U(0) operator introduced in Sec. III. The implementation
needs O(n,) gates, where n, is the number of qubits of each
of the input registers.

The operator is defined in terms of its action on the com-
putational basis states as

i0
U@ = {fy>'|§>>{x>’

forx =y,

for x # y. (al)

The goal is to implement this operator by decomposing it
into elementary single- and two-qubit gates. The key to its
implementation is that the condition x =y in Eq. (Al) is
realized when all corresponding qubits of the registers |x) and
ly) are in the same state. If we represent the basis states of
each register as the tensor product of the underlying qubits,
we have

Ix) = |xn,—1) - - - [x1)x0), (A2)

and similarly

[y) = [Yn,—1) - -~ [y1)1y0) (A3)

where x; € {0, 1} and y; € {0, 1} are the bits of the binary
representations of x and y. The condition x = y is equivalent
tox; = y; forall j.

The equality of each qubit pair can be checked via elemen-
tary unitary operations. To check the condition x; =y;, we
should calculate the flag bit z; = y; ® X;, where @ is the XOR
logical operator and the overline in X; represents the logical
NOT operation. The flag state |z;) = |y; @ X;) can thus be
computed using a CNOT gate acting on the [y;) qubit with
|x;) as the control qubit and control state O,

CNOTo|x)|y;) = Ixj)ly; @ X)) = [xj)lz;). (A4

Using n, cnoty gates, we can compute all the flag bits z;; a
multicontrolled phase gate P(6) with the phase parameter 6
acting on the |z;) qubits then applies the phase to the state if
all the |z;) qubits are |1), which is equivalent to the condi-
tion x = y. Finally, the temporarily computed |z;) states are
uncomputed by applying the same CNOT gates again.

ly) P D
[Po)]
b— P(0) P
|z) {

FIG. 9. Implementation of the conditional phase operator U (8)
for three-qubit input registers. This is the same circuit as Fig. 2,
repeated here for convenience.

As an example, the implementation for the case of three-
qubit quantum registers (n, = 3) is presented in Fig. 9.
Despite the appearance of the circuit structure, the U (6) op-
erator is in fact symmetric with respect to the exchange of its
input registers, as is clear from Eq. (A1).

As we see in this implementation, we need 2n, CNOT gates
(ng to compute the flag bits and n, to uncompute them) and
one multicontrolled phase gate acting on n, qubits. Because
the multicontrolled phase gate can be implemented using
O(ny) gates [35], the total gate complexity of the U(6) op-
erator is O(ny).

APPENDIX B: DERIVATION OF THE BLOCK ENCODING

Here, we discuss the derivations of the results presented in
Sec. III in detail. The discussion includes the block encoding
of the operator

T 0 2
AO) =1 +2ie'2 sin ;|¢(x)| ,, (B1)
its approximation for = A « 1:
iAY ¢ |x) (x|
AN ~ e z , (B2)

and the case of its iterative application.

Let us start by finding a useful representation of the con-
ditional phase operator in Eq. (Al). The operator can be
rewritten as

U=y | |M+) M, ||,
X y#X

(B3)

where [T, = |x) (x| is the projection operator that projects vec-
tors onto the |x) basis state. Using the completeness relation
>, Iy =1, we have

P 0
Uu@®) = Z |:I+2ze 2 s1n§ Hx] ® I1,. (B4)

To simplify the notation for the following derivations, we
define U, = I + 2ie'? sin ¢ I, and rewrite Eq. (B4) as

Ue)=> U I, (BS)
This operator does not contain any reference to the ¢(x) state,
and therefore it is not capable of applying x-dependent phase
profiles. We need to involve the U, operator to form the

complete block encoding. Uy is defined such that it prepares
the |¢) state from the zero state, |¢p) = Uy|0). Note that this
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definition does not uniquely identify U, because its action
on other computational basis states, Uy|j), is not specified.
However, only the action on the zero state will be relevant
in the overall block-encoding construction, and therefore any
U, fulfilling |¢) = Uy|0) is sufficient for the implementation.
Let us now construct the complete block-encoding unitary U
including the Uy and U; operators acting on the ancillary
register

U=U@DUO)NUs®1)
=> UJUU; ®T1,. (B6)

This means that the unitary U is a block encoding of the
following operator:

A@0) = (0l @DHU0) ®I) (B7)
= Z((OlU;UxU¢|O))HX (B8)

=) (1 +2ie' sin% |¢(x)|2) M, (B9

.0 0 2
=1 +2ie" sin 5 XX:WX)' I, (B10)

which is equal to the operator we wanted to construct
[Eq. (B1)]. The probability of success of the postselection, as-
suming that the primary state was initially [¢/) = Y ¥ (x)|x),
is

Paceess = (WIAT(O)AO) )

0
=> |1/f<x>|2(1 — 4sin’ 2 |p0)*(1 — |¢(x)|2>>

(B11)
2. 20
=1—4I"“sin 3 (B12)
>1—si 29 (B13
= sin 5, )
where

1

2 _ 2 201 _ 2 1
"= % YOI [0 (1 — p(x0)[7) < 1 (B14)

is a constant that depends on the initial state and the applied
phase profile. Furthermore, the wavefunction after postselec-
tion is
|1//’) = M
\% PSL[CCCSS

We can thus say that the operator U in Eq. (B6) is a (1, n, 0)
block encoding of A(8) in Eq. (B1), which concludes the first
part of our derivation. Next, we investigate the condition that
brings the A(0) operator into the form of a diagonal phase
operator.

In the approximated case of 8 = A « 1, the block-
encoded operator is

(B15)

A) = & EPT L oA, (B16)

therefore, the same operator U is a (1, n, O(A?)) block en-
coding of

iAY P 1x) (x|
% . (B17)

The error of this implementation, defined using the spectral
norm, is

A(A A Y 1)1 1) (x|
‘= H_( ) Y 0 BIY
\% PSUCCCSS
and the probability of success is
Pouccess = 1 — O(Az) =1- O(G), (B19)

which concludes the second part of the derivations.
For the final part of the derivations, we investigate the
computational complexity of realizing the phase operator
i fOlx) (x|
et;fx X x’ (B20)
given an arbitrary phase profile f(x), by repeated application
of the block-encoding unit in Eq. (B16). In order to use the
previous results, the first step is to write f(x) in a form suitable
for the block-encoding construction as

f) = alp()]?

for some coefficient & and a normalized wavefunction ¢(x).
We assume that f(x) is positive for now, but this requirement
will be lifted later. Since ¢ (x) is normalized, the coefficient «

is calculated as
a=>flx).

The idea is then to write « = mA and repeat the block-
encoded operator in Eq. (B16) m times with the phase
parameter A. Since the error at each step is O(A?) and the
total worst-case error after m iterations is additive [35], we
have the total error

(B21)

(B22)

2

€t = O(mA?) = O(%) — O(an), (B23)

and the operation that gets applied with the error € is

i3 f@)) (x|

iA Y | [x) {x] i Y () 1x) x|
(e = ) =e % =e . (B24)

Furthermore, the total probability of success of m postselec-
tions is
Puccess = [1 = O(AN]" =1 = Olew). (B25)

Since we have

el = 1£llr =Y _1f ), (B26)

for a given f, the error as a function of the phase and the
number of iterations used to realize it is

€ror = O(w)
m

In the case of an arbitrary f without the positivity assumption,
one can still write down the phase contributions as a sum of

(B27)
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positive and negative parts

D@l = 1@l = Y ) (x|
x fx)>0 f(x)<0
(B28)

and implement the two parts using phase steps A = || f|l;/m
and —A, respectively, which leads to the same total error
scaling eor = O(|| f ||% /m). The total number of gates to im-
plement the iterative case is

O(m(logN + G)), (B29)

where G is the gate complexity of the initializer Uy (or U ; ).

APPENDIX C: ERROR ANALYSIS OF THE SIMULATION

The paraxial-approximated differential equation [Eq. (7)]
governing the propagation of an optical wave v (setting /i =
c=1)is

a -
i @) = H®@) (CDH
t
92 .
= [_ﬁ +V(I,X)}Iv(t)>, (C2)

and the solution to this equation starting at # = 0 and propa-
gating to time ¢ = T is formally written as

T
[v(T)) = U(T, 0)[v(0)) = T exp (—i / ﬂ(r)dr)|v<0>>,
0
(C3)

where 7 denotes time ordering and the potential term V (¢; x)
encodes the phases that the wave accumulates at each step
of the propagation based on the geometry and the refractive
index distribution of the space. We assume a one-dimensional
transverse axis to match the simulation in Sec. IV, although
most of the derivations are valid in the general case with minor
modifications. There are several sources of error at different
stages of transforming this formal solution into an expression
suitable for a numerical solver, namely,

Te—ifl—?(t)dr’

Hj e*i1:1(1/+1/2)AAf’

I, efilfAtefiVA(tﬁl/z)At’
I, e:iK;iAt e V)AL
[1; Uk, Uviij)-

exact:

time discretization :
kinetic-potential split :
transverse space discretization :
quantum circuit implementation :

Notably, except for the final implementation stage, the ap-
proximations at each stage are common between classical and
quantum solvers. In the following, the norm of an operator
| - || is defined as the spectral norm.

The first approximation needed is to discretize the time-
ordered operator as a sequence of small steps in time by
defining the total number of time steps N,, the step size At =
T /N;, and the time grid points ¢; = jAt. We use a midpoint
approximation [48,49], meaning that the Hamiltonian in the
time window [t;,#;41] is approximated as H (tj+1/2). This

leads to an approximation of the time evolution operator as

T
U(T,0) =T exp (—i/ H(z)dt) (C4)
0
Nolo
= [Te ™% 4 ea, (&)
j=0

where the error is
€nr = O(TAtZ(mtax a2 )] + max 1A @), 3,HO]1Il))

(C6)
= O(T Ar*(max |7V (1) | + max [[[K, &,V (1)]])).

€N

In a simulation, this error quantifies the lens-slicing error and
is negligible as long as the material is weakly inhomogeneous.

The next error results from separating the noncommuting
kinetic and potential energy parts of the Hamiltonian. Using
first-order Trotter splitting [50]

e*i(A+B)At — e*iAAtefiBAt + O(At2 ||[A, B]”)’ (C8)
we get
A T A
O(T,0) = T exp <—i [ H(t)dt) (C9)
0
N—1 . .
— 1_[ e—iKAte—iV(th/g)At +6§ +€At7 (Cl())
Jj=0

where the accumulated splitting error for the whole propaga-
tion is
€ = O(T At max 1K, VOLD. (C1D)
We then need to discretize the transverse axis. Discretiza-
tion affects the field v as well as the kinetic and potential
operators. Given a total transverse length L, we define the
number of discretization points N,, the grid size Ax = L/N,,
and the sample points x; = jAx. We sometimes use the sub-
stitute notation 2 = Ax to keep the equations compact. After
discretization, the action of the second-order partial derivative
operator on the sampled field is approximated as

Vjp] — 2Uj + v
Ax?
which means that the norm of the discretized kinetic operator

scales as ||Ky| = O(Ax~?), and the error resulting from the
spatial discretization of the kinetic energy propagator is

32|v) ~ + O(AXY),

(C12)

—iK, At

lle — KA — O(ALAXY). (C13)

A reasonable criterion for choosing temporal and spatial
discretization grid sizes At and Ax is to balance the global
error resulting from the spatial discretization O(T Ax?) with
the leading error term in the Trotter splitting €, = O(T At),

that is, to choose
At = CAx? = O(AX?), (C14)

for a scalar C. Intuitively speaking, making the spatial grid
finer will only result in more favorable total error scaling if
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the time step size gets smaller accordingly. For this reason,
based on the physical parameters of a simulation problem,
the grid size Ax must not be chosen smaller than needed
for capturing the largest spatial frequency components in the
simulation, because it will unnecessarily add to the number
of time steps without improving the error scaling. Therefore,
in discussing the spatial discretization errors, the parameter
C = At/Ax? is a more practically relevant parameter than
At or Ax separately. Rewriting the kinetic-potential splitting
error in terms of the new parameters after discretization, we
have

€ = O(T At||Ky || max [[Vi(t)])

= O<T<£> max |V(t)|) = O(TCmax |V(@)]).
Ax? t 1

(C15)
Since the kinetic energy propagator e~ K1l i now a dis-
cretized N, x N, operator that has a simple time-independent
diagonal form in the Fourier basis, it can straightforwardly
be implemented using a diagonal quadratic phase propaga-
tor and QFT subroutines with no extra error, which in total
needs O(log? N,) quantum gates [32], and the potential energy
propagator e~ i(i+12)A! can be implemented using the block
encoding described in Appendix B.

The potential propagator at each time step corresponds to
the phase f;,(t;x;) = —V,(t;x;)At, and the 1-norm of this
phase is || fu(t)|l1 = ||Va()||1At. In order to analyze the im-
plementation cost, we need to calculate how this norm scales
with the discretization parameters. As we will argue in the fol-
lowing, the requirement that At scales as Ax> makes the norm
of f, small enough for the block-encoding implementation to
be efficient. In the limit of large N,, there is a relation between
the average value of a continuous signal and its discretization:

li lerV _ ! LV dx; Cl16
Nfi“ooﬁx;' bl =g | V@ldy (C16)

thus, the norms relate as ||V,,(t)|l; = O(||V (¢)|l1/Ax). Com-
bining this relation with the scaling of the time step with the
grid size At = CAx? to calculate the norm of the discretized
phase function || f,(¢)||; = |Vi(¢)|l1 At, we have

/@1l = OCAx [V (@©)Il1). (C17)

Assuming at each time step we allow for m iterative ap-
plications of the block encoding to realize the phase, the
implementation of the potential energy propagator introduces
the local error

C2AX V@)l CAtIV®)|?
€p,local = O<M> — O(M

m m

), (C18)

which leads to the total error

TC max, |V ()|?
ebzo(—x’ ” U”‘). (C19)
m
Comparing this result to the splitting error €5 =

O(TCmax, |V (¢)|), one sees that, after discretization, the
requirement to keep the global kinetic-potential splitting
error small leads to small phases for the potential energy

propagator at each time step such that it makes the block
encoding in Appendix B suitable for the implementation of
the propagators. This implementation results in an additive
global error that is no worse than the error introduced by
discretization after choosing m = O(1) local iterations. In
this case, we have the final result of

T
U(T,0) =T exp (—i / H(t)dt) (C20)
0
N;—1
=[] 0xOuy + e+ e +ear. (C2D)
j=0

where €, = O(T C max, ||V(t)||%) form = O(1).

This concludes the analysis of the errors introduced at each
stage of the quantum algorithm. The total numbers of gates
for implementing the kinetic and potential energy propagators
are, respectively, O(N; log> N,) and

O| N; log N, + E G; | = OWV;(log Ny + max G)),
- J
J
(C22)

where G; is the number of gates needed to implement
the state initializer Uy(;) corresponding to the phase profile
V(tj+1/2;x). Once all the simulation parameters such as 7', L,
V(t), and the number of sample points N, are fixed, the total
error scales as

€0t = €5 + €5 + €a, = O(AL); (C23)

thus, the final fidelity between the expected result and the
outcome of the simulator is

F=1-0()=1-0(Ar), (C24)

which is the relation used to analyze the performance of the
simulator in Sec. IV. We conclude this Appendix by mention-
ing that the error analysis done here considers the worst-case
scenario using the spectral norm. It is possible that the actual
final error is much smaller than the worst case in specific
applications.

APPENDIX D: SIMULATION OF VARIOUS CASES
AND ORIENTATIONS OF LENSES

In this Appendix, we present additional lens simulations
using the presented quantum algorithm to showcase the flexi-
bility of the block-encoding technique for simulating different
optical experiments. In wave optics [36], it is known that the
focusing performance of a lens with a finite thickness depends
on its shape and geometry, namely, the radii of curvature of its
surfaces and the orientation of the lens.

To see these effects, we simulated four different cases. We
started with a spherical lens in the orientation where the beam
hits the planar surface first [Fig. 10(a)] and then simulated the
same lens but in the reverse orientation [Fig. 10(b)]. Instead
of the lens with a spherical surface, we then approximated
the curved surface by a parabolic curvature and repeated the
simulation in both orientations [Figs. 10(c) and 10(d)]. The
parabolic approximation is chosen such that the curvature on
the optical axis is the same for the spherical and parabolic
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FIG. 10. Simulation results of focusing a Gaussian beam incident on various lenses. Panel (a) shows the same simulation as Fig. 6, repeated
here for comparison. The simulation parameters are the wavelength, initial Gaussian beam waist, refractive index, radius of curvature (on the
optical axis), and number of qubits, respectively, A = 1 um, wy = 25um, n = 1.25, R = 50 ym, and n, = 7.

lenses, which means that the parabolic lens generally has a
smaller curvature at other points of its surface compared to
the spherical lens. The general scheme of the simulations is
exactly the same as that described in Sec. IV, and the only
change is the different phases applied to the incident beam by
the lens based on its shape and orientation.

Several effects are expected from and seen in these sim-
ulations. It is known [36] that the orientation of the lens
where the beam hits the curved surface first is considered the
“better” orientation because the focusing power is distributed
over both surfaces, whereas in the other orientation, it is
only the curved surface that contributes to the refraction. This
leads to two effects. First, the “bad” orientation potentially

leads to more prominent aberration effects because it ampli-
fies the spherical aberration relatively more. Second, there
will be a shift of the focal point because the principal plane
(the approximate effective position of the focusing plane when
the lens is treated as a thin lens) is located differently depend-
ing on the orientation. Comparing the spherical and parabolic
lenses in a fixed orientation, we can also see that the focal
distance is effectively larger in the parabolic case because of
the smaller effective curvature of the parabolic approximation.
A parabolic lens also reduces the spherical aberration for the
Gaussian beam input. This shows that the simulation protocol
presented in this work offers an intuitive way to run various
optical simulations using a quantum computer.
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