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Quantum algorithm for one-quasiparticle excitations in the thermodynamic
limit via cluster-additive block diagonalization
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We propose a quantum algorithm for computing one-quasiparticle excitation energies in the thermodynamic
limit by combining numerical linked-cluster expansions (NLCEs) and the variational quantum eigensolver
(VQE). Our approach uses VQE to block diagonalize the cluster Hamiltonian through a single-unitary transfor-
mation. This unitary is then postprocessed using the projective cluster-additive transformation (PCAT) to ensure
cluster additivity, a key requirement for NLCE convergence. We benchmark our method on the transverse-field
Ising model (TFIM) in one and two dimensions, and with longitudinal field, computing one-quasiparticle
dispersions in the high-field polarized phase. We compare two cost function classes, trace minimization and
variance based, demonstrating their effectiveness with the Hamiltonian variational ansatz (HVA). For pure
TFIM, [N/2] layers of HVA suffice: NLCE + VQE matches exact diagonalization. For TFIM with longitudinal
field, where parity symmetry breaks and PCAT becomes essential, both [N/2] and N layers of HVA converge
with increasing cluster size, with N layers providing improved accuracy. Our results establish PCAT as a
cluster-additive framework that extends variational quantum algorithms to excited-state calculations in the
thermodynamic limit via NLCE. While demonstrated with VQE, the PCAT postprocessing approach, which

requires only low-energy eigenspace information, applies to any quantum eigenstate preparation method.

DOI: 10.1103/sdpn-s42c

I. INTRODUCTION

Understanding elementary excitations is central to the
study of quantum many-body systems. Such excitations gov-
ern low-temperature thermodynamics and long-range dynam-
ical behavior, and are directly accessible via spectroscopic
techniques such as inelastic neutron or light scattering. Conse-
quently, developing accurate and efficient methods to compute
the excitation spectrum is a major objective in condensed
matter physics, as well as in quantum chemistry and quantum
simulation.

Recent years have witnessed significant progress in hy-
brid quantum-classical algorithms, particularly in using the
variational quantum eigensolver (VQE) [1] to compute
ground-state properties of strongly correlated systems. These
algorithms are particularly relevant for noisy intermediate-
scale quantum devices [2], where limited qubit coherence
times and gate fidelities preclude error-corrected quantum
computation. Originally designed for quantum chemistry
applications [1,3], VQE has been increasingly applied to con-
densed matter models, including studies of quantum magnets
[4,5], spin liquids [6], frustrated systems [7,8], quantum crit-
ical points [9,10], and our recent numerical linked-cluster
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expansion (NLCE) + VQE approach for ground-state ener-
gies [11]. Recent no-go theorems have highlighted trainability
challenges for variational quantum algorithms under certain
assumptions [12,13]. However, systematic exploration with
problem-adapted ansitze remains essential for developing
successful strategies, and our work contributes to this by
exploring VQE for degenerate subspaces within the NLCE
framework using physically motivated initialization.

VQE has proven successful for ground-state calculations,
providing a robust method to minimize the energy expectation
value on finite quantum systems. Extending these approaches
to compute excited states is an important next step, with multi-
ple strategies having been proposed. These include variational
quantum deflation [14], quantum equation of motion [15],
subspace-search VQE (SSVQE) [16], and other ensemble
and penalty-based methods [17,18]. Some of these techniques
(such as SSVQE) can handle degenerate subspaces, though
they are primarily designed for extracting individual eigen-
states rather than constructing effective models for low-energy
physics.

In many quantum lattice models, elementary excitations
can be interpreted as quasiparticles: stable or long-lived exci-
tations carrying a well-defined momentum k and energy w(k).
Constructing an effective quasiparticle Hamiltonian provides
a compact description of these excitations through a few local
coupling constants, reveals the underlying interaction struc-
ture, and connects directly to experimental observables.

Classical approaches to construct such effective Hamil-
tonians rely on block-diagonalization methods in quantum
many-body physics, such as the Schrieffer-Wolff transfor-
mation [19], continuous unitary transformations [20-22],
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and the contractor renormalization group [23], which aim to
isolate quasiparticle sectors by transforming the full Hamilto-
nian into a block-diagonal form where each block conserves
the number of quasiparticles. Perturbative linked-cluster
expansions [24,25] provide a systematic way to reach the ther-
modynamic limit by combining such block-diagonalization
transformations with cluster expansion techniques. Perturba-
tive approaches are limited to perturbative regimes. However,
all of the previously mentioned methods can also be for-
mulated nonperturbatively. Then, NLCEs [26-29], meaning
replacing the perturbative with the exact result on a cluster,
can be used to overcome the perturbative limitation. However,
the exponential scaling still limits accessible cluster sizes.

While NLCE combined with exact diagonalization (ED)
has been successful for both ground states and excitations, our
recent work has demonstrated NLCE + VQE for ground-state
energies [11], a method where VQE is used as a cluster solver
instead of ED for each finite cluster in NLCE. However, a
quantum or hybrid quantum-classical analog of these NLCE
methods for constructing cluster-additive effective Hamiltoni-
ans of excited states does not exist yet. Recently, VQE-based
approaches have been applied to extract quasiparticle exci-
tations from finite periodic systems [30], but these methods
target individual eigenstates on finite periodic clusters rather
than constructing cluster-additive transformations suitable for
thermodynamic-limit extrapolation via NLCE. Extending the
NLCE framework to excitations with VQE as a cluster solver
presents unique challenges due to higher dimensionality of
excitation subspaces on finite clusters, which requires ensur-
ing cluster additivity, a property not automatically satisfied by
standard VQE block-diagonalization unitaries.

In this work, we propose a hybrid quantum-classical
method to construct an effective one-quasiparticle (1QP)
Hamiltonian in the thermodynamic limit. Our approach
combines VQE with NLCEs and generalizes the NLCE +
VQE method that we have recently introduced for ground-
state energies [11]. Extending this framework to excita-
tions presents significant challenges: Unlike the ground-state
energy (a scalar quantity), 1QP excitations form a multi-
dimensional subspace on finite clusters, requiring careful
treatment to maintain the cluster additivity essential for NLCE
convergence.

To ensure the transformation satisfies cluster additivity,
which is essential for NLCE convergence, we proceed in two
stages. Within each cluster of the NLCE, we employ a VQE-
based cost function to approximate a unitary transformation
that decouples the ground and 1QP subspaces. From this,
we construct the projective cluster-additive transformation
(PCAT) [31], which guarantees cluster additivity, a property
that the transformation factorizes for disconnected clusters
[32]. We use a single unitary to decouple the full low-energy
subspace (ground state and 1QP states) from higher excita-
tions, rather than targeting individual eigenstates. As a result,
a single VQE optimization simultaneously yields the entire
N-dimensional 1QP block on a finite cluster, from which
the full dispersion w(k) in the thermodynamic limit is re-
covered after NLCE embedding, in contrast to approaches
that obtain quasiparticle energies one momentum at a time.
This block-diagonalization approach exploits the fact that en-

ergy gaps within the low-energy subspace are typically small,
while gaps to higher excitations are large, facilitating effi-
cient decoupling. We use the Hamiltonian variational ansatz
(HVA) [33], which constructs the quantum circuit from the
problem Hamiltonian structure, and find that a circuit depth
proportional to the system size is sufficient to achieve accurate
results.

As a benchmark, we apply our method to the transverse-
field Ising model (TFIM) on both the one-dimensional (1D)
chain and the two-dimensional (2D) square lattice, comput-
ing the 1QP dispersion in the high-field polarized phase. We
demonstrate convergence of the NLCE with increasing cluster
size and validate our results by comparing VQE and ED
as cluster solvers. Additionally, we investigate the effect of
a longitudinal field (LF) on TFIM, which breaks the parity
symmetry. In this case, the ground state and 1QP excitations
are no longer in different symmetry sectors, making it a par-
ticularly stringent test of our approach. The longitudinal field
case requires the full machinery of PCAT to ensure cluster
additivity.

Our numerical benchmarks reveal that [N/2] layers of
HVA suffice for the pure TFIM, where NLCE + VQE results
are indistinguishable from NLCE + ED. For TFIM + LF,
convergence is slower but still achieved. We investigate two
classes of cost functions (trace based and variance based)
and find that both can achieve convergence, though with dif-
ferent initialization requirements and trade-offs discussed in
Sec. VB.

The remainder of this paper is organized as follows. In
Sec. II, we provide an overview of the NLCE + VQE ap-
proach for 1QP excitations and outline the six-step workflow.
Section III discusses the linked-cluster expansion for obtain-
ing effective 1QP Hamiltonians, including details on block
diagonalization (Sec. 1II A), the NLCE method (Sec. III B),
the details of PCAT (Sec. III C), and the calculation of 1QP
dispersions in the thermodynamic limit (Sec. IIID). Sec-
tion IV introduces VQE as the cluster solver, with details on
cost functions (Sec. IV A) and state preparation (Sec. IV B).
Section V presents numerical results for the 1QP dispersion
of the high-field phase of the TFIM, including applications to
the one-dimensional chain (Sec. V A 1), the two-dimensional
square lattice (Sec. V A2), and the TFIM + LF (Sec. V B).
We conclude in Sec. VI with a summary and outlook.

II. OVERVIEW OF NLCE + VQE APPROACH FOR 1QP
EXCITATIONS

In this section, we provide an overview of our NLCE +
VQE framework for computing 1QP excitations in the ther-
modynamic limit, outlining the key components and workflow
before presenting the detailed methodology in Secs. III and
IV. Here, a cluster C is defined as a finite subset of a lattice
consisting of a set of sites connected with bonds. Perturbative
linked-cluster expansions (LCEs) are a common tool for cal-
culating high-order series of excitation energies and spectral
signatures of elementary excitations in the thermodynamic
limit, but are limited by their perturbative nature. Practically,
one performs perturbation theory on each cluster and then
embeds the result in the thermodynamic limit by a proper
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FIG. 1. Workflow of the NLCE + VQE approach for computing 1QP excitation energies in the thermodynamic limit. The six-step
procedure combines VQE cluster solving with PCAT postprocessing and NLCE embedding to obtain the dispersion w(k) in the thermodynamic

limit.

embedding procedure. NLCEs replace the perturbation theory
on finite clusters by numerical cluster solvers, typically ED
for both scalar quantities and subspace calculations.

In our recent work [11], we introduced the NLCE + VQE
approach for ground-state energies, which uses the VQE as
a cluster solver to develop NLCEs for much larger cluster
sizes in the future. Here, we extend this to 1QP excitations
using VQE and PCAT to block diagonalize cluster Hamiltoni-
ans by decoupling the ground-state and 1QP subspace with
a unitary Upcar. Computing 1QP excitations within NLCE
is substantially harder than the ground-state case. While the
ground-state energy is a single scalar per cluster, the 1QP
effective Hamiltonian is an N x N matrix, where N is the
number of sites in the cluster, so O(N?) matrix elements
must be computed instead of a single number. Moreover,
NLCE embedding of nonscalar quantities is nontrivial since
cluster additivity, which holds automatically for the ground-
state energy, is not guaranteed for the 1QP block and must
be enforced through PCAT. The transformed Hamiltonian is
UJC arH Upcar = Hfp, the effective Hamiltonian. To obtain
1QP excitation energies, we extract the 1QP block of Hg and
subtract the ground-state energy.

We benchmark our approach on the TFIM, a paradigmatic
quantum spin system that exhibits a quantum phase transition.
The Hamiltonian for the TFIM with an optional longitudinal
field is given by

H=-hY Z,—1Y X)X, —h Y X, 1)
v (v, v) v

where Z, and X, denote Pauli matrices at site v, J is
the nearest-neighbor Ising coupling, # is the transverse-field
strength, and A, is the longitudinal field. We set 4 = 1 as our
energy unit throughout this work. We investigate three cases:
(1) the one-dimensional TFIM chain (h; =0, Sec. VA1),
(2) the two-dimensional TFIM on the square lattice (h; = 0,
Sec. VA2), and (3) the one-dimensional TFIM with longitu-
dinal field (k; # 0, Sec. V B). The longitudinal field breaks
the Z, parity symmetry, making the third case a particularly
stringent test where PCAT becomes essential for ensuring
cluster additivity. The expansion is developed in the high-field
polarized phase (J < &), where the ground state is gapped and
1QP excitations correspond to localized spin flips.

We explain the workflow of our NLCE + VQE approach
for 1QP energies in a stepwise fashion (see Fig. 1).

Step 1: Define the model. Choose a gapped quantum lattice
model such as the TFIM + LF in Eq. (1).

Step 2: Decompose the lattice for NLCE. Generate topolog-
ically distinct, connected finite clusters C. We use rectangular
graph expansions for lattice decomposition, which takes
the clusters of dimensions L,, X L, < Npax, as detailed in
Sec. III B.

Step 3: Solve each cluster using VQE. Block diagonalize
each cluster C by minimizing a cost function (Sec. IV A)
to find optimal variational parameters 6 such that Hyec =
UJQE,C(G )HcUvyqg,c(6) decouples the ground-state and 1QP
subspaces from the rest of the spectrum.

Step 4: Construct cluster-additive unitary using PCAT. Use
the PCAT scheme (Sec. III C) to construct a unitary Upcar,c
from Uyqg,c, yielding the effective Hamiltonian Heyc =
(A ar.cHcUpcar - This transformation ensures cluster addi-
tivity: Reduced contributions of disconnected clusters vanish.

Step 5: Perform NLCE embeddings. Extract the 1QP
effective Hamiltonian Hgflf]’c from Hesrc and subtract the

ground-state energy E!, which is obtained from the same
VQE procedure (see Sec. IV A). Compute the reduced contri-
butions Hi}f{ ¢ using the inclusion-exclusion principle [Eq. (7)]
and embed into the infinite lattice, yielding He[flf] in the thermo-
dynamic limit.

Step 6: Compute the 1QP dispersion. Diagonalize the ef-
fective 1QP Hamiltonian (obtained in Step 5) through Fourier
transform, as described in Sec. III D, to obtain the 1QP disper-
sion w(E).

Finally, let us stress that PCAT is indeed a necessary
ingredient of our approach. NLCEs require observables to
be cluster additive, restricting calculations to connected fi-
nite clusters with disconnected parts contributing zero. For
degenerate subspaces without symmetries, infinitely many
unitaries can decouple the Hamiltonian, but most violate clus-
ter additivity. The unitary Uyqg from VQE does not satisfy
cluster additivity. Furthermore, unitaries must show consis-
tency across clusters for NLCE convergence. VQE efficiently
extracts the information needed for PCAT: energy expecta-
tion values and overlaps with unperturbed eigenstates from
the low-energy subspace. Crucially, PCAT requires only this
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low-energy eigenspace information, without needing access to
higher excitation sectors, avoiding exponentially costly state
tomography. This suffices to construct the PCAT [31], Upcar,
from Uyqg, ensuring cluster additivity. Embedding the 1QP
block of Hc into the infinite lattice via NLCE yields the
effective 1QP Hamiltonian and dispersion w(l_é) in the ther-
modynamic limit.

The computational cost is highly nonuniform across the
six steps. Steps 1, 2, 5, and 6 are classical and scale poly-
nomially with the number of clusters, while Steps 3 and 4
carry the quantum cost. The VQE optimization in Step 3 is the
dominant bottleneck. Step 4 requires a single round of O(N?)
measurements on the converged circuit to extract the matrices
needed for PCAT and avoids the exponential cost of full state
tomography.

III. LINKED-CLUSTER EXPANSION FOR EFFECTIVE
ONE-QUASIPARTICLE PICTURE

In this section, we establish the mathematical and com-
putational framework for extracting 1QP excitations in the
thermodynamic limit using NLCEs. We first introduce the
concept of block diagonalization and explain why cluster ad-
ditivity is essential for NLCE convergence. We then present
the NLCE formalism for 1QP excitations and describe how
the PCAT ensures that the effective Hamiltonian satisfies the
required cluster-additivity property. Finally, we show how the
1QP dispersion relation is obtained from the effective Hamil-
tonian via Fourier transformation.

A. Block diagonalization

A quasiparticle ansatz typically characterizes the low-
energy excitation spectrum by noninteracting dressed exci-
tations. These correspond to block diagonalizing a strongly
correlated many-body Hamiltonian into independent sectors
labeled by quasiparticle number. Formally, given a Hamilto-
nian

H = Hy+xV, 2)

with unperturbed part Hy and perturbation V' at strength x, we
seek to partition the Hilbert space into subspaces based on
the number of elementary excitations above the ground state.
The unperturbed Hamiltonian Hj is assumed to be exactly
solvable and serves as the reference. Its eigenstates organize
the Hilbert space into quasiparticle sectors. Denoting by E(E”]
the unperturbed energy of the n quasiparticle subspace, the
Hilbert space decomposes as

H=PH" 3)

Each H\)" carries all states with eigenvalue E)" of Hj
corresponding to n quasiparticles. We call Hy block diagonal
if

N

Ho = D Hy™, “)

n=0

{1001  gylo1] H021 H1031 -
gL gt H21 HII ..
RO gl2n H122 H23 ...
HBO| gB1 Hi32 HI33]

FIG. 2. Diagrammatic view of a block diagonal Hamiltonian.
The ground-state (O0QP) block is shown in dark green and the 1QP
block is shown in dark blue. The light shaded blocks are off-diagonal
terms that are minimized during block diagonalization.

and H"™ keeps H{" invariant. We call a transformation U
block diagonalizing if

Hegr = U'HU, §))

and H. retains the block structure of Hy, i.e.,

N

Herr = CD Hyi". ©)

n=0

Here, H'"! denotes the block corresponding to the n quasi-

particle sector. For example, H 'l is the N x N matrix for the
1QP block, where N is the number of sites.

The subspace ’Hgflg is defined as containing those eigen-
states of H that adiabatically follow the states of Hg"] as the
perturbation strength x’ varies from 0 to x in H = Hy + x'V.

In realistic settings, one can not block diagonalize the full
Hamiltonian but only the low-energy part. In our case, we
restrict the decomposition to three sectors consisting of the
ground-state subspace 7., the 1QP subspace H'{, and all
higher excitations. The pictorial representation of such a block
diagonal Hamiltonian is shown in Fig. 2, where the block
diagonalizing U should eliminate the faint blue and green
off-diagonal sectors ") with n % m.

A complete diagonalization of an infinite system is
intractable, but LCEs provide a systematic approxima-
tion by combining results from finite clusters to recover
thermodynamic-limit properties. For LCEs to converge, the
transformation must be cluster additive: Disconnected clusters
should contribute zero. However, even for the block diagonal-
izing part of U infinitely many choices exist for a degenerate
subspace n as discussed in Ref. [34]. While the ground state
is uniquely determined, any unitary rotation within the 1QP
subspace yields an equally valid block diagonalization due to
the quasidegeneracy. Higher-energy sectors have even more
freedom.

This freedom necessitates, but also allows one to tailor
the structure of the effective Hamiltonian to ensure cluster
additivity. In particular, the PCAT [31] yields a specific uni-
tary Upcar that preserves cluster additivity. Cluster additivity
ensures that only connected clusters need to be calculated, as
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disconnected clusters contribute zero, significantly reducing
computational cost.

B. Linked-cluster expansions

In this subsection, we first outline the LCE framework
assuming a suitable effective Hamiltonian exists, and then
specify the requirements it must satisfy.

The general formalism for perturbative and nonperturba-
tive LCEs is reviewed in Refs. [24,27,28]. First introduced for
perturbative calculations of ground-state energies in quantum
many-body systems, LCEs were subsequently extended to
the study of excitation energies [25]. The core idea of LCEs
is to decompose the lattice into topologically distinct, finite
connected subgraphs called clusters C, and use the inclusion-
exclusion principle to sum up their additive contributions to
recover thermodynamic-limit properties. Let us for the mo-
ment assume that the 1QP effective Hamiltonian He[flf]yc is such
an additive quantity acting as a linear operator in the space of
N excitations. Then, the LCE scheme goes as follows.

A cluster is a finite set of sites connected by bonds, where
sites carry on-site Hamiltonian terms (transverse and lon-
gitudinal fields) and bonds carry the two-body interactions
(XX couplings). These clusters are chosen with rectangu-
lar graph expansion having the dimensions L,, X L, < Npyax,
where Np,x is the maximum number of spins taken in NLCE
calculation.

The reduced contribution of a cluster C is defined recur-
sively as

F11 _ gyll] 7l1]
Heg o = Hep o — Z weryc Hege o0 @)
cce

where wcr/c counts embeddings of the subgraph C’ inside C.
Summing the reduced contributions gives the effective 1QP
Hamiltonian in the thermodynamic limit,

[ _ 711
Heyy = Z we Heg s ®)
C

where weight we counts embeddings of cluster C per lattice
site.

Often, one uses a full graph decomposition for the NLCE
where the calculation is performed on topologically distinct
graphs of minimal size. However, the number of graphs
increases exponentially with the number of sites, which
is challenging for the NLCE 4 VQE approach. As for the
NLCE + VQE for ground-state energy [11], we adopt a rect-
angular graph expansion [35] for NLCE. In this expansion,
only clusters of size L,, x L, with L,, - L, < Np.x are in-
cluded, where Ny is the maximum number of spins in the
largest cluster of the NLCE. These clusters have open bound-
ary conditions. The rectangular graph expansion is applicable
for the chain and the square lattice discussed below and is ben-
eficial because the number of clusters increases polynomially
with N. For the one-dimensional chain, this reduces to consid-
ering open segments of length L,, < Npmax. We will apply this
expansion to the TFIM + LF in Sec. V. The rectangular graph
expansion for the square lattice is illustrated in Fig. 3.

We now specify the calculation of He[r}f]c and how it can
be made into a cluster-additive quantity. The effective 1QP
Hamiltonian on a cluster C with N 1QP states is an N x N

PHYSICAL REVIEW RESEARCH 8, 023358 (2026)
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FIG. 3. Rectangular graph expansion for the square lattice, up to
Niax = 9, showing all clusters of dimensions L,, x L, with L,, - L, <
Ninax. For the NLCE embedding, each nonsquare cluster (L,, # L,)
carries weight we = 2 from its two lattice orientations (horizontal
and vertical), while the 2 x 2 and 3 x 3 square clusters have we = 1.

matrix defined as
HY . = W HU)" — EX, 9)

where Ul denotes the 1QP block and U is the block-
diagonalizing transformation. E'COI is obtained from the same
VQE procedure: either via a separate ground-state minimiza-
tion (separate-unitary case), or in the single-unitary case via
diagonalization of the Hamiltonian projected onto the VQE-
preFared subspace (see Sec. [V C2). The %round-state energy
EY must be subtracted to ensure that He[flf,c is intensive [25].
Importantly, since E. enters only as a diagonal shift of H'\! .,
any estimation error from VQE affects only the on-site en-
ergies and leaves the hopping matrix elements unchanged.
After Fourier transformation in the NLCE embedding, this
propagates at most to a momentum-independent shift of w(k),
leaving its shape and bandwidth unaffected.

The need for subtracting the ground-state energy is best
understood through a concrete example. Consider two discon-
nected clusters A and B (i.e., they share no sites or bonds).
Since the Hamiltonians H4 and Hg on the two disconnected
clusters commute, [Hy ® 13, 14 ® Hg] = 0, it follows for the
eigenfunctions on A U B that

(wis) = (e e vy (10)

Here, |W!"!) denotes an eigenstate of the full Hamiltonian
H with n quasiparticles, and [n] ([m]) refers to the number
of quasiparticles on cluster A (B). The effective Hamiltonian
part on A U B that describes 1QP excitations within B would
always have a contribution of the ground-state energy on A.
Hence, one has to subtract it (n = 0 and m = 1 in the above
formula).

This is linked to the concept of cluster additivity. A trans-
formation U is cluster additive if

U'HaupU = Hetr avp = Hetia ® 1p + 14 ® Hegr g (11)
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If fulfilled,
7(1] — gl oy _ gl 711]
Heavp = Heraup — Eaup = Hera @ Hegr g (12)

will hold. Subtracting the ground-state energy alone is neces-
sary, but not sufficient to ensure cluster additivity.

In the next subsection, we explain how PCAT constructs
a transformation Upcar that guarantees both properties using
only limited information from the ground-state and 1QP sub-
spaces.

C. Projective cluster-additive transformation

In LCEs, both perturbative and nonperturbative, it is es-
sential that observables on large systems can be consistently
constructed from smaller, disconnected clusters. To under-
stand why PCAT [31] achieves cluster additivity, we first
establish the mathematical requirements.

Two clusters are disconnected if the unperturbed Hamilto-
nian is cluster additive on them (see Sec. III B) [32]:

Haop = Hi® 1+ 14 ® Hp. (13)

We demand of a transformation U that when applied to the
full Hamiltonian H = Hy +xV,U'HU remains cluster ad-
ditive on two disconnected clusters A and B. This ensures
that no nonlinked clusters contribute to the expansion. We
first illustrate why standard approaches fail to maintain cluster
additivity, then show how PCAT resolves this issue through a
modified state construction.

To understand that PCAT fulfills cluster additivity, we
have to investigate the product state structure of eigenstates
on AUB. Let {|q)l["])} denote the eigenstates of Hj in the
(n 4 1)th subspace, and let {|\IJi["])} denote the corresponding
eigenstates of the full Hamiltonian H, where i labels states
within the degenerate manifold. P! is the corresponding pro-
jector, and P!"! the adiabatically connected projector of the full
Hamiltonian H. On A U B eigenstates have the product form
as in Eq. (10).

It is instructive to see why a widely used approach to
decouple an energy block fails to be cluster additive: The
canonical two-block (2b) transformation (Schrieffer-Wolff,
des Cloizeaux, Takahashi, etc. [19,24,34,36-38]), which can
be written in projector form for the transformation restricted
to block n as

Uzllf)ll — plnl (P[n]P["]P[H])fl/Z’ (14)

where (M)~'/? for a rank-deficient matrix M denotes the
inverse square root restricted to the range of M, or equiv-
alently, the Moore-Penrose pseudoinverse square root. This
convention applies throughout this section whenever inverse
operations are applied to projector products. The full transfor-
mation Uy, = ), Uz[g] minimizes |1 — Usp|. Let U™ denote
the 2V x N, matrix whose columns are the exact eigenvec-
tors of H corresponding to the nth subspace, where N, is
the dimension of that subspace. When embedded in the full
2V x 2V space (as needed for sums like Y, U™), this is
understood as a partial isometry extended by zeros outside
the n-quasiparticle subspace. The transformation can also be
given in terms of the overlap matrix X "l an N, x N, matrix

PCAT 2b

FIG. 4. Comparison of 2b and PCAT transformations on discon-
nected clusters. The 2b transformation allows unphysical hopping of
a dressed quasiparticle (yellow) between clusters A and B that share
no bonds. PCAT forbids such hopping, ensuring cluster additivity.

with elements
X' = (v, (1)

where |<I>I[”]) are the unperturbed eigenstates and |\IJJ[.”]) are the
eigenstates of H in block n. Then,

UZ[]')l] — U[H]X[n]T(X[n]X[n]T)*l/Z_ (16)

Written this way, the problem with cluster additivity
becomes apparent: For simplicity, consider the 1QP exci-
tations (n = 1). Then, X!!! becomes non-block-diagonal for
disconnected clusters owing to the product form when the
unperturbed ground state overlaps with excited states (i.e.,
P g0y # 0). Contributions from |\Il/[40]) ® |\IIEI> lead to
nonzero elements in X' at the same entries as | &) ® |wI*).
This leads to intercluster matrix elements between blocks A
and B. It also modifies matrix elements in the A-only or B-only
blocks compared to the isolated A and B clusters.

Thus, cluster additivity is violated and dressed quasiparti-
cles can hop between disconnected clusters (see Fig. 4). In the
thermodynamic limit, disconnected clusters can be arbitrarily
far apart, so such hopping represents unphysical infinite-range
coupling. This artifact arises because the 2b transforma-
tion creates entanglement between clusters that should be
independent.

In order to resolve this, PCAT [31] constructs modified
states {|W!")} from the original eigenstates by eliminating
all components projected onto lower-energy subspaces of Hy,
using only subtractions of states from the low-energy spec-
trum. These modified states lie within the span of low-energy
eigenspaces but are not eigenstates themselves. From these
states, one constructs a modified overlap X (71 which in con-
trast to X! is now block diagonal again on A and B. In detail,
the construction of modified states goes as follows.

The recursion for constructing modified 1QP states is

(@013")

B0 = @) |5 = |wh) - (10T w0

W, (17)

which ensures that P[‘)]I\ii[]]) =0 for all 1QP states. This
removes any admixture of the ground state from the 1QP
eigenstates. Note that in the special case where (P Wil =
0 the transformation remains the same for the one-particle
subspace. This is the case for the transverse-field Ising model,
but as soon as the parity is broken, e.g., by a longitudinal field,
the corrections become necessary.

For higher subspaces, the construction generalizes by
recursively projecting out all unperturbed lower-energy
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subspaces. Using the low-energy projector

R =" pn (18)

m<n

and its adiabatically connected counterpart R"!, the general
subtraction scheme reads

|fl;[n]) =(1— R[II](R["]R[n]R[n])_]R["])N’["]). (19)

This ensures that each modified state |\TJ[”]) has no projection
onto lower-energy subspaces of H.

The key insight is that a state | @1 2"y = Wby @ Wiy is

transformed into

|B0") = W) @ [ 95", (20)
This factorization is the essence of why PCAT preserves
cluster additivity. Since modified states on A U B factor into
modified states on A and B separately, the transformation
introduces no artificial correlations between disconnected
clusters. Each cluster’s quasiparticles remain localized on the
cluster.

From this factorization property, several important conse-
quences follow. In particular, it yields PUI|W\"tmy = 0 for
s < n -+ m but also P[S]l\fl/£”]> =0 for s < n and P[S]|l3}3m]) =
0 for s < m. Indeed, the identity for modified states on dis-
connected clusters A and B is sufficient to guarantee cluster
additivity of the transformation:

U[TCATHAUB UPCAT = Heff,A RIp+14® Heff,B- 21

We can now write the explicit form of the Upcar transfor-
mation. The modified overlap matrix X is an N,, x N, matrix
with elements

X! = (wlm i), (22)

where |lI/l.[”]) are the unperturbed eigenstates and |‘IJJ[.”]) are
the modified eigenstates in block n. The transformation for a
single block 7 is then

Uli["(lj]AT — U["])?[”]T(f[n]}?[n]* )—1/27 (23)

and for the full Hilbert space (with each block extended to
2N x 2N as partial isometries),

Upcar = Y _ Ul (24)

Since the modified states | ") can be written using only
projectors (as in the R form above), one can write Upcar
in terms of projectors only, which shows that it has a unique
local perturbative expansion when using Kato’s perturbative
series [39] for projection operators. This property implies
that the transformation has the same form on every cluster.
It enables a consistent perturbative expansion across clusters
and ensures that a given perturbative order can be reached
using the smallest possible clusters.

The projector form also establishes that the transformation
satisfies

vl @O g,y = gl 9, UMW)
(25)

for arbitrary unitaries W € U(N,) (the group of N,, x N,, uni-
tary matrices) acting within subspace n, as rotations within a

subspace do not affect the projection operators. This invari-
ance property is essential for practical implementations.

Thus, PCAT yields a local, cluster-additive effective
Hamiltonian built only from the low-energy eigenspaces and
is compatible with both perturbative and nonperturbative
LCE:s.

This highlights the global character of the transformation;
i.e., it can be fully constructed from the eigenspace of interest
and those of lower energy. This global character is essential
for our approach: VQE (Sec. IV) targets only the low-energy
eigenspace, and PCAT constructs the transformation from this
limited information, namely, energy expectations and state
overlaps, without requiring knowledge of higher excitation
sectors.

D. 1QP dispersion in the thermodynamic limit

Once we obtain the effective Hamiltonian for finite clus-
ters, the goal is to obtain the effective 1QP Hamiltonian and
therefore the 1QP dispersion in the thermodynamic limit. For
translationally invariant systems, 1QP eigenstates are labeled
by momentum k. With lattice spacing set to unity and assum-
ing a single-site unit cell, the Brillouin zone is k € [—, 7]
for the one-dimensional chain and k = (ky, ky) € [-m, 7]?
for the square lattice.

For this purpose, the rectangular clusters are embedded
into the infinite lattice as explained in Sec. IIIB using the
inclusion-exclusion principle. For the rectangular expansion,
the embedding weight we for a cluster of size L,, x L, on
an infinite lattice is simply unity (one embedding per lattice
site in the thermodynamic limit). For translationally invari-
ant models, eigenstates are also momentum eigenstates and
Fourier transforming the real-space Hamiltonian gives the
1QP energies. The dispersion relation for both the chain and
square lattice reads

w(k) = Z Zexp(i/? (D — ﬁ))ﬁgf{bnmw, (26)

Lip.Ln 1,9

where [i,V label lattice sites within the cluster. For the
one-dimensional chain, L, = 1 and k reduces to scalar mo-
mentum k. For the square lattice, k= (ky, ky) spans the
two-dimensional Brillouin zone.

The calculation of reduced contribution is particularly sim-
ple for the rectangular expansion. It is easy to see that the

contribution H [flf] oL i of a cluster in k space can be rewritten
CIL, Ly X Ly,
in terms of nonreduced contributions in the following way:
gl — gyl _ oyl
eff L, x L.k eff L, XL,k eff L, —1x L,k
— 26 +4H"]
eff L, xL,— 1.k eff L, —1xL,~ Lk
[1] (1]
+ Heff,Lm—zxL,,,lz + Heff,L,,,xL,,—ZJ?
— gt — oy
eff L,,—1xL,—2.k eff L,,—2xL,— 1.k
+ A 27

eff, L, —2xL,—2,k’

The coefficients in this expression and the alternating signs
follow from the inclusion-exclusion principle applied to rect-
angular geometry.
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Each subtracted term removes overcounting from smaller
clusters. This identity reveals an important insight: Only the
largest clusters and their boundaries contribute to the rect-
angular expansion, as interior contributions cancel in the
inclusion-exclusion sum. This property reduces error accumu-
lation. Specifically, once clusters of size L,, x L, are included
in the expansion, all clusters of size (L, —2) x (L, —2) or
smaller have reduced contributions that vanish identically.
Their physics is therefore fully captured by the larger embed-
dings. This is analogous to the 1D case where only clusters
of size N and N — | contribute to the dispersion at order
Nmax = N.

Having established the NLCE framework, we now describe
how VQE is used as the cluster solver.

IV. VQE AS CLUSTER SOLVER

The VQE is a hybrid quantum-classical algorithm for near-
term quantum devices. In this section, we describe how VQE
serves as the cluster solver within our NLCE framework,
block diagonalizing the Hamiltonian on each finite cluster
to decouple the ground state and 1QP subspace from higher
excitations.

As discussed in Sec. III C, the unitary transformation Uygg
obtained from VQE optimization alone is generally not cluster
additive and therefore not suitable for direct use in NLCE. In-
stead, VQE provides the information, namely, the low-energy
eigenspaces and their overlaps with the unperturbed states,
needed to construct the cluster-additive transformation Upcar
via the PCAT scheme. From the full effective Hamiltonian
Heit = Upcar H Upcar, we extract the 1QP block

Hy = (Upcar H Upear)!! — E, (28)
where the superscript ' denotes the 1QP block and E*! is
the ground-state energy.

A key advantage of the PCAT approach is that it requires
only energy expectation values and overlaps, quantities that
VQE can provide, rather than full state tomography, which
would be exponentially costly. This efficiency stems from the
structure of PCAT itself, as detailed in Sec. III C.

Throughout the paper, we use VQE as cluster solver,
though the PCAT framework is algorithm agnostic and ap-
plies equally to other eigenstate preparation methods such as
quantum phase estimation or adiabatic state preparation.

VQE operates by minimizing a cost function C(6) that
depends on variational parameters 6 characterizing a quan-
tum circuit Uygg(6). For ground-state calculations, the cost
function is simply the energy expectation value, and the
Rayleigh-Ritz variational principle ensures convergence to the
lowest-energy state. For excited states, the situation is more
subtle. Several approaches exist within the VQE framework
for accessing excited states, including deflation methods [14],
purified state approaches [17], and subspace-search methods
[16]. Deflation methods sequentially compute excited states
by enforcing orthogonality with previously found states. Puri-
fied state and subspace-search methods treat entire degenerate
subspaces simultaneously, which is more natural for our pur-
pose where we need to decouple a full quasidegenerate 1QP
subspace on finite clusters.

The performance of VQE depends on two components: (1)
the cost function, which must be designed to achieve block
diagonalization rather than simply finding individual eigen-
states, and (2) the ansatz for the variational circuit Uyqgg(6),
which must be sufficiently expressive yet trainable. For the
ansatz, we adopt the HVA, which we successfully employed
for ground-state energy calculations in our previous NLCE +
VQE work [11]. The HVA is also well suited for excited
states. Since the eigenstates of the full Hamiltonian are super-
positions across multiple bare quasiparticle sectors of H, the
ansatz must generate intersector mixing. The HVA achieves
this naturally, as it is constructed directly from the terms of H.

The remainder of this section is organized as follows.
In Sec. IV A, we discuss the design of cost functions for
block diagonalization, introducing both variance-based and
trace-based approaches and comparing their properties. In
Sec. IV B, we describe the HVA ansatz and our initialization
strategy. Finally, in Sec. IV C, we detail the quantum measure-
ment protocol required to construct PCAT. This subsection
describes how to extract energy expectations and state over-
laps from the VQE solution and presents the explicit algorithm
for computing Upcar-.

A. Cost functions

For clarity, all cost functions below are evaluated on a finite
cluster C within the NLCE, though we suppress the cluster
label for notational simplicity. The unitary U appearing in the
cost functions defined in this section is generic and can be
realized by any ansatz.

VQE aims to find the parameters 6 that minimize a cost
function C(0). For ground states, the ground-state energy Eéo]
can be obtained separately by direct energy minimization via
the Rayleigh-Ritz principle,

C9S(9) = (M UT(@)H U 0)|2), (29)

or jointly as part of the combined GS + 1QP cost functions
described below for ground state and excited states.

1. Variance-based cost functions

One effective approach is to minimize the energy variance
[40,41], (H?) — (H)?. For a state |W) = > c,|$,) expanded
in the eigenbasis of H with eigenvalues E,,, the variance equals
3 lenl*(E, — E)?, where E =Y, |ca|?E, is the energy ex-
pectation value and the sum runs over energy eigenstates. The
variance vanishes if and only if the state lies within a single
energy eigenspace. For nondegenerate spectra, this requires an
eigenstate; for degenerate subspaces, any superposition within
the degenerate manifold yields zero variance. This quantity
measures the extent to which H has been block diagonalized
and is related to residual off-diagonal elements in the context
of continuous unitary transformations.

To decouple a quasidegenerate 1QP subspace from the rest
of the spectrum, we generalize to multiple states. For a set of
1QP basis states {|d>l[l])}i.\’= | transformed by unitary U (6), the
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variance cost function is
N

var
i=1

N
- Y lleMuterHu®)|e!)

ij=1

> (30

This cost function is unitarily invariant within the 1QP
subspace: Any rotation of the basis {|d>l[”)} by a unitary
acting only within this subspace leaves CJa?P unchanged.
Physically, this means the cost function enforces block diag-
onalization (decoupling the 1QP subspace from other sectors)
without requiring full diagonalization within the 1QP block
itself; the internal structure of the block remains flexible.
In contrast, minimizing the variance for each state individ-
ually (as done in Ref. [41]) would not preserve this unitary
invariance in the full subspace. The residual variance af-
ter optimization directly indicates the quality of decoupling
achieved.

We can use variance-based cost functions in two ways.
Either optimize C!&¥ alone for the 1QP sector (with a sep-
arate ground-state calculation using energy minimization) or

include both sectors simultaneously:

CS1®9) = (@ UT(0) H* U (0)| D)
— (@ UTO)H UO)|@M) + ;2 0),
31)

where |®[%) is the ground state of the unperturbed Hamil-
tonian Hy. We use equal weights (coefficient 1) for both the
ground-state variance and the 1QP variance, treating both
sectors symmetrically. Unlike the trace cost function (dis-
cussed below), which is unitarily invariant in the combined
(GS + 1QP) space, this sum has separate unitary invariances
in each subspace. This has the advantage that minimizing
variance in each sector separately actively drives orthogo-
nality between the ground-state and 1QP subspace. Perfect
optimization (zero variance) guarantees orthogonality; in
practice, finite residual variance can reflect approximate or-
thogonality with the degree of mixing controlled by the
residual.

2. Trace-based cost functions

An alternative approach minimizes the sum of weighted
energies [16]:

Ce>'¥ ) = wo(@ | U O)H U @)
N
+ Y wieMuTO)HU®)|!"). (32)
i=1

We use uniform weights wg = w; = 1 for all i, making
the cost function basis invariant. It is thus the trace over the
combined ground-state and 1QP subspace. This is natural for
linked-cluster expansions where we require the full subspace
information and treat all sites eguivalently. We apply this trace
cost function in two ways: C 1Qp targets only the 1QP sector

tr
[wo = 0 in Eq. (32) and separate ground-state optimization],

while Ct? $:1Q treats both ground-state and 1QP subspace with
a single unitary.

The trace minimization is motivated by the fact that block
diagonalization preserves the sum of eigenvalues within each
block. However, when ground and excited states are in-
cluded together, minimizing the trace does not guarantee that
U(6)|®"y is the true lowest-energy state. A postprocessing
diagonalization step (described in Sec. IV C) is therefore re-
quired to identify the actual ground state and extract 1QP
energies.

The trace cost function can also be evaluated using a
purified approach where the whole subspace is treated as a
wavefunction in a larger Hilbert space [17,18].

3. Comparison and choice

We distinguish between two different implementation
strategies. With single-unitary approaches (CS S.1Qp, CS5.1Qp)
orthogonality is preserved throughout optimization by con-
struction. However, CS S.1Qp requires postprocessing diagonal-
ization to identify the true ground state, while CS5-1QF directly
yields approximate eigenstates. With the separate-unitary ap-
proach (C}QP), orthogonality must be verified and may require
a generalized eigenvalue problem when nonorthogonality
occurs.

We tested both strategies across all models studied in
Sec. V. For the pure TFIM cases, all cost functions achieve
similar convergence and stability, successfully decoupling
the low-energy block. The trace-based approach requires
fewer measurements, as it only needs energy expectation
values (H), while variance-based approaches additionally re-
quire (H?) measurements. Variance-based approaches provide
residual variance as a diagnostic for block-diagonalization
quality. However, for TFIM + LF where parity breaking
makes optimization more challenging, trace-based cost func-
tions show greater robustness to ground-state initialization,
while variance-based approaches require near-zero initializa-
tion for larger clusters (see Sec. V B).

The variance-based approach C‘}gp has the additional flexi-
bility of applying only to the excitation sector with separate
ground-state calculation. However, with separate unitaries,
orthogonality between ground-state and 1QP subspace is
not enforced during optimization and must be verified. The
other two cost functions (CS>'% and €Z-19%) maintain or-
thogonality throughout optimization via their single-unitary
structure. The residual value of Cy, directly quantifies block-
diagonalization quality, making it useful for convergence

monitoring.

B. State preparation

The performance of VQE depends on the ansatz choice,
which must balance expressibility and trainability. The HVA
[33] provides this balance by incorporating the problem struc-
ture directly into the circuit design. Motivated by the quantum
approximate optimisation algorithm [42] and adiabatic quan-
tum computing [43], HVA is formulated based on the structure
of the Hamiltonian under investigation and has been suc-
cessfully applied for ground-state calculations in quantum
many-body systems [6,33,44-47].
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FIG. 5. Quantum circuit representation of one layer (green box)
of the HVA for the one-dimensional TFIM + LF model. The blue,
orange, and red blocks implement ¢ Tt ®iiXoXn i 6% and
AT 02 respectively, showing the XX-X-Z ordering within each
layer.

1. Hamiltonian variational ansatz

Our recent work [11] investigated HVA performance for
ground-state energy calculations. Here, we employ HVA to
minimize the cost functions in Egs. (30) and (32) that block
diagonalize the Hamiltonian. For a Hamiltonian decomposed
asH =) u H,,, the HVA unitary takes the form

NOE | (1"[ eiﬁ'-ﬂ”ﬂ), (33)
! Iz

where [ indexes the layers. The HVA construction follows
the physical intuition of adiabatic evolution: Each layer im-
plements a discrete evolution step alternating between the
unperturbed Hamiltonian H, and the perturbation V, with
variational parameters that can transform the unperturbed
eigenstates into eigenstates of the full Hamiltonian H =
Hy + xV. Following the bang-bang digitized adiabatic ap-
proach [44], we group commuting terms together and separate
noncommuting terms to create blocks that are individually
classically solvable, thereby minimizing Trotter error.

For the TFIM + LF [Eq. (1)] on any cluster graph C, the
HVA unitary is

N
: z : e : XX
UHVA,C(Q) — l_[ e' > 05,20 elZ\, 0% eIZm,L) Qv‘wxvxu'
=1

(34)

The XX-X-Z ordering exemplifies this strategy: Since
[X,X,.,X,] =0, the XX-coupling and X-field blocks
commute and are placed adjacently, forming Hyx_x =
- Z(V’ w XXy — hx >, Xy, which is classically solvable
(eigenstates are product states in the X basis). The Z-field
block H; = —hy ZU Z, is also diagonal. This creates two
classically solvable parts per layer. On a cluster of N spins,
each HVA layer requires N qubits, 2N single-qubit rotations
(N for the Z block and N for the X block), and one two-qubit
gate per nearest-neighbor bond from the XX block (N — 1
for an open one-dimensional chain). This layer structure is
illustrated in Fig. 5 for the one-dimensional case. The general

principle of grouping commuting terms to form classically
solvable blocks applies to arbitrary cluster geometries.

We emphasize that the presence of symmetries allows for
parameter reduction. Symmetries of the Hamiltonian translate
into symmetries of the optimal unitary, constraining the vari-
ational parameters. If [H, S] = 0 for symmetry operation S,
then any block-diagonalizing unitary U can be chosen to com-
mute with S, imposing parameter constraints. For the one-
dimensional chain, reflection symmetry about the center im-
plies 6 = 60} |, (where g labels the parameter type), reduc-
ing parameters by roughly half. For NLCE, most clusters have
only discrete symmetries (reflection, rotation); periodic chains
additionally have translational invariance allowing further
reduction.

2. Initialization strategy

Good initialization is crucial for successful optimization.
We employ a two-stage protocol. All qubits are initialized
in the computational basis state |0), denoted as [ref). For
the high-field polarized phase of the TFIM, this coincides
with the unperturbed ground state |®)) of H,. The ini-
tial parameters O, determine the starting configuration via
Unva (Ginigia1) Iref).

Stage 1. We first optimize Uyya(6) for the ground state
alone by minimizing energy expectation value (not vari-
ance), ensuring convergence to the lowest-energy state via the
Rayleigh-Ritz variational principle. Initializing all parameters
to small values close to zero ensures reliable convergence.

Stage 2: We use the optimized ground-state parameters 6gg
as initialization for optimizing the full subspace cost func-
tions:

Univa (0)X;|ref) = Unva (0)X;Usva (6s) ' Uiva (6gs ) [ref),
(35)

where X;|ref) form the 1QP basis of Hy. If the ground-state
unitary provides a good approximation to the true ground
state, then Ugvya (66s)X;Unva(6gs)" acts as an approximate
excitation operator. For the one-dimensional TFIM, this ini-
tialization already provides nearly exact 1QP states, requiring
minimal further optimization. For two-dimensional TFIM and
models with longitudinal field, the initialization provides a
good starting point that improves convergence compared to
random parametrization, though substantial optimization is
still required to achieve accurate decoupling.

The ground-state solution provides a physics-informed
initialization strategy that leverages the already-optimized
ground-state parameters. This approach reflects warm-start
principles, beginning optimization with lower initial cost
function values compared to random initialization, and proves
effective in most cases. However, as we show in Secs. VA2
and V B, it can lead to local minima for variance-based cost
functions when optimizing larger clusters, while trace-based
approaches remain robust. In cases where convergence issues
arise, initializing parameters near zero provides more stable
convergence despite starting with higher initial cost function
values.
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C. Quantum circuit implementation and measurement
requirements

Once VQE optimization is complete and we have obtained
the optimized parameters 6,,, we must perform additional
quantum measurements to extract the information needed for
constructing the PCAT unitary Upcar and the effective 1QP
Hamiltonian H!}). As discussed in Sec. III C, PCAT requires
constructing modified states that eliminate projections onto
lower-energy subspaces of Hy. Since VQE provides a uni-
tary transformation Uyqg rather than explicit state vectors,
we must extract the necessary information through quantum
measurements.

We organize this procedure into two parts: Sec. IVC1
describes the quantum measurements required to obtain
three essential (N + 1) x (N + 1) matrices (O, S, H), and
Sec. IVC2 describes the classical postprocessing steps to
construct Upcar and extract He[flf]

1. Quantum measurements

After VQE optimization yields optimal parameters g,
we have a set of N + 1 VQE-prepared states that approxi-
mately span the ground-state and 1QP subspace. We label the
VQE-prepared ground state as |x!”') and the VQE-prepared
1QP states as |Xi[1]> for i =1, , N. We use x to denote
VQE-prepared states, reserving W for exact eigenstates. Here,
U[QE = UHVA(Qgs) and UVQE = UHVA(QIQP) where GGS and
Oigp are the optimized parameters for ground state and ex-
cited states. U\[,Odg = Unva(6gs,1gp) is used for the common
unitary obtained after the optimization of the cost functions in
Egs. (31) and (32).

How these states are prepared depends on the cost function
used:

(1) For CS5' o €GS9 (single unitary): All states

use the same optimized unitary: |x /%) = U\[,%IE]VD[O]),
IxMy = U\[,%g@l[.l]), where |®[) is the unperturbed
ground state (which equals |ref) for our models) and

|d>“]) X;|ref) are the unperturbed 1QP states.
(2) For CIQ® with separate ground-state optimization: We
use different unitaries: |x!%) = U\[%E|CI>[O]) IxMy =
[1] [1]
Uyge!®; ).

The three essential (N + 1) x (N + 1) matrices we must
measure are as follows:

Matrix O (overlap with unperturbed states): This
(N 4+ 1) x (N + 1) matrix contains overlaps between VQE-
prepared states (rows) and unperturbed eigenstates |<I>5.0])
(columns, j € {0, 1, , N}). The ground-state row is Op; =
(x| @), and the 1QP rows are O;; = (x| @) for i =
1, ..., N.

Matrix S (overlap between VQE-prepared states): This
matrix contains overlaps between the VQE prepared states
themselves. Elements are Soo = (x'%|x'""), Soi = (xV[x/"),
and 5;; = (")

For single- umtary cost functions, S = 1y, exactly (di-
agonal by construction). For separate-unitary approaches,
off-diagonal elements Sp; = (x?[x!"") will be nonzero (un-
less there is an additional symmetry as in the pure TFIM),
reflecting imperfect orthogonality.

Matrix H (Hamiltonian expectation values): This matrix
contains Hamiltonian matrix elements in the basis of VQE-
prepared states. Elements are Hyy = (x”|H|x'"), Hy =
OCONH (M), and A = (x[1H|x M)

The overlap matrix O and (when needed) the overlap
matrix S are measured using the Hadamard test [48]. The
Hamiltonian matrix H can be measured more directly: Di-
agonal elements Hy and H;; are expectation values obtained
via standard Pauli measurements, while off-diagonal ele-
ments can be measured as expectation values on superposition
states when both states are prepared using the same unitary.
Specifically, by preparing superposition states such as |x4) =
Xy £ 1x/")/v2 or (%) £ 1x1")/+/2 and measuring
(H), one obtains the real part of the off-diagonal elements;
the imaginary part is obtained similarly using complex super-
positions.

For separate-unitary approaches, overlaps and Hamil-
tonian matrix elements that couple different unitaries re-
quire the Hadamard test with composite unitaries. For
example, Sp; = (xV[x") = (Q[O]IU\[,%EU“]EIQDEI]) requires
Hadamard test. Similarly, Hamiltonian expectation values
coupling different unitaries, such as Hy; = ( X[O]|H|X,-[1]> =
(Q[O]IU\[,%EH Uygel®!"), also require Hadamard tests with
composite unitaries. Within the 1QP block using the same
unitary, H; = xim |H | X,[-”> can use superposition state mea-
surements.

The total number of measurements scales as O(N?) for
each matrix. However, these measurements are performed
only once after VQE optimization is complete, so they do
not represent the computational bottleneck; the iterative VQE
optimization itself is far more resource demanding.

2. Classical postprocessing

Having obtained the three matrices O, S, and H from quan-
tum measurements, we now I[)roceed entirely classically to
construct Ulgc A7 and extract H,g'. This construction proceeds
in four steps.

Step 1: Identify the true §r01md state and handle nonorthog-
onality. When using Cg , the optimization does not
guarantee that the nominal ground state |x!%!) is the true
lowest-energy eigenstate. When using separate unitaries
(CIQP) there may be nonzero overlaps Sy # 0 between
ground and 1QP states. In both cases, we must solve an
eigenvalue problem to find orthogonal eigenstates.

For single-unitary cases where S =1y4;, Wwe
diagonalize H:

H=WDW", (36)

where W is the unitary matrix of eigenvectors and D is the
diagonal matrix of eigenvalues.

For separate-unitary cases where S # 1y, we solve the
generalized eigenvalue problem:

Hv = ASv, 37
which can be transformed to standard form and yields eigen-

vectors that form the columns of matrix W. The lowest (most
negative) eigenvalue identifies the true ground state.
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This transformation redefines our basis to the true or-
thonormal eigenstates. The true ground state is

N
| xiob) = Woolx ™) + > Worl x). (38)
i=1

and the true 1QP eigenstates are

N
iXi[,EuJ = Wiolx'"y + ij|xj[l]),
=1

fori=1, ..., N.

(39)
The matrices in this new basis are
Otwe = WO, Hye = WHW =D,
Sirue = WISW = 1y, (40)

where Sgye = Iy4; confirms that the transformed states
are orthonormal. For the generalized eigenvalue problem
with nonorthogonal initial states (S # 1y41), the matrix W
obtained from the eigenvalue solver is not unitary. The
transformation can be equivalently understood as a two-step
process: First, preorthogonalize the basis using the symmetric
orthogonalization (STS)~!/2, and then apply a unitary trans-
formation to diagonalize the Hamiltonian in the orthogonal
basis. The generalized eigenvalue solver performs both steps
simultaneously, directly producing orthonormal eigenvectors
with respect to the metric S.

For single-unitary variance cost functions (CSy') with
successful optimization, § = 1y, already, but diagonalizing
H can still improve state quality by finding exact eigenstates
within the VQE-prepared subspace.

We proceed to Step 2 using the transformed matrices. For
notational simplicity, we drop the . subscript and continue
to denote the VQE-prepared states as | x[°!) and | Xi”]), under-
standing these now refer to the orthonormalized eigenstates.
The matrices O, H, and S refer to these corrected, orthonor-
malized versions.

Step 2: Construct modified overlap matrix using PCAT
recursion. According to the PCAT prescription (Sec. III C),
modified states eliminate projections onto lower-energy sub-
spaces of Hy. For the 1QP sector, the recursion from Eq. (17)
is

. 01 11
A= b - G @
for i=1, ..., N. Taking the overlap with an unperturbed
state |®/) yields
07| I\ _ [glOl],, [1] <CI>[0]|X[UJ> [01],,[0]
(q)j |Xi >_(<Dj |Xi )_ <cb[0]|x[0]>((bj }X )
Oi
=0, — O—O‘;Ooj. 42)

The modified overlap matrix O for the 1QP sector is an
N x (N + 1) matrix:

~ O

Oy = Oy = 52O 43)

for rows i=1,..., N (IQP states) and columns j =
0,1, ..., N (all unperturbed states). Restricting to the 1QP
subspace of Hy (columns j =1, ..., N), we obtain the N x
N modified overlap matrix:
g=0,- 0, (44)
Ooo

for i,k =1, ..., N. This ensures that P[°]|)Ti[1]) =0 for all
1QP states.

Step 3: Construct the PCAT correction unitary. The PCAT
correction within the 1QP subspace is the N x N unitary
matrix:

vl = FUI (R0 -172, 45)

This corresponds to the transformation described in Sec. III C,
where the full PCAT unitary for the 1QP block is U]g(l:]AT =
UMyl with UM being the matrix whose columns are the
VQE-approximated 1QP eigenstates. Here, V!l represents
the additional correction needed beyond the VQE unitary to
enforce cluster additivity.

Step 4: Extract the effective 1 QP Hamiltonian. The effective
1QP Hamiltonian is obtained by restricting the Hamiltonian
matrix (from Step 1) to the 1QP sector and applying the PCAT
correction. We extract the N x N subblock corresponding to
the 1QP sector (rows and columns with indices 1, ..., N)
from the (N + 1) x (N + 1) transformed Hamiltonian. This
restriction removes the ground state (index 0) and isolates the
1QP subspace:

AV =H; fori je{l, ...,N}. (46)
The effective 1QP Hamiltonian is then
HU =yt gy _ glo), (47)

This polynomial-time classical computation transforms the
VQE output, encapsulated in the three matrices O, S, and
H, into the cluster-additive effective Hamiltonian required for
NLCE. The resulting He[flf] is an N x N matrix in the 1QP
basis, which after subtracting the ground-state energy E!°!
gives the effective 1QP Hamiltonian for the cluster as defined
in Sec. III:

H[!fI,C = (U]:TCATYCHUPCAT,C)[“] - Eé‘OI- (48)

efl

This quantity is then used in the NLCE embedding procedure
[Eq. (7)] to obtain the 1QP dispersion in the thermodynamic
limit.

V. APPLICATIONS

We now apply the NLCE + VQE approach of the previous
sections to compute 1QP excitation energies in the TFIM. We
investigate the one-dimensional chain at the critical point, the
two-dimensional square lattice at its quantum critical point,
and additionally the one-dimensional TFIM with longitudinal
field (TFIM + LF) in the disordered phase. The longitudinal
field fundamentally changes the model by breaking parity
symmetry, coupling ground state to excitations, and making
the one-dimensional model nonintegrable.

To benchmark NLCE + VQE, we compare its performance
with NLCE + ED, where ED is used to compute properties
on finite clusters. Furthermore, we investigate whether the
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variance- and trace-based cost functions yield similar results
or not. In all three cases, we use the conjugate gradient method
for the classical optimization in the VQE process.

A. Transverse-field Ising model

The 1D TFIM is one of the paradigmatic models for study-
ing quantum phase transitions driven by quantum fluctuations.
The Hamiltonian of the TFIM is given by

H=-hY Z,—1 ) XX, (49)

<V, v>

where Z, and X, denote the Pauli matrices acting on site v,
J represents the nearest-neighbor Ising exchange coupling,
and h the strength of the transverse field. Throughout this
work, we set 7 = 1 as our energy unit, such that all energies
are measured in units of the transverse-field strength, and we
consider ferromagnetic J > 0. For & = 0, the ground state
is doubly degenerate, corresponding to ferromagnetic order
along the x axis and spontaneous breaking of the global Z,
symmetry generated by [], X,. In contrast, for J =0, the
ground state is a product state of spins polarized along the
z direction, forming a paramagnetic phase that preserves Z;
symmetry. The competition between these two noncommuting
terms leads to a quantum critical point at J. separating the
ordered and disordered phases.

The TFIM in one dimension is exactly solvable via
Jordan-Wigner transformation [49], making it an ideal start-
ing benchmark for validating our NLCE + VQE framework.
In higher dimensions, the TFIM becomes nonintegrable but
retains the same qualitative features. We perform expansions
from the high-field polarized phase where the ground state is
gapped and 1QP excitations correspond to localized spin flips,
and study the quantum critical point where the gap closes.

1. One-dimensional chain

The one-dimensional TFIM undergoes a second-order
phase transition at J, = 1. The system is disordered when J <
1 and ordered (Ising ferromagnetic) when J > 1. We perform
an expansion from the disordered phase as the unperturbed
limit and present NLCE + VQE results at the critical point.

The exact 1QP dispersion in the thermodynamic limit is
given by

Wexact (k) = 2¢/1 + J2 — 2J cos (k), (50)

where k labels the momentum quantum number of the 1QP
state, k € [—m, m]. At the critical point J, = 1, the excitation
gap closes at k = 0, resulting in a linear dispersion w(k)
|k| characteristic of the (1 4 1)-dimensional Ising universality
class. This vanishing gap at criticality provides a stringent test
of NLCE convergence.

For the one-dimensional chain, rectangular graphs have
dimensions L, X 1 < Npax. The embedding factors in NLCE
are equal to 1. Hence, the expansion reduces to the con-
tributions from only two clusters corresponding to N and
N — 1 and the terms corresponding to smaller clusters can-
cel out. The dispersion w(k) in the momentum states k for

4 -
”
,/
0.2
31 7
cd
0.0 A
ey 00 oL NLCE+VQE Niax = 4
%‘ 21 NLCE+VQE Nax = 6
NLCE+VQE Niax = 8
—+— NLCE+VQE Npay = 10
—+— NLCE+VQE Npax = 12
14 —+— NLCE+VQE Npax = 14
—+— NLCE+VQE Npax = 15
—4+— NLCE+VQE Npax = 16
J —-¢- Exact Dispersion
01 ¢ NLCE+ED Niox=16
0 /6 /3 2 2n/3 51/6 n
k

FIG. 6. 1QP dispersion w(k) for the 1D TFIM at the critical point
J. = 1 in the thermodynamic limit. Gradient of red lines with plus
signs shows NLCE + VQE results for different maximum cluster
sizes, yellow dotted line with circles shows NLCE + ED for Ny =
16, and blue dotted line with diamonds shows the exact solution [49].
The inset shows an enlarged view of the region around £ = 0, where
the gap closes. Results use [N/2] HVA layers for finite clusters in
NLCE + VQE.

one-dimensional chain can thus be written as

N N—1
_ [1] ik(v—p) [1] ik (V'—p')
Ct)(k) - Z Heff,N,v,u € - Z Heff.N—l,v/y_’ ¢ ’
v, L v
(5D
where H'! are the matrix elements of H.¢ obtained with

eff, N,vu
VQE for a hopping from site v to site u for a cluster N given

by (v|H'!,|1). The matrix HI} | for a cluster of size N is
given in Eq. (48). ’

Remarkably, for the one-dimensional TFIM, the VQE
unitary optimized solely to minimize ground-state energy au-
tomatically decouples all excitation sectors simultaneously.
This is a special property of this model that warrants expla-
nation. After the Jordan-Wigner transformation, the 1D TFIM
maps to a free-fermion model described by a quadratic Hamil-
tonian. In such systems, a single Bogoliubov transformation
diagonalizes the entire Hamiltonian across all quasiparti-
cle sectors. The VQE unitary Uyqg effectively learns this
Bogoliubov transformation when minimizing the ground-
state energy. Importantly, while any block-diagonalization
method must decouple the ground state from excitations, for
a generic nonintegrable system it would generally not de-
couple all higher quasiparticle sectors from each other. That
the ground-state-optimized VQE unitary achieves complete
block diagonalization is thus a remarkable feature of the
free-fermion structure and integrability of this model, not
a general expectation. This could explain why [N/2] HVA
layers suffice for convergence: The target transformation may
be efficiently expressible within the HVA ansatz structure.

In practice, we compute the ground-state parameters with
NLCE + VQE using [N/2] layers of HVA and then construct
the 1QP subspace with this unitary. We performed state-
vector simulations for 1D TFIM. Figure 6 shows the resulting
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FIG. 7. Convergence of NLCE with maximum cluster size for
1D TFIM at the critical point J. = 1 in the thermodynamic limit. The
plot shows the dispersion w(0) at momentum k = O obtained using
NLCE + VQE (red dotted line with diamonds) and NLCE + ED
(blue solid line with circles). Both exhibit identical algebraic conver-
gence, demonstrating that [N/2] HVA layers suffice for the critical
point.

dispersion w(k) for cluster sizes up to Nyax = 16, where Ny«
denotes the largest cluster included in the NLCE expansion.
As shown in the figure, one can observe that as the cluster size
increases, the NLCE + VQE results converge rapidly toward
both the NLCE + ED (for Np.x = 16) and the exact disper-
sion, confirming the validity of the convergence of NLCE with
implementation of variational approach for finite clusters. The
inset of Fig. 6 highlights the region near k = 0, the critical
momentum where the gap vanishes at J. = 1. Despite the
vanishing gap making NLCE convergence more demanding,
the progressive approach of NLCE + VQE data toward the
exact curve with increasing cluster size demonstrates that the
method correctly captures the critical behavior and the linear
dispersion w(k) o |k| near the gapless point.

Quantitative convergence is illustrated in Fig. 7, which
plots the dispersion w(0) in the thermodynamic limit at
momentum k =0 as a function of maximum cluster size
Nmax- Both NLCE + VQE and NLCE + ED converge alge-
braically toward the exact solution, with VQE-ED differences
negligible compared to NLCE truncation errors. The ex-
cellent agreement between NLCE + VQE and NLCE + ED
confirms that [N/2]7 HVA layers provide sufficient expres-
sivity for this integrable model. This establishes a proof
of principle for the NLCE + VQE approach on an exactly
solvable benchmark before proceeding to more challenging
cases.

2. Square lattice

The two-dimensional TFIM on a square lattice provides a
more stringent test of our framework. In contrast to the one-
dimensional case, the 2D TFIM is nonintegrable and lacks
an exact analytical solution. Nevertheless, extensive quantum
Monte Carlo and series-expansion studies have accurately
located the quantum critical point at J, = 0.328 [50,51]. The
transition separates a ferromagnetically ordered phase at large
J from a quantum paramagnet polarized along the transverse
field at small J.

Near the critical point, the system exhibits universal scal-
ing behavior belonging to the (2 + 1)-dimensional Ising
universality class. At the quantum critical point, the ex-
citation gap A(E) closes at momentum (k,, k,) = (0, 0),
resulting in critical fluctuations and a linear dispersion
w(k) o [k|. The vanishing gap at criticality presents a
challenging test for NLCE convergence, as larger clus-
ter sizes are required to capture the diverging correlation
length.

Using the NLCE + VQE framework, we compute the 1QP
dispersion for the square lattice in the thermodynamic limit at
the quantum critical point J, = 0.328, as shown in Fig. 8. The
figure presents a comparison between dispersions obtained
from NLCE 4 VQE and NLCE + ED for different NLCE
orders Ny . For these calculations, we employ the rectangular
graph expansion defined in Eq. (27) and use [N/2] layers of
the HVA. The energy variance cost function given in Eq. (30)
is minimized to obtain the lowest 1QP excitation energy for
each cluster. The resulting NLCE 4+ VQE data are compared
with ED-based NLCE results and with a high-order series
expansion up to 12th order [50], which we obtained using
perturbative continuous unitary transformations [22], serving
as our benchmark.

Overall, the NLCE 4 VQE dispersions show very good
agreement with both NLCE + ED and the series-expansion
benchmark, demonstrating that the VQE-based evaluation
of cluster properties can accurately capture the low-energy
excitations of the model. The inset highlights the behav-
ior near (ky, k) = (0, 0), which corresponds to the point of
gap closing at the critical point. In this region, the NLCE
convergence becomes increasingly demanding because the
excitation gap approaches zero, and larger cluster sizes are
required to obtain quantitatively reliable results. Nevertheless,
the systematic improvement with increasing Np,x indicates
that the NLCE + VQE approach is capable of reproducing the
correct critical behavior (just as NLCE + ED) when sufficient
cluster sizes are included. At Ny.x = 14, both NLCE + VQE
and NLCE + ED agree to within Aw < 1072 at the critical
momentum, demonstrating that [N/2] HVA layers remain
sufficient even at criticality for the 2D TFIM. Let us note that
scaling of the results in the cluster size is needed to obtain
the gapless behavior of the quantum critical point, which is
expected due to the diverging correlation length.

Figure 9 quantifies this convergence behavior, showing
that the dispersion w(0, 0) decreases systematically with in-
creasing Npax for all cost functions tested, confirming both
the NLCE convergence and the equivalence of cost function
choices at the critical point.

Cost function comparison. For the 2D TFIM, we tested
four cost functions for the 1QP sector: variance based
(CIQP " CGS-1QPy and trace based (€2, 851 Figure 9
shows that all cost functions yield essentially identical NLCE
convergence, with variations <1073 in the thermodynamic-
limit dispersion at (ky, ky) = (0, 0). Importantly, these cost-
function-induced variations are significantly smaller than the
NLCE truncation errors (differences between successive Npax
values, typically ~5 x 1072) and comparable to or smaller
than the VQE-ED differences. However, for the 5 x 2 cluster,
variance-based cost functions with ground-state initializa-
tion encountered convergence difficulties, while trace-based
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FIG. 8. 1QP dispersion w(k,, k,) for the 2D TFIM on a square lattice at the quantum critical point J. = 0.328 [50,51]. Gradient of solid
blue lines shows NLCE + ED results and gradient of dashed red lines shows NLCE + VQE results for different maximum cluster sizes Npx.
The inset shows an enlarged view of the critical region near (k,, k,) = (0, 0), where the gap closes. These results use [N/2] HVA layers for
finite clusters in NLCE 4 VQE. The solid black line refers to the bare series expansion of order 12 about the high-field limit.

approaches remained robust. Near-zero initialization resolved
this issue. The underlying causes of this initialization sensitiv-
ity are analyzed in detail for TFIM + LF (Sec. V B).

For the TFIM + LF case (Sec. VB), where both parity
symmetry breaking and nonintegrability make optimization
more challenging, we perform a more detailed analysis of
initialization sensitivity and its impact on convergence.

B. Transverse-field Ising chain in longitudinal field

The addition of a longitudinal magnetic field h; to
the TFIM fundamentally alters the model’s physics. The

0.50 —4— NLCE+ED
-4+ NLCE+VQE (1QP) variance
0.45 1 NLCE+VQE (GS+1QP) variance
’ ¢+ NLCE+VQE (1QP) trace
NLCE+VQE (GS+1QP) trace
504097 N
)
3 0.35
0.30 1
0.251
4 6 8 10 12 14
Nmax

FIG. 9. Cost function comparison for the 2D TFIM at the crit-
ical point J. = 0.328 [50,51]. The plot shows (0, 0) for four cost
functions: (1QP) variance, (GS + 1QP) variance, (1QP) trace, and
(GS + 1QP) trace. All functions converge identically, with NLCE +
ED (blue) shown for reference. The x axis shows the highest cluster
Nmax used in the NLCE calculation.

Hamiltonian becomes

H=-hY Z,—1) XX, —h Y X,. (52

(v',v)

where the longitudinal field /; explicitly breaks the Z, parity
symmetry. This symmetry breaking has important conse-
quences: It couples the ground state to excited states, removes
the free-fermion structure that made the pure TFIM chain
exactly solvable, and renders the model nonintegrable. We
investigate the disordered phase at J = 0.5, h; = 0.5 (with
h=1).

PCAT becomes crucial for this model, as the 2b transfor-
mation alone becomes insufficient due to its allowance of
hopping processes between disconnected clusters, as illus-
trated in Fig. 4. The longitudinal field induces large overlaps
between the unperturbed ground state and the 1QP eigen-
states, necessitating careful treatment to not violate cluster
additivity. This is explained in detail in Sec. III C. The afore-
mentioned issue is further clarified in Fig. 10, which shows
the 1QP dispersion for Ny.x = 10 at J = 0.5 and h; = 0.5,
obtained using NLCE + ED. The blue solid line in this fig-
ure corresponds to the effective Hamiltonian H derived from
the 2b transformation, while the orange solid line represents
the PCAT result. The PCAT visibly corrects the 2b data, yield-
ing a much smoother dispersion. Under the 2b transformation,
a dressed quasiparticle can nonphysically hop between clus-
ters that do not share a bond, violating cluster additivity. PCAT
systematically removes these spurious couplings and restores
the required additivity condition for NLCE. Such nonphysical
oscillations become increasingly pronounced with larger clus-
ter sizes and are already significant at N = 9. Critically, the
2b transformation without PCAT correction fails to produce
convergent NLCE results in this regime: The NLCE sum di-
verges as cluster size increases, making thermodynamic-limit
extrapolation impossible. Only after PCAT correction does the
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FIG. 10. Dispersion w(k) for the TFIM + LF obtained with
NLCE + ED, where the effective Hamiltonian is constructed using
the 2b transformation, compared against the result obtained using
PCAT. Results are shown for Ny, = 10 spins,J = 0.5, and i, = 0.5.
Blue line: Effective Hamiltonian from 2b transformation alone shows
unphysical oscillations due to non-cluster-additive (nonlocal) hop-
ping. Orange line: PCAT-corrected result yields smooth dispersion
restoring cluster additivity.

NLCE converge, demonstrating that enforcing cluster additiv-
ity is essential for obtaining meaningful thermodynamic-limit
results.

1. Convergence results and cost function analysis

Since we consider the TFIM + LF on a one-dimensional
chain, the NLCE again reduces to the expression in Eq. (51).
We now perform a detailed comparison of cost functions and
initialization strategies for the 1D TFIM + LF. The combi-
nation of broken parity symmetry and nonintegrability makes
this a particularly challenging optimization problem. We in-
vestigate convergence speed, robustness to local minima, and
layer requirements for different cost functions.

Figures 11 and 12 show NLCE convergence comparing
[N/2] and N layers at both k = 0 and k = = for all three cost
functions: variance of 1QP states alone (C\}gp), variance of
combined ground and 1QP states (CS3-19P) "and trace of the
combined subspace (CSS’IQP ). Regarding layer requirements,
both [N/2] and N layers achieve NLCE convergence with
increasing cluster size. At k =0 (Fig. 11), N layers pro-
vide improved accuracy for intermediate cluster sizes (Npax &
7-9), though both layer choices converge to comparable ac-
curacy by Npmax = 10. The transient advantage of N layers
contrasts with the pure TFIM (Sec. V A 2) where [N/27 layers
proved sufficient throughout. At k = & (Fig. 12), both layer
choices show comparable accuracy throughout, with results
converging to NLCE + ED at the largest cluster sizes.

The effective Hamiltonian construction depends on accu-
rately identifying the low-energy eigenspace, which all cost
functions accomplish when optimization converges. However,
for the most challenging case (N = 10 spins, N layers), we
observed that the initialization strategy using ground-state
parameters led to convergence failures for variance-based
cost functions, while the trace-based cost function remained
robust. Similar behavior was also observed for the 5 x 2

i3
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FIG. 11. Dispersion at momentum k = 0, denoted as w(0), in the
thermodynamic limit for the TFIM + LF atJ = 0.5 and h; = 0.5 as
a function of the maximum cluster size Ny.x. NLCE + VQE results
are shown for all three cost functions using HVA with [N/2] layers
(blue lines with diamonds) and N layers (red lines with circles). The
black solid line with stars represents NLCE + ED results.

cluster in the 2D TFIM (Sec. V A 2). For context, successful
convergence typically achieves variance values Cy, ~ 0.01,
corresponding to subspace infidelities 1 — F ~ 10~ relative
to the target eigenspace, while optimizations trapped in local
minima exhibited Cy, ~ 0.5, indicating substantial contami-
nation from higher excitation sectors. Specifically, C!¥ and

var
CS51Q pecame trapped in local minima with cost function
values more than 10 times higher than successful optimiza-
tions. Initializing all variational parameters near zero resolved
this issue for all cost functions, though requiring more opti-
mization iterations due to the less favorable starting point. The
initialization sensitivity reveals important structure in the op-
timization landscape. Figure 13 provides insight for N = 10

by tracking where the VQE state resides during optimization.

3.65 1
3.60 1
£
3
3.551 NLCE+VQE 1QP variance L =[N/2]
NLCE+VQE 1QP variance L=N
--¢- NLCE+VQE (GS+1QP) variance L =[N/2]
3.50 1 --®- NLCE+VQE (GS+1QP) variance L=N
! -4+ NLCE+VQE (GS+1QP) trace L =[N/2]
--®- NLCE+VQE (GS+1QP) trace L=N
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FIG. 12. Dispersion at momentum k = m, denoted as w(x), in
the thermodynamic limit for the TFIM 4+ LF atJ = 0.5 and #; = 0.5
as a function of the maximum cluster size Np... NLCE + VQE
results are shown for all three cost functions using HVA with [N/2]
layers (blue lines with diamonds) and N layers (red lines with cir-
cles). The black solid line with stars represents NLCE + ED results.
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FIG. 13. Energy decomposition during VQE optimization for
TFIM + LF for Npy.x = 10 spins, J = 0.5, and #; = 0.5 using N
layers of HVA with conjugate gradient optimization. For selected op-
timization iterations, we plot the norm ||Pyqe|W, )| of the projection
of the optimized VQE subspace onto exact energy eigenstates |W,)
as a function of eigenstate energy E,, where Py is the projector
onto the optimized subspace. Dashed lines: after 2 conjugate gradient
iterations (initial state); solid lines: after 1000 iterations (attempted
convergence). Blue lines: Trace cost function CSS’IQP shows suc-
cessful convergence with norm values concentrating in ground-state
and 1QP sectors, with negligible projection onto higher excitations.
Green lines: variance cost functions C!& and CSS'® show failed
convergence with norm values [|Pyge|W,)|| ~ 0.5 to 0.6 persisting
in 2QP and 3QP sectors (higher-energy region around E ~ —§ to
—6), barely evolving from 2 to 1000 iterations. This indicates the
optimizer is trapped in a local minimum.

We decompose the optimized VQE subspace at each iteration
into exact eigenstates (obtained via ED) and plot the norm
IPyqe|W,) || versus eigenstate energy E,, where Pygg is the
projector onto the optimized subspace.

The trace cost function (successful case) shows clean
behavior: The norm values concentrate progressively in
the ground-state and 1QP sectors, with negligible projec-
tion (||Pyqe|Wn) |l < 0.1, corresponding to <1% probability
weight) onto higher-energy excitations by convergence. The
variance cost functions (failed cases) tell a different story:
Norm values of ||Pyge|W¥,)|l =~ 0.5 to 0.6 (corresponding to
approximately 25% to 35% probability weight) persist in
two-quasiparticle (2QP) and three-quasiparticle (3QP) sectors
throughout optimization, barely changing from initial to final
iterations. The optimizer cannot decouple these higher sectors
despite targeting only ground and 1QP states.

This reveals the underlying problem: The two cost func-
tions have different optimization landscapes. Starting from
ground-state parameters places the variance optimization in a
local minimum where the VQE states are not proper eigen-
states but remain superpositions across ground, 1QP, 2QP,
and 3QP sectors. While variance vanishes for any eigen-
state regardless of which sector it belongs to, here the
optimizer fails to find eigenstates altogether; the states re-
main mixed rather than collapsing to eigenstates of the full
Hamiltonian. The trace cost function avoids this trap, likely
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3.6 NLCE+VQE Nmax = 5
NLCE+VQE Nmax = 6
3.4 ~®— NLCE+VQE Npax = 7
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FIG. 14. Dispersion w(k) in the thermodynamic limit for
TFIM + LF atJ = 0.5 and #; = 0.5. Blue lines show NLCE + VQE
results for different maximum cluster sizes up to Ny, = 10, while
the red dotted line shows NLCE + ED for N,,x = 12. VQE uses N
layers of HVA with variance C33!9P cost function.

because direct energy minimization provides stronger gra-
dients away from such mixed configurations than variance
minimization.

In Fig. 14, we show the 1QP dispersion w(k) in the thermo-
dynamic limit obtained from NLCE 4 VQE (using N layers
and variance C&>'®” with near-zero initialization) compared
to NLCE + ED. NLCE + VQE converges systematically to-
ward NLCE + ED with increasing maximum cluster size
Nmax- Convergence is slower than for both the pure 1D TFIM
and the 2D TFIM cases. This reflects the increased optimiza-
tion difficulty: The longitudinal field breaks integrability and
parity symmetry, coupling odd and even quasiparticle sectors
and creating a more complex optimization landscape than
in the pure TFIM cases. The interplay between optimization
difficulty and physical correlation structure requires further
investigation: The longitudinal field may increase entangle-
ment within clusters, or the slower NLCE convergence may
stem primarily from the harder optimization problem rather
than from a genuinely longer correlation length. Determining
the relative contributions of these effects remains an open
question.

VI. CONCLUSIONS

In this work, we have developed a hybrid quantum-
classical method for computing quasiparticle excitation en-
ergies in the thermodynamic limit, introducing a quantum
algorithm capable of constructing cluster-additive effec-
tive Hamiltonians for excited states. The key challenge
is ensuring cluster additivity for degenerate subspaces, a
property not automatically satisfied by variational opti-
mization. This is resolved by integrating the PCAT [31]
with VQE. This integration is nontrivial: VQE provides
the essential information (energy expectations and state
overlaps) needed to construct PCAT without exponen-
tially costly state tomography, enabling NLCE convergence
for excited states with quantum algorithms as cluster
solvers.
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Our benchmarks on the TFIM demonstrate that VQE with
the HVA achieves convergence using [N/2] layers for the
pure TFIM in both one and two dimensions. For the TFIM
with longitudinal field, where parity symmetry breaking
makes PCAT essential, the situation becomes more nuanced:
While [N/27 layers show convergence with increasing cluster
size, using N layers provides improved accuracy.

For the variance-based cost function, we observe that near-
zero initialization outperforms the ground-state-initialized
strategy, while the trace cost function remains robust to
ground-state initialization. This reveals that the two cost func-
tions have qualitatively different optimization landscapes: The
variance landscape contains local minima near ground-state
parameters that trap the optimizer, while the trace landscape
does not. Cluster sizes beyond N ~ 10 become challenging
for this combination of variance cost function with suboptimal
initialization.

The PCAT framework provides several advantages beyond
ensuring cluster additivity. By constructing the transforma-
tion from measured energy expectations and state overlaps,
it requires O(N?) measurements per cluster, polynomial over-
head that scales favorably compared to exponential state space
growth.

Beyond the specific application to quasiparticle excita-
tions, this work demonstrates that the PCAT framework ex-
tends naturally to thermodynamic-limit calculations through
appropriate enforcement of cluster additivity. Importantly,
while we have focused on VQE implementation, the PCAT
construction is not intrinsically tied to variational optimiza-
tion. The framework relies on measuring energy expectations
and state overlaps, as detailed in Sec. IV C 1, making it im-
mediately ready for application when fault-tolerant quantum
protocols achieve quantum advantage. The same measure-
ment protocol applies equally to quantum phase estimation,
adiabatic state preparation, and quantum annealing. This al-
gorithmic flexibility positions the approach to scale with
advancing quantum hardware and ensures it remains relevant
even if variational methods face fundamental limitations such
as barren plateaus in certain regimes. The measurement pro-
tocol thus provides a practical pathway for implementation
across different quantum algorithmic paradigms.

Implementation of NLCE + VQE with PCAT on real
quantum hardware is currently underway to assess perfor-
mance under realistic noise and finite measurement sampling.
We will investigate how gate errors and shot noise propa-
gate through the PCAT construction and subsequent NLCE
summations. To mitigate error accumulation, the hybrid
classical-quantum nature suggests a strategy where the largest
clusters, those contributing most to NLCE convergence but
being classically intractable, are treated with VQE, while
smaller clusters use exact diagonalization to minimize accu-
mulated errors.

Several extensions present themselves naturally. Comput-
ing two-quasiparticle sectors would enable investigation of
bound states and scattering continua, though the quadratically

growing subspace dimensions make this significantly more
challenging. Dynamical structure factors, the natural exten-
sion of static structure factors to finite-frequency response,
are directly accessible through our framework by evaluating
local observables between the ground state and quasiparti-
cle excitation states constructed via NLCE. These spectral
functions are directly measurable in inelastic neutron or
light scattering experiments and provide detailed information
about the elementary excitation spectrum. The framework’s
basis-independent formulation makes it applicable to various
quantum lattice models, though we note that gapped systems
where quasiparticle excitations are well defined represent
the most natural domain of applicability given the current
formalism.

For conventional NLCE with classical algorithms, the
logarithm S = InT of the transformation possesses cluster-
additive structure when properly constructed [31]. Whether
analogous principles can be established for constructing ap-
proximate unitaries for larger clusters from solutions on
smaller constituent subgraphs in variational circuits, poten-
tially extending beyond HVA to other ansitze, remains an
open question that could improve robustness to optimization
errors and help circumvent local minima.

The challenges encountered already with TFIM with
longitudinal field (where optimization becomes difficult) un-
derscore the importance of systematic investigation across
diverse lattice models. Future applications to frustrated quan-
tum magnets represent a long-term vision where quantum
approaches might prove particularly valuable: Frustrated sys-
tems suffer from severe sign problems that make quantum
Monte Carlo exponentially harder with system size, render-
ing many frustrated systems practically inaccessible. While
NLCE converges more slowly for frustrated systems and
requires larger clusters, quantum algorithms can potentially
access these larger cluster sizes where classical exact diag-
onalization fails. The combination of NLCE with quantum
algorithms could thus provide access to parameter regimes
where classical methods cannot reach, offering a domain
where quantum advantages emerge naturally. Establishing the
approach’s general applicability and practical utility across
different model classes remains essential.
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