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Probing quantum-coherent dynamics with free electrons
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Recent advances in time-resolved cathodoluminescence have enabled ultrafast studies of single emitters in
quantum materials with femtosecond temporal resolution. Here, we develop a quantum theory modeling the
dynamics of free electrons interacting with quantum emitters in arbitrary initial states. Our analysis reveals that
a free electron can induce transient coherent oscillations in the populations when the system is initially prepared
in a coherent superposition of its states. Moreover, the electron energy spectrum exhibits a clear signature of the
quantum coherence and sensitivity to the transition frequency of the emitter. These coherence effects manifest
themselves as oscillations in the zero-loss peak of the spectral energy loss probability. Our findings pave the way
for characterization of quantum-coherent dynamics of individual quantum emitters by electron probes.
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I. INTRODUCTION

Free electrons are powerful tools for characterizing and
imaging material excitations at the nanoscale [1,2]. Spec-
troscopic techniques such as cathodoluminescence (CL) and
electron energy loss spectroscopy (EELS) can probe optical
transitions of defect states with high spatial resolution [3].
EELS also provides access to the projected local density of
photonic states [4]. However, these measurements have not
demonstrated sensitivity to the quantum coherence, i.e., co-
herent superposition of energy states. Solid-state defects act
as quantum emitters and offer novel functionalities that arise
from their quantum-coherent properties [5], making them
central to modern quantum technologies [6–8]. Therefore,
characterization of the coherence dynamics is of fundamental
importance for free-electron-based spectroscopies.

Several theoretical schemes have shown that shaped elec-
tron wavefunctions can probe the atomic coherence [9–14].
Therefore, the off-diagonal density-matrix elements of the
system are accessible at a given time. However, in order
to probe the emitter dynamics, repeated measurements must
ensure that the target of interest, e.g., a defect structure, is not
altered or damaged during acquisition. This poses a challenge
in free-electron–matter interactions [15]. More importantly,
there is considerable interest in resolving the quantum dy-
namics in materials [15–18]. Quantum systems evolve on
ultrashort timescales due to strong interactions under ambi-
ent conditions [17,18]. For example, defect centers in novel
two-dimensional (2D) materials such as hBN exhibit strong
coupling to phonons. In such cases, the radiative decay and

*Contact author: crispin@physik.uni-kiel.de
†Contact author: talebi@physik.uni-kiel.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

dephasing time of the quantum emitters is on the order of
hundreds of femtoseconds [17]. Furthermore, recent time-
resolved techniques [19] demonstrate the ability to probe
ultrafast quantum-coherent processes in materials, inspiring
studies of the dynamics of single emitters in their natural envi-
ronment [17]. This motivates a general theoretical description
for the free-electron–emitter interactions.

In this work, we develop a fully quantum, time-dependent
theory for the coherent interaction between a free electron
and quantum emitters in arbitrary initial states. The emitter
is modeled as a two-level system, whose transition dipole
moment couples to the Coulomb field of a moving Gaussian
electron wave packet. For various initial electron energies,
we find that transient coherent oscillations can be induced
in the populations when the system is prepared in an initial
coherent superposition. In addition, we show that the electron
energy spectrum is sensitive to the initial coherence and the
transition frequency of the quantum emitter. These coherent
effects appear as temporal oscillations centered on the zero-
loss peak of the EELS probabilities. We further analyze the
dependence of the EELS spectra on the relative phase of the
constituents of the superposition. Finally, we connect our the-
oretical predictions to the relevant experimentally accessible
observables and identify signatures of coherence in ultrafast
CL, demonstrating the ability of free electrons to probe the
quantum-coherent dynamics.

II. THEORETICAL MODEL

We consider the interaction between the emitter and the
free electron in the configuration shown in Fig. 1(a). We
assume the electron wave packet propagates along the z axis
in the x–z plane with velocity v0. The quantum emitter, mod-
eled as a two-level system with transition frequency ω0, is
stationary at the origin. In this setup, the coherent interaction
between the free electron and the emitter is given by the
Hamiltonian [10]

H = Hqe + Hel + (degS+ + d∗
egS−) · �E (r⊥, 0, z), (1)
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FIG. 1. (a) Schematic of the interaction between a two-level emitter and an electron wave packet. (b)–(e) Population [panels (b) and (c)]
and coherence [panels (d) and (e)] dynamics for a 0.5 keV electron with impact parameter r⊥ = 2 nm. The emitter has dx = dz = 30 D and
transition wavelengths of 560 nm in panels (b) and (d) and 1000 nm in panels (c) and (e); the initial state is (|g〉 + |e〉)/

√
2. (f) Effect of

increasing electron energy on the population dynamics for a 560 nm transition. (g) Effect of initial coherence on the population dynamics for
a 1000 nm transition.

where Hqe = h̄ω0Sz and Hel = −ih̄v0∂z are the free Hamilto-
nians of the quantum emitter and the propagating electron,
respectively. Here, Sz = (|e〉〈e| − |g〉〈g|)/2, and the transi-
tion operators are defined as S+ = |e〉〈g| and S− = |g〉〈e|.
The third term describes the interaction of the electron with
the transition dipole moment deg = dxêx + dyêy + dzêz of the
two-level system via its Coulomb field [20],

�E (r⊥, 0, z) = −eγ

4πε0

(zêz + r⊥êx )

(γ 2z2 + r2
⊥)3/2

. (2)

Here, γ = 1/

√
1 − v2

0/c2 is the Lorentz factor, ε0 is the free
space permittivity, and r⊥ is the impact parameter that repre-
sents the distance between the center of the moving electron
wave packet and the two-level emitter.

In obtaining the Hamiltonian (1), we employed the nonre-
coil approximation for the free electron. This approximation
is justified when the initial electron energy E0 is much greater
than the transition energy h̄ω0. We further assume that the in-
teraction timescales involved are typically much shorter than
the decoherence and dephasing times. We therefore neglect
these effects in the present treatment.

To describe the dynamics of the total system including the
free electron and the quantum emitter, it is helpful to move
to the interaction picture HI (t ) = U (H − H0)U † with respect
to the unitary transformation U = exp {iH0t/h̄}, where H0 =
Hqe + Hel. The formal solution is

|ψ (t )〉 = T e− i
h̄

∫ t
−∞ HI (t1 )dt1 |ψin〉, (3)

where T denotes time ordering and |ψin〉 = |ψqe〉|ψel〉 is the
initial state. We consider the quantum state of the two-level
emitter to be in a general coherent superposition |ψqe〉 =
a|g〉 + b e−iφr |e〉 with φr being the relative phase. The initial
free-electron state is a Gaussian wave packet in the position

basis,

|ψel〉 = (
2πσ 2

z

)−1/4
∫

dz e
− z2

4σ2
z

+ik0z|z〉, (4)

where k0 = E0v0/h̄c2 for an electron of initial energy E0 and
spatial width σz.

Using the Magnus expansion [21], the joint free-electron–
emitter state, up to a normalization factor, can be written in a
compact form

|ψ (t )〉 =
∫

dz e
− z2

4σ2
z

+ik0z
[cg(z, t )|g〉 + ce(z, t )|e〉]|z〉, (5)

with probability amplitudes

cg(z, t ) = [ a cos |g(z, t )| − i b e−i(φr+φg(z,t )) sin |g(z, t )| ],

ce(z, t ) = [ b e−iφr cos |g(z, t )| − i a eiφg(z,t ) sin |g(z, t )| ]. (6)

The expressions for the amplitudes cg(z, t ) and ce(z, t ) clearly
show a relative phase dependence. In deriving Eq. (5),
the higher-order terms in the Magnus expansion have been
neglected, which is justified due to the weak coupling,
|g(z, t )| 	 1. In contrast to previous studies [10,11], the
coherent interaction is now governed by a complex, time-
dependent coupling strength g(z, t ) = |g(z, t )|eiφg(z,t ), where
φg(z, t ) is the phase [Eq. (A13)].

III. DYNAMICS OF THE EMITTER

We first consider the evolution of the two-level emit-
ter, which can be obtained from the reduced density matrix
ρqe(t ) = Trel{ρ(t )} with ρ(t ) = |ψ (t )〉〈ψ (t )|. Figures 1(b)
and 1(c) depict the population dynamics for quantum emitters
whose transition frequencies lie in the optical (h̄ω0 
 2.2 eV)
and the near-infrared (h̄ω0 
 1.2 eV) region, respectively.
The corresponding evolution of the coherences is displayed
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FIG. 2. (a), (d) Time evolution of the EELS probability dP/dE shown on a logarithmic scale for an electron with kinetic energy 
 115
keV (v0 = 0.578c) for t � 0 and impact parameter r⊥ = 2 nm. The two-level emitter parameters in panels (a)–(c) and (d)–(f) are the same as
in Figs. 1(b) and 1(c), respectively. The corresponding EELS probability differences �net(E ) in panels (b) and (e) and their absolute values
|�net(E )| in panels (c) and (f) show coherent oscillations in the zero-loss peak for the same electron velocity and impact parameter as in panels
(a) and (d).

in Figs. 1(d) and 1(e). The free electron induces Rabi-like
transient coherent oscillations in the populations and coher-
ences when the electron wave packet duration σt = σz/v0 is
comparable to or larger than the optical period T = 2π/ω0.
The role of the electron wave packet duration σt , including
the regimes σt ∼ T and σt > T , is discussed in Sec. V. The
temporal envelope of these oscillations varies as a Gaussian
∼e−t2/σ 2

t . As a result, in comparison to optical transitions, one
can see that the coherence effects occur over comparatively
longer timescales for quantum emitters with infrared transi-
tions [compare Figs. 1(b) and 1(c)]. We emphasize that the
observed oscillatory features are prominent for coherent exci-
tations by low-energy electrons [Figs. 1(b), 1(c), and 1(f)]. In
comparison, the dynamics are difficult to be observed for fast
electrons E > 30 keV. The effect of varying initial electron
energies on the populations is shown in Fig. 1(f). For increas-
ing electron velocities, we find that the coherent oscillations
are suppressed. Nevertheless, the temporal features are still
visible even for energies of a few keV. More importantly, the
population dynamics are sensitive to the relative phase φr of
the initial superposition state. This dependence is illustrated
in Fig. 1(g) for an equally weighted coherent superposition
|ψin〉 = (|g〉 + e−iφr |e〉)/

√
2. A relative phase change from

φr = 0 to φr = π acts as a control parameter over the oscil-
lations induced by the electron wave packet. Therefore, it is

interesting to investigate the electron energy spectrum for a
signature of the quantum coherence of the two-level emitter.

IV. EELS DYNAMICS

To explore the coherence effects in the spectral electron
energy loss probability, we compute the reduced density ma-
trix of the free electron ρel(t ) = Trqe{ρ(t )}. The diagonal
elements, dP/dE = 〈k(E )|ρel(t )|k(E )〉, in k-space provide
information about the EELS,

dP

dE
= 1

h̄v0

∑
i=g,e

|ψi(k(E ), t )|2, (7)

where ψi(k(E ), t ) = N−1
∫

dz e−z2/4σ 2
z e−ikzci(z, t ), N =√

2π (2πσ 2
z )1/4 is a multiplicative factor, and k(E ) =

(E − E0)/h̄v0. Notably, the spectrum (7) is time dependent
and can be viewed as a time-resolved electron energy loss
spectrum. The terms ψg and ψe in Eq. (7) can be understood
as the spectral probability amplitudes associated with the
electron gaining and losing energy due to the interaction
with the two-level emitter, respectively. The sum of the
absolute square of these individual amplitudes gives the
EELS probabilities of electron energy loss |ψe|2 and gain
|ψg|2. In the postinteraction EELS (t → ∞), the quantum
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coherence information is lost for excitation by unshaped
electrons [10]. However, the dynamics of the electron energy
spectra reveals novel coherent properties.

We are interested in times t > 0 for which the electron
wave packet has crossed the two-level emitter. The spectral
energy loss probability for transition energies h̄ω0 
 2.2 eV
and h̄ω0 
 1.2 eV can be seen in Figs. 2(a) and 2(d), respec-
tively, for t � 0. The electron energy gain E = E0 + h̄ω0 and
loss E = E0 − h̄ω0 peaks are clearly visible in the spectra
along with the prominent zero-loss peak E = E0. We note that
the probabilities associated with electron energy loss |ψe|2 and
gain |ψg|2 depend on the relative phase φr [from Eqs. (6) and
(7)].

To clearly see the signature of quantum coherence in the
EELS dynamics, we consider the probability difference

�net(E ) = 1

h̄v0
(|ψe(E )|2 − |ψg(E )|2), (8)

where the time-dependence is implied. A remarkable feature
is the coherent oscillations in the zero-loss peak [Figs. 2(b)
and 2(e)], signifying the dynamics of the energy exchange
between the electron wave packet and the emitter. The min-
imum and maximum probabilities at a given time correspond
to the net energy gained or lost by the free electron to the
quantum emitter. The zeros in the spectra [Figs. 2(b) and 2(e)]
imply a net zero energy exchange; i.e., they denote times for
which the emitter returns to the same initial state |ψin〉. A
contour of the absolute values |�net(E )| clearly depicts the
timescales for which the induced coherence effects survive
[Figs. 2(c) and 2(f)], which agrees well with the corresponding
results in Figs. 1(b) and 1(c). For an initial electron velocity
v0 = 0.578 c (E 
 115 keV), the distance traversed by the
electron after crossing the emitter for times t ∼ 4–6 fs is
comparable to or greater than the wavelength of the transitions
considered. The induced coherence effects can therefore play
a significant role for collective excitations of nearby quantum
emitters. Interestingly, the period of the oscillations observed
in the zero-loss peak [Figs. 2(b) and 2(e)] is determined by the
transition frequency ω0 of the quantum emitter being probed.
In addition, the resulting dynamics is sensitive to the quantum
coherence (Fig. 3). The relative phase φr now acts as a tunable
parameter to control the temporal features in the EELS spectra
[Figs. 3(a)–3(d)]. For shorter impact parameters, the probabil-
ities oscillate with larger amplitudes [compare Figs. 3(a) and
3(b), and 3(c) and 3(d)].

To intuitively understand these results, it is useful to ex-
press g(z, t ) in the form

g(z, t ) = 1

2πv0

∫
dω g̃

(
ω − ω0

v0

)
e−i ω

v0
ze−i(ω−ω0 )t , (9)

where the coupling parameter g̃(ω) can be written as the sum
of two parts,

g̃(ω) = [πδ(ω)g∞ + gc(ω)], (10)

such that the oscillatory exponential factor is weighted by
both a constant term g∞ and a frequency-dependent term
gc(ω) (see Appendix A for derivations and explicit forms).
It is clear that the Dirac delta contribution leads to exact
energy translations b(ω0)|E〉 = |E − h̄ω0〉 and b†(ω0)|E〉 =
|E + h̄ω0〉, where b(ω0) = e−iω0z/v0 can be identified as the

FIG. 3. (a)–(d) Dependence of the coherent oscillations in the
zero-loss peak on the initial quantum coherence (|g〉 + e−iφr |e〉)/

√
2.

The relative phase effects shown for two impact parameters (a),
(c) r⊥ = 2 nm and (b), (d) r⊥ = 1 nm. The transition wavelengths
used in panels (a), (b) and (c), (d) are the same as in Figs. 2(b) and
2(e), respectively.

electron momentum ladder operator b(ω0)|E〉 = |E − h̄ω0〉.
Therefore, the electron can gain or lose energy h̄ω0 due to the
interaction with the two-level emitter [10]. A novel feature is
the transient oscillatory component, which leads to intrigu-
ing phenomena in the dynamics of the EELS spectrum and
the quantum emitter discussed here. In the long-time limit
t → ∞, we mention that the dynamical coupling reduces to
the standard interaction constant g [9–11] (see Appendix A
for detailed discussion).

V. DISCUSSION AND EXPERIMENTAL FEASIBILITY

The aim of coherent spectroscopic techniques is to probe
the coherence of material excitations and to characterize their
quantum-coherent dynamics. A major challenge is to coher-
ently control and manipulate the quantum states of emitters
in their local environment. Free electrons provide the high
spatial resolution needed to access the coherence of individual
quantum emitters prepared in superposition states. Beyond
the probing of static off-diagonal density-matrix elements that
requires preshaped electrons [10,11], the time evolution of
quantum superpositions can be tracked even with unmodu-
lated electron wave packets. This opens the way to novel
transient spectroscopic techniques offering high spatial and
temporal resolution for the study of dynamical processes in
quantum systems.

We now discuss the experimental feasibility of observ-
ing the theoretical predictions. The transient features in the
population dynamics occur on femtosecond timescales. To
probe such ultrafast coherent processes in time-resolved CL,
electron-driven photon sources (EDPHS) are suitable candi-
dates [19]. Spectroscopic techniques based on EDPHS have
already demonstrated the ability to probe single quantum
emitters with femtosecond time resolution [17].
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FIG. 4. Experimental scheme of an ultrafast scanning electron
microscope in which the electron beam strikes a sievelike metal
structure (EDPHS), generating focused coherent light pulses. The
resulting coherent radiation creates a coherent superposition of states
in the emitter, which is subsequently probed by the free electron. A
controllable delay (τd ) enables access to the ultrafast dynamics of the
quantum emitter.

In pump-probe schemes relying on free electrons (see
Fig. 4), the electron acts as a probe, while a coherent optical
field serves as the pump that prepares the quantum emitter
in an initial coherent superposition state. The pump is the
radiation generated by the electron probe upon interaction
with an electron-driven photon source [22,23]. Mutual coher-
ence between the optical field and the electron wave packet
provides a stable phase reference for successive electron-light
interactions with the quantum emitter. The delay τd between
the pump field and the electron probe can be precisely con-
trolled by changing the distance between the EDPHS and the
sample as the electron and photons travel at different speeds,
thereby defining the probe arrival time and enabling access to
the emitter’s ultrafast dynamics. In addition, the delay τd sets
the phase φr of the superposition state at the arrival time of the
free electron.

Recent experiments have demonstrated attosecond-to-
femtosecond control of this relative delay τd [17]. As a
result of this high temporal resolution, the coherent dynamics
can be probed on timescales significantly shorter than those
associated with decoherence and other competing inelastic
relaxation channels. Therefore, decoherence effects from such
secondary processes are strongly suppressed, and the coherent
component of the emitted CL radiation dominates the mea-
sured signal. Consequently, for delay times τd 	 1/γd , i.e.,

FIG. 5. The parameters used in the simulations of the normalized
CL spectra SCL(ω̃, τ ) are the same as in Fig. 1(b), with decoherence
rate γd = (γr + 2γnr )/2. The radiative decay and dephasing rates are
γr = 1011 s−1 and γnr = 2 × 1013 s−1, respectively. Panel (a) corre-
sponds to a fixed initial coherent superposition state (|g〉 + |e〉)/

√
2

and panel (b) shows the spectra SCL(ω̃, τ = 0) for different initial
states (|g〉 + e−iφr |e〉)/

√
2.

much shorter than the decoherence and dephasing timescales,
interference effects emerge in the CL emission, directly prob-
ing the coherent polarization of the system.

The corresponding experimental observable is thus gov-
erned by the induced coherence (see Appendix D) and is given
by

SCL(ω̃, τ ) =
∣∣∣∣
∫ ∞

τ

dt eiω̃tρeg(t, τ )

∣∣∣∣
2

, (11)

where the spectrum is expressed as a function of the de-
tuning ω̃ = ω − ω0 from the transition frequency ω0 and of
the electron probe arrival time τ . Here, ρeg(t, τ ) denotes the
induced coherence in the presence of decay and dephasing
in the interaction picture defined by U = exp{iH0t/h̄} (see
Appendix D for the derivation).

For a quantum emitter initially prepared in an equally
weighted coherent superposition state (a = b), the spectrum
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FIG. 6. Dynamics of the population inversion ρee − ρgg as a func-
tion of the electron wave packet duration σt for a 1 keV electron
with impact parameter r⊥ = 2 nm. The emitter has dx = dz = 30
D and transition wavelength of 560 nm with the initial state being
(|g〉 + |e〉)/

√
2.

admits the following analytical form:

SCL(ω̃, τ ) =
∣∣∣∣e−γd (τ−t0 )

γd − i ω̃
a b e−iφr

+ ab

π h̄v0

∫
d�

fel(� + ω0) e−i�τ

γd − iω̃

∣∣∣∣
2

, (12)

where ω̃ = ω − ω0 with ω being the observed frequency, t0
denotes the initial time of preparation of the coherent super-
position state, and τ denotes the arrival time of the electron
probe. The quantity SCL(ω̃, τ ) represents the coherent CL
radiation. From the analytical expression, we see that the spec-
trum is a weighted Lorentzian that is centered at the frequency
ω̃ = 0, with a width set by the total decoherence rate γd of
the quantum emitter. The weight fel(ω), which arises from
the coherent interaction between the electron probe and the
emitter, depends explicitly on the relative phase φr (see Ap-
pendix D). Consequently, the CL spectrum exhibits quantum
interference effects. The numerical results are shown in Fig. 5.
A notable feature is the appearance of oscillatory peaks in the
CL emission [Fig. 5(a)], analogous to Ramsey fringes, provid-
ing a clear signature of quantum interference in ultrafast CL.
To further demonstrate the sensitivity of the spectrum to the
initial coherence, we plot SCL(ω̃, τ = 0) for different relative
phases φr ∈ [0, 2π ] [see Fig. 5(b)]. The resulting alternating
maxima and minima in the CL intensity directly reveal the
quantum coherence of the emitter and illustrate how coherent
quantum dynamics can be probed using free electrons. We
note that an equally weighted superposition of the emitter
states is not essential for observing the interference features
in CL, as follows from Eq. (D15). The coherence effects
persist even for superposition states with a larger ground-state
population.

Additionally, it is important to note that the relevant pa-
rameter regime (see Fig. 6) for observing these quantum
coherence effects corresponds to σt > Teg = 2π/ω0, where ω0

denotes the transition frequency of the quantum emitter. In
contrast, for σt 	 Teg, the incident electron primarily induces
population transfer between the two levels. The coherent os-
cillations emerge only when the free-electron wave packet

duration becomes comparable to the transition period Teg.
For σt > Teg, we find that the induced coherent oscillations
persist and occur over longer timescales but with decreas-
ing amplitudes as the wave packet duration σt increases.
Therefore, in the limit σt � Teg, the coherence effects be-
come suppressed while the oscillations are most prominent
around σt ∼ Teg. To observe the dynamical coherence effects
in EELS, a key challenge would be the implementation of
novel in situ measurements to track the evolution of the elec-
tron energy spectrum. Suitable model quantum systems can
be 2D materials that host defect centers [24,25]. Additionally,
quantum dots such as InGaAs/GaAs act as ideal two-level
emitters [26–29]. These materials exhibit dipole moments of
the order of 20–40 D [30] and transition frequencies in the
IR region, which is within the range of parameters considered
here.

We next discuss the validity of the theoretical framework.
The coupling regime explored here is for weak interactions,
Max{|g(z, t )|} 	 1. For material systems with very large
dipole moments such as perovskite nanocrystals [31,32] and
Rydberg atoms [33], there can be an enhanced electron-
emitter coupling resulting in stronger coherence effects. The
higher-order terms in the Magnus expansion could be impor-
tant in such cases. In addition, impact parameters smaller than
the size of the emitter may result in corrections to the dipole
approximation.

VI. SUMMARY

In conclusion, our analysis reveals the potential of free
electrons to probe the coherence dynamics in quantum emit-
ters. For initial superposition states, the populations exhibit
transient oscillations that are sensitive to the relative phase.
A crucial finding is the signature of quantum coherence of
the emitter in the time-dependent EELS spectra and ultra-
fast cathodoluminescence. Looking forward, generalizations
to multilevel quantum systems [34], ensembles [14], and
interactions with shaped electron wavefunctions [10,35–37]
would enable the study of the excited-state dynamics and
entanglement evolution in quantum systems. The theoretical
framework therefore lays the ground for related works. Fi-
nally, the ability to probe quantum-coherent dynamics with
free electrons is attractive for exploring ultrafast coherent-
state transfer in quantum spin chains with high spatial and
temporal resolution.
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APPENDIX A: TIME-DEPENDENT QUANTUM THEORY
FOR THE COHERENT INTERACTION BETWEEN A FREE

ELECTRON AND A QUANTUM EMITTER

In this Appendix, we present a formulation of the theory
describing the quantum-coherent dynamics in the populations
and EELS. We start from the Hamiltonian that governs the
coupling of the two-level emitter to the evanescent electric
field of the propagating electron,

H = h̄ω0Sz − ih̄v0∂z + (degS+ + d∗
egS−) · �E (r⊥, 0, z), (A1)

where Sz = (|e〉〈e| − |g〉〈g|)/2 and the transition operators
are denoted by S+ = |e〉〈g| and S− = |g〉〈e|. This model
Hamiltonian has been extensively discussed in the context of
coherently modulated electron wave packets [9–13] and its
derivation can be found in Ref. [10]. To probe the ultrafast
quantum dynamics, we must consider the time-dependent evo-
lution of the joint free electron and emitter. This is relevant for
quantum emitters in emerging two-dimensional material sys-
tems and essential for understanding the coherent interactions
in recent time-resolved CL measurements [17].

As mentioned in the main text, we use the interaction
picture HI (t ) = U (H − H0)U † with respect to the uni-
tary transformation U = exp {iH0t/h̄}, where H0 = h̄ω0Sz −
ih̄v0∂z. The solution can be written as

|ψ (t )〉 = e
∑

k �k (t )|ψ (t0)〉, (A2)

where |ψ (t0)〉 = |ψqe〉|ψel〉 is the initial state of the free elec-
tron and the emitter in the interaction picture, and �k are the
terms in the Magnus expansion. We describe the free electron
by a Gaussian wave packet in the position basis,

|ψel〉 = 1(
2πσ 2

z

)1/4

∫
dz e

− z2

4σ2
z

+ik0z|z〉. (A3)

Here, k0 = E0v0/h̄c2 for an initial electron energy E0 =
c
√

m2c2 + h̄2k2
0 with spatial width σz. The state (A3) is ex-

pressed in the interaction picture and constant shifts in the
basis (|z + 2v0t0〉 ≡ |z〉) can be ignored as they play no role in
the time evolution of the observables considered here. We are
primarily interested in quantum systems prepared in general
superposition states. The initial state of the two-level emitter
is thus given by

|ψqe〉 = a|g〉 + b e−iφr |e〉, (A4)

with a2 + b2 = 1 and φr = φ − ω0t0 being the relative phase
of the coherent superposition.

Since the interaction between the quantum emitter and the
electron wave packet is weak, the higher-order terms in the
Magnus series can be neglected. We focus on the dynamics
governed by the first term in the expansion, which reads

�1 = − i

h̄

∫ t

t0

HI (t1)dt1, (A5)

where the interaction Hamiltonian HI (t ) is given by

HI (t ) = (degS+eiω0t + d∗
egS−e−iω0t ) · �E (r⊥, 0, z + v0t ),

(A6)

and the electric field �E (r⊥, 0, z) of the propagating electron
has the form

�E (r⊥, 0, z) = −eγ

4πε0

(zêz + r⊥êx )

(γ 2z2 + r2
⊥)3/2

. (A7)

Substituting Eq. (A6) in Eq. (A5), we find

�1 = −i
∫ t

t0

dt1

(
1

h̄
[deg · �E (r⊥, 0, z + v0t1)]S+eiω0t1 + H.c.

)
.

(A8)

We now make a change of variables s = z + v0t1 and ds =
v0dt1. The above integral can be written as

�1 = −i

h̄v0

({
e−i ω0

v0
z
∫ z+v0t

z+v0t0

ds [deg · �E (r⊥, 0, s)]ei ω0
v0

s
}

S+

+ H.c.

)
. (A9)

We note that the relevant distance for the interaction would
be a very small region, typically hundreds of nanometers
around the location of the quantum emitter at the origin. In
comparison, the electron traverses a much greater distance (on
the order of hundreds of micrometers) from its source to the
emitter’s position, which allows us to extend the lower limit
of the integral (A9) to −∞. Therefore, we have the following
expression:

�1 = −i

h̄v0

({
e−i ω0

v0
z
∫ z+v0t

−∞
ds [deg · �E (r⊥, 0, s)]ei ω0

v0
s
}

S+

+ H.c.

)
. (A10)

In a more compact form, we can write Eq. (A10) as

�1 = −i[ g(z, t ) S+ + H.c. ], (A11)

where the time-dependent coupling parameter reads

g(z, t ) = e−i ω0
v0

z
{
η

∫ z+v0t

−∞
ds

[
s dz + r⊥dx

(γ 2s2 + r2
⊥)3/2

]
ei ω0

v0
s
}
. (A12)

In arriving at Eq. (A12), we have made use of the elec-
tric field (A7), expressed the transition dipole moment in
terms of its components deg = dxêx + dyêy + dzêz, and set
η = −eγ /4πε0 h̄v0.

To proceed further, we employ the Leibniz rule to dif-
ferentiate under the integral sign. Using this method, it can
be shown that an integral I (α) = ∫ z̃

−∞ ds eiαs (γ 2s2 + r2
⊥)−3/2

satisfies a nonhomogeneous Bessel differential equation of the

form I ′′(α) − α−1I ′(α) − r2
⊥

γ 2 I (α) = f (α), where I ′(α) ≡
dI/dα and I ′′(α) ≡ d2I/dα2 are the first- and second-
order derivatives with respect to the parameter α. It is then
straightforward to find the solution I (α) to this differential
equation using standard techniques. We present here the final
result, which is the exact semianalytical solution for the time-
dependent coupling parameter (A12), expressed as

g(z, t ) = e−i ω0
v0

z[g0(z, t ) + g1(z, t )], (A13)
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with

g0 = g∞
2

⎡
⎢⎣1 + γ (z + v0t )√

γ 2(z + v0t )2 + r2
⊥

⎤
⎥⎦,

g1 = ηr⊥ω0

γ 2v0

√
γ 2(z + v0t )2 + r2

⊥

×
[

gK

∫ ω0
v0

0
du

eiu(z+v0t )

u
I1

(
r⊥u

γ

)

− gI

∫ ∞

ω0
v0

du
eiu(z+v0t )

u
K1

(
r⊥u

γ

)]
. (A14)

The constant coefficients gi (i = K, I) read gI =
[idxI1(r⊥ω0/γ v0) + dzI0(r⊥ω0/γ v0))/γ ] and gK =
[idxK1(r⊥ω0/γ v0) + dzK0(r⊥ω0/γ v0))/γ ], where Iv (x)
and Kv (x) are the modified Bessel functions of the first and
the second kind, respectively. It is easy to see that in the
long-time limit t → ∞, g1 → 0 and g0(z, t ) reduces to

lim
t→∞ g0(z, t ) ≡ g∞ = 2ηω0

γ 2v0

{
dxK1

(
r⊥ω0

γ v0

)

+ idz

γ
K0

(
r⊥ω0

γ v0

)}
, (A15)

which is the standard coupling constant that arises in a full
scattering matrix description of a free electron interacting
with a two-level system [10,11]. Interestingly, the parame-
ters gi(z, t ) (i = 0, 1) depend on the variables z and t as
z̃ = z + v0t . Taking advantage of this fact, it is useful to go
to the spectral domain. Using the Fourier convention, g(x) =

1
2π

∫
dξ f (ξ ) e−iξx and f (ξ ) = ∫

dx g(x)eiξx, we find

G(s) = g0(s) + g1(s) = 1

2π

∫ ∞

−∞
dξ F (ξ )e−isξ , (A16)

where F (ξ ) is given by

F (ξ ) = πδ(ξ ) g∞ + gc(ξ ), (A17)

and

gc(ξ ) = ir⊥
γ

[
g∞ K1

(
r⊥|ξ |

γ

)
sgn(ξ )

]

+ 2ηr⊥ω0

γ 2v0

[
gK

∫ ω0
v0

0
du

1

u
I1

(
r⊥u

γ

)
K0

(
r⊥|u + ξ |

γ

)

− gI

∫ ∞

ω0
v0

du
1

u
K1

(
r⊥u

γ

)
K0

(
r⊥|u + ξ |

γ

)]
, (A18)

with

sgn(ξ ) =
⎧⎨
⎩

+1, ξ > 0,

0, ξ = 0,

−1, ξ < 0.

Setting s = z + v0t and ξ = ω/v0 in the above expres-
sions, the coupling parameter in Eq. (A13) can be

written as

g(z, t ) = e−i ω0
v0

zG(z + v0t )

= 1

2πv0

∫
dω F

(
ω − ω0

v0

)
e−i ω

v0
ze−i(ω−ω0 )t . (A19)

Here, we identify the electron momentum ladder operators as

b(ω) = e−i ω
v0

z
, b†(ω) = ei ω

v0
z
, (A20)

where b(ω) [b†(ω)] lowers (raises) the electron momentum by
h̄ω/v0. We now see that the coupling parameter g(z, t ) can be
viewed as the electron ladder operator b(ω) weighted by the
function F ([ω − ω0]/v0) given by Eq. (A17). The Dirac delta
δ(ω − ω0) is therefore responsible for the free electron gain-
ing or losing exactly the energy h̄ω0 of the two-level transition
with a constant coefficient g∞. In contrast, the spectral weight
gc(ω) evolves as e−i(ω−ω0 )t and leads to changes in the electron
energy that is detuned from the transition energy h̄ω0.

In Appendixes B and C, we make use of the solution
(A19) to understand the qualitative features in the population
dynamics and the EELS spectra.

Finally, with the dynamics governed only by �1

[Eq. (A11)], it is straightforward to express the solution (A2)
in the position basis

∫
dz|z〉〈z| and write the joint quantum

state of the electron wave packet and the two-level emitter as

|ψ (t )〉 =
∫

dz e
− z2

4σ2
z

+ik0z
[cg(z, t )|g〉 + ce(z, t )|e〉]|z〉, (A21)

where the initial states of the quantum emitter and the free
electron are according to Eqs. (A3) and (A4). The probability
amplitudes are found to be

cg(z, t ) = [ a cos |g(z, t )| − i b e−i(φr+φg(z,t )) sin |g(z, t )| ],

ce(z, t ) = [ b e−iφr cos |g(z, t )| − i a eiφg(z,t ) sin |g(z, t )| ].
(A22)

APPENDIX B: POPULATION DYNAMICS

In this Appendix, we derive a semianalytical form for the
populations in the case of general superposition states of the
quantum emitter. The qualitative features of our results can
be easily understood with the help of these solutions. To
investigate the quantum dynamics of the two-level emitter, we
compute the reduced density matrix

ρqe(t ) = Trel{|ψ (t )〉〈ψ (t )|}

= 1√
2πσz

∫
dz e

− z2

2σ2
z

×
( |cg(z, t )|2 cg(z, t ) c∗

e (z, t )

ce(z, t ) c∗
g (z, t ) |ce(z, t )|2

)
, (B1)

where the diagonal elements |cg|2 and |ce|2 give the popu-
lations of the ground and excited states, respectively. Under
the weak coupling assumption |g(z, t )| 	 1, we can write the
inversion ρee − ρgg approximately as

ρee − ρgg = 1√
2πσz

∫
dz e

− z2

2σ2
z [b2 − a2

+ 4 ab Im{g(z, t )eiφr }], (B2)
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whereas the trace ρee + ρgg of the density matrix (B1) natu-
rally satisfies

ρee + ρgg = 1√
2πσz

∫
dz e

− z2

2σ2
z (a2 + b2) = 1. (B3)

Expression (B2) can be further simplified to yield

ρee − ρgg = b2 − a2 + 2 ab e
− σ2

z ω2
0

2v2
0 Im{g∞ eiφr }

+ 2ab

v0
Im

{∫
dω gc

(
ω − ω0

v0

)
e
− σ2

z ω2

2v2
0

× e−i(ω−ω0 )t+iφr

}
, (B4)

where we have made use of Eq. (A19). We can therefore write
the equations for the excited- and ground-state populations as

ρee = b2 + ab e
− σ2

z ω2
0

2v2
0 Im{g∞ eiφr }

+ ab

v0
Im

{ ∫
dω gc

(
ω − ω0

v0

)
e
− σ2

z ω2

2v2
0

× e−i(ω−ω0 )t+iφr

}
,

ρgg = a2 − ab e
− σ2

z ω2
0

2v2
0 Im{g∞ eiφr }

− ab

v0
Im

{ ∫
dω gc

(
ω − ω0

v0

)
e
− σ2

z ω2

2v2
0

× e−i(ω−ω0 )t+iφr

}
. (B5)

It is obvious that the dynamics is entirely governed by the
spectral coupling parameter gc(ω). In addition, we can clearly
see why the coherent oscillations cannot occur for an initial
ground (a = 1, b = 0) or excited (a = 0, b = 1) state of the
two-level emitter. In such cases, the approximate expressions
(B5) show that the populations are nearly unchanged for weak
interactions. However, for an initial superposition state, in-
teresting coherence effects are induced by the electron wave
packet. A numerical analysis reveals that gc(ω) is dominant
around ω = ω0, whereas the Gaussian prefactor e−σ 2

z ω2/(2v2
0 )

has the maximum weight near ω = 0. Therefore, heuristi-
cally considering gc(ω) ≈ gc(ω = 0) and pulling the spectral
weight outside the integral, we see that the populations behave
according to

ρee ∼ b2 + ab e
− σ2

z ω2
0

2v2
0 Im{g∞ eiφr }

+
√

2π ab
e
− t2

2σ2
t

σz
Im

{
gc

(−ω0

v0

)
ei(ω0t+φr )

}
,

ρgg ∼ a2 − ab e
− σ2

z ω2
0

2v2
0 Im{g∞ eiφr }

−
√

2π ab
e
− t2

2σ2
t

σz
Im

{
gc

(−ω0

v0

)
ei(ω0t+φr )

}
, (B6)

where σt = σz/v0 is the duration of the wave packet. The
coherent oscillations therefore arise from the exponential

oscillatory term eiω0t with a temporal Gaussian envelope
e−t2/(2σ 2

t ). Thus, we have qualitatively shown the origin of the
induced coherence effects in the populations.

APPENDIX C: QUANTUM COHERENCE EFFECTS
IN THE EELS SPECTRA

In this Appendix, we discuss the electron energy spectra
and show how the coherent features arise in the zero-loss
peak of the spectral probability density. Let us consider the
probability difference

�net(E , t ) = 1

h̄v0
(|ψe(k(E ), t )|2 − |ψg(k(E ), t )|2), (C1)

where

ψi(k(E ), t ) = 1

N

∫
dz e−z2/4σ 2

z e−ikzci(z, t ). (C2)

In this expression, N = √
2π (2πσz )1/4 is a multiplicative fac-

tor, k(E ) = (E − E0)/h̄v0, and ci(z, t ) (i = g, e) are given by
Eq. (6). In the regime of weak interactions g(z, t ) 	 1, we can
write Eq. (C2) as

ψg = 1

N

∫
dz e−z2/4σ 2

z e−ikz[a − i b e−iφr g∗(z, t )],

ψe = 1

N

∫
dz e−z2/4σ 2

z e−ikz[b e−iφr − i a g(z, t )]. (C3)

For brevity, we adopt the shorthand notation ψi ≡ ψi(k(E ), t )
(i = g, e). We now proceed in a manner similar to that in
the previous analysis. Once again employing Eq. (A19), the
amplitudes ψi can be expressed as

ψg = 2
√

πσz

N

[
a e−k2σ 2

z − i b e−iφr

2
g∗

∞e−σ 2
t v2

0 (k− ω0
v0

)2

− i b e−iφr

2πv0

∫
dω g∗

c

(
ω − ω0

v0

)
ei(ω−ω0 )t e−σ 2

t v2
0 (k− ω

v0
)2
]
,

ψe = 2
√

πσz

N

[
b e−iφr e−k2σ 2

z − i a

2
g∞ e−σ 2

t v2
0 (k+ ω0

v0
)2

− i a

2πv0

∫
dω gc

(
ω − ω0

v0

)
e−i(ω−ω0 )t e−σ 2

t v2
0 (k+ ω

v0
)2
]
,

(C4)

where g∗
c(ω) = [gc(ω)]∗ denotes the complex conjugate. It is

clear that the second term in ψi gives rise to the sidebands
in the EELS spectra leading to electron energy gain or loss
of h̄ω0, whereas the interesting oscillatory features originate
from the spectral weight gc(ω). To simplify the calculations,
we consider an equally weighted superposition a = b, as in
the main text. Since we are interested in the zero-loss peak,
we set k(E ) = (E − E0)/h̄v0 = 0 in the above expression and
assume that gc(ω) ≈ gc(ω = 0) since the Gaussian prefactor
is centered at ω = 0, which is far from the resonance of
gc(ω = ω0). Therefore, the time evolution of the amplitudes
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behaves according to

ψg = 2
√

πσz

N

[
a − i a e−iφr

2
g∗

∞e−σ 2
t ω2

0

− i a

2
√

πσz
g∗

c

(−ω0

v0

)
e−i(ω0t+φr )e

− t2

4σ2
t

]
,

ψe = 2
√

πσz e−iφr

N

[
a − i a eiφr

2
g∞ e−σ 2

t ω2
0

− i a

2
√

πσz
gc

(−ω0

v0

)
ei(ω0t+φr )e

− t2

4σ2
t

]
, (C5)

Using these relations, we find the probability difference
�net(E , t ) to be

�net(E , t ) ∼ 1

h̄v0

(
8πa2 σ 2

z

N2

)[
e−σ 2

t ω2
0 Im{g∞eiφr }

+ e
−t2

4σ2
t√

πσz
Im

{
gc

(−ω0

v0

)
ei(ω0t+φr )

}]
. (C6)

This expression is identical to Eq. (B6) describing the be-
havior of the populations. We find that the zero-loss peak
coherently oscillates at the transition frequency ω0 of the
two-level emitter with a broad Gaussian envelope e−t2/(4σ 2

t ).
Thus, a signature of the quantum coherence of the emitter is
found in the EELS dynamics even for unmodulated electron
wave packets.

APPENDIX D: QUANTUM COHERENCE EFFECTS
IN THE CATHODOLUMINESCENCE EMISSION

In this Appendix, we apply our theoretical framework to
derive an analytical expression for the cathodoluminescence
spectrum. Furthermore, we show that the predicted coherence
effects can be observed in ultrafast spectroscopic CL based
on electron-driven photon sources. We begin with the general
definition of the physical spectrum introduced by Eberly and
Wódkiewicz [38]. This formalism generalizes the conven-
tional steady-state spectrum by accounting for the filtering of
the light field prior to detection, for example, by a Fabry-Pérot
interferometer. In general, the spectrum can be written as

S(ω,�; t ) = �

∫ t

t0

dt1

∫ t

t0

dt2 e−( �
2 −iω)(t−t1 )e−( �

2 +iω)(t−t2 )

× 〈 �E (−)(r, t1) · �E (+)(r, t2)〉, (D1)

where ω is the observed frequency, � denotes the spectral
bandwidth of the filter, and t0 is the initial time. For a two-
level system, the positive frequency part of the electric-field
operator [39] in the far-field at the position of the detector
�r = rr̂ can be written as

�E (+)(r, t ) = f (r) S−(t − r/c) ê, (D2)

where f (r) = ω2
0|deg|/(4πε0c2r) is a multiplicative factor, S−

is the lowering operator, and ê = êd − r̂ (r̂ · êd ) denotes the
polarization direction of the field with êd = deg/|deg| being
the unit vector in the direction of the dipole moment. Substi-
tuting the above expression for the electric-field operator in

Eq. (D1), we find

S(ω) =
∫ t

t0

dt1

∫ t

t0

dt2 e−( �
2 −iω)(t−t1 )e−( �

2 +iω)(t−t2 )

× 〈S+(t1 − r/c)S−(t2 − r/c)〉, (D3)

where we have scaled S(ω) ≡ S(ω)/(� f 2(r)) with respect
to the factor f (r) and adopt the shorthand notation S(ω) ≡
S(ω,�; t ).

We focus on the coherent component of the spectrum in
Eq. (D3). To this end, we decompose the transition operators
into their mean values and fluctuations [39] according to

δS±(t ) = S±(t ) − 〈S±(t )〉.
This allows the spectrum in Eq. (D3) to be expressed as

S(ω) = Scoh(ω) + Sincoh(ω), (D4)

where Scoh(ω) and Sincoh(ω) denote the coherent and inco-
herent contributions to the CL spectrum, respectively. The
experimentally relevant observable is the coherent part of the
spectrum, defined by SCL(ω) = S(ω) − Sincoh(ω) = Scoh(ω).
The resulting spectral response in the long-time limit is then
determined by the induced coherence and can be written as

SCL(ω̃, τ ) =
∣∣∣∣
∫ ∞

τ

dt eiω̃tρeg(t, τ )

∣∣∣∣
2

, (D5)

where the spectrum is expressed as a function of the detun-
ing ω̃ = ω − ω0 from the transition frequency ω0 and of the
electron probe arrival time τ . The filter-induced broadening is
neglected under the assumption � 	 γ . In the above expres-
sion, ρeg(t, τ ) denotes the induced coherence in the presence
of decay and dephasing in the interaction picture defined by
U = exp{iH0t/h̄}.

To properly account for decoherence effects, we first derive
the equation of motion for the off-diagonal density-matrix
element ρeg(t ) of the coupled quantum emitter–free-electron
system. Dissipative processes can then be incorporated
through the Lindblad master-equation formalism [34,40]. The
dynamics of the combined state of the quantum emitter and
the free electron are governed by the Liouville–von Neumann
equation

∂ρ

∂t
= − i

h̄
[HI (t ), ρ(t )], (D6)

where ρ(t ) is the density operator in the interaction picture
and HI (t ) = U (H − H0)U † is the interaction Hamiltonian
given by Eq. (A6). Since we are interested in the evolution
of the coherence, we first trace over the electron degrees of
freedom in Eq. (D6) and then evaluate the dynamics of the
density-matrix element ρeg ≡ 〈e|ρqe|g〉, where ρqe = Trel{ρ}
denotes the reduced density matrix of the quantum emitter.
Following this procedure and using Eq. (A6), we obtain the
equation of motion for the coherence:

ρ̇eg = − i

h̄

∫
dz e

− z2

2σ2
z eiω0t (deg · �E (z + v0t ))

× [|cg(z, t )|2 − |ce(z, t )|2]. (D7)

Equation (D7) is obtained by substituting the solution from
Eq. (5) into the right-hand side of the Liouville equation (D6).
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Substituting the probability amplitudes from Eq. (6) into
Eq. (D7), we then obtain

ρ̇eg = − i

h̄

∫
dz e

− z2

2σ2
z eiω0t (deg · �E (z + v0t ))

× [(a2 − b2) cos 2|g(z, t )|
− 2 a b sin 2|g(z, t )| sin (φr + φg(z, t ))]. (D8)

We now include the damping terms describing radiative decay
and dephasing into the coherent contribution in Eq. (D8). In
the interaction picture, defined by U = exp(iH0t/h̄), the time
evolution of the coherence can be written as

ρ̇eg = − 1
2 (γr + 2γnr)ρeg + fel(t ), (D9)

where γr denotes the radiative decay rate and γnr represents
the pure dephasing rate of the quantum emitter, arising, for
example, from phonons and other nonradiative relaxation
channels. The electron-induced coherence term fel(t ) is given
by

fel(t ) = − i

h̄

∫
dz e

− z2

2σ2
z eiω0t (deg · �E (z + v0t ))

× [(a2 − b2) cos 2|g(z, t )|
− 2 a b sin 2|g(z, t )| sin (φr + φg(z, t ))]. (D10)

To proceed further, we approximate sin(2|g(z, t )|) 
 2g(z, t )
and cos(2|g(z, t )|) 
 1, which is justified in the weak-
coupling regime |g(z, t )| 	 1. Under this approximation, the
above equation reduces to

fel(t ) = − i

h̄
(a2 − b2)

∫
dz e

− z2

2σ2
z eiω0t (deg · �E (z + v0t ))

+ 2ab

h̄

∫
dz e

− z2

2σ2
z eiω0t (deg · �E (z + v0t ))

× [g(z, t )eiφr − g∗(z, t )e−iφr ]. (D11)

The advantage of the above expression is that the trace integral
(
∫

dz) can now be evaluated using the Fourier transforms
in Eqs. (A16)–(A18) for the coupling parameter g(z, t ) and
the electric field �E (z + v0t ). To this end, we rewrite the in-
tegral after the exchange of variables s = z + v0t and using
Eq. (A13),

fel(t ) = − i

h̄
(a2 − b2)eiω0t

∫
ds e

− (s−v0t )2

2σ2
z (deg · �E (s))

+ 2ab

h̄
eiω0t

∫
ds e

− (s−v0t )2

2σ2
z (deg · �E (s))

× [
(g0(s) + g1(s))eiφr e−i ω0

v0
seiω0t − c.c.

]
. (D12)

Using the Fourier convention, g(x) = 1
2π

∫
dξ f (ξ ) e−iξx and

f (ξ ) = ∫
dx g(x)eiξx, we can express deg · �E (s) as

E (s) = deg · �E (s) = 1

2π

∫ ∞

−∞
dξ E (ξ )e−iξs, (D13)

with

E (ξ ) = −e

2πγ ε0

[
dx |ξ | K1

(
r⊥|ξ |

γ

)
+ i

dz

γ
ξ K0

(
r⊥|ξ |

γ

)]
.

(D14)

With the help of Eqs. (A16) and (D13), the resulting integral
(
∫

ds) in Eqs. (D12) yields

fel(t ) = (a2 − b2)

h̄v0

∫
dω f0(ω) e−i(ω−ω0 )t

+ ab

π h̄v0

∫
dω fel (ω) e−i(ω−ω0 )t , (D15)

where

f0(ω) = −iσz√
2π

E
(

ω

v0

)
e
− σ2

z ω2

2v2
0 ,

fel(ω) = σz√
2π

{[
πg∞E

(
ω

v0

)
+ (E ∗ gc)

(
ω

v0

)]
e

iφr− σ2
z (ω+ω0 )2

2v2
0

−
[
πg∗

∞E
(

ω

v0

)
+ (E ∗ g̃c)

(
ω

v0

)]
e
−iφr− σ2

z (ω−ω0 )2

2v2
0

}
.

(D16)

Here, ( f ∗ g)(ω) = ∫ ∞
−∞ dξ f (ξ )g(ω − ξ ) denotes the con-

volution and g̃c(ω) = g∗
c(−ω). We now return to Eq. (D9),

whose solution can be written as

ρeg(t ) = e−γd (t−t0 )ρeg(t0) +
∫ t

t0

dt ′e−γd (t−t ′ ) fel(t
′), (D17)

where γd = (γr + 2γnr)/2 denotes the total decoherence rate
and t0 is the preparation time of the initial coherent super-
position state. The above expression is valid in the weak
electron-emitter coupling regime for arbitrary initial coherent
superposition states of the quantum emitter.

In ultrafast CL spectroscopic studies, the characteristic
timescales associated with radiative decay and dephasing
are typically much longer than the interaction time between
the free electron and the quantum emitter. Consequently,
the electron-emitter interaction can be treated as effectively
instantaneous, i.e., fel(t ′) → fel(t ′) δ(t ′ − τ ) (τ � t0). There-
fore, we have the solution

ρeg(t, τ ) = e−γd (t−t0 ) + e−γd (t−τ ) fel(τ ), (D18)

where ρeg(t, τ ) is the coherence as a function of the electron
probe arrival time τ .

As in the main text, we consider an equally weighted coher-
ent superposition state, ρeg(t0) = a b e−iφr = a2e−iφr . In this
case, only the second term in Eq. (D15) contributes. Finally,
using Eqs. (D18) and (D15), we obtain a compact analytical
form for the spectra (D5) given by

SCL(ω̃, τ ) =
∣∣∣∣e−γd (τ−t0 )

γd − i ω̃
ρeg(t0)

+ ab

π h̄v0

∫
d�

fel(� + ω0) e−i�τ

γd − iω̃

∣∣∣∣
2

, (D19)

where ω̃ = ω − ω0 is the detuning of the observed fre-
quency ω from the transition frequency ω0 and τ denotes the
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arrival time of the electron probe. The quantity SCL(ω̃, τ )
represents the coherent component of the CL radiation and

depends on the coherence ρeg(t, τ ) induced by the free
electron.
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