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We introduce the concept of quantum observables over time (QOOT), an operator that jointly describes two
observables at two distinct time points, as a dual of the quantum state over time formalism. We provide a full
characterization of the conditions under which a QOOT can be properly defined, via a no-go theorem. We
use QOOTs to establish a notion of time reversal for generic quantum channels with respect to a reference
observable, enabling the systematic construction of recovery maps that preserve the latter. These recovery
maps, although generally nonphysical, can be decomposed into realizable channels, enabling their application in
noiseless expectation value estimation tasks. We provide explicit examples and compare our protocol with other
error mitigation methods. We show that our protocol retrieves the noiseless expectation value of the reference
observable and can achieve optimal sampling overhead, outperforming probabilistic error cancellation.
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I. INTRODUCTION

Due to unavoidable interactions with the environment, re-
alistic quantum systems are inherently noisy, resulting in their
evolution being governed by nonunitary quantum channels
[1,2]. Consequently, any information we extract from the sys-
tem is also corrupted by noise. A fundamental question that
arises is then how to retrodict the initial state of a quantum
system that has undergone such noisy dynamics. In particular,
one might ask whether there exists a physical process (i.e., a
quantum channel) that, starting from a state affected by noise,
can recover the original state by undoing the effects of noise.
However, in general, this is feasible only for unitary channels,
as they are the only quantum channels that are reversible.
Strictly speaking, the notion of time reversal in quantum the-
ory is well defined for unitary evolutions only, that is, for
closed systems’ dynamics. A way to overcome this limitation
is to introduce an additional element: a reference state, or
prior, with respect to which the inversion is performed, along
with the noise channel [3,4]. This leads to the introduction
of a robust notion of time reversal for a generic quantum
channel describing open quantum systems [5], in analogy with
classical retrodiction.

In this framework, the reverse process is defined as a quan-
tum map that only guarantees the recovery of the reference
state. For instance, the well-known Petz recovery map [6-9] is
a quantum channel that satisfies the aforementioned recovery
property. If one further relaxes the requirement that the reverse
process must be a quantum channel, other possible definitions
of an inverse process for a given noise channel and reference

“Contact author: gabriele.bressanini @ gmail.com

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(3)/033208(13)

033208-1

state become possible. Of course, if we are willing to relax
the complete-positivity condition, the mathematical inverse of
a channel can serve this purpose [10]. However, this inverse
may not always be defined, nor be the most suitable choice, as
we will discuss later.

The notion of a quantum state over time (QSOT) was intro-
duced as the quantum analog of a joint probability distribution
for a bipartite system across two timelike separated regions
[11,12]. There are multiple ways to define states over time
[3,11-16] because, while the postulates of quantum mechan-
ics specify how to describe joint states in spacelike separated
regions, they provide no guidance on how to jointly represent
states that are timelike separated. In general, an appropriate
definition of QSOT should be an operator acting on the tensor
product of the Hilbert space at two different times, and if the
two timelike separated states are causally related, then the
QSOT should encode such correlations as well. Furthermore,
as highlighted in Refs. [3,17], for a QSOT to capture temporal
correlations, it must allow for negative eigenvalues, meaning
that states over time are not positive operators in general.
The authors of Ref. [5] then used the QSOT formalism and
a notion of time-reversal symmetry in classical systems to
systematically define Bayes’ rule in the quantum framework.
This approach results in an operational definition of “Bayesian
inverse” of a quantum channel with respect to a reference
state. Crucially, these maps inherently possess the recovery
property of the reference state we have mentioned earlier. Nat-
urally, different choices of QSOT lead to different recovery
maps. For example, the Leifer-Spekkens QSOT [11,18] leads
to a Bayesian inverse that corresponds to the Petz recovery
map.

So far, most research efforts have been focused on defining
retrodiction maps for a given noise channel and reference
state. In this paper, we shift perspective and turn our attention
to quantum observables. Our goal is to find recovery maps
that protect specific observables from the effects of a given
noisy dynamics. From a more operational standpoint, such
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maps would allow us to devise protocols that preserve the
expectation value of a specific observable against a given
noise model, for every possible state. This is in contrast
with state retrodiction, which cannot guarantee to perfectly
infer the expectation values of observables beyond the ref-
erence state. This shift in perspective is motivated by the
fact that several quantum information protocols and quantum
algorithms rely on extracting information through expectation
values, which are inevitably impacted by the noise affecting
the system. Quantum error mitigation addresses the problem
of protecting expectation values from noisy dynamics. In this
context, unphysical recovery maps do not pose a problem, as
they can be decomposed into physically realizable quantum
channels [10,19,20], which further justifies the extension of
the search for recovery maps to noncompletely positive (CP)
maps. This quasiprobability decomposition (QPD) then serves
as a simulation tool to estimate the noise-free expectation
value, following the same strategy used in the well-known
probabilistic error cancellation (PEC) [10,21] technique, as
we will explore in more detail later. In Ref. [22], the authors
address the problem of constructing recovery maps for spe-
cific observables under a given noise model using a different
approach. The main difference between our methods lies in
the fact that, while their approach requires solving a challeng-
ing optimization problem, we take a more fundamental route,
leveraging time-reversal symmetries to systematically derive
the recovery maps.

We summarize our main contributions in two perspectives
as follows. First, from a foundational perspective, we gener-
alize the state over time formalism to encompass quantum
observables by introducing the concept of a quantum ob-
servable over time (QOOT). The latter is an operator that
jointly describes two quantum observables that are timelike
separated, while also capturing their temporal correlations.
We show that the construction of the QOOT is not universally
applicable, which makes a clear distinction from the QSOT,
and we fully characterize the pairs of quantum channels and
reference observables for which the QOOT can be properly
defined. Second, we leverage our formulation of QOOT to
implicitly and systematically define recovery maps via an
equation that reflects a notion of time-reversal symmetry, thus
offering a definition of time reversal for quantum channels
with respect to a reference observable. On a more applied
front, we investigate the potential of these recovery maps for
quantum error mitigation, focusing on the task of estimat-
ing the noise-free expectation value of a specific reference
observable subjected to a known noise channel. We explic-
itly construct two types of information recovery processes,
namely, preprocessing and postprocessing protocols, both of
which can be simulated on quantum devices using quasiproba-
bility methods similar to PEC. We demonstrate the optimality
of the sampling overhead required to simulate these protocols
in certain cases. We note that, as being observable-specific
recovery maps, the proposed protocols may become advan-
tageous over existing approaches of implementing the inverse
map of the noisy channel.

The rest of this paper is organized as follows. In Sec. II,
we introduce the concept of quantum observable over time
through its defining properties and present a necessary and
sufficient condition under which such an object can be

properly defined. In Sec. III, we demonstrate how observables
over time may be used to write an equation that expresses
time-reversal symmetry of the system, leading to the im-
plicit definition of recovery maps for both preprocessing and
postprocessing protocols. In Sec. IV, we introduce a specific
instance of the quantum observable over time, based on the
Jordan product, which will be used throughout the paper
due to its desirable properties. For this choice of QOOT, we
then solve the equations, obtain the corresponding recovery
maps, and study their properties. In Sec. V, we show how an
unphysical recovery map, can be expressed in terms of phys-
ically implementable maps and discuss the application of this
decomposition in noiseless expectation value estimation tasks.
We then highlight differences and similarities between this ap-
proach and established error mitigation protocols. In Sec. VI,
we explicitly compute recovery maps for relevant noise mod-
els, we decompose them in terms of physically realizable
maps, and discuss their implementation cost, comparing it
with known optimality results. Finally, in Sec. VII we draw
conclusions, highlight remaining open questions, and offer
final remarks.

II. QUANTUM OBSERVABLES OVER TIME

In this section, we introduce the quantum observable over
time, i.e., the fundamental object that will be used throughout
the paper to obtain recovery maps. Our construction follows
that of quantum states over time presented in Ref. [5]. Let
us consider an observable (i.e., a Hermitian operator) O and
a Hermitian-preserving (HP) map &£ acting on the space of
states as £ : p — E£(p) (Schrodinger-like evolution). Equiva-
lently, the adjoint map £ describes the dynamical evolution
of observables (Heisenberg-like evolution), namely, £ .0+
E7(0). Here, O acts on the Hilbert space H 4 and £7(0)
acts on H. Equivalently, we write O € L(H_4) and £7(0) €
L(Hp), where L(H) denotes the space of linear operators
acting on the Hilbert space H. The Schrodinger and Heisen-
berg pictures are well known to provide completely equivalent
descriptions of a quantum system undergoing dynamical evo-
Iution. This duality becomes evident when considering the
expectation value of an observable O for a system initially
in state p, evolving under the map £. Specifically, the expec-
tation value can be expressed equivalently as

Tr[E(p)O] = Tt[p ET(0)]. (1

We seek to define a quantum observable over time, Ex0,
i.e., an operator acting on H 4 ® Hp that can jointly describe
the reference observable O and its dynamically evolved coun-
terpart £7(0). In particular, such an object must correctly
retrieve the marginal observables; namely, it should satisfy the
following minimal requirements:

TrplET « 0] = O, 2)

TrA[ET » 0] = £7(0). 3)

Additional desirable properties for £ x+ O may be linearity in
the reference observable, process linearity, and Hermitianity.
We point out that the Leifer-Spekkens QSOT, which gives rise
to the Petz recovery map, cannot be promoted to a QOOT.
This is because its definition involves taking the square root of
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TABLE 1. Conditions on £ and O under which the constructions of QOOT (£ x O), preprocessing (P), and postprocessing (R) protocols
can be applied. The final condition for the postprocessing map (R) should be verified manually after the map is obtained (see the main text for

details).

QOOT (€7 x 0)

Preprocessing (P) Postprocessing (RR)

TrlE7(0)] = 0
Tral€1(0)] = £7(0)
Tr[0] = Tr[E7(0)]

Key property

General condition(s)

Condition(s) for Jordan product {0,E(1)} =20

0 ="P(E"(0)) 0 =E&"(RY(0)

Ti[0] = Ti[PT(E7(0))] L(Hp) = L(Ha)

Tr[0] = Tr[ET(RT(0))]
{0, R(1)} =20

{R1(0), E(I)} = 2RT(0)

(£1(0), PXD)} = 2£1(0)
(Automatically satisfied)

the reference state. However, when the reference is a generic
quantum observable, we cannot ensure its positivity. Interest-
ingly, we show via a no-go theorem that, for a generic HP
map £ and quantum observable O, it is not always possible
to construct a QOOT, i.e., an operator acting on H 4 ® Hp
satisfying the minimal partial trace conditions outlined above.
This stands in sharp contrast to the QSOT formalism, where
such a construction is always possible for any pair of reference
state and quantum channel. We can easily see this by taking
the partial trace over Hp (H.4) of Eq. (2) [Eq. (3)], which
leads to

Tr[E % O] = Tr[0] = TH[E7(0)]. 4)

Hence, a necessary and sufficient condition for the QOOT to
be well defined is that the trace of £7(0) coincides with that
of O (see also Table I). Notice that this does not automatically
imply that the map & needs to be unital, since the above con-
dition needs to only be satisfied for the reference observable
O. In the following, we will assume that the combinations
of maps and observables are such that QOOTs can be con-
structed. We note that, assuming Eq. (4) holds, the following
trivial expression defines a valid QOOT:

o0®E (0
Etxo = ®—()
Tr[O]
referred to as the uncorrelated quantum observable over time.
However, this form has limited usefulness, as we will demon-

strate in the next section, since it fails to encode any temporal
correlations and treats O and £7(0) independently.

) &)

III. TIME-REVERSAL SYMMETRY AND QUANTUM
OBSERVABLE RETRODICTION

In this section, we show how observables over time may
be employed to implicitly define recovery maps via an equa-
tion that expresses time-reversal symmetry and resembles, in
spirit, the Bayes rule and its quantum generalizations [5]. Let
us consider a completely positive trace-preserving (CPTP)
map & : L(HB) = L(H_4) that models a noisy process, and a
quantum observable O € L(H 4) that we wish to protect. We
anticipate that, despite the limitations imposed by Eq. (4), the
formalism developed in this paper is able to generate recovery
maps for physically relevant scenarios, such as the protection
of a Pauli observable under generalized amplitude damping
(GAD) or stochastic Pauli noise.

For a preprocessing protocol, we seek an HP map P :
L(H4) = L(Hp) that satisfies the following (preprocessing)

recovery property:
0 =P & 0)). ©)

The expression above leads to a preprocessing protocol be-
cause the action of (P o £7) on the observable O corresponds
to the action of (£ o P) on the state in Schrodinger picture.
Hence, the preprocessing map P acts on the input state before
it undergoes the noisy evolution. We can implicitly define
such a map via the following equation, which reflects a certain
time-reversal symmetry [5] we wish to impose (see Fig. 1 for
a schematic representation):

ETx0=1(P" xE7(0)). (7)

Here, 7:L(Hp)Q@ L(HA) — L(HA) R L(Hp) is the
quantum-time-reversal map for observables over time, and it
is defined as the unique conjugate-linear extension of

1(BQA)=A" @ B'. ®)

The operator swap introduced by 7 places the two observables
over time appearing in Eq. (7) on an equal footing: This is sim-
ilar to what happens in the classical setting of the Bayes rule,
where two joint probability distributions describing the same
system are equated via time reversal [5]. Additionally, the map
T applies Hermitian conjugation, a feature that was shown
to make the notion of a time-reversal map in the quantum
setting more robust [5]. By taking the partial trace over Hilbert
space Hp on both sides of Eq. (7), we clearly obtain the
preprocessing recovery property [Eq. (6)]. This implies that
a solution to Eq. (7) always satisfies the recovery property for
the system under study, provided that the two observables over
time appearing in the equation are well defined, namely, when
Tr[0] = Tr[E£7(0)] = Tr[PT(£7(0))]. We will come back to

A

&t
/\
O E1(0)
\T/
P

FIG. 1. Pictorial representation of the preprocessing protocol.
Depending on which observable we take as reference to build the
QOOT (time-reversal symmetry), the system may be equivalently
described by £" x O or by P x £7(0). The preprocessing map acts
on the noisy observable to retrieve the target observable O, i.e.,
PHET(0)) = 0.
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FIG. 2. Pictorial representation of the postprocessing protocol.
Depending on which observable we take as reference to build the
QOOQOT (time-reversal symmetry), the system may be equivalently
described by R+ O or by 7 R7(0). The recovery map acts on
the target observable O so that the subsequent action of the noise
map yields the target observable itself, i.e., £ (RT(0)) = O. We note
that an additional condition L£(Hp) = L(H 4), simply referred to
as B = A, is required for the postprocessing (see the main text for
details).

this point in detail later, after choosing a specific functional
form for the QOOT. The physical intuition behind Eq. (7)
is that we may describe the same joint system using two
observables over time: one for the “forward” process £, using
O as the reference observable, and one for the “backward”
process P’ that instead utilizes the noisy observable £7(0) as
reference operator. Note that if we use the uncorrelated QOOT
from Eq. (5), Eq. (7) reduces to

0®E'(0)="P'(EN0) ®E(0), ©)

which is solved by any map P such that PT(£7(0)) = 0.
Howeyver, this formulation does not indicate which of these
recovery maps we should choose; hence, it does not provide a
robust definition of recovery map.

Analogously, for a postprocessing protocol we seek a
recovery map R : L(Hp) — L(H 4) that satisfies the (post-
processing) recovery property

0 =EY(RY0)). (10)

However, we note that R : L(H4) — L(Hp) and & :
L(HA) — L(Hp), which implies L(Hp) € L(H._4). More-
over, for information recovery, the image of the overall
process (T oR") should contain L£(H_4), which leads to
L(H ) € L(Hp). Consequently, this requires an additional
condition on the map £ to have the same domain and image,
i.e., L(Hp) = L(H_4) to have a well-defined postprocessing
protocol R, which is a main difference from the preprocess-
ing protocol P. The expression above results in a postpro-
cessing protocol, as the action of (£7 o R") on the observable
O corresponds to the action of (Ro&) on the state in
Schrodinger picture. Consequently, the recovery map R acts
on the state after it has undergone the noisy dynamics. Such
a recovery map may be implicitly defined via the following
equation (see Fig. 2 for a schematic representation):

R'%0 =1 R (0)), an

which, once again, expresses a time-reversal symmetry we
impose on the joint system. Notice how the introduction
of R7(0), i.e., the preprocessed target observable via the
(adjoint) recovery map, is necessary in order to obtain a
postprocessing protocol. Taking the partial trace of both sides

of Eq. (11) over Hp yields the recovery property [Eq. (10)],
provided that Tr[0] = Tr[RT(0)] = Tr[ET(RT(0))].

IV. JORDAN PRODUCT QUANTUM
OBSERVABLE OVER TIME

Previously, we introduced the quantum observable over
time object in full generality and showed how it can be used
to write Egs. (7) and (11) that reflect a particular time-reversal
symmetry of the system, and implicitly define recovery maps
that protect the target observable O from noise modeled by the
CPTP map £. In this section, we present a specific instance of
the quantum observable over time that will be used throughout
the paper to derive recovery maps. To this end, we first intro-
duce the Jamiotkowsi state [23] of a quantum map £, namely,

D[£] =Z|i)(jl®5(|j)(il), (12)

ij
where {|i)} denotes a generic basis of the Hilbert space. Given
an HP map &' : L(H4) — L(Hp) and a reference observ-

able O acting on H 4, we define the Jordan product quantum
observable over time as

%0 =3{0®I, DIEN), (13)

where Z denotes the identity operator and the curly brackets
denote the usual anticommutator. Substituting the definition
of the Jamiotkowski state into the equation above leads to

£vo= % ;{0, 101 @ ETND. (14)
This particular form of the QOOT, inspired by the Jordan
product state over time in Ref. [5], has desirable properties,
including linearity in the reference observable, linearity in the
quantum map, and it is a Hermitian operator. We can now
revisit the necessary and sufficient conditions for the Jordan
product QOOT to be well defined; i.e., we have to make sure
that the defining properties Eqgs. (2) and (3) are satisfied. In
particular, taking the partial trace of Eq. (13) over Hp leads to

1
Tipl€" » 01 = 5 3 {0, 1 GITHE (/) iD)]
ij
1
=5 Z{o, 1) (il GLED) 1))
ij

1
= 5{0, E@D)}, (15)

where we have used the definition of adjoint map, namely,
Tr[E7]/)(i]] = Tr[|j)(i|E(T)]. For Eq. (2) to be satisfied,
we need

{0,£(T)) =20 (16)

to hold (see also Table I). Clearly, if £ is unital, the condition
is satisfied; however, that is not the only possibility. In fact,
one easily shows that the necessary and sufficient condition
for Eq. (16) to hold is

ET)=T+0, 17
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where O is a generic operator that anticommutes with O.
Analogously, the partial trace of the Jordan product QOOT
over H, gives

. 1 ;
Tral€' % 01 = > 3 THl{O, 1 (jINET ()i
ij

= > (IOl ETHD
ij
=5T(0), (18)

where in the last equality we used the linearity of £T. Notice
that Eq. (3) is in this case automatically satisfied. We are
now ready to substitute the expression of the Jordan product
QOOT into Egs. (7) and (11) and solve them for P and R,
respectively.

A. Preprocessing protocol

Let us consider a reference observable O acting on H 4
that we want to protect from a noisy process modeled by
a CPTP map & : L(Hp) — L(H_4)- As outlined in Sec. III,
a preprocessing map P : L(H ) — L(Hp) is obtained by
solving

ET %0 =P« ET(0)). (19)

Substituting the expression of the Jordan product QOOT into
the previous equation yields

t{0® I, DIET) ={Z®£7(0), DIPT},  (20)

where we have used the fact that applying t twice corresponds
to the identity channel. The action of the time-reversal opera-
tor T on the left-hand side of Eq. (20) reads

t({0®Z.DIE]) = {r1(0®I), t(DI{ET])
={Z® 0, DI&]}. (21)
where we have used the fact that O is Hermitian and that

(D[ET]) = D[] (see Appendix A for a detailed derivation
of this identity). Hence, we obtain the following equation:

{Z® 0,DIE]} ={Z ® E7(0), DIP']). (22)

As already mentioned in the previous section, for the two
Jordan product QOOTs appearing in the equation above to
be well defined, we need the following two conditions to be
satisfied (see also Table I):

{0,£ED)} =20 < ET)=I+0, (23)

(E7(0), P(T)) =2£7(0) < PIT)=T+E(0). (24)

The condition given in Eq. (23) may be directly checked using
the input of the problem, namely, O and £. On the other
hand, in what follows, we show that Eq. (24) is automatically
satisfied by any solution P to Eq. (22). Let us now consider
the eigendecomposition of the noisy reference observable,
namely,

EN0) =) el (enl, (25)
k

where for now we assume that the eigenvalues {g;} are such
that g + g; # 0 for all j and k (in Sec. VI, we show how

an appropriate regularization of the reference observable may
be employed to address the cases where this condition is
not satisfied). In Appendix B, we show that the solution to
Eq. (22) reads

Pl wel) = (g + g0) {0, E(lwr) (we))} (26)

This map is clearly HP, and we can easily show that P' is TP
as well (i.e., P is unital), in fact

Tr[P" (Jo) (e D] = (g + q0) ™ Tr{O, E(Jwi) (@i )}]
= 2(qk + q0) " (we] ET(O) |y
= 2(qx + q0) " qudre = Sie,s 27

where ;¢ denotes the Kronecker delta. A consequence of the
fact that PT is HPTP is that can be expressed as a linear
combination of CPTP maps. Additionally, in Appendix C we
prove the desirable property that if the map £ corresponds to a
unitary evolution (i.e., it is invertible and its inverse is CPTP),
then £~! is indeed the preprocessing map P.

B. Postprocessing protocol

As previously outlined in Sec. III, a recovery map R :
L(HpB) = L(H_4) for the postprocessing protocol [we recall
that L(Hg) = L(H 4) is required for this case] is obtained by
solving

RIx0 =1(E «*RT(0)). (28)

Substituting the expression of the Jordan product QOOT into
the equation above yields

{(0®Z, D[R} =t({Z®R'(0), DIET])).  (29)

Analogously to the preprocessing protocol, for the two Jordan
product QOOTs appearing in Eq. (29) to be well defined, we
need the following conditions to hold (see also Table I):

{0, R(1)} =20 <— RI)=7I+ O, (30)

(RT(0), £(T)}) =2R"(0) < EZ)=I+R(0). 31)

Coming back to Eq. (29), the action of the time-reversal oper-
ator t reads

t({Z ® R(0), DIET]}) = {x(Z ® R(0)), ©(DIET)}
= (R'(0)® Z, DIE]}, (32)

where we have used the fact that we look for solutions R to the
equation that are HP, O is Hermitian, and t(D[£']) = D[£].
Hence, we obtain

{0®Z,D[R']} = {RT(0)® I, DIE]}. (33)

The difficulty in solving this equation lies in the fact that,
unlike the preprocessing protocol, the recovery map now
appears on both sides of the equation and, more impor-
tantly, we do not know anything about R'(OQ) a priori.
In the following, we briefly outline the techniques used to
solve Eq. (33), while a detailed derivation can be found in
Appendix D. First, let us consider the eigendecomposition of
the reference observable, i.e., O = ), g;|w;) (w;|. Notice that,
while we do not know what R(0) is, we may express it
as R7(0) = > giR"(|w;){w;|), by linearity. Projecting both
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sides of Eq. (33) onto the joint Hilbert space basis {|w;) ®
|w;)} yields

(g + gOR (o) (@i]) = Y giRT(jwi)(@il), E(we) (ex])}.

(34)

The equation above can be recast as
Xee = ) Xt Aes (35)
where  Xi = (qx + qo) R (Jax) (@), and A =

E(|wr){w¢])/2. The HP requirement for the recovery map
is equivalent to enforcing X,J[ = Xy. Finally, we need to
make sure that the conditions necessary and sufficient for the
QOOTs to be well defined are satisfied. In particular, Eq. (31)
can be recast as 0= ) {X;, £(Z)—Z}. A unital noise
map always satisfies this constraint; however, in general,
this would impose an additional constraint on the recovery
map R. Similarly, one can show (see Appendix F) that
Eq. (30) is equivalent to imposing the additional constraint
Tr[Xke] = qire. Notice how this is different from the
preprocessing scenario, where the arising recovery maps P
are automatically unital and hence satisfy Eq. (24) without
needing to impose additional constraints.

Let us now consider the case of a qubit system, meaning
that we can decompose all operators appearing in the equa-
tion in the Pauli basis, namely,

3 3

ke ke
Xie = ZXE Yoj, A= Za; o}, (36)
g =0

where {0y, 01, 02, 03} = {Z, X, Y, Z} denote the Pauli opera-
tors. We can now substitute these expressions into Eq. (35)

and obtain an equivalent system of linear equations for the
(ke).

eight coefficients x;
kI ii) (kl
x =2 " xal, 37
iJ

je{l,2,3). (3%

x;kz) ) Z (x(()ii)a;kl) n x;ii)a(()kl))7
1

In Appendix E, we outline a detailed derivation of the system
of equations above and a generalization to d-dimensional sys-
tems. Analogously to the preprocessing case, if £ is a unitary
evolution (i.e., the inverse exists and it is CPTP), then £~! is
a recovery map R that solves Eq. (33), as can be shown by
direct substitution.

V. SIMULATION OF RECOVERY MAPS
AND APPLICATION TO ERROR MITIGATION

Physically implementable operations are described using
CPTP maps. More generally, if we allow these operations to
have a probabilistic rather than deterministic implementation,
they can be characterized by completely positive, trace nonin-
creasing (CPTN) maps. Nevertheless, nonphysical maps find
application in several quantum information processing tasks.
In fact, while an HP—but non-CP—map ‘R represents a phys-
ically unattainable quantum operation, it is always possible to

express it as a linear combination of CPTN maps {F;}, namely,

R=) cF (39)

where c; are real (possibly negative) coefficients. In particular,
we might think of the total negativity as a measure of the
“unphysicality” of the map. We will refer to Eq. (39) as a
QPD of R. If R is also TP, it turns out that we can always
decompose it in terms of CPTP maps and that ) ", ¢; = 1. A
QPD of an unphysical map R may be used as a simulation
tool to estimate expectation values of the form Tr[R(p)O]. In
fact, we may express the latter as

Tr[R(p)0] = ) cTr{Fi(p)O]

i

=y Y _sgn(c)) piTrFi(p)01,  (40)

where y =) . |¢;| and p; = |¢;]/y is a probability distribu-
tion. The idea is now to sample a quantum channel 7 from
{F:} according to the probability distribution p;, apply it to
the state p, and subsequently measure the observable O and
record the measurement outcome o) (j labels the sample
number). After N sampling rounds, we can construct the fol-
lowing unbiased estimator for Tr[R(p)O]:

N

_7 U,
E = E Mo, 41
N sgn (cV”)o “41)

j=1

Furthermore, from Hoeffding’s inequality [24] the number
of samples required for E to be € close to the true value
Tr[R(p)O], with probability no less than 1 —§, scales as
N o y*log(2/8)/€* [25]. The parameter y can then be used
as a measure of the simulation cost of R, according to the
decomposition Eq. (39) (see also Fig. 3 for an illustration of
the overall protocol). It is clear that different decompositions
of the same unphysical map R lead to different y and different
simulation costs as a result. In Ref. [20], the authors show that
the optimal decomposition (i.e., achieving the minimum value
of y) can be computed via semidefinite programming.

A prominent example of the simulation technique de-
scribed above is provided by probabilistic error cancellation
[10], an error mitigation technique aimed at producing bias-
free expectation values for systems that are subject to a known
noise model, characterized by the CPTP map £. Assuming
that the noise map can be mathematically inverted, the key
insight behind PEC is that we can simulate £~' = >, ¢;F;
(in the sense discussed above, since the inverse of a CPTP
map is HPTP) and obtain bias-free estimates of the noiseless
expectation value Tr[pO] by performing measurements of O
on F;(E(p)) and by classical postprocessing of data. Within
this framework, the simulation cost we mentioned earlier can
also be interpreted as sampling overhead, as it can be shown
[10,26] that the cost associated with obtaining a bias-free
estimate of the noiseless expectation value is an increase in
the variance of the estimator. In particular, the ratio between
the variance of the bias-free estimator and that of the noisy
estimator can be shown to scale with 2.

Inspired by PEC, our recovery maps may also be em-
ployed to obtain noise-free expectation values of a quantum
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@ 0: target observable
(0>noisy = TY[PST(O)]

—

£t %0 (QOOT)

0 =71 (£%(0)) 0 =&t (®1(0))
(P: preprocessing) (R: postprocessing)
‘7) El C T R Zl Cl i
QPD) (QPD)
-FEere) F{ER)
N-independent
sample from p; = %

[E = %Z?’:l sgn(cP) o) =, Tr[po]]

(Information recovery)

FIG. 3. Schematic illustrating the simulation of recovery maps
for constructing an unbiased estimator £ of the noiseless observable
Tr[pO] from measurements of the noisy observable Tr[p£T(0)]. The
number of samples N to achieve € error scales as y2, where y =
>, lcil (see the main text for details).

observable O subject to a CPTP noise map £. In fact, by
construction, we have that

Tr[p0] = Tilp £'(RT (O], “2)
for the postprocessing protocol, and
Trlp0] = Telp P (0))], (43)

for the preprocessing protocol. All we need to do is compute
the appropriate map (R or P) as described in Sec. IV, and
decompose it in terms of physically implementable maps. Our
protocols might prove particularly useful when the inverse
of the noise channel does not exist; hence, the framework of
PEC is not applicable. Furthermore, our protocols would also
be useful in situations where the implementation cost of our
recovery maps outperforms that of the inverse noise map.

VI. EXAMPLES

In this section, we provide explicit constructions of re-
covery maps (preprocessing and postprocessing protocols)
for Pauli reference observables and physically relevant noise
models, namely, GAD and stochastic Pauli noise. The latter
is of particular importance, since Pauli twirling [27] may
be employed to convert an arbitrary noise channel into a
stochastic Pauli noise channel. For all examples, we provide a
decomposition of the recovery maps in terms of physically im-
plementable channels and compute the cost of implementation
y. Comparing the latter with known optimality results re-
ported in Ref. [22] reveals that the recovery maps presented
here and their decompositions are optimal.

A. GAD channel and Pauli X (preprocessing)

The generalized amplitude damping channel can be viewed
as the qubit analog of the bosonic thermal channel [28], and

may be expressed as £(p) = Zj:

K j,onT, where the Kraus
operators read

Ki = /pl0)(0] + /p(1 — ©)|1)(1], (44)
K> = /pel0)(1], (45)

= =p) A =)0){0]+ A - pI)(l,  (46)
Ky =/e(l = p)[1){0], (47)

with 0 < p <1 and 0 < € < 1. One easily shows that the
GAD channel is nontrivially unital only for p = 1/2 and that
the amplitude damping channel can be retrieved by setting
p = 1. In this example, we set the reference observable O to
be the Pauli X operator, and look for a preprocessing map P,
i.e., satisfying PT(£7(X)) = X. Notice that the necessary and
sufficient condition in Eq. (23) for the quantum observable
over time (hence, the task) to be well defined is satisfied,
since E(Z)=Z+€R2p—1)Z and {X,Z} = 0. In Sec. IVA,
we showed that the expression for such a recovery map reads

Pl(wk) (@) = (gx + q0) {0, E(|x) (@i}, (48)
where ¢, and |wy) are the eigenvalues and eigenstates of the
noisy reference observable £7(0), respectively. We remind
the reader that the expression above is formally valid for
qr + q¢ # 0. However, this condition is not satisfied in our
scenario, since £7(X) = /1 — €X and X is traceless. We may
work around this potential setback by regularizing the refer-
ence observable; i.e., we define

S (r 1
x:(1 A):xI+X, (49)

where X is a positive regularization parameter that will be
taken to the limit of zero at the end of the calculations. The
action of the (adjoint) GAD channel on X reads

E'X) = AT+ V1 —€X = qilor){wi] + alw) (@], (50)

where

— 0 1

CI1=)¥_ 1_67 |w1>_%=__)9 (51)
0 1

G =r++V1—¢, |w2)=%zl+). (52)

We can now compute the preprocessing map via Eq. (48) and,
after some algebra, obtain

PIT) =1, (53)
X
T _
PI(X) = Nira (54)
PiY)=V1—¢Y, (55)
PH2Z)=(1 - €z, (56)

where we have already taken the limit A — O [the potentially
problematic 1/A dependency of the terms PT(]4+)(—|) and
PT(|=)(+]) actually cancels out with a A factor coming out
of the numerator]. One can easily check that this map indeed
satisfies the recovery property, i.e., PT(£7(X)) = X. Interest-
ingly, we note that although £" and P' do not commute in
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general, it is true that
X = P& X)) = EFPTX)). (57)

Hence, it follows that the recovery map above may also be
employed in a postprocessing protocol.

The next step is to find an operator-sum (i.e., Kraus-like)
representation of the recovery map we just found. In particu-
lar, we want to express P as a linear combination of physically
realizable CP channels. A common technique to achieve a
Kraus-like decomposition of P, is diagonalizing the recovery
map’s Choi matrix, namely,

JIP1 =Y P D @ li)(jl. (58)
ij
followed by the unvectorization of its eigenvectors. After
some algebra, we obtain the following operator-sum decom-
position:

4
P(o) =) _eEokE], (59)

i=1
where {e;} are the Choi matrix eigenvalues, namely,

e1=02—-€)ay, e=Q2—-¢€x_,e3=€ca,, e4=c¢€a_,

(60)

with o = 1 & 5 \/]1? Notice that e, and e; are negative,

meaning that the Choi matrix of the recovery map is not
positive semidefinite; hence, the recovery map itself is not CP.
The operators E; are obtained from the unvectorization of the
Choi matrix (normalized) eigenvectors, in particular, we find

E=L B=2 EB=-" 5= @
l_ﬁ7 2_\/59 3 = \/z, 4_\/5'

Hence, the recovery map can be decomposed in terms of
CPTP maps and, in particular, takes the form of a stochastic
Pauli map with some negative coefficients. As previously ex-
plained, the cost of implementation of an HPTP map, given a
specific linear decomposition in terms of CPTP maps, may be
evaluated by summing the absolute value of said coefficients.
For the above operator-sum representation of P, the cost of
implementation is equal to

1
V7>=§(|€1|+|€2|+|€3|+|€4|)= (62)

1
JI—¢
We note that the decomposition in Eq. (59), obtained from the
eigendecomposition of the Choi matrix, need not necessarily
be optimal in general. However, for a mixed unitary HPTP
map T, represented as

TC) =Y nUOU], (63)
with r; € R and ), r; = 1, such a decomposition with cost
Zi |r;] is proven to be optimal in Theorem 13 of Ref. [20].
As the GAD channel falls into this case by noting that E; in
Eq. (59) are Pauli matrices, the cost given in Eq. (62) becomes
optimal.

We may first compare this with the optimal (i.e., minimized
over all possible decompositions in terms of linear combina-
tions of CPTP maps) implementation cost of the GAD channel

inverse map. In Ref. [20] the authors show that the latter reads

|1 —2ple +1

< (64)

Ver =
One then shows that yp < y¢-1 for all possible values of p
and €, meaning that the sampling overhead associated with our
recovery map with the decomposition above outperforms the
traditional PEC protocol relying on implementing the channel
inverse.

For a given noise channel and reference observable, the
authors of Ref. [22] employed semidefinite programming
to optimize the implementation cost across all possible
Hermitian-preserving trace-scaling recovery maps and across
their decompositions in terms of CPTP maps. In particular,
for the GAD channel and Pauli X reference observable, they
demonstrated that the implementation cost is lower bounded
by Eq. (62), thus making the recovery map we found optimal
for this task.

B. Stochastic Pauli channel and Pauli Z (postprocessing)

Another key example is the stochastic Pauli channel, de-
fined as

E(p) = pop + p1XpX + p2Y pY + p3ZpZ,  (65)

where the coefficients p; constitute a probability distribution,
satisfying p; > 0 and Zi p; = 1. Equation (65) encompasses
several widely employed noise models. For instance, setting
pL=p2=p3= % and po =1— % yields the depolarizing
channel, while choosing po=1—p, pi=p>=0, p3=p
for 0 < p < 1 results in the dephasing channel. Furthermore,
the stochastic Pauli channel is of particular interest because
an arbitrary single-qubit noise channel may be reduced to a
stochastic Pauli noise channel through Pauli twirling [27]. In
this example, we set the reference observable O to be the
Pauli Z operator (analogous results would follow for X or Y)
and seek a postprocessing recovery map R, hence satisfying
EY(R(Z)) = Z. Since any stochastic Pauli channel is unital,
the consistency condition in Eq. (31) is automatically satis-
fied. On the other hand, the remaining condition in Eq. (30)
still needs to be imposed. We have previously demonstrated
that a postprocessing recovery map can be obtained by solving
the following equation:

(@x + qOR () {ax]) = ZQi{R+(|wi><wi|)a E(Jwe){wr])},
l (66)

where ¢; and |wg) are the eigenvalues and corresponding
eigenstates of the reference observable, respectively. Similar
to the previous example, we regularize the reference observ-
able by defining Z = Z 4+ AZ, where A > 0 serves as a real
regularization parameter that will be taken to zero at the
end of the calculation. The eigendecomposition of Z is thus
characterized by

qr=1+4, |w)=]0), (67)

@=—14+2x o) =II). (68)

As shown in Sec. IV, computing the recovery map amounts
to solving the system of linear equations given by Eqs. (37)
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and (38) with the coefficients a}kz) reading
ke ke ke ke
ay” = 300", af = (po+pj— ) (©69)

Here, w;ke) are the Pauli basis coefficients for the outer product

of the basis elements, namely,

i) (@] = Za)}"%j. (70)
J

The solution to these equations, upon taking A — 0, yields the
following recovery map:

RYI) =1,
R'(X) = (po + p1 — p2 — p3)X,

RIY) = (po— p1 + p2 — p3)Y,
RI(Z) = ! Z. (71)
Po—P1— P2+ p3
The recovery map R is thus well defined for all stochastic
Pauli channels except for the particular cases of py + p3 =
%. Furthermore, since R is manifestly TP, it implies that
R is unital, thereby satisfying the consistency condition in
Eqg. (30). Next, we want to express the recovery map as a
linear combination of physically realizable maps. To this end,
following the procedure outlined in the previous example, we
compute the Choi matrix of R, diagonalize it, and unvectorize
its (normalized) eigenvectors. After some algebra, we obtain
the following operator-sum representation:

Ry(0) = 0604—/30(7 Ll +'BIXGX
2 2
by oy 0=b, . m
2 2
where
Po + p3
ap = ., Bo=po— D3
Po—Pp1— P2+ p3

p1+ P2

@ =— : Bi=pi—p. (73

po—p1—p2+p3

Therefore, we found that the recovery map is also a stochastic
Pauli map, albeit with some negative coefficients, which ren-
der it non-CP. Finally, we sum the modulus of the expansion’s
coefficients to compute the cost of implementation of R,
according to the quasiprobability decomposition in Eq. (72).
After some algebra, we obtain

1
Cpo—pi—p2+psl

Similarly to the previous example, this cost is optimal [22],
meaning that no non-CPTP operation with the associated
recovery property can be simulated by the quasiprobability
decomposition method with a smaller sampling overhead.
Analogous recovery maps, along with their corresponding
sampling costs and optimality properties, can be derived for
the other Pauli observables.

The optimal costs presented in Eqgs. (62) and (74) corre-
spond to sampling overhead implementing the information
recovery map for a specific observable O (O = X for the

YR (74)

preprocessing of the GAD channel and O = Z for the postpro-
cessing of the stochastic Pauli channel). This is the underlying
reason why our protocol could be advantageous over im-
plementing the inverse map £~!, which fully recovers any
observable 0. We also note that these decompositions are
optimized over all possible QPDs using CPTP maps of the
form in Eq. (39). However, as the optimal decompositions for
both cases are given by weighted sums of Pauli operations, the
preprocessing and postprocessing protocols could be readily
implemented in a wide range of experimental settings.

VII. CONCLUSIONS

In this work, we introduced the concept of QOOT as a
dual object of the QSOT, allowing us to jointly describe two
observables that are timelike separated, while also capturing
their temporal correlations. The main difference compared
with QSOT is that the construction of the QOOT is not
universally applicable. We established a no-go theorem for
constructing QOOT by fully characterizing the condition on
the pairs of prior observables and noise maps to properly
define a QOOT. We then leveraged QOOTS to systematically
define recovery maps via an equation that reflects a certain
time-reversal symmetry of the system, establishing a notion
of time reversal for generic quantum channels, with respect to
a reference observable. By construction, these time-reversal
maps act as recovery maps for the reference observable and,
although generally non-CP, they can be decomposed into
physically realizable maps, enabling their application in error
mitigation tasks. We introduced a specific instance of the
QOOT, based on the Jordan product, and used it to provide
explicit examples of recovery maps for widely employed
noise models. For the noise models we studied, our approach
achieves optimal performance, measured in terms of sampling
overhead, outperforming the traditional probabilistic error
cancellation protocol.

This work leaves interesting open questions that are worth
exploring in future research. First, it would be valuable to
investigate how general the optimality result is and to further
understand the underlying reasons for its validity. Addition-
ally, while we demonstrated that the QOOT, as defined here,
may not always be constructible when the noise channel is
nonunital, it remains an open question whether an alternative
framework can be developed to ensure well-defined recov-
ery maps under fully general conditions. It would also be
interesting to explore extending the formalism to continuous
variable systems and to compare the performance of our error
mitigation protocol with that of the PEC approach [29].
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APPENDIX A: USEFUL IDENTITIES
In this Appendix, we prove that for a CPTP map £ it holds
true that T(D[E]) = DI[E]:
DIEY =Y (I ® EUNiD = Y 1)(j| ® Kelj)(ilK]
ij ije
= D 1)l ® In)(nlKe|j) (K] [m) (m]
ijenm
= D 1)K Im) (nlKel j) (] @ |n)(m|

ijlnm

= > K[ |m)(n|K; ® |n)(m|

mnt

= > (Imy ) ® [ (ml, (AD)

where we have used the Kraus decomposition of £, namely,
Ep)=Y, Klng. Hence, we obtain 7(D[ET]) = (D[E])T =
DI&], where the last equality follows from £ being CP.

APPENDIX B: PREPROCESSING PROTOCOL
RECOVERY MAP

In this Appendix, we obtain the preprocessing map by
solving the following equation:

{Z® 0,D[E]} ={Z ® E7(0), DIP']}. (B1)

The reader may use Fig. 1 as a reference for the spaces
that maps and operators act upon. Let us consider the
eigendecomposition of the noisy reference observable, i.e.,
E0) = > ¢ qrlow) {wk ], and project both sides of Eq. (B1)
onto the joint Hilbert space H4 ® Hp basis {|w;) ® |w;)} =
{lw;) lw;)}. In particular, the left-hand side reads

(il ([ {Z ® O, DIE]} |w;) |wy)
= (wil (x| (Z ® O)D[E] |w;) |w)
+ (@il (0| DIENT @ O) |w;) |wy)
= (@il {0, E(Jw) (@i} o)) (B2)

where we have wused the identity (wy|D[E]|we) =
E(Jwe) (@i ]). On the other hand, the right-hand side reads

(@il (] {Z ® £7(0), DIP™]} |w)) |wy)
= (wi| (x| (T ® E'(0))DIP']|w;) |wy)
+ (wi| (x| DIPTNZ @ £7(0)) |w)) |oy)
= (g + q¢) (@il (x| DIP'1w;) )
= (qx + q¢) (il P (Joe) (x]) |o)) - (B3)

Putting everything together and further assuming that g; +
qe # 0 for all k and ¢, we finally get to

Pr(lwx)(@el) = (g + o) O, E(an){we))}.  (B4)

APPENDIX C: RECOVERY MAP FOR UNITARY
QUANTUM CHANNELS

In this Appendix, we explicitly show that, when the quan-
tum channel £ models a unitary evolution, namely, £(p) =
UpU' with UUT = T, then its inverse £~ '(p) = UTpU is a
recovery map P for the preprocessing protocol, i.e., it solves

{Z® 0,DIE]} = {Z ® E7(0), DIP']}. (Cl)

We showed in Sec. IV A that the solution to Eq. (Cl) is
given by

P (o) (@) = (g + g0) 1O, E(lwp)(we))},  (C2)

where ¢, and |wy) are the eigenvalues and eigenstates of
£7(0), respectively. The noisy reference observable reads

EN0)=U'0U =) qU ) 0ulU,  (C3)
k

where we have used the eigendecomposition of the target
observable, namely, O = )", qi|Ax) (Ac]. It thus follows that
lwg) = UT |Ar). We can use all of these facts to rewrite
Eq. (C2) as

Pl (@) = gk + q0) {0, E(lwx) (we))}
= (qk +90) " {2 qilA) (Ml Ulon) (e (U}
= (qx + 907" X qillAi) (|, UUT
X M) (A JUU T

= (qk + g0) " (qel i) (hel + qelre) (Mel)
= M) (Al = Ulwg)(we U7, (C4)

which implies that PT = £, or equivalently that P = £" =
£~1, concluding our proof.

APPENDIX D: POSTPROCESSING PROTOCOL
RECOVERY MAP (QUBIT SYSTEMS)

Once again, the reader may use Fig. 2 as a reference for
the spaces that maps and operators act upon. In the main text,
we showed that a recovery map for a postprocessing protocol
may be obtained by solving

{0®Z,D[R']} = {RT(0)® Z, DIE]). (D1)

The difficulty in solving the above equation lies in the fact
that, unlike the preprocessing scenario, R appears on both
sides of the equation and, more importantly, we do not
know anything about R'(0), let alone its diagonalization.
Instead, we consider the eigendecomposition of the reference
observable O = ", g;|w;)(w;| and project both sides of the
equation above on the joint Hilbert space H4 ® Hp basis
{lw) ® lwj)} = {lw;) |w;)}. In particular, the left-hand side
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reads
(@] (@il {0 ® I, DIR™]} |wy) |o;)
= (o] (@il (0 @ T)D[R'] |wy) ;)
+ (x| (@il DIRTI(O ® T) |wy) ;)
= (qx + q¢) (x| (;] DIR'] |wy) ;)
= (g + q¢) (@il R (o) (ex]) |w;) . (D2)

With similar techniques, we compute the right-and side,
namely,

(@l (@il {RT(0) ® Z, DIEN} |wy) |w))
= (i {RT(0). E(w) (i)} |w;) - (D3)
Putting everything together, we obtain
(qk + g0)R (lwe) (@) = {RT(0), E(|we) (ax])}.  (D4)

Notice that, while we do not know what R(0) is, we may
conveniently express it as R7(0) = Y, /R (|wi)(wil), by
linearity. Hence, we can rewrite Eq. (D4) as

(g + g0R () ) = Y iR (o) (@i]), E(lwe) (@il)}-

(D5)
The equation above can be recast as
Xie = Z{Xii»AkZ}’ (D6)
where
Xee = (@ + q0)R (Jox) {we), (D7)
Are = 3E (o) (@), (D8)

All that is left now is to solve Eq. (D6). For a qubit system,
we may decompose all operators appearing in the equation in
the Pauli basis, namely,

3
E (k)
ke = )Cj 0j,
Jj=0

where {0y, 01, 02, 03} = {Z, X, Y, Z} denote the Pauli opera-
tors. We then substitute the above expression into Eq. (D6),

yielding
S

The anticommutator of two Pauli matrices is equal to
{om, 0,} = 2T for every m = n, {0y, 0,} = 20, and is zero
otherwise. The right-hand side of Eq. (D10) then reads

Y xaf o, 0,)

imn

— Z Zx(m (k€)21+z x(ll)a(kf)+x(zz) (u>)2

n#0

3
Ak( = Z a;u)aj, (D9)
Jj=0

=Y xWa o, ou}.

imn

(D10)

(DI11)

Putting everything together, we obtain

Zx;kf)o_j — Z Z x’(lii)ailki)zz
J i n
+ Z Z (x(()ii)aELkZ) 4 xr(lii)a(()kﬁ))zan’

i n#0

(D12)

which leads to the following set of linear equations for the

(eight) coefficients x(ke)
x(()kz) =2 Zx;”)a_(jkz), (D13)
0 22 (x5 +x(”) §9),  je{1,2.3}. (D14

APPENDIX E: POSTPROCESSING PROTOCOL
RECOVERY MAP (d-DIMENSIONAL SYSTEM)

We now want to generalize the expressions and the sys-
tem of linear equations obtained in the previous section for
a generic d-dimensional system. Once again, the idea is to
start from X, = > .{X;, Ay} and decompose the operators
appearing in the equation onto a suitable operator basis. To
exploit the structure of the equation, we need a basis that
has simple anticommutation properties. For n-qubit systems,
we might be tempted to use the Pauli basis 0;, ® --- ® 0,
to decompose our operators; however, it becomes tricky to
concisely express the anticommutator of two basis elements.
Hence, we resort to the basis constructed starting from the
so-called clock and shift operators. In dimension d = 2, these
are simply the Pauli operators o} and o3, and they satisfy 0’12 =

3 =7 and 0103 = —030; = €7 o307. In arbitrary dimension
d (d = 2" for n-qubit systems), these operators generalize to

0O 0 O 0 1
1 0 O 0 0
0O 1 0 0 O
i=10 0 1 0 of
o 0 0 ... 1 O
3 = diag(1, o, ®°, o?™), (E1)

where @ = e’7 . These matrices are unitary, traceless but not
Hermitian for d > 2. They satisfy £¢ = £¢ =T as well as
Y3¥; = wX; X3 and, most importantly, they may be used
to define the following complete set of d?> d x d matrices,
namely,

o = 3k%d, (E2)

with j, k € {l,...,d}. By repeatedly using the defining
property ¥3%; = w¥ X3, one can also show that EéZ’f =
w/*S¥ ] 1t follows that

(014 O1m} = (@ + @)1 k- (E3)

As a result, for a d-dimensional system we may decompose
the operators X, and Ay, as follows:

ke) ke
Xkﬁ - Z x[(m Ol,m>» Z a( )Ul,m' (E4)

1,m=1 1,m=1
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Substituting these expressions into Xy, = Zi{Xﬁ, Ay} and us-
ing the anticommutation relation Eq. (E3) leads to

ZX(H)Ul,m Zx(u) (M){Umffpn}

istpn

_ Zx(u) (k@)(wfl’ + &0™)Ogtpi4n- (ES)

istpn

Consequently, we obtain the following linear equation for the
coefficients x(kl).

(kl) Z Z Z x(”)a(ljf)(w"’—i—ws”). (E6)

i s+p=Ilt+n=m

APPENDIX F: NECESSARY AND SUFFICIENT
CONDITION FOR EQ. (30)

Here, we prove that the necessary and sufficient condi-
tion {0, R(Z)} = 20 for the Jordan product QOOT R *
0= %{0 ® I, D[R]} to satisfy its defining property, is
equivalent to imposing Tr[Xy¢] = giSxe, Where Xpp = (qi +
qg)R*(Ia)k)(a)gD. We remind the reader that ¢; and |wy) are

the eigenvalues and eigenstates of the reference observable O,
respectively:

%{0, R(T)) = %Trlg[{O ® . D[R']}]

1
= 5 210 o) @ TR (lwe) ex )]
ke

1
= 5 2@+ g0l (@ TR (jor) (i)

ke
1 +
=3 D Trl(ge + q0)R (o) (x| wx) o]
ke
1
= 5 2 TrlXiellox) (e, (ED
ke

where in the second equality we have exploited the defini-
tion of the Jamiotkowski state [Eq. (12)], using {|wi)} as
the basis of choice. The chain of identities above implies
that imposing %{0, R(Z)} = O is equivalent to impos-
ing 1 ", Tr[Xiellox) (el = Y grlox) (wk|. Finally, this last
constraint is clearly satisfied if and only if Tr[Xi,] = qxSke-
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