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Thermalization of quantum many-body scars in kinetically constrained systems
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The phenomenon of quantum many-body scars (QMBS) has been studied both theoretically and experimen-
tally, due to its unusual violation of the eigenstate thermalization hypothesis (ETH). In this paper, we extend
the ETH to a description based on the grand canonical ensemble to depict the thermal properties of QMBS
models. For this purpose, we embed the dynamics of kinetically constrained systems within a Lindblad-like
master equation, and demonstrate that the violation of the ETH by scar eigenstates is related to their slow
decay in the corresponding dissipative process. Within this open system description, we reformulate the ETH to
demonstrate that both scar eigenstates and thermal ones exhibit thermalization governed by grand canonical
statistics. Consequently, our revised ETH unifies scars and thermal states under a cohesive thermodynamic
rule. Our work resolves the fundamental tension between constraint-induced nonergodicity and thermalization
paradigms, establishing a unified route to generalized thermalization in quantum many-body systems.
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I. INTRODUCTION

Eigenstate thermalization hypothesis (ETH) [1,2], first pro-
posed in the 1990s, provides a foundational perspective on
thermalization in quantum systems. ETH posits that for a
many-body Hamiltonian H , all eigenstates exhibit thermal be-
havior. That is, the local characteristics of eigenstates should
coincide with the microcanonical average at corresponding
energies [3,4]. While ETH has been validated across numer-
ous many-body systems [5–9], remarkable exceptions exist,
including strong violations in integrable systems [10–12] and
many-body localized phase [13–16], as well as weak vi-
olations in systems exhibiting Hilbert space fragmentation
[17] or quantum many-body scars (QMBS) [18–22]. The
last case is particularly intriguing—while most eigenstates
thermalize, a nonthermal subspace of scar eigenstates per-
sists, scaling extensively with system size. QMBS further
separate into two distinct groups: (1) exactly solvable ones
that constitute a Krylov subspace with well-defined alge-
braic structures [17,21,23–30] and (2) nonexactly-solvable
scar models, which primarily include kinetically constrained
systems, such as the well-known PXP model [18,31–36]. In
class (2), significant efforts have been made to elucidate the
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nonthermal characteristics of such scar eigenstates [37–41].
Notably, non-Hermitian dynamics have also been employed
to depict the nonthermal behavior of QMBS in Refs. [42–44],
which has served as an inspiration for this work.

Kinetically constrained QMBS models exhibit anoma-
lous nonthermal characteristics despite their nonintegrability
[31,32,35]. The absence of rigorous algebraic structures
leaves the mechanism of ETH violation unresolved, posing
fundamental challenges: To what extent can such a system
thermalize, and what statistical principles govern the persis-
tent nonergodicity of scar eigenstates?

This work investigates kinetically constrained systems that
exhibit QMBS. We demonstrate that blockade-induced kinetic
constraints can be realized by coupling unconstrained dy-
namics to two distinct dissipation channels, which represent
information exchanges between the system and an auxiliary
environment. Consequently, thermalization in such systems
may encompass not only energy but also the implementation
of kinetic constraints. Within the ETH framework, we refine
the thermal description at the eigenstate level by introduc-
ing a set of variables—quasiparticle number and chemical
potential—alongside energy and temperature. These variables
serve as quantitative indicators of the information-exchange
processes and enable an approximate grand canonical formal-
ism of thermalization.

This paper is organized as follows: Section II devel-
ops a general description of kinetically constrained systems
by combining positive and negative dissipation channels
within a Lindblad-like framework. In the strong-dissipation
regime, neglecting the negative channels yields a positive-
definite approximation to the dissipative dynamics. In
Sec. III, we analyze the behavior of eigenstates under the
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constraint-dependent dissipations. Fixing a narrow energy
window, we find that the scar states exhibit significantly lower
decay rates than nearby thermal ones, reflecting their nonther-
mal characteristics. In Sec. IV, we revise the ETH based on the
open system dynamics, utilizing a grand-canonical-like en-
semble with constraint-dependent thermodynamic quantities.
We numerically verify that this ensemble captures the local
properties of both scar and thermal eigenstates, indicating
that the constrained QMBS models studied here thermalize in
accordance with the grand canonical framework. We conclude
this work in the final section.

II. MASTER EQUATIONS GOVERNING GENERAL
CONSTRAINED SYSTEMS

A general constrained system can be described by a series
of blockade B = {π1, π2, . . . , πL} acting on an unconstrained
Hamiltonian H0 = ∑D

k=1 hk , where hk is the kth local Hamil-
tonian and πm’s are projectors satisfying π2

m = πm, [πm, πn] =
0 for ∀πm,n ∈ B. Here, L and D denote the total number
of the projectors and the local Hamiltonian hk , respectively.
Then, the projector onto the constrained Hilbert subspace H
is P̂ ≡ ∏L

k=1(I − πk ) and the constrained Hamiltonian writes

H =
D∑

k=1

PkhkPk =
D∑

k=1

(I − �k )hk (I − �k )

=
D∑

k=1

hk − �khk − hk�k + �khk�k, (1)

where Pk = ∏
[πm,hk ]�=0(I − πm) denotes the constraint com-

prising all the blockades that do not commute with hk , and
�k ≡ I − Pk marks the local blockade acting on hk . H com-
mutes with P̂ and serves as the Hamiltonian governing the
constrained dynamics within H, where its eigenstates satisfy
H |Ei〉 = Ei|Ei〉, P̂|Ei〉 = |Ei〉. For clarity, we clarify the no-
tation: P̂ and Pk denote the projections onto the overall and
locally constrained subspaces, respectively, while the Greek
letters πk and �k refer to the projectors targeting the prohib-
ited states, as defined above.

In Eq. (1),
∑D

k=1 hk remains the unconstrained Hamilto-
nian, and the rest terms constitute the blockade interactions.
In particular, the term �khk cancels the mapping from the
constrained subspace H to the blockaded states, while (I −
�k )hk�k stops the latter mapping back to H. The back map-
ping terms vanish when acting on any states in H from the
left side, since we have �kP̂ = (I − Pk )P̂ = 0. Hence, these
terms can be altered without affecting the dynamics within H.
Specifically, we replace the term (I − �k )hk�k with �khk’s
anti-Hermitian conjugate and another imaginary part, and
build up a non-Hermitian Hamiltonian as

HN =
D∑

k=1

hk − �khk + hk�k − ic�k

= H0 − i

2

D∑
σ,k=1

γσ L†
k,σ

Lk,σ , (2)

where i stands for the imaginary unit and c > 0 is a tunable
real parameter. The terms −�khk + hk�k − ic�k align with

the outcomes of the dissipative dynamics defined by two types
of engineered dissipation channels σ = {1, 2} as

γ1 = 2c, Lk,1 = �k − i

c
�khk,

γ2 = −2

c
, Lk,2 = �khk, (3)

where γσ ’s denote the dissipation rates and Lk,σ ’s are the
dissspation operators. Then, we write out the Lindblad-like
equation for the dissipative system as

∂tρ = L(ρ) ≡ −iHNρ + iρH†
N + J (ρ), (4)

where L is the Liouvillian superoperator acting on
the system’s density matrix (DM) ρ. The Hamiltonian
HN shares the same right eigenvector |Ei〉 with H ,
and the jumping term J (ρ) = ∑

k,σ γσ Lk,σ ρL†
k,σ

=∑D
k=1 2c�kρ�k − 2i�khkρ�k + 2i�kρhk�k annihilates

any ρ within the constrained subspace. In principle, the two
types of engineered dissipations combine perfectly to form
the effective constraints, while within H, the corresponding
jumping terms of both types adequately cancel each other.
Hence, Eq. (4) exhibits the same constrained dynamics as
H , with H serving as a jump-free subspace (JFS). This JFS
differs from the conventional decoherence-free subspace,
which is annihilated by all dissipators simultaneously [45,46].

In contrast to the Lindblad master equation, where the
dissipation rates are positive according to the Born-Markov
approximation (BMA), the coefficients γ1 and γ2 in Eq. (4)
have opposite signs, indicating the presence of information
feedback and non-Markovian characteristics [47]. However,
due to its equivalence to the unitary dynamics governed by
H , the Lindblad-like equation remains positive definite and
trace-preserving within the JFS. Notably, the coefficient γ2

tends to zero as the parameter c → +∞. In this limit, we
can employ only the positive dissipations, yielding a master
equation ∂tρ = L+(ρ) comprised of

H+ ≡ H0 − i

2

D∑
k=1

γ1L†
k,1Lk,1 = HN − i

c

D∑
k=1

hk�khk,

J+(ρ) ≡
D∑

k=1

γ1Lk,1ρL†
k,1 = J (ρ) + 2

c

D∑
k=1

Lk,2ρL†
k,2. (5)

The Liouvillian superoperator L+ is both trace preserving
and positive definite within the entire Hilbert space, due to
the positive dissipation rate γ1 [48–51]. In Eq. (5), we ex-
press the jumping terms as the sum of two parts. Physically,
when the parameter c is large, the quantum jumps 2c�kρ�k

from J (ρ) will confine the system to the constrained sub-
space H due to Zeno effect [52,53]. Meanwhile, the leakage
out of H caused by the second term 2/c

∑D
k=1 Lk,2ρL†

k,2 =
2/c

∑D
k=1 �khkρhk�k is also relatively small. Hence, the dy-

namics governed by L+ increasingly converge toward the
constrained dynamics within H. Experimentally, L+ can be
approximated by compensating the total constrained Hamilto-
nian P̂HP̂ with dissipation channels {γ ′ = −γ2, L′

k = Lk,2}.
Provided that the dissipation rate γ ′ ∝ 1/c is sufficiently
small, this results in a Lindblad master equation ∂tρ = L′

+(ρ)
satisfying the BMA [54].
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In order to demonstrate the feasibility of our framework,
we take a 1D spin model hosting QMBS as an example. The
unconstrained Hamiltonian comprises D spins of size j � 1:
H0 = ∑D

k=1 sx
k . sx

k is the kth spin operator in the x direction.
The blockade is given by

B = {πk = |x〉〈x|k,k+1; k = 1, 2, . . . D}, (6)

where πk denotes a projector of the product state |x〉k,k+1 =
| j〉k ⊗ | − j〉k+1 on kth and k + 1th sites, with |m〉k the
z-direction spin eigenvector at the kth site: sz

k|m〉k =
m|m〉k , m = − j,− j + 1, . . . , j. B prohibits the neigh-
boring spins from occupying |x〉k,k+1, and arranges the
spins in a 1D chain with periodical boundary. Based
on our framework, the non-Hermitian Hamiltonian writes
HN = ∑D

k=1 sx
k − √

jMk + √
jM†

k − ic
√

j/2πk , where Mk ≡
1√

j
πk (sx

k + sx
k+1) = |x〉〈y|k,k+1 denotes the mapping from H

to the blockaded region, with |y〉k,k+1 = 1√
2
(| j〉k ⊗ | − j +

1〉k+1 + | j − 1〉k ⊗ | − j〉k+1). Hence, the dissipation chan-
nels of the corresponding Lindblad-like master equations can
be defined as

γ1 = c
√

2 j, Lk,1 = πk − i
√

2

c
Mk,

γ2 = −
√

2 j
2

c
, Lk,2 = Mk . (7)

Notably, we have made minor model-dependent adjust-
ments regarding the spin model above, resulting in slight
differences between the dissipations in Eqs. (3) and (7); de-
tailed analysis is available in Appendix A.

This constrained spin model is known to host QMBS
within H, and displays a quasiperiodical revival of the QMBS
initial state: |ψ (0)〉 = | j, j, . . . , j〉 [35]. Besides, when the
spin size is j = 1, this model becomes equivalent to the PXP
model [35,37]. In Fig. 1, we show the differences among H ,
L+, and L′

+ via the evolution of the fidelity 〈ψ (0)|ρ(t )|ψ (0)〉.
We confirm that as c increases, the evolutions of the two
master equations nearly overlap, and they gradually approach
the unitary dynamics given by H .

III. SLOW DECAY AND THE VIOLATION OF ETH

The dissipative mechanism provides a perspective on the
constrained systems. In particular, the kinetic constraint can
be viewed as arising from a two-step dissipative process: The
first step, described by the positive dissipation, represents
the outflow of information from the system to an auxiliary
environment, while the second accounts for feedback from the
environment to the system. In the large c regime, by neglecting
the negative dissipation channel, one effectively isolates the
information-outflow component of the constrained dynamics,
allowing us to probe how the eigenstates evolve under this
process. Specifically, when we focus on a specific energy and
examine a narrow window around it, the scar eigenstates ap-
pear to show exceptionally lower decay rates than the thermal
ones during the dissipative process defined by ∂tρ = L+(ρ).

Starting from an eigenstate |Ei〉 of H , the system is ap-
proximately fixed during the jumpless process, since H+ is
dominated by the Hamiltonian HN . Moreover, any quantum
jump of J+ will project the system outside the constrained

FIG. 1. The evolution of the initial states’ fidelity in the con-
strained system with Hamiltonian H , compared with that under the
master equations marked by L+ and L′+. In panels (a) and (b), we
show the evolution of the model defined by Eqs. (6) and (7) in a
spin-1 chain with nine sites, while panels (c) and (d) correspond to
a spin-3/2 chain with seven sites. We have chosen the initial state
as |ψ (0)〉. Panels (b) and (d) present detailed views of the regions
enclosed within the gray boxes in panels (a) and (c), respectively.

subspace, ensuring that the resultant state is located in the
blockaded area. Hence, the DM of the system approximately
writes ρ(t ) ≈ fi(t )|Ei〉〈Ei| + (I − P̂)ρ(t )(I − P̂), with the fi-
delity fi(t ) = 〈Ei|ρ(t )|Ei〉 satisfying

dfi(t )

dt
=

〈
dρ

dt

〉
i

= −i〈H+ρ − ρH†
+〉i

≈ γ2

D∑
k=1

〈L†
k,2Lk,2〉i · fi(t ) = −αi fi(t ), (8)

where 〈·〉i = 〈Ei| · |Ei〉 denotes the expectation value under
the eigenstate |Ei〉. We note that the jumping term J+(ρ)
vanishes when acting on the eigenstates. By defining Nk =
L†

k,2Lk,2 and N̂ = ∑D
k=1 Nk , we obtain fi(t ) ≈ e−αit with the

decay rate αi ≈ −γ2〈N̂〉i. For the spin model introduced
above, Nk = M†

k Mk is a projector on the neighboring state
|y〉k,k+1. N̂ = ∑D

k=1 Nk counts the number of pattern |y〉k,k+1

throughout the spin chain.
For eigenstates within a small energy interval 
E , Fig. 2(c)

illustrates the evolution of the fidelity fi(t ), which is fitted
with an exponential function e−αit . Then, we confirm the
proportional relation αi ≈ −γ f it 〈N̂〉i and verify that γ f it ap-
proximates γ2 = −2

√
2 j/c in Figs. 2(d) and 2(e). In Fig. 2(c),

the scar eigenstate shows a lower decay rate than the thermal
states close in energy. Correspondingly, in Fig. 2(b), the scar
states demonstrate lower expectation values 〈N̂〉i, confirming
their slower decay under the master equation ∂tρ = L+(ρ).

Experimentally, this dissipative mechanism can be
achieved by building a Markovian open system governed by
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FIG. 2. The exponential decay of the eigenstates’ fidelity. Panels
(a) and (b) show the eigenstates’ overlaps with |ψ (0)〉, and their
expectation values of N̂ . We pick nine eigenstates from a small
energy interval 
E and illustrate the evolutions of fi(t ) in panel
(c). The blue dots and the blue curve denote scar states, while the
gray ones denote thermal states. The dashed lines are the fitted
exponential functions, yielding a parameter αi for each |Ei〉. In panel
(d), for nine randomly picked eigenstates, we perform a linear fit
of αi against 〈N̂〉i, obtaining a near-linear relation: αi ≈ −γ f it · 〈N̂〉i.
Panels (c) and (d) are computed with the parameter c = 200. In panel
(e), by increasing c to 4, 6, 8, 10, 12 × 102, γ f it shows a near-linear
relation with 1/c: γ f it ≈ γ2 = −2

√
2 j × 1/c. Panel (f) shows the

time evolution of Tr(ρ(t )P̂) under ∂tρ = L′
+(ρ ), with c = 1200. The

blue line indicates the initial state |ψ (0)〉, and the gray ones mark
two other product states. Dashed lines indicate the estimated leakage
1 + γ2N̄t . The calculations are executed on a spin-1 chain with seven
sites, employing 500 quantum trajectories [55–58].

∂tρ = L′
+(ρ). For any initial state |φ〉 = ∑D

i=1 ai|Ei〉 located
in H, the system will leak out of H as Tr(ρ(t )P̂) ∝ 1 +
γ2N̄ · t . D denotes the dimension of the constrained subspace
H. N̄ = ∑D

i=1 |ai|2〈N̂〉i is the long-time average of N̂ during
the unitary evolution. In Fig. 2(f), we set the initial states
to be product states with the same energy 〈φ|H |φ〉 = 0 and
confirm this by calculating the evolution of expectation value
Tr(ρ(t )P̂).

IV. REVISED THERMALIZATION THEORY BASED ON
GRAND CANONICAL FRAMEWORK

ETH posits that for a nonintegrable many-body Hamilto-
nian H , the matrix elements of any local observable Ô in the

energy eigenbasis should satisfy [59–61]

〈Ei|Ô|Ei′ 〉 = O(E )δi,i′ + 
(E )−1/2 f (E, ω)Ri,i′ , (9)

where E ≡ (Ei + Ei′ )/2 and ω ≡ Ei − Ei′ denote the energies
average and difference of the two eigenstates, and 
(E ) is the
density of states (DOS) at the energy E . O(E ) and f (E, ω)
are smooth functions of E and ω. δi,i′ is the Kronecker delta
function, while Ri,i′ ’s are erratically varying O(1) numbers.
O(E ) approaches the canonical average in the thermodynamic
limit:

O(E ) ∼ 〈Ô〉βc = Tr(e−βcH Ô)/Tr(e−βcH ), (10)

where ρc(βc) = e−βcH/Tr(e−βcH ) is the canonical DM and βc

is the inverse-temperature calculated by fixing the energy:
E = Tr(ρc(βc)H ). If the above conditions are met, ETH as-
serts that for any physically preparable initial state |φ〉, the
long-time average of Ô converges to O(E ), with E = 〈φ|H |φ〉.

Based on the above discussions, we realize that the eigen-
state |Ei〉 of the constrained systems can be interpreted as a
dynamic equilibrium state in open systems at a certain energy
E = Ei. Besides, the dissipative mechanism contributes to
the state occupancy of the dynamic equilibrium. Specifically,
since the expectation value of the operator N̂ = ∑D

k=1 Nk =∑D
k=1 L†

k,2Lk,2 indicates the leaking rate from the system to the
auxiliary environment, hence reflecting how each eigenstates
would react to the effective kinetic constraints, we can regard
Nk as a local “quasiparticle” operator, and N̂ = ∑D

k=1 Nk as
the quasiparticle counter. Evidently, the energy E and the
quasiparticle number jointly permit an effective description of
the equilibrium state. Thus, for any eigenstate |Ei〉 within H,
we propose an adjustment to the diagonal terms from Eq. (9)
by including another variable N :

〈Ei|Ô|Ei〉 ∼ O(E,N ), (11)

where N = 〈N̂〉i is the expectation value of the quasiparticle
counter N̂ under |Ei〉, and O(E,N ) is a smooth function of
E and N . For a general constrained model, Eq. (11) states
that the energy eigenstates’ expectation value of any local
observable should approximate the value of a smooth func-
tion uniquely determined by the eigenstate’s energy and its
quasiparticle number 〈N̂〉i. In Fig. 3, we demonstrate that
the expectation values of the scar states cannot be unified
with the majority of other eigenstates in a smooth function
O(E ). However, all the expectation values can be unified in a
smooth two-variable function O(E,N ), certifying the above
discussions. Thus, all the eigenstates can be viewed as ther-
malized, as their local properties can be effectively described
by Eq. (11).

Formally, the value of O(E,N ) should coincide with the
ensemble average of the following grand-canonical-like DM:

ρ(β,μ) ≡
∑D

i=1 e−β(Ei−μ〈N̂〉i )|Ei〉〈Ei|∑D
i=1 e−β(Ei−μ〈N̂〉i )

, (12)

where β and μ are two thermodynamic variables describing
the equilibrium. Specifically, β is the inverse temperature
and μ can be regarded as the chemical potential describ-
ing the dynamic equilibrium of quasiparticle exchange. This
ensemble results from the dissipative mechanism employed
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FIG. 3. The expectation values 〈Ô〉i for local observable Ô = sz
k ⊗ sz

k+1 in a spin-1 chain with nine spins. Panel (a) shows 〈Ô〉i’s relation
with the energy E , with the blue curve being the canonical average O(E ). In panel (b), 〈Ô〉i’s are fitted by a bivariate cubic function to
form a surface O(E,N ) defined by E and quasiparticle number N . The color bars show the deviations of 〈Ô〉i from the curve (or surface):
〈Ô〉i − O(E ) (or 〈Ô〉i − O(E,N )) through a range of changing colors. In panel (c), we show the distribution of eigenstates on the E − N
plane, with a color bar demonstrating the density of states.

to describe the constrained dynamics. Concerning an eigen-
state |Ei〉, β and μ can be determined by fixing the energy
and the quasiparticle number: Ei = Tr(ρ(β,μ)H ), 〈N̂〉i =
Tr(ρ(β,μ)N̂ ). Then, we can estimate 〈Ô〉i by calculating
O(E,N ) ∼ Tr(ρ(β,μ)Ô).

We stress that our approach of defining quasiparticles de-
viates from the traditional route, where the grand canonical
ensembles are introduced by regarding the conserved charges
as the quasiparticles [6,10,62–64]. In contrast, the ETH nor-
mally does not incorporate conserved quantities as parameters
for describing the local thermal properties of eigenstates.
The emergence of such a conserved quantity would usually
block-diagonalize the Hamiltonian and isolate the correspond-
ing symmetry sectors, thereby precluding any ensemblelike
mixing between eigenstates belonging to different sectors. In
our framework, the quasiparticle number operator is explic-
itly nonconserved, as [H, N̂] �= 0. However, we numerically
demonstrate that N̂ is approximately diagonal in the eigenba-
sis of the Hamiltonian, as shown in Appendix C. This property
justifies replacing N̂ in the grand canonical ensemble by its
diagonal terms.

Figures 4(a) and 4(b) illustrate the deviations between the
ensemble average of local observables Tr(ρÔ) and their actual
values 〈Ô〉i for both the canonical DM ρc(βc) and the grand
canonical DM ρ(β,μ) provided above; this is expressed as
Tr(Ôρ) − 〈Ô〉i. In Figs. 4(e) and 4(f), we also compute the
Schatten distance dp between the local reduced DMs of the
ensembles ρA = TrĀ(ρ(β,μ))(or TrĀ(ρc(βc)) and that of the
eigenstates σ A

i = TrĀ(|Ei〉〈Ei|), which is defined as [65,66]
dp(ρ, σ ) ≡ ‖ ρ

‖ρ‖p
− σ

‖σ‖p
‖

p
, with the Schatten p-norm ‖A‖p ≡

Tr(|A|p)1/p. These results indicate that the grand canonical
DM ρ(β,μ) provides a valid characterization for the local
properties of all the eigenstates. Moreover, the grand canon-
ical ensemble gives extremely accurate descriptions of the
scar eigenstates, whereas the canonical ensemble shows large
deviations. In Figs. 4(g) and 4(h), we also show the time
evolution of relevant operators Ô2,3 starting from the initial
state |ψ (0)〉. It can be seen that 〈Ô〉(t ) deviates significantly
from the canonical average, while the grand canonical average
gives a valid estimation for the long-time average of Ô. Here,
the thermal coefficient β and μ can be determined from the
total energy and the long-time average of the quasiparticle

number N̄ , which can be obtained experimentally according
to the previous section.

In Figs. 4(c) and 4(d), we computed the average deviation

|Tr(Ôρ) − 〈Ô〉i| over all eigenstates while gradually increas-
ing the system size [60,67–69]. We observed that, regardless
of which ensembles we employed, this deviation approxi-
mately scales as D−1/2, with D the dimension of the con-
strained subspace. However, the average deviation yielded by
the grand canonical ensemble is significantly lower than that
provided by the canonical ensemble. According to the ETH in
Eq. (9), the discrepancy between the expectation value of local
observables 〈Ô〉i and the function O(E ) is primarily governed
by 
−1/2(E ), with 
(E ) the DOS at the corresponding en-
ergy E . In our revised ETH, this term should correspondingly
be modified to the joint DOS in energy and quasiparticle
number 
(E,N ). Nevertheless, both definitions of DOS gen-
erally show proportional relations with D, thus justifying the
observed scaling behavior. Additionally, regarding the local
properties of scar states, predictions from the grand canoni-
cal ensemble are extremely accurate across all system sizes,
whereas the predictions from the canonical ensemble exhibit
significant discrepancies, which do not diminish with in-
creasing system size. Finally, our strategy will fundamentally
influence the definition of the DOS and the assessment of the
magnitudes of off-diagonal elements from Eq. (9). This will
be addressed in our future investigations. We speculate that
the diminished DOS 
(E,N ) in proximity to scar states, as
can be seen in Fig. 3(c), is likely the underlying reason for the
quasiperiodic dynamical behavior observed in QMBS.

V. CONCLUSION

In summary, we establish a mapping between general con-
strained models and engineered dissipative dynamics. Our
strategy describes the constrained subspace as a jump-free
region, where the jumping terms induced by the two types
of dissipations cancel each other out. In this context, we
find that the scar eigenstates display markedly lower de-
cay rates than the thermal states, which distinctly reflects
their nonthermal characteristics. This inspires us to refor-
mulate the ETH by introducing the quasiparticle number N
to the hypothesis, leading to an equilibrium analogous to
the grand canonical ensemble. The revised ETH successfully
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FIG. 4. Panels (a) and (b) compare the ensemble averages of
local observables with their eigenstate expectation values, quantified
by Tr(Ôρ ) − 〈Ô〉i. Panels (c) and (d) show the average absolute value
of these differences, calculated over all eigenstates and over scar
states only, demonstrating how the averages scale with the Hilbert
space dimension D. Panels (e) and (f) present the Schatten distances
dp(ρA, σ A

i ) for p = 1, 2, where ρA = TrĀ(ρ ) is the reduced DM of
the ensembles and σ A

i = TrĀ(|Ei〉〈Ei|) is that of the eigenstates, with
both defined on the same two-site subsystem A. In panels (a)–(f),
crosses denote results for the canonical DM ρ = ρc(βc ), while solid
points correspond to the grand canonical DM ρ = ρ(β,μ). All scar
state data are highlighted in red. In panels (a), (b), (e), and (f), calcu-
lations are performed for a spin-1 chain with nine sites; analogous
results for the spin-3/2 case are provided in Appendix D. Panels

(c) and (d) report the mean absolute deviation |Tr(Ôρ ) − 〈Ô〉i| as
the system size varies from D = 5–12. For the subset with D � 8,
the averages over all eigenstates are fitted to a linear function of
1/

√
D, as indicated by the dotted lines. Panels (g) and (h) display

the time evolution of local observable expectation values, setting
the initial state as |1, 1, . . . , 1〉. Grey lines illustrate quasiperiodic
revivals of the fidelity of the initial state, while blue curves depict the
dynamics of Ô3 and Ô2, given by 〈Ô3,2(t )〉 = 〈ψ (t )|Ô3,2|ψ (t )〉. The
blue straight lines indicate the grand canonical averages, whereas
red dashed lines show ETH-based canonical averages. We have
employed the local observables Ô1 = |1〉〈1|k + |0〉〈0|k for panels
(a) and (c), Ô2 = sz

k ⊗ sz
k+1 for panels (b), (d), and (h), Ô3 as

the projector on the state (|1〉1 ⊗ |1〉2 − | − 1〉1 ⊗ | − 1〉2)/
√

2 for
panel (e).

predicts local observables for all eigenstates and renders the
QMBS model thermalized under the framework of the grand
canonical ensemble. However, whether such a thermaliza-
tion mechanism is applicable to exactly solvable QMBS and
many-body localized phases remains open. In addition, al-
though the nonintegrable constrained models discussed here
show evidence of grand canonical thermalization, integrability
is typically associated with the suppression of thermalization
processes. A fundamental question is whether integrability
can also suppress this grand canonicallike thermalization. Our
work provides a unified pathway for exploring thermalization
phenomena in a broader context.

ACKNOWLEDGMENTS

We would like to thank Lei Ying and Xing-Shuo Xu
for helpful discussions, and Xi-Wang Luo and Pan Gao
for their assistance with the calculation. This work was
funded by National Natural Science Foundation of China
(Grants No. 12474366, No. 11974334, and No. 11774332),
and Quantum Science and Technology-National Science and
Technology Major Project (Grants No. 2021ZD0301200 and
2021ZD0301900). We also acknowledge support from CAS
Project for Young Scientists in Basic Research (Grant No.
YSBR-049).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: DETAILS IN THE DERIVATION
OF THE MASTER EQUATION

We provide further details supporting the proof of the
equivalence between the master equation and the original
constrained Hamiltonian. First, we show that the Hermitian
Hamiltonian H commutes with the projector P̂ onto the con-
strained subspace H and shares the same right eigenvector
with the non-Hermitian one HN within H. We directly write

[H, P̂] =
N∑

k=1

(PkhkPkP̂ − P̂PkhkPk )

=
N∑

k=1

(PkhkPkP̂ − PkhkPkP̄k ) = 0. (A1)

Here, P̄k = ∏
[πm, hk] = 0(I − πm) commutes with hk and,

together with the local constraint Pk , forms the projector P̂.
Hence, H can be diagonalized within the constrained subspace
H, where the eigen-equations of H and HN are equivalent:

H |Ei〉 =
D∑

k=1

(hk − �khk − hk�k + �khk�k )P̂|Ei〉

=
D∑

k=1

(hk − �khk + hk�k − ic�k )P̂|Ei〉

= HN |Ei〉. (A2)
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Here, we have considered the fact that the local projector �k’s
are orthogonal with P̂: �kP̂ = (I − Pk )P̂ = 0.

Second, we provide a detailed deduction of Eq. (4). We
equip the master equation with Hamiltonian H0 and the
dissipation channels described in Eq. (3), then we get the
non-Hermitian effective Hamiltonian of the system as

H0 − i
∑
k,σ

γσ

2
L†

k,σ
Lk,σ

= H0 + i

c

D∑
k=1

hk�khk

− ic
D∑

k=1

(
�k + i

c
hk�k

)(
�k − i

c
�khk

)

=
D∑

k=1

hk − ic�k − �khk + hk�k = HN , (A3)

with a tunnable parameter c. The jumping term J (ρ) can be
obtained in the same manner:

J (ρ) =
∑
k,σ

γσ Lk,σ ρL†
k,σ

= 2c
D∑

k=1

(
�k − i

c
�khk

)
ρ

(
�k + i

c
hk�k

)

− 2

c

D∑
k=1

�khkρhk�k

=
D∑

k=1

2c�kρ�k − 2i�khkρ�k + 2i�kρhk�k. (A4)

Having demonstrated the deduction of the master equa-
tion, we turn to the master equation with only the pos-
itive dissipation rates. Formally, when c → ∞, we can
ignore the negative dissipation channels and obtain a Li-
ouvillian superoperator L+, in which the non-Hermitian
Hamiltonian writes H+ ≡ H0 − i

2

∑D
k=1 γ1L†

k,1Lk,1 = HN −
i
c

∑D
k=1 hk�khk and the jumping term J+(ρ) reads J+(ρ) ≡∑D

k=1 γ1Lk,1ρL†
k,1 = J (ρ) + 2

c

∑D
k=1 �khkρhk�k . In the dy-

namical process generated by L+, the states within H leak
out through the term �khkρhk�k to the blockade region,
and then suffer a fast decay caused by the quantum jumps
2c�kρ�k in J (ρ). Now, if we keep the leakage caused by the
term �khkρhk�k , and replace the confinement caused by the
Zeno effect with the original blockade effect defined by P̂, we
will arrive at another Lindblad master equation ∂tρ = L′

+(ρ),
with the constrained Hamiltonian HB = P̂HP̂ = P̂H0P̂ gov-
erning the unitary dynamics and dissipation channels with
sufficiently low dissipation rates: {γ ′ = −γ2 = 2

c , L′
k =

Lk,2 = �khk}. Then, the non-Hermitian Hamiltonian of L′+

FIG. 5. The evolution of the initial states’ fidelity in the con-
strained system with Hamiltonian H , compared with that under the
master equations marked by L+ and L′+. In panels (a) and (b),
we show the evolution in spin-1 chain with nine sites, while panels
(c) and (d) correspond to a spin-3/2 chain with seven spins. In pan-
els(a) and (c), we choose the initial states as random product states
other than | j, j, . . . , j〉. Panels (b) and (d) present detailed views
of the regions enclosed within the gray boxes in the corresponding
figure on the right.

becomes

H ′
+ ≡ HB − i

2

D∑
k=1

γ ′L′†
k L′

k = HB − i

c

D∑
k=1

hk�khk, (A5)

and the jumping term J ′
+ can be rewriten as

J ′
+(ρ) ≡

D∑
k=1

γ ′L′
kρL′†

k = 2

c

D∑
k=1

�khkρhk�k . (A6)

This dissipation rate is inversely small with large c. Hence, the
evolution under L′+ approaches the unitary dynamics defined
by HB in the limiting case of c → ∞.

In Fig. 1, we have illustrated the differences among the
dynamics of H , L+, and L′

+, employing the spin model with
the initial state |ψ (0)〉 = | j, j, . . . , j〉. Our calculations show
that when c is large, both dynamical descriptions based on
L+ and L′

+ can approximate the ideal Hermitian dynamical
evolution very well. Here, we also confirm this result by
providing the evolution of these dynamical equations under
non-QMBS initial states, as shown in Fig. 5.

Next, we provide some calculation details regarding the
spin model discussed in the main text. Based on the specific
form of the Hamiltonian H0 = ∑D

k=1 sx
k and blockades B =

{πk = |x〉〈x|k,k+1; k = 1, 2, . . . , D}, we follow the frame-
work defined in the main text and write the constrained
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Hamiltonian as

H =
D∑

k=1

(I − �k )sk (I − �k ) =
D∑

k=1

sk − �ksk − sk�k

=
D∑

k=1

sx
k −

√
j

2
(| j〉〈 j|k−1 ⊗ | − j〉〈− j + 1|k + H.c.)

−
√

j

2
(| j〉〈 j − 1|k ⊗ | − j〉〈− j|k+1 + H.c.), (A7)

where �k = πk−1 + πk stands for the constriants felt by the
local Hamiltonian sx

k . We note that the terms �khk�k vanish
for this model. Subsequently, we can obtain the explicit form
of the dissipative channel by rigorously following Eq. (4),
thereby arriving at the associated master equation. However,
the obtained dissipation terms act on three adjacent lattice
sites, akin to �k . To simplify computations and obtain more
localized dissipations, we reformulate the Hamiltonian as

H =
D∑

k=1

sx
k −

√
j(|x〉k,k+1〈y|k,k+1 + H.c.)

=
D∑

k=1

sx
k −

√
jMk −

√
jM†

K , (A8)

where Mk ≡ 1√
j
πk (sx

k + sx
k+1) = |x〉〈y|k,k+1 is the mapping

from H to the blockaded region, with |y〉k,k+1 = 1√
2
(| j〉k ⊗

| − j + 1〉k+1 + | j − 1〉k ⊗ | − j〉k+1) the state mapped from
the prohibited state, as defined in the manuscript. Following
the same logic as established in the above framework, we then
write out the non-Hermitian Hamiltonian as

HN =
D∑

k=1

sx
k −

√
jMk +

√
jM†

K − ic

√
j

2
πk . (A9)

From which we can build up a set of dissipation chan-
nels acting on only nearest-neighboring sites, as given in
Eq. (7).

Next, we provide the deduction and the specific form of the
master equation. The non-Hermitian Hamiltonian writes

HN = H0 − i
∑
k,σ

γσ

2
L†

k,σ
Lk,σ

= H0 − ic

√
j

2

D∑
k=1

(
πk + i

√
2

c
M†

k

)(
πk − i

√
2

c
Mk

)

+ i
√

2 j

c

D∑
k=1

M†
k Mk

=
D∑

k=1

sx
k − ic

√
j

2
πk −

√
jMk +

√
jM†

k , (A10)

which shares the same right eigenvectors as the Hamiltonian
from Eq. (A8) in the constrained subspace. We have used the
relation πkMk = Mk in the above deduction. Finally, we have

the jumping terms:∑
k,σ

γσ Lk,σ ρL†
k,σ

= c
√

2 j
D∑

k=1

(
πk − i

√
2

c
Mk

)
ρ

(
πk + i

√
2

c
M†

k

)

−
√

2 j
2

c

D∑
k=1

MkρM†
k

=
√

2 j
D∑

k=1

cπkρπk − i
√

2Mkρπk + i
√

2πkρM†
k . (A11)

We can see that any state within the constrained subspace
remains unaffected by the jumping term since it is annihi-
lated by the blockades πk’s from either side: πkP̂ = P̂πk = 0.
Therefore, the above master equation equivalently describes
the dynamics of the Hamiltonian from Eq. (A8).

We note that in the framework provided in the main text,
we build up the dissipation channels based on each single
local Hamiltonian part hk and the blockades πk’s that do not
commute with hk . On the contrary, here we build the dissipa-
tion channels in the spin model based on each single blockade
πk and local Hamiltonian terms that effectively act on it. For
example, we have utilized the operator Mk ∝ πk (sx

k + sx
k+1)

instead of �ksx
k = (πk−1 + πk )sx

k to describe the connection
between the constrained subspace and the blockaded states.
Although the construction method utilized in the framework
is universal, the approach applied to spin chains may provide
significant convenience for subsequent discussions. Neverthe-
less, the latter necessitates a case-by-case examination when
extending to other models.

Next, we provide a detailed deduction of Eq. (8), demon-
strating the decay rate of H’s eigenstates under the dynamical
equation ∂tρ = L+(ρ):

dfi(t )

dt
= d

dt
〈Ei|ρ(t )|Ei〉 = 〈Ei| d

dt
ρ(t )|Ei〉

= 〈Ei|L+(ρ(t ))|Ei〉 = −i〈Ei|H+ρ(t )|Ei〉 + H.c.

=
D∑

k=1

−i〈Ei|
(

2hk�k − i

c
hk�khk

)
ρ(t )|Ei〉 + H.c.

(A12)

We note that the jumping term J+(ρ) vanishes due to the
action of 〈Ei| · |Ei〉. Then we make the following approxima-
tion to simplify the calculation. As c approaches infinity, the
eigenstates of the constrained Hamiltonian H can be regarded
as approximately equivalent to the right-eigenvectors of the
non-Hermitian Hamiltonian H+:

H |Ei〉 = Ei|Ei〉 = HN |Ei〉

=
(

H+ + i

c

D∑
k=1

hk�khk

)
|Ei〉 ∼ H+|Ei〉. (A13)

Consequently, for the trajectory without jumps, the system
remains in its initial state |Ei〉. Moreover, any quantum jump
of L+ projects the system outside the constrained subspace,
thereby ensuring that the resultant state is orthogonal to the
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initial one. Therefore, we have ρ(t ) ≈ fi(t ) · |Ei〉〈Ei| + (I −
P̂)ρ(t )(I − P̂), where P̂ρ ′P̂ denotes the part of the DM that
has been mapped outside the subspace H by quantum jumps.
Then, we arrive at the following equation:

dfi(t )

dt
≈ −2

c

D∑
k=1

〈hk�khk〉i · fi(t ) = γ2

D∑
k=1

〈L†
k,2Lk,2〉i · fi(t ).

(A14)

Finally, we obtain fi(t ) ≈ e−αit with the decay rate αi =
−γ2〈N̂〉i, where N̂ = ∑D

k=1 Nk and Nk = L†
k,2Lk,2 as defined

in Sec. III.
Besides, for any physically preparable initial state |φ(0)〉 =∑D
i=1 ai|Ei〉, we define the possibility of the system remaining

in the subspace H during the dissipative process governed by
∂tρ = L′

+(ρ): h(t ) = Tr(ρ(t )P̂). Similarly, we have

dh(t )

dt
= Tr

(
P̂

d

dt
ρ(t )

)

= −γ ′

2

D∑
k=1

Tr(P̂(L′†
k L′

kρ + ρL′†
k L′

k ))

= γ2

2
Tr(P̂(N̂ρ + ρN̂ )), (A15)

then we utilize the former assumption that ρ(t ) is approx-
imately governed by H for the process without jumps, and
will be mapped out of the subspace H for any possible jump:
ρ(t ) ≈ h(t ) · ρH(t ) + (I − P̂)ρ(t )(I − P̂). ρH(t ) denotes the
DM within H, and can be approximated by e−iHtρ(0)eiHt .
Following this, we have

dh(t )

dt
≈ γ2Tr(N̂e−iHtρ(0)eiHt )h(t ),

h(t ) ≈ 1 + γ2

∫ t

0
dt ′h(t ′)Tr(N̂e−iHt ′

ρ(0)eiHt ′
), (A16)

then we can keep the terms up to the first order of γ2 ∝ 1/c
and get h(t ) ≈ 1 + γ2

∫ t
0 Tr(N̂e−iHt ′

ρ(0)eiHt ′
)dt ′. Hence, we

write the integral above as

∑
k,l

∫ t

0
a∗

l akeit ′(El −Ek )〈El |N̂ |Ek〉dt ′ t�1/δE−→ t
D∑

k=1

|ak|2〈N̂〉k,

(A17)

where δE marks the minimal energy level spacing. Then,
we approximately arrive at a leaking process denoted by
h(t ) ≈ 1 + αLt , with αL = γ2N̄ and N̄ = ∑D

i=1 |ai|2〈N̂〉i. The
parameter range involved in the above calculations is given
by t � 1/δE , t · γ2 � 1. Since γ2 ∝ 1/c, this leads to
c � t � 1/δE .

APPENDIX B: MAPPING THE SPIN-1 SCENARIO
TO PXP MODEL

The spin-1 scenario of the 1D spin chain model can be
mapped to the PXP model. Here, we outline the derivation of
the mapping from the Hamiltonian in Eq. (A8) to the standard
PXP Hamiltonian. First, we rewrite Eq. (A8) in the matrix

form for spin-1 scenario as

H =
D∑

k=1

sx
k − Mk − M†

k

= 1√
2

D∑
k=1

⎛
⎝0 1 0

1 0 1
0 1 0

⎞
⎠

k

−
⎛
⎝0 1 0

1 0 0
0 0 0

⎞
⎠

k

⊗
⎛
⎝0 0 0

0 0 0
0 0 1

⎞
⎠

k+1

−
⎛
⎝1 0 0

0 0 0
0 0 0

⎞
⎠

k

⊗
⎛
⎝0 0 0

0 0 1
0 1 0

⎞
⎠

k+1

= 1√
2

D∑
k=1

⎛
⎝0 1 0

1 0 0
0 0 0

⎞
⎠

k

⊗
⎛
⎝1 0 0

0 1 0
0 0 0

⎞
⎠

k+1

+
⎛
⎝0 0 0

0 1 0
0 0 1

⎞
⎠

k

⊗
⎛
⎝0 0 0

0 0 1
0 1 0

⎞
⎠

k+1

, (B1)

where the matrix expansion is written under the lo-
cal spin basis of sz

k: {|m = 1〉, |m = 0〉, |m = −1〉, }. Then,
we map these bases to two composite spin-1/2 sites
as |m = 1〉k = |↓,↑〉2k−1,2k , |m = 0〉k = |↓,↓〉2k−1,2k , and
|m = −1〉k = |↑,↓〉2k−1,2k . Following this, we rewrite the
Hamiltonian from Eq. (B1) in the spin-1/2 basis:

H = 1√
2

D∑
k=1

P↓
2k−1 ⊗ σ x

2k ⊗ P↓
2k+1 + P↓

2k ⊗ σ x
2k+1 ⊗ P↓

2k+2

= 1√
2

2D∑
l=1

P↓
l−1 ⊗ σ x

l ⊗ P↓
l+1, (B2)

where P↓
l = |↓〉〈↓|l is the projector of spin-down state |↓〉l

on the lth site, σ x
l is the Pauli operator on the x direction. The

final expression in Eq. (B2) is exactly the Hamiltonian of a
PXP model with 2D sites.

APPENDIX C: VALIDITY OF THE
QUASIPARTICLE NUMBER N̂

Regarding the grand canonical ensemble in classical statis-
tical mechanics, the total energy and total particle number of
the system and its environment are conserved. However, fluc-
tuations in both energy and particle number within the system
arise due to interactions between the system and its environ-
ment. Since these quantities are c-numbers in classical physics
rather than operators, noncommutativity does not become an
issue. In the quantum case, however, such straightforward
commutation relations cannot be guaranteed. According to the
ETH, an isolated system can be viewed as comprising a local
subsystem with the remaining that act as the environment.
In this framework, the Hamiltonian of the system assumes a
dual significance: first, as a conserved quantity that governs
the unitary dynamics of the isolated system; and second, as
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the energy of the local subsystem, which experiences local
fluctuations described by the canonical ensemble.

In our framework, we treat the kinetically constrained
model equivalently as an open system coupled to an auxil-
iary environment, and introduce the definition of the system’s
quasiparticle number. Examining such a system from a ther-
modynamic perspective, we regard the steady state of the
master equation—also the eigenstate of the isolated system—
as a microstate contributing to the thermal description of a
grand canonical ensemble. Here, the quasiparticle number
N̂ = ∑D

k=1 L†
k,2Lk,2 = ∑

k hk�khk quantifies the information
exchange process between the system and its environment.
Specifically, the expectation value of N̂ reflects the decay rate
in the information-outflow process governed by L+. There-
fore, N̂ cannot be considered as the total quasiparticle number
of the system and its environment, implying that the opera-
tor N̂ is not necessarily a conserved quantity throughout the
entire dynamical process. However, since energy and quasi-
particle number are viewed as two quantities that describe
this microstate. It is necessary for the Hamiltonian H and the
quasiparticle number N̂ to have an approximately commuting
relationship, in order to facilitate the calculation of the grand
canonical ensemble. In Figs. 6(a) and 6(b), we numerically
validate this assertion, demonstrating that N̂ is approximately
diagonal in the eigenbasis of the Hamiltonian H . Moreover,
this quasidiagonal structure becomes increasingly pronounced
as the system size grows. Thus, we can retain only the di-
agonal elements of N̂ and approximate the grand canonical
ensemble with

∑D
k=1 e−β(Ek−μ〈N̂〉k )|Ek〉〈Ek|/Z .

On another note, our revised ETH posits that all the local
observables should satisfy Eq. (11). Hence, we provide addi-
tional examples in Figs. 6(c)–6(f) to testify to our hypothesis.
We randomly choose several local observables other than the
one we employed in Fig. 3, and demonstrate that all the
eigenstates’ expectation values can be expressed as a coherent
function of energy E and quasiparticle number N .

APPENDIX D: APPLICATION IN OTHER MODELS
HOSTING QMBS

The results from Fig. 4 can be generalized to the same
spin model with larger spins. In Fig. 7, we provide the re-
sults calculated for the aforementioned model in the spin-3/2
scenario. The calculation shows that the grand canonical en-
sembles fit the local properties of the eigenstates better than
the canonical ensemble, confirming our discussion in Sec. IV.

Besides, our framework can be applied to other constrained
systems. Here, we consider another QMBS model based on a
1D spin chain, which is known as the high-dimensional PXP
model. The Hamiltonian writes

HhPXP = P̂
D∑

k=1

sx
kP̂,

P̂ =
D∏

k=1

(I − Tk ⊗ Tk+1),

Tk =
j∑

m=− j+1

|m〉〈m|k, (D1)

FIG. 6. In panel (a), we show the matrix form of quasiparticle
number N̂ under the eigenbasis of the system Hamiltonian. We
use the color bar to demonstrate the absolute value of each ma-
trix element |〈Ei|N̂ |Ej〉|, and show the characteristics of the local
diagonal portion of the matrix in the inset plot. We have chosen
a spin-1 chain with nine sites. In panel (b), we calculate the ratio
of the average absolute value of the off-diagonal matrix elements

to that of the diagonal matrix elements, expressed as
|Ni �= j |
|Ni,i | , where

Ni, j = 〈Ei|N̂ |Ej〉, | · | denotes the absolute value operation, and ·
signifies the average taken over all relevant matrix elements. We take
the same model, varying the system size from 5 to 12, and show
that this ratio exhibits an exponential decrease as the system size
increases. In panels (c)–(f), we fit the local observables’ expectation
values 〈Ô〉i Ô by polynomial functions of E and quasiparticle number
N . The color bars show the deviations of 〈Ô〉i from the fitted surface:
〈Ô〉i − O(E,N ) through a range of changing colors. We have cho-
sen the local observables as Ô1 = |1〉〈1|k + |0〉〈0|k , Ô2 = sx

k ⊗ sx
k+1,

Ô3 = sx
k ⊗ sz

k+1, and Ô4 = sy
k ⊗ sy

k+1.

where P̂ stands for the projector of the constrained subspace.
B = {πk = Tk ⊗ Tk+1, k = 1, 2, . . . , D} mark the blockades
that prohibit nearest neighboring spins from spontaneously
occupying states {| − j + 1〉k, | − j + 2〉k, . . . , | j〉k}. |m〉k de-
notes the eigenstate of sz

k: sz
k|m〉k = m|m〉k . Therefore, a spin
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FIG. 7. Deviations between the eigenstates and the ensemble
estimations for the spin-3/2 case. Panels (a) and (b) show the dif-
ferences between the DM average of local observables and their
expectation values in the eigenstates |Ei〉, expressed as Tr(Ôρ ) −
〈Ô〉i. In panel (a), the local observable is chosen as Ô1 =
|3/2〉〈3/2|k . In panel (b), the local observable is also Ô2 = sz

k ⊗ sz
k+1.

Panels (c) and (d) present the Schatten distances dp(ρA, σ A
i ) between

the reduced DM ρA = TrĀ(ρ ) and the reduced DM of the eigenstates
σ A

i = TrĀ(|Ei〉〈Ei|) in the same subsystem A, where we take p = 1, 2.
In panels (a)–(d), the horizontal axis corresponds to energy E and the
crosses represent results from the canonical DM ρ = ρc(βc ), with
red crosses indicating scar states and yellow ones denoting thermal
states. Solid points represent results calculated from the grand canon-
ical DM ρ = ρ(β,μ), with scar states highlighted in red circles. We
have employed a spin-3/2 chain with seven sites.

remains dynamically constrained unless its two neighboring
spins are both in the lowest spin-z eigenstates | − j〉k .

Our framework can be applied to this model directly.
However, solving the energy spectrum of this model may
pose significant challenges. Considering a spin- j chain with
D sites, the dimension of the corresponding Hilbert space
is (2 j + 1)D with numerous unnecessary degrees of free-
dom. We can reduce these redundant degrees of freedom
by re-encoding two adjacent spins |m, m′〉2l−1,2l into a logic
site |·〉l with 4 j + 1 degrees of freedom. Formally, we can
divide the blockades B into two subsets of blockade pro-
jectors: Bo = {π2l−1, l = 1, 2, . . . , D/2} and Be = {π2l , l =
1, 2, . . . , D/2}, where B̂o(B̂e) act only on the neighboring
2l − 1th and 2lth sites(2lth and 2l + 1th sites). The projector
of the constrained subspace can also be decomposed into two
parts: P̂ = P̂o · P̂e, where P̂o(e) = ∏

πl ∈Bo(e)
(I − πl ). Following

this, we can rewrite the Hamiltonian as

HhPXP = P̂eP̂o

D∑
k=1

sx
kP̂oP̂e = P̂eHoddP̂e,

Hodd = P̂o

D∑
k=1

sx
kP̂o = H0 · P̂o = P̂o · H0, (D2)

where H0 commutes with P̂o: [H0, P̂o] = 0, and is equivalent
to Hodd within the subspace denoted by P̂o. Considering the

FIG. 8. Panel (a) shows the overlap between the eigenstates and
the initial state |ψ (0)〉 = | j, − j, . . . , j, − j〉. Panel (b) shows the
expectation values of the local observable Nk=1, with the points
indicating the results obtained from the eigenstates: 〈Nk=1〉i =
〈Ei|Nk=1|Ei〉, and the dashed line stands for the expected values given
by the prediction of canonical ensemble. In both panels (a) and (b),
we mark the scar states in the red circles. Panels (c) and (d) demon-
strate the deviation between the eigenstates expectations of local
observables Ô1, Ô2 and that of the DMs: Tr(Ô1,2ρ ) − 〈Ô1,2〉i. We
take ρ to be either the canonical DM or the adjusted version from
our work. The results from the canonical DM ρc(βc ) are represented
by the yellow and red crosses, with the former marking the thermal
states, and the latter marking the scar states. The results from the
adjusted grand canonical DM ρ(β, ν ) are represented by blue dots,
where the scar states are highlighted with red circles. We choose
Ô1 to be the single-site spin-z operator Ô1 = sz

k , and Ô2 to be the
product of spin-z operators on the next nearing sites Ô2 = sz

k ⊗ sz
k+2.

We carried out our calculations in a spin-1 chain with 12 sites.

null space of P̂o, Hodd is entirely constrained while H0 can
still drive the system evolving in the unconstrained area.
Moreover, H0 = ∑D/2

l=1 hl is comprised of local terms hl ’s,
which signify the blockade Bo with local interactions between
neighboring spins:

hl = (I − π2l−1)
(
sx

2l−1 + sx
2l

)
(I − π2l−1)

= (I − T2l−1 ⊗ T2l )
(
sx

2l−1 + sx
2l

)
(I − T2l−1 ⊗ T2l )

= (I − T2l−1) ⊗ sx
2l + sx

2l−1 ⊗ (I − T2l )

= | − j〉〈− j|2l−1 ⊗ sx
2l + sx

2l−1 ⊗ | − j〉〈− j|2l . (D3)

Then, we rewrite the constrained Hamiltonian as

HhPXP = P̂eHoddP̂e = P̂eH0P̂e · P̂o

=
D/2∑
l=1

l∏
l1,2=l−1

(
I − π2l1

)
hl

(
I − π2l2

) · P̂

=
D/2∑
l=1

l∏
l1,2=l−1

(
P̂o − π2l1 · P̂o

)
hl

(
P̂o − π2l2 · P̂o

) · P̂
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=
D/2∑
l=1

l∏
l1,2=l−1

(
I − π ′

2l1

)
hl

(
I − π ′

2l2

) · P̂

= H · P̂,

H =
D/2∑
l=1

hl − �l hl − hl�l + �l hl�l , (D4)

where we have utilized the commutation relation between P̂o

and P̂e in the first line. Besides, P̂2
o = P̂o is a projector, which

enables us to project the blockades π2l ’s onto the subspace
denoted by P̂o and arrive at π ′ = π · P̂o. This further leads
us to define the local blockade projectors �l = π ′

2l−2 + π ′
2l .

Finally, H commutes with P̂ and is the equivalent Hamiltonian
for this model.

Now we take the critical step by viewing the subspace
denoted by P̂o as the entire Hilbert space. Consequently, we
can regard hl as the local Hamiltonian acting on the lth logic
site, and consider this model as an outcome of applying the
blockades Be on H0. Correspondingly, we should eliminate
the states |m, m′〉2l−1,2l with m and m′ both greater than − j,
since these states are located in the null space of P̂o. Then we
map the remaining 4 j + 1 states as

|− j, m〉2l−1,2l → |am〉l , m = − j + 1, . . . , j − 1, j,

|m,− j〉2l−1,2l → |bm〉l , m = − j + 1, . . . , j − 1, j,

|− j,− j〉2l−1,2l → |c〉l , (D5)

with l = 1, 2, . . . , D/2 denotes the logic site number. We note
that all the terms in H can be expressed with these states.
Therefore, we have effectively reduced the dimension of the
Hilbert space to (4 j + 1)D/2.

Following the framework and Eq. (D4), we can build up
a master equation equivalent to the unitary dynamics gov-
erned by H , and construct the quasiparticle counting operator
N̂ = ∑D/2

k=1 L†
k,1Lk,1, which then leads to the alternation of the

Gibbs ensemble as discussed in Sec. V. We spare the repetitive
derivation process and provide the calculations done upon this
model below.

First, we show the eigenstates’ deviation from ETH by cal-
culating the expectation of the local observable Nk = L†

k,1Lk,1

in Fig. 8(b). We also show the overlap between the eigenstates
and the appointed initial state in Fig. 8(a) as a reference. Scar
eigenstates appear to be the ones that show higher overlaps
with the initial state, and at the same time, mostly diverge
from the canonical average. Then, we display the deviation
between the eigenstates’ expectation values and the ensemble
average for both the grand canonical ensemble and the canon-
ical ensemble in Figs. 8(c) and 8(d). We have employed two
local observables for the calculation. It can be seen that the
grand canonical ensemble shows a significant advantage over
the canonical ensemble, as the grand canonical DM can ac-
curately predict the expectation values for both the scar states
and the thermal eigenstates. Specifically, the grand canonical
ensemble provided in Eq. (12) demonstrates better fits for the
local properties of the scar eigenstates, while these properties
show significant deviation from the canonical ensemble aver-
age originating from ETH.
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